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Abstract—In a previous work, we presented formulae for
boundary control laws which stabilized the parabolic profile of
an infinite channel flow, linearly unstable for high Reynolds
number. Also know as the Poiseuille flow, this problem is
frequently cited as a paradigm for transition to turbulence,
whose stabilization for arbitrary Reynolds number, without
using discretization, had so far been an open problem. L,
stability was proved for the closed loop system. In this work,
we extend the stability result to exponential stability in the H;
and H> norms, and we state and prove some properties of the
stabilizing controller, guaranteeing that the control law is well
behaved.

I. INTRODUCTION

In [11], an explicit boundary control law which sta-
bilized a benchmark 2D linearized Navier-Stokes system
was presented. For the resulting infinite dimensional closed
loop system, a result guaranteeing L, exponential stability
was proved. We complement this previous result by adding
statements and proofs of exponential H; and H- stability,
stronger forms of stability seldom found in flow control
designs. The explicitness of the design allows as well to
show some regularity results for the control laws, which are
proved to be well defined and behaved. We do not prove well-
posedness, however, with the high order Sobolev estimates
that we derive it is certainly possible, though lengthy and far
from trivial.

Most of the previous controllers for Navier-Stokes equa-
tions used their discretized version and employed high-
dimensional algebraic Riccati equations for computation of
gains [5]. This is the first result that provides an explicit con-
trol law (with symbolically computed gains) for stabilization
in Lo, Hy and H, norms, at an arbitrarily high Reynolds
number in non-discretized Navier-Stokes equations. The only
prior control design that was explicit, proved stability in the
same norms, and did not employ discretization, was restricted
to low Reynolds numbers [1], [2].

The results are applicable to both infinite and periodic
channel flow with arbitrary periodic box size, and also extend
to 3D [4]. Our control laws are written as state feedback,
however, we have developed a dual observer design method-
ology [8] which we used to design an observer [10].

We start the paper by stating, in Section II, the math-
ematical model of the problem, which are the linearized
Navier-Stokes equations for the velocity fluctuation around
the (Poisseuille) equilibrium profile. In Section III, we review
the control law that stabilizes the equilibrium profile, and
state the main results of the paper. Section IV briefly reviews
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Fig. 1. 2D channel flow and equilibrium profile. Actuation is on the top
wall.

the L? proof of stability in [11], since it contains some in-
gredients required in subsequent sections. The proofs of H!
and H? stability are presented, respectively, in Sections V,
and VI. Section VII is devoted to study and prove some
properties of the control laws.

II. MODEL

Consider a 2D incompressible channel flow evolving in
a semi-infinite rectangle (x,y) € (—o0,00) x [0,1] as in
Fig. 1. The (linearized) plant equations written in fluctuation
variables are

1
U = Re (um + uyy) + 4y(y - 1)“&7
+4(2y — 1)V — py, (D
1
i = & (Vae + Vi) +4y(y = DV —py, (2

where V' is the wall-normal velocity, and v and p are the
fluctuation streamwise velocity and pressure (see [11] for
derivations). The boundary conditions are

u(z,0) = V(z,0)=0, 3)
u(x’ 1) = UC(:I;)’ “4)
V(1) = V(). 5)
The variables u and V' also verify the continuity equation
ug +V, =0. (6)

Note the actuation variables U.(x) and V,(x) in (4) and (5),
resp. for streamwise and normal velocity boundary control.

ITI. CONTROLLER
The expressions for the control laws are

1 o0
Udlt.z) = /0 /_ Qulz — &, mu(t,€ m)dédn, (7)

Ve(t,x) = h(t @), ®
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where h verifies the equation
he = heo + g(t, @), €))

where
1 (e’
= - S 14 IR déd
g /0/_00Qv(x EmV(t, &, m)dédn
+ [ Qol — €) (uy (1, £,0) — uy (1, £, 1)) d&,(10)

and the kernels ., Qv and Qg are defined as

Q. = /Oo (E)K (k,1,7)e2™* @8 qf. (11)

Qv = /OO (k) 167k (20 — 1) cosh (27k(1 — 1))
RO g (12)

Qo = /_ Zx(k)zgfem’““‘@dk- (13)

In expressions (11)—(13), x(k) is a truncating function in the
wave number space whose definition is

1, m<|kl<M
x(k) = { 0, otherwise

where m and M are respectively the low and high cut-
off wave numbers, two design parameters which can be

(14)

conservatively chosen as m < 531 and M > 1,/%¢ The
7 Re T 2

function K (k,y,n) appearing in (11) is a (complex valued)
gain kernel defined as

K(k,y,n) = lim K, (k,y,n),

1

(15)

where K, is recursively defined as

R
Ko = =g miky(21y> - 6y(3+ 4n) +n(12 + 7))
cosh (2mk(1 —y 4+ n)) — cosh (27k(y — n))
—27k :
sinh (27k)
+4iRen(n — 1) sinh 27k(y — n))
—GUiR—z(l —cosh 27k(y — 1)), (16)
™
Kn = anl
y+n py-m o i
i [ [ [ [kt )
y—n JO = Tk
—(26 — 1)+ 2(y — 6 — 1) cosh (7k(£ + 9)) }
Ny (k %L‘S 7;*) dedsdry
y+n  py—n
+&m'k;/ / (v = 8)(y—6—2)
2 y—n JO
y+0 v—9
¥ K, 1 (k =, ) dsd
Y71 cosh (27k(1 — 6)) — cosh (27wkd)
+27Tk/0 sinh (27k)
XKH—l (ka y—n, 5) do. (17)

IThis infinite sequence is convergent, smooth, and uniformly bounded
over (y,7n) € [0, 1]?, and analytic in k, see [11].

Remark 3.1: Control kernels (12) and (13) can be explic-
itly expressed as

RV(gvna M) - RV(€7na m)

_ RO(&?”) M) — RO(&le?m)
Qo(&n) = Ret ; (19)
where
B ((1 —n)?— 52)sin(27rk£)cosh(27rk:(1 -n))
fven ) = (& + (1))
 &(1 —n) cos (2mk§) sinh (2mk(1 — 7))
T+ (1 —n)?)
—k(1 — n) sin(27kf) sinh(2rk(1 — 7))
+Ek& cos (2mkE) cosh (27k(1 —7n)),  (20)
Rol€.n.k) = koos (2rkg) - =2 27HE) e

Control laws (7)—-(17) guarantee the following results.

Theorem 3.1: The equilibrium u(z,y) = V(z,y) = 0 of
system (1)—(5), (7)-(17) is exponentially stable in the L?,
H' and H? norms.

Theorem 3.2: Control laws U, V, and kernels Q,, Qv,
Qo, as defined by (7)-(17), have the following properties:

i) U, and V, are spatially invariant in x.

i) [ Ve(t,£)d¢ =0 (zero net flux).

111) |Q| < C/|£L' - £|’ for Q = quQV7QO-

iv) U, and V, are smooth functions of .

V) Qu, Qv, Qo are real valued.

vi) Qu, Qv, Qo are smooth in their arguments.

vii) U, and V, are L? functions of z.
viii) All spatial derivatives of U, and V, are L? function of
T.

Remark 3.2: Theorem 3.1, stated for the linearized equa-
tions (1)—(2), is valid for the nonlinear Navier-Stokes equa-
tions in a local sense, i.e., provided that the initial data are
sufficiently close (in the appropiate norm) to the equilibrium.

Remark 3.3: H? stability suffices to establish continuity
of the velocity field for a bounded domain, by Sobolev’s
Embedding Theorem [9]. The argument is not applicable to
the infinite channel, but it holds if the channel is periodic, a
setting for which our results extend trivially.

Remark 3.4: Theorem 3.2 ensures that the control laws
are well behaved. Property i, spatial invariance, means that
the feedback operators commute with translations in the x
direction [3], which is crucial for implementation. Property ii
ensures that we do not violate the physical restriction of
zero net flux, which is derived from mass conservation.
Property iii allows to truncate the integrals with respect
to ¢ to the vicinity of z, allowing sensing to be restricted
just to a neighborhood (in the z direction) of the actuator.
Properties iv to vi ensure that the control laws are well
defined. Properties vii and viii prove finiteness of energy
of the controllers and their spatial derivatives.

In the next sections we present a sketch of the proof
of the theorems. We skip some intermediate steps due to
space limitation; full details will be provided in a future
publication. We begin by reviewing some results in [11].
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IV. L? STABILITY
As common for infinite channels, we use a Fourier trans-

form in x. The transform pair (direct and inverse transform)
has the following definition:

fkyy) = / fl,y)e 2™ da, (22)

flz,y) = /_ Sk, y)e%imdx.

Note that we use the same symbol f for both the original
f(z,y) and the image f(k,y). In hydrodynamics, k is
referred to as the “wave number.”

One property of Fourier transform is Parseval’s formula

1A= 1 / Zﬂ(k,y)dkdy -/ 1 / O;fQ(x,wd:cdy, 24)

which allows to derive L? exponential stability in physical
space from the same property in Fourier space.
We define the L? norm of f(k,y) with respect to ¥:

1
1 ®)I2, = / (k) Pdy.

(23)

(25)

The L2 norm as a function of k is related to the L2 norm as

A O 26)
Equations (1)—(2) written in the Fourier domain are
—Ar’ku+u .
u = Tyy + 8kmiy(y — u
+4(2y — 1)V — 2mikp, 27
—4 21.2
v, = W + 87kiy(y — 1)V — py, (28)
and we can write a Poisson equation for the pressure [11],
—Am’k*p +py, = 167ki(2y — 1)V. (29)
The boundary conditions of (27)—(29) are
u(k,0) = V(k,0)=0, 30)
u(k,1) = U.(k), (31)
V(k1) = Vi(k), (32)
_ V(0
py (k? O) - Re ) (33)
Viyy(k, 1) — 472KV, (k
py(k,1) = vy (k. 1) o (k) — (Vo) (k).(34)

The continuity equation (6) expressed in Fourier space is
2rkiu(k,y) + Vy(k,y) = 0. (35)

Thanks to linearity and spatial invariance, there is no
coupling between different wave numbers in (27)—(35). This
allows us to consider these equations for each wave number
independently. The main idea behind the design of the
controller is to consider two different cases depending on
the wave number k. For wave numbers m < |k| < M,
which we refer to as controlled wave numbers, we design a
backstepping controller that achieves stabilization, whereas
for wave numbers in the range |k| > M or in the range
|k] < m, which we call uncontrolled wave numbers, the
system is left without control but is exponentially stable [6].

A. Controlled wave numbers

In what follows, let the letters D and d with subscript
denote some positive constant.
Control laws (7)—(17) in Fourier space are

1
/ K(k,1,n)u(t, k,n)dn, (36)
0

2mki (uy (k,0) — uy(k, 1)) — 472k2 V.,
Re

—167rki/0 (27— 1)
xV(k,n)cosh (27k(1 —n)) dn.

(37

In [11] we showed that, with control laws (36)—(37), (27)—
(28) are mapped into the family of heat equations

1

oy = E (—47’(2]{204 + Oéyy) 5 (38)
alk,0) = «ak,1)=0, (39)
where
Y
o = U—/ K(kay7n)u(t7kan)dn7 (40)
0
y
u = a+/ L(k,y,n)e(t, k,n)dn, (41)
0
vV, — [VK(k V,(t, k,n)d
o — Z Y fo ( ayan) y(’ 777) 77 (42)
21k
y y
vV = —27Tki/ {l—i—/ L(k,n,a)da}
0 n
xa(t, k,n)dn. (43)

are respectively the direct and inverse transformation [7] for
w and V, with K defined in (16)—-(17) and L similarly. Using
(38)—(39) and (40)—(43) the following results holds.
Proposition 4.1: For any k in the range m < |k| < M,
the equilibrium u (¢, k,y) = V (¢, k,y) = 0 of (27)—~(34) with
control laws (37), (36) is exp. stable in the L? sense, i.e.,

V(& B)I[Z, + [t B[

< Doemre! ([[V(0, k)13, + [u(0, k)]
Defining then

)

Vi(tz,y) = / RVt E, g)e e dk, (45)
ut(t,w,y) = / x(k)u(t, k,y)e*™**dk,  (46)

the following result holds.
Proposition 4.2: Consider equations (1)—(5) with control
laws (7)—(8). Then v* and V* decay exponentially:
V@[5 + [lu* (1)1 72

< Doexre! (VO +[[u(OlZ2) - (47

B. Uncontrolled wave number analysis

In [11] we proved the following result.

Proposition 4.3: If m = ﬁ and M = % %, then
for both |k| < m and |k| > M the equilibrium u(t, k,y) =
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V(t,k,y) = 0 of the uncontrolled system (27)—(34) is
exponentially stable in the L? sense:

IV (& R)IIE, + [t B[

=
< e (V0 k)7, + [[u(0, k)IIF.) -
In the proof, we defined

(48)

1
Ak ) = 5 (IVE R + 1w BIZ.) @9
and showed that, for |k| < m and |k| > M,

. 1
A< ——A.
~  4Re

Using Proposition 4.3, the following result holds.
Proposition 4.4: The variables ¢, and ey defined as

cultiy) = | 1= k)t b )2 R, (51)

— 00

(50)

ev(t,z,y) = /oo (1= x(k) V(t, k,y)e*™*dk, (52)

—00

decay exponentially

llev(OIIZ2 + lea(®)IZ2

-1
< e ([ley(0)|72 +lea(0)]72) . (53)
C. Analysis for the entire wave number range
Since
u(t, z,y) u(t,2,y) + eult, 2, y), (54)
Vit,z,y) = Vi(tay) +ev(t,z,y), (55

and since the L? norm of V is the sum of the L? norms of
V*(t,k,y) and ey (¢, k,y) (and similarly for u), the L? part
of Theorem 3.1 follows from Propositions 4.2 and 4.4.

V. H' STABILITY
We define the H! norm of f(z,y) as

1Al = A + 11 2l7e + 1 fll7e-
We also define the H' norm of f(k,y) with respect to y

1) = L+ 4m )| F I + Iy (B)IIZ.. (5T

The H! norm as a function of k is related to the H! norm

(56)

WPl = [ @I (58)
A. H' stability for controlled wave numbers
For each k, one has that
NFF < G+16m°M2)||f(R)1F:, (59

where we have used (57) and Poincare’s inequality. This
proves the equivalence, for any k, of the H L norm of f(k,y)
and the L? norm of just f,(k,y). Therefore, we only have
to show exponential decay for u, and V.

Due to the backstepping transformations (40), (41) and
(42), (43), the following bounds are derived from simple
estimates on « and «, from (38)

lluy (8, k)|2, < Die”siet|[u, (0, k)|,  (60)
IVy ()12, < Doe” 7|V, (0,k)]2,,  (61)

Using estimates (60)—(61) the following proposition can be
stated at each k in the controlled range.

Proposition 5.1: For any k in the range m < |k| < M, the
equilibrium u(t, k,y) = V (¢, k,y) = 0 of the system (27)-
(34) with feedback control laws (37), (36) is exponentially
stable in the H' sense

IV (&, B[ + [t )

< Daesme! (V0 k)7 + [[u(0, k)[3) . (62)
Integrating (62) in the controlled wave number range m <
|k| < M, and using (58), the following result holds.
Proposition 5.2: Consider equations (1)—(5) with control
laws (7)—(8). Then the variables u*(¢,x,y) and V*(¢, z,y)
defined in (45)—(46) decay exponentially in the H' norm:

[l )17 + [V @Ol

< Dyesmet (|[w(0)| 2 + [[VF(0)]13) . (63)

B. H! stability for uncontrolled wave numbers

Following the same argument [11], that produced (49)—
(50), the following bound holds

. A Ay
< - _
As 8Re 2Re’ ©4)
where
1
An(k,t) =3 (Ifuy ()12, + IVy (& B)[Z.) . (65)

The time derivative of Ay can be bounded as

dA g

1
3~ " Re (HuyyH%z + HVyyH%z)

1 o _ _
A2 / Uyy U + Uyytt + Vi V + V) V
0

2Re dy

1 _
+2rki / bk gy
0

_ /1 Vyypy + Vyylﬁyd
D) Y
0

1
+87rk‘i/ y(y—1)
0

y Uyy U — Uyyt — ViV + Vi
2

1 7 _
UyyV + Uyy V
— [ (g pre ey,
0

<

dy
(66)

where we have used integration by parts and the Dirichlet
boundary conditions of the uncontrolled wave number range.
Doing further integration by parts and using (35), we obtain

dAH 1 8]€2TI'2
“dt " Re (gl 72 + [Viwl72) = Re M
. T
—16772k2/ (2y — I)Mdy
0

= 1
Vyyp + Viyyb

2

(67)

0
Only the last term remains to be estimated. Using (33)—(34)
with V, being zero for uncontrolled wave number range, the
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last term in (67) can be expresssed as
- i1 _ _
VouP + VD | _ o PyP +Dyp
2 0 2 0
This quantity can be estimated using the following lemma.
Lemma 5.1: If the pressure p verifies the Poisson equation
(29) with boundary conditions (33)—(34), then
1
< 16]|V (L, k)[[2.-
0
Using the lemma, the time derivative of Ay can be
estimated as follows:

1
(68)

_ Dyp ‘g DyDP (69)

dA k2n?
oH o Sk Ag +1672k*A + 16ReA.  (70)
dt Re
We take the following Lyapunov functional
Ar = Ag + (1 + 64Re? + 47%k? + 64Ren®k*)A,  (71)

which is equivalent to the H' norm,

lu(t, k)| + V(&R = 2(1+4m%k%)A
+2Ap. (72)
Computing the derivative of (71)
dAT AH 1 —|— 47T2k2
— < ——— ———A < —diAr.
it = TaRre  sRe = AT (73)

Deriving an estimate of the H' norm from this estimate for
AT, one reaches the following result.

Proposition 5.3: If m = ﬁ and M = %\/%, then
for both |k| < m and |k| > M the equilibrium u(t, k,y) =

V(t,k,y) = 0 of the uncontrolled system (27)-(34) is
exponentially stable in the H' sense:
IVt B + [t k)1

< Dy (V0 B)|Z, + [[u0, B)|2,) - (74
Since the decay rate in (74) is independent of &, integrating
(74) and using (58) the following result holds.
Proposition 5.4: The variables €, (t,z,y) and ey (¢, 2,y)
defined in (51)—~(52) decay exponentially in the H' norm as
lew @112 + llev ()IIFn
< Dze ™ ([leu(0)[7p + [lev (0)l[7n) -
C. Analysis for all wave numbers
From Propositions 5.2 and 5.4, as in Section IV-C, H 1
stability is proved.
()17 + [Vl
< Dae™ ™ (Jlu(0)|IF + [V (0)][F) -
VI. H? STABILITY
The H? norm of f(z,y) is defined as

11z = f1Er + 1 foallZe + 1 fayllZe + 1 fyyllZ2e (7T
We also define the H2 norm of f(k,y) with respect to y as

NFE)NZe = IIf (R[5 + 167k £ (k)13
AT K2 £y (B)|1% 5 + || fyy (B)I[F,. (78)

The H?2 norm as a k function is related to the H2 norm as

111 = [ W

(75)

(76)

(79)

A. H? stability for controlled wave numbers

Thanks to the backstepping transformations (40), (41) and
(42), (43), we can write the following estimates, which are
derived from simple estimates on «, o, and «, from (38):

lu(t,k)|%. < Dse 50! ||u(0,k)]%,,  (80)
IVt k% < Dee 5t |[V(0,E)|[%,. (81

Using estimates (80)—(81) the following proposition holds
at each £ in the controlled range.

Proposition 6.1: For any k in the range m < |k| < M,
the equilibrium u(t, k,y) = V (¢, k,y) = 0 of (27)—(34) with
feedback laws (37), (36) is exp. stable in the H? sense

IV (&, B + [ult Bl

< Drestet (|[V(0,k)|[3 + [[u(0. k)| %) - (82)
Integrating (82) in the controlled wave number range m <
|k| < M, and using (79), the following result holds.
Proposition 6.2: Consider equations (1)—(5) with control
laws (8)—(7). Then the variables u* (¢, z,y) and V*(¢, z,y)
defined in (45)-(46) decay exponentially in the H? norm:

[l ()17 + V()17
=2 * *
< Dsesre’ (||u*(0)|[32 + IV (0)|[2) -

(83)

B. H? stability for uncontrolled wave numbers

For the uncontrolled range, thanks to boundary conditions,
the H? norm ||u(t, k)|| ;- is equivalent to the norm

1
2
[|u(t, k)||§11 +/0 |uyy(t,k,y) — 47r2]g2u(t,k,y)‘ dy, (84)

ie., to the H' norm plus the L2 norm of the Laplacian,
denoted HAku(k:)Hi2 This can be shown integrating (84)
by parts. We state another norm equivalence as a lemma.
Lemma 6.1: Consider v and V' verifying equations (27)—
(28). Then, for the uncontrolled wave number range, the

norm ||u %2 +1|V %2 is equivalent to the norm

lallF + V1 + el 32 + 11Vl 3,. (85)

This means that the Laplacian operator in norm (84) can
be replaced by a time derivative, when considering the joint
H? norms of u and V. X

From Lemma 6.1 one gets H? stability for the uncon-
trolled wave numbers. This is obtained by considering the
norm ||u|[2, 4 ||[V¢|[3, as a Lyapunov functional whose
derivative can be bounded as

d el B + VB, _ 1

dt 2 ~ 4Re

which follows by taking the time derivative of (27)—(28) and
applying the same argument as for L? stability. Thus,

1
< emm ([Jug(0,K)|[3. + Va0, k)]1,) -
Using (87), (74), and Lemma 6.1, the following result holds.

Proposition 6.3: If m = ﬁ and M = %\/%, then
for both |k| < m and |k| > M the equilibrium u(t, k,y) =

(el 2, + [1Vall2,) . (86)

87
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V(t,k,y) = 0 of the uncontrolled system (27)—(34) is
exponentially stable in the H? sense:

IVt k)% + [lult, k)],
< DiDse™ " (|[V(0, k)| %2 + |[u(0, k)[[%.) . (88)

Since the decay rate in (88) is independent of k, using (79)
we can integrate (88) for all uncontrolled wave numbers.

Proposition 6.4: The variables €,(t,z,y) and ey (¢, z,y)
defined as in (51)—(52) decay exponentially in the H? norm

llew(®)I[r2 + llev (D117
< DiDse” " ([lea(0)l7> + [lev (0)[[72) - (89)

C. Analysis for all wave numbers

From Propositions 6.2 and 6.4, as in Section IV-C, H 2
stability is proved. One gets that

w72 + ||V ()] 172
< Doe™ M ([[u(0)|[3 + [V (0)[132) . (90)

VII. PROOF OF THEOREM 3.2

Consider expressions (7)—(17).

Points i and iv are deduced trivially from the fact that (7)
and (10) are defined as convolutions, and properties of the
heat equation (9).

Points ii and iii were proved in the Appendix of [11].

From the definition of the inverse Fourier transform (23),
it is straightforward to show that if the real part of f(k,y)
is even and the imaginary part of f(k,y) is odd, then the
resulting f(x,y) will always be real. Then, Point v can
be proved showing that the functions under the integrals in
(11)—(13) have this property. This is immediate for (12) and
(13). For (11), the property must be shown for the kernel
K, defined by the sequence (16)—(17). This can be proved
by induction. For K, the property is evident. For K,,, if
the property is assumed for K,,_1, then from (17) and since
even times even or odd times odd is even, and the product
of odd times even is odd, K,, has the property. Hence the
limit /& has a real inverse transform, and kernel @, is real.

Point vi is deduced from the definition of the kernels (11)—
(13) as Fourier inverse integrals.

For Point vii, consider expression (7) and (11). Then,

U322 = /OO Ue(t, z)dx
70(): 1 2
- / (%) / K (k1L nyu(t, y, k)dn| dk
—00 0
< 2(M —m) max {||K|[eHu(t)|[72, (O1)

m<[k|<M

and the result follows from Theorem 3.1.

On the other hand, for V. one has to use its dynamic
equation (9)—(10), and a Lyapunov functional consisting in
half its L? norm. One then has, using Young’s inequality

LA

2
dt 2 =~  Re [Ve(k)
|uy‘2(tak70)+|uy‘2(tak71)
+
Re
+64.cosh (27 M) ||V (¢, k)[|3,, (92)

and supposing the control law is initialized at zero , and
using the 2 norm to bound the second line of (92),
2 7, k) | |?{z

t w2m?2 ||u( -
Vot k) < —22m2(i-1) |1
vieRE < [ e —

+64 cosh (2 M) ||V (7, k)| @4 dr. (93)

Integrating in k

t
V@I < / e

+64 cosh (27 M) ||V (7)] |%2:| dr, (94)

w2m? (; u(m)| [
Te— (t—7) 1()”7111
[ Re

and then the result follows from Theorem 3.1.
For Point viii, consider the jth spatial derivative of U, and
calculate its Lo spatial norm

; 2 ; 2
d’ < rd
dea Il /,oo (dwﬂUC( ’”5)) dx
(2m M) ||Ue| |7,

IN

95)

so the result for U, follows from Point vii. We proceed
similarly for V., thus proving Point viii.
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