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Abstract—The certainty equivalence approach to adaptive
control is commonly used with two types of identifiers: passivity-
based identifiers and swapping identifiers. The ‘passive’ (also
known as ‘observer-based’) approach is the prevalent identifica-
tion technique in existing results on adaptive control for PDEs
but has so far not been used in boundary control problems.
The swapping approach, prevalent in finite dimensional adaptive
control is employed here for the first time in adaptive control
of PDEs. For a class of unstable parabolic PDEs we prove a
separation principle result for both the passive and swapping
identifiers combined with the backstepping boundary controllers.
The result is applicable in any dimension. For physical reasons
we restrict our attention to dimensions no higher than three. The
results of the paper are illustrated by simulation.

Index Terms— adaptive control, boundary control, distributed
parameter systems

I. INTRODUCTION

We study the boundary control problem for a class of
unstable 3D reaction-advection-diffusion PDEs with unknown
coefficients. No solution presently exists for this problem
(even in 1D) due to the absence of parametrized families
of controllers for such systems. We make explicit controllers
introduced in [18] adaptive by designing parameter identifiers
and substituting the parameter estimates they generate into
the control law. Adaptive controllers designed in this way are
referred to as “certainty equivalence.” Stability of such con-
trollers is a highly non-trivial question because the parameter
estimates make the adaptive controller nonlinear even when
the PDE plant is linear. In this paper we prove the “separation
principle”—the global stability of such a nonlinear closed-loop
PDE system.

The parameter identifiers for use in the certainty equivalence
approach to adaptive control can be split into two classes:
passivity-based identifiers and swapping identifiers [13]. The
“passive,” a.k.a. the “observer-based” approach has so far
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been the prevalent identification technique in existing results
on adaptive control for PDEs [1], [2], [7], [16], [21]. This
approach is appealing due to its simplicity—it employs an
observer in the form of a copy of the plant, plus a stabilizing
error term—however, it has so far not been used in bound-
ary control problems. The swapping approach (often called
simply the “gradient” method) is the most commonly used
identification method in finite-dimensional adaptive control. In
this paper we report its first use in adaptive control for PDEs.
Filters of the “regressor” and of the measured part of the plant
are implemented to convert a dynamic parametrization of the
problem (a parametrization that involves temporal derivatives)
into a static one where standard gradient and least squares
estimation techniques can be used. This method has a higher
dynamic order than the passivity-based method because it uses
“one-filter-per-unknown parameter” instead of just one filter.
On the other hand the passivity-based approach does not allow
standard gradient or least squares estimation.

The same class of systems is considered in [12] using the
Lyapunov approach. While the Lyapunov approach does not
employ any filters or ‘observers,” and as a result has the lowest
on-line computational cost and typically yields the strongest
performance properties [13], it has two disadvantages: its
parameter update laws are much more complex than with
the estimation-based approach and it necessitates the use of
parameter projection and low adaptation gain, which are not
needed with the estimation-based approach (except for keeping
the estimate of the diffusion coefficient positive).

The three designs (Lyapunov, passive, and swapping) have
different measurement requirements. The Lyapunov design
requires the measurement of the plant state, the passive design
also requires the measurement of its derivatives, and the
swapping design also requires the measurement of its second
derivatives.

In the class of reaction-advection-diffusion PDEs for which
we design identifiers, all three classes of coefficients are
allowed to be unknown—the reaction coefficients, advection
coefficients, and diffusion coefficients. We prove that both



the passive and swapping identifiers are stable with all the
coefficients unknown and present our simulations in the case
where they are all unknown. However, a fundamental obstacle
exists in the estimation-based designs which makes closed-
loop stability very hard to prove when the diffusion coefficient
(the coefficient multiplying the second spatial derivatives) is
unknown. The reason for this is that for closed-loop stability
(with unknown diffusion) one seems to need a Sobolev bound
on the “estimation error” which is one order higher than what
stability analysis for the identifiers provides. Thus, we state
closed-loop stability for known diffusion, though we illustrate
it in simulations for unknown diffusion.

We have so far not been able to develop output feedback
extensions for the class of systems in the paper. This may con-
tradict the finite-dimensional intuition where output-feedback
adaptive designs are available for a very general class of linear
systems [8]. However, those designs rely on transfer function
representations or particular canonical state space forms—
steps that do not easily translate into the PDE framework,
particularly if one wants to preserve a finite parametrization.
In a companion paper [20] we present examples of output-
feedback swapping designs for systems where the parametric
uncertainty multiplies only the measured (boundary) variable
of the PDE.

Early works on adaptive control of infinite-dimensional sys-
tems were for plants stabilizable by non-identifier based high
gain feedback [15], under a relative degree one assumption.
State-feedback model reference adaptive control (MRAC) was
extended to PDEs in [7], [2], [21], [16], [1] but not for the
case of boundary control. Efforts in [5], [23] made use of
positive realness assumptions where relative degree one is
implicit, except in some examples where this restriction is
cleverly overcome. Stochastic adaptive LQR with least-squares
parameter estimation and state feedback was pursued in [6].
Adaptive control of nonlinear PDEs was studied in [14], [10],
[11]. Adaptive controllers for nonlinear systems on lattices
were designed in [9]. An experimentally validated adaptive
boundary controller for a flexible beam was presented in [4].

Throughout the paper we assume well posedness of the
closed-loop systems in the interest of space and due to the
parabolic character of these systems which ensures their be-
nign behavior, as supported by numerical results that we show
in this paper. An example on how one derives the Sobolev
estimates of higher order (Hj), the key step in a proof of well
posedness, is given in [12].

The paper is organized as follows. First we explore a
simple PDE with one unknown coefficient to illustrate the
methodology of control and identifier design and the proof
idea. Then in Sections III and IV we design and analyze a
passive identifier for a PDE with several unknown parameters
in a 3D setting. The adaptive design with a swapping identifier
is presented in Sections V and VI. The results are illustrated
by a 2D simulation in Section VII.

a) Notation.: The spatial Ly(0,1) norm is denoted by
I - |- The temporal norms are denoted by L, £1, and L5 for
t > 0. We denote by [, a generic function in £;. The symbols
I1(-), Ji(-) denote the corresponding Bessel functions.

II. BENCHMARK PLANT

In this section we consider a simple plant to illustrate the
main ideas of our approach in a tutorial way without the
extensive notation that is needed in higher dimension like 2D
and 3D and with more than one physical parameter.

Consider a one-dimensional unstable heat equation

ug(x,t) Uga (2, 1) + Au(z, t) €))
w(0,t) = 0 @)
u(]‘ﬂ t) = U(t) ) 3)

with one unknown parameter A. Our objective is to regulate
the state of this system to zero from the boundary with
Dirichlet actuation U (t). For U(t) = 0 this system can have
an arbitrarily large number of unstable eigenvalues.

For the case of known A, the following control method has
been proposed in [18]: use a transformation’

we) = o) [ KeuOd @
) = e ) )
Az? = £2)
to map (1)—(2) into an exponentially stable system
Wy = Wey 6)
w(0) = w(l)=0. @)

The stabilizing control law is then given by

L ( MI— 52))
u(l) =— / A
0 A1 —¢2)
By certainty equivalence principle, the controller in case of

unknown A will be given by (8) with A replaced by its estimate
Al

u(§) de . ®)

1 h ( A1 —52)>
u(t) = - [ A u©de.  ©
0 A1 —¢2)
We now consider two different approaches to identifier
design.

A. Design with passive identifier

Consider the following system

1
U = e + M+ 2 (u— 1) / u?(z)dz  (10)

0
w(0) = 0 (11
a(l) = wu(1). (12)

Such systems are often called “observers” because they in-
corporate a copy of the plant though they are not used for
state estimation. This identifier employs a copy of the PDE
plant and an additional nonlinear term. The term “passive
identifier” comes from the fact that an operator from the

ITo reduce notational burden we suppress time dependence everywhere and
z-dependence where it does not lead to a confusion.



parameter estimation error A = A — A to the inner product of u
with v — 4 is strictly passive. The additional nonlinear term in
(10) acts as nonlinear damping whose task is to ensure square
integrability of A (i.e., in our notation, = L5). This slows
down the adaptation and serves as an alternative to update law
normalization needed to achieve certainty equivalence.

Consider the error signal e = w — 4 which satisfies the
following PDE

e = eg+du— eyl (13)
e(0) = 0 (14)
e(l) = 0. (15)
With a Lyapunov function
I 2
V:§/O 62($)d33—|—2— (16)
we get
y 2 20112100112 . 5\3\
V= —llexl” =" llell[lull" + A | e(z)u(x)dz — - an
0
Choosing the update law
. 1
A= [ (o) - @)ulz) da (18)
0
we obtain
V < —feall® = 12llel?ull?, (19)

which implies V(t) < V(0) and from the definition of V'
we get that A and |le|| are bounded. Integrating (19) with
respect to time from zero to infinity we get the properties

llez|l, lef|llull € L2. From the update law (18) we get Al <

~|le]/[|u)| and so A € Ls.
For the case of unknown A the transformation (4) is modi-
fied as follows:

ix) = a@)Axangm&wm

A 11( }(39—52))
N

(20)

(@, €)

2y

It maps (10)—(12) into the following target system (see Lem-
ma 3 from Section IV)

Wy = g + A %w(@dfﬂﬂ%lluu"’)el (22)
0
w(0) = w(1) =0, (23)
where
e =e— / f(z, €)e(€) dE . (24)
0

We observe that, in comparison to the non-adaptive target
system (6)—(7), two additional terms appear in (22)—(23), both
going to zero in some sense, since the identifier guarantees
lel, A € L. The proof of boundedness of all the signals
based on the joint analysis of e and w systems is shown next.

Let us denote a bound on A by Ag. The function k(z, &) is
bounded and twice continuously differentiable with respect to
x and &, therefore there exist constants My, M, M3 such that

led < Mile] (25)
lull < llall + llell < Maf|@]| + el (26)
luel < o]l + lleall < Ms[dz]| + llexll. 27

To prove boundedness of all the signals, we estimate
) 1 ) . 1 T g
§an|| = —/O wxdz—&—)\/o w(x) ; §w(§)d§dx
1
4 (/\+72\\u||2)/ evib dz
0

el DL A
< 2+ 2Ll + 2ixg i e
20 [l (Mol + el el
1 1 2 1
< 21Dl + 1@l + 2Dl + 1@l
< LBl (A )
1.
FAMEN el + ]
e
16M3
1 1
<__A2 4M2)\2 2
< — g0l + (40233 + 1) el

+ (1A + 8y MEME a2 1]

+ 8y MM [[ul*le]*[l]|* +

1 R
< —1—6||w||2+11||w|\2+117 (28)

where [; denotes a generic function in £;. The last inequality

follows from the properties X, |[ul|le]|,|le]l € L2. Using
Lemma A2 we get ||| € Lo N Lo. From (26) we get

lwll, |@]| € Loo N L2, and (18) implies that A is bounded.
In order to get pointwise in  boundedness we show the
boundedness of ||@w,|| and ||e,||:

1 1 1
]. d ~2 ~ N A N
- — w; dr = Wy Wyt AT = — Wee Wy AT
0 0

/Olwimdxg/olwm/jsw@)dsdx

1
—M+vww%[;mmnm

APl )
4

1d [t 1
——/ eidx: 7/ €yt AT

~lleaa* + [Mllexs | 1ull = 7?[lea | [lull?

1 1+
—glleal® + 5 IAPlul® (30)

1

< —glhiel® + + (Mo +77[[ul?)* Ml 29

IN

N

Since the right hand sides of (29) and (30) are square inte-
grable, using Lemma A.2 we get ||zl ]lex]] € Loo N La.
Using (27) we get |lugl], ||4g| € Loo N L2. From Agmon’s
inequality

max [u(z,t)[* < 2]ull]|u.]|
z€]0,1]

€29



we get the boundedness of w and @ for all z € [0, 1].
To show the regulation of u to zero, we note that

1d

2dt
and using Lemma A.l (which is an alternative to Barbalat’s
lemma) we get ||w| — 0, |le]| — 0 as ¢ — oco. From (26) it
follows that ||| — 0 and ||u|| — 0. Using Agmon’s inequality
and the fact that ||u,|| is bounded, we get the regulation of u
to zero for all z € [0, 1]:

1d
el < oo, == [lb]* < oo, (32)

lim max |u(z,t)] < lim (2||ul|||u.])/? = 0. (33)
t—oo wE[O,l] t—oo
B. Design with swapping identifier
We employ two filters: the state filter
V= Ugptu (34
v(0) = v(1)=0 (35)
and the input filter
n©) = 0 (37
n(1) u(1). (38)
The “estimation” error
e=u—Av—n 39)
is then exponentially stable:
e = Cuy (40)
e(0) = 0 (41)
e(l) = 0. (42)

Using the static relationship (39) as a parametric model, we
implement a “prediction error” as

é:ufjwfn, E=e+\v. 43)
We choose the gradient update law with normalization
1
: Iy é(x)v(z) dz
N = A0 N 44
T+ ol e
With a Lyapunov function
1, J
= dr + —\? 45
Vv 2/0 e dx + . (45)
we get
1 1 .9 1.
. ée*(x)dx é(x)e(x)dx
S T o G
0 A1+ of?) 41+ [lvl]?)
< e - el lle|llle]l
B 41+ vl 2/T+ w2
[T O 0
< —ellf —z——5 - 46

This gives the following properties

lell

e € LoNLay NELo, ANELyN Lo (47)
v

In contrast with the passive identifier, the normalization in
the swapping identifier is employed in the update law. This
makes \ not only square integrable but also bounded.

We modify the transformation (4) in the following way for
the case of unknown A:

i(z) = Solz) + () - / "k O (Gw(E) +n(©) de (@8)

with the same l%(x,&) as in (20). Using (34)—(38) and the
inverse transformation

Av(z) +1(x)

i)+ [ Ui, ie) e 49)

o (\/S\(ﬁ — 52)>
—A¢ (50)
Ma? — €2)

Z(x,ﬁ) =

one can get the following PDE for w:
x .
Wy = Wee + A (é(x) - / k(z,£)é(€) df) + Av(z)
0

#3 [ (S0 - k. 0le))
B(1) = 0.

(SD

B(0) = (52)

In order to prove boundedness of all signals we rewrite the
filter (34)—(35) as follows

Vaa +é+w+/m I(z,&)w(€)de  (53)
0

v(0) = v(1)=0. (54)

We have now two interconnected systems for v and w, (51)-

(54), which are driven by the signals A, A, and é with prop-
erties (47). Note that the situation here is more complicated
than in the passive design where we had to analyze only the
w-system (22)—(23). While the signal v feeds into w-system
(51)—(52) through a “convergent-to-zero” signal A, the signal
w feeds into the v-system (53)—(54) through a bounded but
possibly large gain [. Therefore to prove the boundedness of
||| and ||v|| we use a weighted Lyapunov function

W = Al + ||v]1?, (55)

where A is a large enough constant (for more details on how
A is selected, see the more general case in Section VI-B). One
can show then that

. 1
<
Wﬁ 4AW+11W7

and with the help of Lemma A.2 we get the boundedness of
|||l and ||v||. Using this result it can be shown that

(56)

d . .
77 e+ oa?) < =lldaell® = fJvaa® +

which proves that ||, || and ||v, || are bounded. From Agmon’s
inequality we get that w and v are bounded pointwise in x.
Using Lemma A.l1 we get ||w]| — 0, ||v]] — 0 as t — .
From (49) and (39) we get the pointwise boundedness of 7,
and u and ||u|| — 0. Finally, the pointwise regulation of u to
zero follows from Agmon’s inequality.

(57)
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Fig. 1. The domain 2 for the plant (58).

III. PASSIVE IDENTIFIER FOR A 3D PLANT

We present now a passivity-based design for a plant in a
three-dimensional setting:

Up = €(Ugy + Uyy + Usz) + b1ty + bouy + bsu, + Au (58)

for (z,y,2) € Q, where the domain € is a cylinder with top
and bottom of arbitrary shape I' (Fig. 1). This configuration
of the domain (2 is essential because it allows us to view the
problem as many 1D problems with 0 < z <1 and fixed y, z.
We assume Dirichlet boundary conditions on the boundary 952,

(xay7z) € aQ\{x = 1}7 (59)

except at the top of the cylinder x = 1 where the actuation is
applied,

u = 0,

u(17y7z) = U(t,y,Z), (sz) E F

The parameters € > 0, by, be, b3, A\ are assumed to be
unknown.

For the notational convenience let us use the following
notation later in this section:

(60)

AU = Upy + Uyy + Uz, VU= (um,uy,uz)T
b = b17b27b3
ul* £ /// (x,y,2 dxdydz—/u dQ

[Vul? £ /Vu~VudQ. 61)
We will employ the following “observer”
Gy = EAU+Db-Vi+ cu+~%(u—0)||Vul?,
(z,y,2) € Q (62)
@ = 0, (x,9,2)€00{z=1} (63)
@ = u, z=1, (y,2)el. (64)
There are two main differences compared to 1D case

with one parameter in Section II. First, since the diffusion
coefficient £ is unknown we must use projection to ensure
€ > g > 0. We define the projection operator as

proj {7} = {

Although this operator is discontinuous it is possible to
introduce a small boundary layer instead of a hard switch

0 ,é=cand7<0

T , else. 65)

which will avoid dealing with Filippov solutions and noise
due to frequent switching of the update law (see [12] for more
details). However, we use (65) here for notational clarity. Note
that € does not require the projection from above and all other
parameters do not require projection at all.

Second, we can see in (62) that while the diffusion and
advection coefficients multiply the operators of #, the reaction
coefficient multiplies w in the observer. This is necessary in
order to eliminate any A-dependence in the error system so
that it is stable.

The error signal e = u — 4 satisfies the following PDE:

ENe+b-Ve+EAu+b-Vu+ \u

€t =
— el Vull?,  (z,y,2) €Q (66)
e = 0, (z,y,2)€00. 67)
Using a Lyapunov function
1 |bj?
V:—/ Cant +—+— 68
2 Q 2 2’}/2 2’}/3 ( )
we get
Vo= =& Vel® = lel?Vul?
+§/eAudQ+/e(B~Vu)dQ
Q Q
- 1 .. 1~ 2 1-=
+)\/eudQ— —E£— —b-b— —AX. (69)
Yo it Y2
Q
With update laws
é = —yProj, / Vu - V(u—a)dQ (70)
b - " /(u—ﬁ)VudQ (71)
Q
A= 72/(u—ﬁ)ud9, (72)
Q
where o, v1,72 > 0 we get
Vo< el Vel® = 22[lel* | Vull?, (73)

which implies V (¢) < V(0) so that &, |b], A, ||| are bounded.
Integrating (73) with respect to time from zero to infinity we
, which, together
with the update laws (70)—~(72), gives square integrability of
|b| and A.

Lemma 1: The identifier (62)—(64) with update laws (71)—
(72) guarantees the following properties:

[Vell, llellliVull € Lz, lell € Loo N Lo, (74)
év 81,82,63,5\6,600, 81782,83; 5‘6'62 (75)
We employ the following controller
N
o €
I ( Are(1 — 52)>
X - (& y, 2)d§  (76)

Ae(1-¢?)



with ¢ > 0, which is a straightforward generalization of the
one proposed in [18] for the case of known parameters.

Starting with the result on stability of the identifier, we now
turn to proving closed-loop stability. Unfortunately, it is very
hard to prove the result in the case of unknown e. This is
because, while the identifier guarantees the properties (74) for
le]l and ||Ve], it does not provide any estimates for ||Ae]|
which are required in the case of unknown e. Therefore for
the closed-loop result we assume that € is known and set
¢ = ¢ everywhere. The update law (70) nevertheless achieves
closed-loop stability for unknown ¢ in simulations, as shown
in Section VII.

Theorem 2: Consider the plant (58), (59) with the controller
(76). If the closed loop system that consists of (58), (59), (76),
identifier (62)—(64), and update laws (71), (72) has a classical
solution (E), \, u, 1), then for any 13(0) 5\(0) and any initial
conditions ug, g € La(2), the signals b, \, u, @ are bounded
and w is regulated to zero for all (z,y,z) € Q:

lim max
t—00 (z,y,2)€Q

lu(z,y, 2,t)| = 0. (77)
IV. PROOF OF THEOREM 2
We will use Poincare and Agmon’s inequalities (see, e.g.,
[22]):
di(D)[[Vul
1/2), 11/2
da (1) [l 31 w37, -

(78)
(79)

[ull <

max |u| <
(z,y,2)EQ

Here d; and ds are constants that depend only on I'. The main
difficulty in proving the result in 3D case compared to 1D
case is that we need to show Hy (instead of H;) boundedness
and H; (instead of Ls) regulation in order to have pointwise
boundedness and regulation.

A. Target system

We use the following transformation

/kx& (6,9 2) de

@)

Me(a2 - g2)
which is a generalized version of the transformation presented
in [18] for the case of known parameters.

Lemma 3: The transformation (80)—(81) maps (62)—(64)
into the target system

’LI](Q,‘,y, ) - U z, Y,z (80)

~ 1 A
A+ C§e b1<r€ 3

k(z,€) = — , 81

@ = A+ bV — i+ by®[d] + ADo[i)]
+ A+ 2 Vuler, (82)
w o= 0, (x,y,2)e€dN. (83)
where
o] = / i, € (€, y, 2) de (84)
o = oo [ Megeep . 69
0

and
£ 1 [ . .
oi(2,) = 5w+ o [(@ = kel do
pa(, ) = 2%«3*%(“5) (86)

Proof: Substituting (80) into (62) we get
eAW +b - Vi — i + (A + 92| Vu|?)es
= [ (beks, (0.9 + 3y (0.9)) 621 e 67
0

To replace 4 with w we use an inverse transformation

Wy =

i =d , 38
uw/0<5><§y>5 (88)
Vi e (VEEE )
i, €) = — 2T Cee P . . (89)
) (a2 - €2)
‘We have

/I ()€, y, =) de =
0

/Ox<fc;(a:,§) + [ ks (z,0)l(0,€) da> W(E,y, 2) dE, (90)

and similarly for by. Computing the inner integrals with the
help of [17] we get (82)—(86). |

We should mention that while the target system (82)—(83)
is complicated, only the proof is affected by this complexity
and not the design (which is simple).

B. Boundedness

Let us denote the bounds on |b s Ao- Since k and
[ and their derivatives with respect to parameters are bounded
functions, we have the estimates

lex|] < Myllel],  [[Vull < Ma[|Vad| + [[Vel,  (91)

where M7, M, are some constants. The functions ¢, (o are
also bounded, let us denote these bounds by @1, @o.

First we show the boundedness of the Lo-norm, starting
with

1 d 2 A 112 ~112

] el Vab]|* — el
+81/w@1d9+5\/1@@2d9

Q Q
+ 02| ulP) [epde. o)
Q
Using the estimate
by / 0Py dQ < bl [l
Q

< apllP + 28t Patol?
< gHVwHZ-FhHw”z» ©3)



and similarly for the term with ;\, we get

=
T
INA

3e R N N
*ZIIVwHQ + L [l@]* + Myol|d]|[|e]|
+ 7 My ||Vul| (M| V| + [ Vel)[[d]l] ]|

3e R R d?
—ZIIVMH2 + L@ + ;lekgllell2

IN

e

2
alve

1) + S|
+ g Il° + IVl +

2 )
+ =7 MMVl le]* ]

IN

19 ~ ~
— Z||Vw||2+11Hw||2+z1. (94)

Using Lemma A.2 we get ||| € Lo N L2. Integrating (94)
with respect to time from zero to infinity we also get | V|| €
L5 and therefore ||V, [|[Vull € Lo.

Now let us show H; boundedness. In this case it is enough
to consider e and w systems separately. First,

1d
iaHVeHQ = /VetVedQ: —/etAedQ
Q Q
< —el|Acl? + boll el [ Vel + [Bl Al V]
Al el ) =22 Vel 2 Val?
< el + S22 + B v + S ae)?
- _ 4 5 R 4
B2 . A2
+ THVUH2 + ZHAeH2 + THUH2

< —§||Ae||2 i (95)

Using Lemma A.2 we get ||Ve|| € Lo N L2. Second,

=8

[Va||? = —/thwdQ
Q
= —¢|Aw|?* - ¢|Va|? - /Aw (b - Vi) dQ
Q

1
2

Y

t

—él/AmldQ—i/Amde
Q Q

+(;\+72||Vu||2)/eA1DdQ. (96)

Q

Using the estimates

IN

/Aw(f).vw)dg bo| A ||| V|
Q

IN

202
Slaa|? + =2 va|?

IN

LY

IN

El/ma@lcm %|\Aw|\2+llllwll2, 97)
Q

and similarly for the term with ;\, we get

1d 9 5e
- -~ AW 2 ~12
5 IVolE < =S80 + o) + b
+ 92 My Mo ||Vl || V||| Ad| ]
+ MLVl Ve[| Ad] fe]
+ My Aol|Ad|[]le]]
5 Aw[]? 2M2NE | e|?
S —gHAHA}HQ—Fll—‘rEH 411)” + 1 50”6”

2 A
+ S MEME [Vl *le]* Vo *

2 € n
+ = M|Vl Vel Plle]* + Sl A

€ - N
< —ZlAa|? + L[Vl + 1. (98)

Using Lemma A.2 we get ||Vi| € Lo N Ly and therefore
(IVal, [Vul € Lo N Lo. Integrating (95), (98) we also get
[|Ae|l, |Aw|| € L2 and therefore |Adl], ||Aul| € Lo.

Note that from the above properties and (95)—(98) it
follows that (d/dt)||Ve||* and (d/dt)|Vi||? are bounded.
By Lemma A.1 we get |Ve|,||[Vw@| — 0 and therefore
(IVal, [[Vul — 0 as t — oo.

In order to prove pointwise boundedness in 3D we need to
show that the Hy norms of the signals are bounded. It is more
convenient to prove the boundedness of ||w;|| and ||e;| first
and then use the equations (82), (66) to bound the H3 norms.
We start with

1d

sl = [eendo
Q

— [ Vel + [blllec][[Ve]
+[blllec[l[Vall + [bl[[Veq|[[lu]
+ [Alllex[flell + [Aflles |l |

IN

d
wPlellled | I0u? . o9

We first note that
Jue]? < 2(* Aull® + B[ Vul® + A2[Ju]|*) < 12(100)
and

d
el |19l

d .
< 2le]lllex]l ‘E(M%’HVIUI2 +Vel?)

< 2llellllec| (M3 V@[ Ve ]| + Vel Veell)
5 A
< b+ glVed® + el Va7, (101)
where c¢; is an arbitrary constant. We have
2 1
gl < —ellVed* + bPllec + S(IIVell” + [[Vul®)
4 ~ 5 €
+ e P(B” + d|AP) + Sl Ver?
€ 2 Lz iz o Lyn2
+ @H‘ftn + QW llec]” + 5”“”
€ .
+h+ L [Ved® + e[V |®

€ .
< = 5IVel?® + hlled + ed[Van|* + i - (102)



Now we estimate the time derivative of ||w]|%.

1d

5ol = [ b de
Q

— e[Vl + (Bl | V] — el
o oal@a ] + [ e |

+ @ el ] + Ml s |

+ (o + 72Vl llexe ]

+QM+72 )H%MNMW(ma

Using the estimates

IN

@ 1o
vl

@1 < Tl |® + Ml ? (w2,
||@t§2\\2 < @allae]|? + Myl P[],
1> < 297llec]® [ Vull® + 297 lel* [ Ve
< hlled? + Ms([Vae]? + [ Ve?)
A2 < 293 leePllull + 293 (el lue ||
< lylled* + 1,
lewl® < 2M7le]|® + M|l (104)
we get
1d 2o 1 .
2dt”wt”2 < — ||V ]? + —|b|2||wt||2 + §||Vw||2
+ hfle” + 02(\|Vu7t||2 + [|Ved|?)
Ms@? o
+ = |||l + 1901|bl|2
£ . .
+ —2||wt||2 + l1||wt||2 + llled” + 1y
882
+ Iy [|de||* + <P2P\|2 d2 [kaals
4/\2M d>
~ 112 0 1%1 2 ~ 112
+ [l ||* + THG ° + ST%HU%H

) € lonn
+ lilledl” + blle|* + Sl Vel + cal| Vel

+ [ ||* + Iy
8 A~
§—<Z—QNWMW+@ﬂ%ﬂWQW+h
4)\2M
+——4mwmwmwmmuw

Combining (105) and (102) with a weighting constant A we
get

Ad 1d € R
S gilledl? + 5l < = (5 =2 — erd) [ Vin|?

4
e ANM2d!
_ (QA - R0 - 03> Ve ?
+ @] + flel)® + (106)

Choosing A = 1 + 8 \2MZdie2, ¢; = ¢/(16A), ca = c3 =

/8, we get
Ad s 1d 2 € 2 € 2
L el 4+ 3 Sl <~ IVl ~ S el

+ L[ ||* + Jlee]|® 4 1y (107)

By Lemma A.2 ||, |le:]] € Lo N L2 and therefore
[l luell € Loo N L2. From (62) and (58) we get
[IAG]l, [|Aul] € Lo NL2. Using now Agmon’s inequality (79)
we get the regulation result:

1/2 1/2
2 |ull

lim max
t—00 (z,y,2)€Q

lu(z,y,2,t)| < da hm [l = ((108)

V. SWAPPING IDENTIFIER FOR A
REACTION-ADVECTION-DIFFUSION PLANT

Let us consider now a swapping-based approach for the
plant

Uy = EUgy + bug + Au (109)
u(0) = 0 (110)
u(1) U(t) (111)

with three unknown parameters €, b, A\. We restrict our atten-
tion to the 1D case here. The result can be readily extended
to the 3D plant (58) in a similar fashion as in Section III for
passive identifiers.

We need to employ four (the number of uncertain parame-
ters plus one) filters. Let us first write the “estimation error”

in the form
e=u—e—bp—Av—rn, (112)

where v, p, ¥ are filters for u, u,, and wu,,, respectively,

Vg = EVpp + sz +u (113)
v(0) = wv(1)=0, (114)
Pe = EPar+bps +us (115)
p(0) p(1)=0, (116)
Y(0) = ¥%(1)=0, (118)
and 7 is the following filter:
M = ENaa + bne — bug — Etigy (119)
no0) = 0 (120)
n(1) = u(l). (121)

Note that in the case of known ¢ or b, the filter 7 is modified
by dropping the corresponding terms €u,, or bu, in (119), so
that there is no need to measure u,, Or U.

With the filters (113)—(121) the estimation error (112)
satisfies the following exponentially stable equation

et = Eegy + bey (122)
e(0) = e(1)=0 (123)
We implement a “prediction error” as
e=u—¢ép—bp—v—n, (124)
which is related to the estimation error by
e=e+&p+bp+ . (125)

One important difference with respect to the benchmark
plant (1)—(3) is that the diffusion coefficient ¢ is now unknown



and we must use projection to ensure £ > ¢ > 0 to keep
parabolic character of the systems involved in the adaptive
scheme. The projection operator is defined in (65).

We choose gradient update laws with normalization

: | Jy é(@)(x) de

_ b 126
: ”1mk{1HWW+nm2+m2 e
2 fol é(z)p(z) dx
i 127

BT+ [+ ToT? e

) 1.
A= Jo é(@)v(x) dz (128)

L+ ([0 + lpll> + loll*

where v1,v2,7v3 > 0.
Lemma 4: The update laws (126)—(128) guarantee the fol-
lowing properties

E b NELo, b AN € LonLe (129
2”6” ; _ € L20Le. (130)
VI 912+ 1pl? + ]l
Proof: With a Lyapunov function
1 [t 1 1 -
V:—/ edr+ —=&2 +—b + —\? (131)
2 /o 8m 872 873
we get
1 N 7 3
. b ) d
Vo< _/ 2 i In e(ew:- p+2 v) m2
0 (1+||¢|| +le| +||v||)
2 fo dx+f0 (z) dx
< _HeEH 1 2 2
4( +H¢|| + [Ipll +Hv||)
< 7He H27 ||é||2
- AL+ [[9[1> + Ipll* + [lv]I?)
llexl1[€ll
2y/T+[[9112 + [IplI? + [v]1?
1 1 lle]®
< el -3 (132)
el = S T R+ I+ Tl
This gives
2”6” - _ € L (133)
VI TP + Tl + Tl
and the boundedness of &, 5, . From (125) we get
el Lo (134)

VI+[I2 + [pl? + o]
and from the update laws (126)—(128) the boundedness and

square integrability of £, b, and \ follows. ]
We use the controller

13 A —71(
u(1) = _/0 /\::cfe_m?;&)
-

x (B9(&) + bp(&) + Av(€) +n(&)) d& (135)

with ¢ > 0. The properties of the closed loop system with this
control law will be established in the next section.

As in the case of passivity-based design, it is very hard to
prove the closed-loop stability of the swapping-based scheme

(- £2>)

At
= (

in the case of unknown e. The reason for this is that while
we have the properties (130) for ||é]|, we cannot obtain any
a-priori estimates for ||é,|| which are needed in the proof for
a plant with unknown e. However, the update law (126) is
successful in simulations, as shown in Section VII.

In the next section we are going to prove the following
result for a plant with known €.

Theorem 5: Consider the plant (109), (110) with the con-
troller (135). If the closed loop system that consists of (109)—
(110), (135), the filters (113)—(115), (121) and update laws
(127)—~(128) has a classical solution (b \ v, p, 1, u), then
for any 5(0), A(0) and any initial conditions v, po, 70, uo €
L5(0,1), the signals b, \, v, p, 1, u are bounded and u is
regulated to zero for all x € [0, 1]:

lim max |u(z,t)| = 0. (136)

t—o0 z€(0,1]

VI. PROOF OF THEOREM 5
A. Target system

We use the following transformation
w = ISp + v+ n
- [ )p(©) + o) +n(e) ds, (37
0

where fc(x,f) differs from (81) only in by being replaced by

b:
. I /\+c 2
- Adc, b= 1( (a* §)>
k(z,§) = ———8e = . (138)
c Ate(y2 — g2)
The inverse transformation is defined as
3p+5\v+n=w+/ I(z,&)i(€) de | (139)
0

where the kernel [(x, €) is given by

e o (fE )
i )\Jrcf _be=e) : . (140)
) Ae(a? —¢2)

Lemma 6: The transformation (137)-(138) produces the
following target system

@ = etbge + bidg — ctd + K[bp + Av]
+Mqé]+/ (b1 + Apo)d(€)dE (141)
0
W(0) = w(1)=0, (142)
where
K — | k(, 143
g | e (143)
and
=& 1 [* .
o109 = "R + o [ k(w000
oz, &) = %efzbs(r €) (144)



Proof: Substituting (137) into (109) we get
Wy = elyy + by — ctb + K [bp + M| + AK[¢]
- / (b (2, €) + Nks (2, €)) (bp + Ao + 1) dE. (145)

0

Using the inverse transformation (139) we replace (3p+ Ao+
7) in (145) by w. Changing the order of the integration and
computing the inner integral we get (141). [ |
We point out that, similarly to the case of the passive

identifier design, the target system (141)-(142) is complex
while the design itself is simple.

B. Boundedness
Let us use (124) and (139) to write the state wu in filters

(113)—(116) as

u:é+ﬁ)+/()m2(x,§)w(§) de . (146)

We have now three interconnected systems for w, v, and p
with external driving signals é, b, A which g0 to zero in some
sense due to the identifier properties (129)—(130).

The identifier properties imply that k and [ are bounded and
thus @1, o are bounded. We denote these bounds by @1, @s.

The bounds on b, \ are denoted by bg, Ag, respectively.
We have the following estimates

1 T
A7M@[;%@£W@M&h < sl (47
1
/zMMwax < Mallle]  (148)
0
lall < €]l + Mallio](149)

where M7 and M, are some constants that depend on the
bounds by and \g.

We are now going to perform an L, Lyapunov analysis of
the (@, v, p) system. We start with

1d

112
Sl

— ey [|* + Xo M [|@]]] €]

+ ay ] (Ibllpl + A1)

+ (Jblar + M2 ) Il
ANZM?
=L e

IN

s 12 1 a2
ellio? + Tl +

+ eIl + o))
M (io i) ez € e
ME (i + i) <

+ 3o (P +1AP) Il + 5l
8 /40 o Ao o\ ..

+ = (16173 + [A23) o). (150)

Here by c¢; we denoted an arbitrary constant that will be
defined later. Note that in the estimates we do not use the
gain ¢ > 0 to help stabilize the system.

Using properties (130) we have

lell> < Lullpll® + Lullv])? + 1y (151)

so (150) can be written as

1d

A SN
5 Il < = Sl + (ol + o))

+ (ol + Il + [[ol*) + . (152)
We do a Lyapunov analysis for the filter v now:

1d

57 (153)

1
HWtS—WN+Awm

Using (146) we have the estimate

1
/ vudr <
0

€ o  AMZ o ¢ 9
< = 72 =
< el + —l2l” + fe vl

Molfol[[@]| + [[olllléll

+ 4l + Llvl? + 4 (154)

With this estimate (153) becomes

Ld

4MZ .
2 di — el

19
Jo]> < f§llvzll2+
+ 4Lllpl? + Lol + 1. (155)

The last system to analyze is the filter p:

L < o+ [ e
~ — €& Uy AT
thp = 2 Opm
< — el P + Malpel ]+ . e
€ M3 . L
< —elpal? + sl + Sl + Zel?
3 3

€ M2
< = Sl + M2 a2

+Llpl? + hllol® + 4 - (156)
With a composite Lyapunov function
A 2 Ly Lo
= || = — 1
v =Sl + el + 5 ), (1s7)

where A is a constant yet to be defined, we get
. 20M2
R e L
2 €
€
— (5 —derd) (ol + Ip.2) + V. (158)

Choosing A =1+ 40MZ2e2 and ¢; = ¢/(16A) we get

Vo< —Svinv.

< 1 (159)

Using Lemma A.2 we get V € L., N L;. Not that V' depends
on A, which depends on M>, which depends on by and g,
which in turn depend on the initial conditions of the system.
However, A > 1, which implies that ||@]|?, |[v]|?, ||p||* < 2V,
and hence |||, [|v]|, ||p|| € Loo N L2. Integrating (158) we
also get [|wq |, [[vall, [|pall € L.



We proceed now to H; analysis (it is needed to establish
pointwise boundedness). We start with

1d 1 1
/ Wy Wyt dx:—/ Wep W dx
0 0

I | R 2
- 5erx”2 + 0o [[We ||| Wee |
+ >‘0M1||wxar”||é“

+ M| (bl + A1)

IA

+ (1ble1 + N2 ) ol

IN

. €, . 202
*5me”2+gerz”er?O”erz

IS 2X2M2
+ S a2+ 2

€, . AM? /- R
o Slwal? + =5 (1621pI + AP0]1?)
€. 42, Lo .
+ Sl 2+ < (16177 + 101233 ) 1)
ST
< _§||wa:x||2+l1 (160)

By Lemma A.2 we get |[t,] € Loo N La. For the filter v we
have
1d

sgpllvell® < = elveall® + bollvelllves || + lvzs 1wl
£ b2 1
< = ellowe® + G llvasll® + 2ol + ull?
3

By Lemma A.2 we get ||v;| € Loo N Lo. For the filter p we
have

1d 9 9
S 1 T < - xxr b T T xxr x
5 gplpall” = = ellpaall® + bollpsllllpes|l + [pesllllus |
€ b2 1
< = Slpeall® 4 Zlpal® + luall*. (162)
3 3
Since
lusl* - < 2lléa|® + 2Ms ]l |*
< Allea® + 40P (lpal® + 4P (lve|* < 11,(163)
we get
1d 9 € 9
5 74 IFx < —-c xrx l ’ 164
5 g Pell” < = Slpzall® +1a (164)

and by Lemma A.2 ||p;|| € Loo N La.

By Agmon’s inequality we get the pointwise boundedness
of signals w, v, and p. From (139) we get the boundedness of
7. Since u = e + bp + Av + 1, the state v is also bounded.

In order to prove regulation we notice from (159) that

V| < i\w LV < oo, (165)

where we used the fact that {; is a bounded function in this
case. By Lemma A.1 we get V — 0 and thus w, v, p — 0.
From (139) we get n — 0 and therefore (112) implies v —
0 as t — oo. Using the boundedness of |u,| by Agmon’s
inequality we get

lim max |u(z,t)] < lim 2|ul|*?|jue|/*/? = 0.(166)
t—o0 z€]0,1] t—oo
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Fig. 2. The parameter estimates and the closed loop state for the plant
(109)—~(111) with adaptive controller based on swapping identifier (solid —
&, dashed — b, dash-dotted — \).

VII. SIMULATIONS

We first demonstrate the design with a swapping identifier
on a 1D plant (109)—(111) with parameters ¢ = 1, b = 2,
A = 15. The plant has one unstable eigenvalue at 4.1. Initial
estimates are set to £(0) = 3, b(0) = 5, A(0) = 2. The results
of the simulation are presented in Fig. 2. Even though only
the identifier properties (and not the closed-loop stabilization
result) were proved in the case of an unknown diffusion
coefficient, the adaptive controller successfully stabilizes the
system. As expected for an adaptive regulation problem, the
parameter estimates converge close to, but not exactly to the
true parameter values.

For the demonstration of the design with passive identifier
we consider a 2D plant with four unknown parameters ¢, by,
bo, and \:

Up = €(Ugy + Uyy) + brug + baty + Au (167)

on the rectangle 0 < z < 1, 0 < y < L with actuation applied
on the side with z = 1 and Dirichlet boundary conditions on
the other three sides. The adaptive laws (70)—(72) are modified
in a straightforward way from the 3D to the 2D setting. We
set the simulation parameters to ¢ = 1, by = 1, by = 2,
A = 22, L = 2. With this choice the plant has two unstable
eigenvalues at 8.4 and 1. Initial estimates are set to £(0) =
2, b1(0) = 3, by(0) = 0, A(0) = 5 and the bound on &
from below is ¢ = 0.5. The initial conditions for the plant
and the observer are u(z,y,0) = 10sin?(7x)sin?(ry) and
4(x,y,0) = 0. The results of the simulation are presented in
Fig. 3 (several snapshots of the state) and Fig. 4 (estimates of
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Fig. 4. The parameter estimates for the plant (167) with adaptive controller
based on passive identifier.

the unknown parameters). One can see that projection keeps
£ > ¢ = 0.5. All estimates come close to the true values at
approximately ¢ = 0.5 and after that the controller stabilizes
the system.

VIII. CONCLUSION

Even though we considered only Dirichlet boundary condi-
tions, the approach can be easily extended to the Neumann
case. If the boundary condition at the uncontrolled end is
mixed and contains a parametric uncertainty, even the output
feedback extension is possible [20]. However, so far we have
not obtained an output-feedback result for the class of PDEs
considered in this paper (boundary observers for the case of
known parameters were developed in [19]).
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In this paper we concentrated on the plants with constant
parameters. The swapping method does not allow a natural
extension to the plants with spatially varying coefficients. The
passivity-based approach, however, can be extended to such
systems. For example, for the benchmark plant (1)—(3) with A

replaced by A(z) we would have the update law
e, t) = y(u — @)u (168)

where the observer 4 is given by (10)~(12) with A(t) replaced
by A(z,t). The controller is given by

u(1) = / k(1,600 () de, (169)

where the kernel k = k., is obtained recursively [18]

z+€
2

|

2

A(C) d¢

DN | =

];0(,%76) = —

kiv1(x, &) =

+/1,,5 /O M¢C=0)ki((+0,( —0)dodC.

2

The proof that for sufficiently high n (depending only on the
upper bound on \(x)) this adaptive scheme stabilizes the plant
will be a subject of a future paper.

APPENDIX

Lemma A.1 (Lemma 3.1 in [14]): Suppose that the func-
tion f(¢) defined on [0, c0) satisfies the following conditions:

(i) f(t) >0 for all ¢ € [0, 00),

(ii) f (¢) is differentiable on [0, c0) and there exists a constant
M such that

f'(t) < M, vt >0,
(iii) [, f(t)dt < oo.

(A1)



Then we have

lim f(t)=0. (A.2)

t—o0o

Lemma A.2 (Lemma B.6 in [13]): Let v, l1, and [5 be real-
valued functions defined on R, and let ¢ be a positive
constant. If /; and /5 are nonnegative and in £; and satisfy
the differential inequality

0 < —cvo+ (v +12(t), v(0)>0 (A3)

then v € Lo () L1.

[1]

[2]

[8]
[9]
[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

REFERENCES

J. Bentsman and Y. Orlov, “Reduced spatial order model reference
adaptive control of spatially varying distributed parameter systems of
parabolic and hyperbolic types,” Int. J. Adapt. Control Signal Process.
vol. 15, pp. 679-696, 2001.

M. Bohm, M. A. Demetriou, S. Reich, and I. G. Rosen, “Model reference
adaptive control of distributed parameter systems,” SIAM J. Control
Optim., Vol. 36, No. 1, pp. 33-81, 1998.

D. M. Boskovic and M. Krstic, “Stabilization of a solid propellant rocket
instability by state feedback,” Int. J. of Robust and Nonlinear Control,
vol. 13, pp. 483-495, 2003.

M. S. de Queiroz, D. M. Dawson, M. Agarwal, and F. Zhang, “Adaptive
nonlinear boundary control of a flexible link robot arm,” IEEE Trans.
Robotics and Automation, vol. 15, pp. 779-787, 1999.

M. A. Demetriou and K. Ito, “Optimal on-line parameter estimation for a
class of infinite dimensional systems using Kalman filters,” Proceedings
of the American Control Conference, 2003.

T. E. Duncan, B. Maslowski, and B. Pasik-Duncan, “Adaptive boundary
and point control of linear stochastic distributed parameter systems,”
SIAM J. Control Optim., vol. 32, no. 3, pp. 648-672, 1994.

K. S. Hong and J. Bentsman, “Direct adaptive control of parabolic
systems: Algorithm synthesis, and convergence, and stability analysis,”
IEEE Trans. Automatic Control, vol. 39, pp. 2018-2033, 1994.

P. Ioannou and J. Sun, Robust Adaptive Control, Prentice Hall, 1996.
M. Jovanovic and B. Bamieh, “Lyapunov-based distributed control of
systems on lattices,” IEEE Trans. Automatic Control, to appear.

T. Kobayashi, “Adaptive regulator design of a viscous Burgers’ system
by boundary control,” IMA Journal of Mathematical Control and Infor-
mation, vol. 18, pp. 427-437, 2001.

T. Kobayashi, “Adaptive stabilization of the Kuramoto-Sivashinsky equa-
tion,” Int. J. Systems Science, vol. 33, pp. 175-180, 2002.

M. Kistic, “Adaptive Boundary Control for Unstable Parabolic PDEs—
Part I: Lyapunov Design,” submitted to /EEE Transactions on Automatic
Control, 2005.

M. Kirstic, I. Kanellakopoulos, and P. Kokotovic, Nonlinear and Adaptive
Control Design, Wiley, New York, 1995.

W. Liu and M. Krstic, “Adaptive control of Burgers’ equation with
unknown viscosity,” Int. J. Adapt. Contr. Sig. Proc., vol. 15, pp. 745—
766, 2001.

H. Logemann and S. Townley, “Adaptive stabilization without identifi-
cation for distributed parameter systems: An overview,” IMA J. Math.
Control and Information, vol. 14, pp. 175-206, 1997.

Y. Orlov, “Sliding mode observer-based synthesis of state derivative-free
model reference adaptive control of distributed parameter systems,” J.
of Dynamic Syst. Meas. Contr., vol. 122, pp. 726-731, 2000.

A. P. Prudnikov, Yu.A. Brychkov, and O.I. Marichev, Integrals and
Series, vol. 2: Special Functions, Gordon and Breach, 1986.

A. Smyshlyaev and M. Kirstic, “Closed form boundary state feedbacks
for a class of 1D partial integro-differential equations,” IEEE Trans. on
Automatic Control, Vol. 49, No. 12, pp. 2185-2202, 2004.

A. Smyshlyaev and M. Kirstic, “Backstepping observers for a class of
parabolic PDEs,” Systems and Control Letters, vol.54, pp. 613-625,
2005.

A. Smyshlyaev and M. Krstic, “Adaptive Boundary Control for Unstable
Parabolic PDEs—Part III: Output Feedback Examples with Swapping
Identifiers,” submitted to Automatica, 2005.

V. Solo and B. Bamieh, “Adaptive distributed control of a parabolic
system with spatially varying parameters,” Proc. 38th IEEE Conf.
Decision and Control, pp. 2892-2895, 1999.

[22] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and
Physics, Springer, 1988.

[23] J. T.-Y. Wen and M. J. Balas, “Robust adaptive control in Hilbert space,”
J. Math. Analysis and Appl., vol. 143, pp. 1-26, 1989.



