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Deep neural network approximation of nonlinear operators, commonly referred to as DeepONet, has
proven capable of approximating PDE backstepping designs in which a single Goursat-form PDE
governs a single feedback gain function. In boundary control of coupled hyperbolic PDEs, coupled
Goursat-form PDEs govern two or more gain Kernels — a structure unaddressed thus far with
DeepONet. In this contribution, we open the subject of approximating systems of gain kernel PDEs by
considering a counter-convecting 2 x 2 hyperbolic system whose backstepping boundary controller
and observer gains are the solutions to 2 x 2 kernel PDE systems in Goursat form. We establish the
continuity of the mapping from (a total of five) functional coefficients of the plant to the kernel PDEs
solutions, prove the existence of an arbitrarily close DeepONet approximation to the kernel PDEs,
and ensure that the DeepONet-based approximated gains guarantee stabilization when replacing the
exact backstepping gain kernel functions. Taking into account anti-collocated boundary actuation and
sensing, our L?-globally-exponentially stabilizing (GES) control law requires the deep learning of both the
controller and the observer gains. Moreover, the encoding of the feedback law into DeepONet ensures
semi-global practical exponential stability (SG-PES), as established in our result. The neural operators
(NOs) speed up the computation of both controller and observer gains by multiple orders of magnitude.
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Its theoretically proved stabilizing capability is demonstrated through simulations.
© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and

similar technologies.

1. Introduction

Coupled first-order hyperbolic PDE systems are versatile, find-
ing applications in traffic dynamics (Goatin, 2006; Yu & Krstic,
2019) and open channel fluid flow (Diagne, Bastin, & Coron, 2012;
Diagne, Diagne, Tang, & Krstic, 2017; Diagne, Tang, Diagne, &
Krstic, 2017; Halleux, Prieur, Coron, D’Andrea-Novel, & Bastin,
2003; Somathilake & Diagne, 2024), to name a few. The devel-
opment of stabilizing boundary feedback laws for such systems
began with the locally exponentially stabilizing boundary con-
troller in Coron, D’Andrea-Novel, and Bastin (1999), crafted for
the Saint-Venant model. This controller used an entropy-based
Lyapunov function to exponentially stabilize a system where total
energy was not a suitable Lyapunov candidate. Subsequent works
utilized the Riemann invariants method for exponential stability
using local water level measurements at gates without friction.
Key contributions in Bastin and Coron (2010, 2011), and Vazquez,

* The full-state feedback design was presented at the 2024 American Control
Conference (ACC), July 10- July 12, 2023, Toronto, ON, Canada. This paper
was recommended for publication in revised form by Associate Editor Anton
Selivanov under the direction of Editor Florian Dorfler.

* Corresponding author.

E-mail addresses: shanshanwang@usst.edu.cn (S. Wang),
mdiagne@ucsd.edu (M. Diagne), krstic@ucsd.edu (M. Krstic).

https://doi.org/10.1016/j.automatica.2025.112351

Krstic, and Coron (2011) led to a quadratic Lyapunov candidate
for 2 x 2 linear hyperbolic systems. Our work focuses on the
PDE backstepping approach, using a single boundary actuation
and observer-based design as in Vazquez et al. (2011) (refer
to Vazquez, Coron, Krstic, & Bastin, 2012 for the quasilinear
case). The “dissipativity” method from Bastin and Coron (2010,
2011) is an observer-free approach that involves finding dis-
sipative boundary conditions akin to “small gain conditions,”
relying on dual boundary actuation and measurements at gate
locations. Leveraging Marcum Q-functions, explicit kernels for the
stabilization of 2 x 2 linear hyperbolic systems with constant
coefficients are derived in Vazquez and Krstic (2014). Recently,
delay-adaptive boundary control of coupled hyperbolic PDE-ODE
cascade systems was established via Batch-Least Square Identi-
fication (BaLSI) (Karafyllis, Kontorinaki, & Krstic, 2020; Wang &
Diagne, 2024). PDE backstepping has been used to control a 2+ 1
counter-convective system actuated at one boundary (Burkhardt,
Yu, & Krstic, 2021; Di Meglio, Vazquez, Krstic, & Petit, 2012). The
problem structure outlined in Di Meglio, Kaasa, Petit, and Alstad
(2012) has broad applicability, appearing in various multiphase
flow of coupled water-sediment dynamics in river breaches (Di-
agne, Diagne, et al,, 2017), where exponential stabilization of
supercritical flow regimes, has been achieved, which was not
attainable applying the design proposed in Diagne et al. (2012).

0005-1098/© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.
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Generalized results on the exponential stabilization of an ar-
bitrary number of coupled waves were achieved in Di Meglio,
Vazquez, and Krstic (2013) and Hu, Di Meglio, Vazquez, and
Krstic (2016) as non-trivial extensions of Di Meglio, Vazquez,
et al. (2012) and Vazquez et al. (2011) to the so-called n + 1
and n 4+ m cases. Following these major developments, Anfinsen,
Diagne, Aamo, and Krstic (2016) and Anfinsen, Diagne, Aamo, and
Krstic (2017) proposed adaptive observers to estimate boundary
parameters of both n + 1 and n + m systems motivated by
the identification of the bottom hole influxes of hydrocarbon
caused by high-pressure formations in the well during oil drilling
operations. These developments were followed by major progress
on adaptive control design (Anfinsen & Aamo, 2019).

In general, the conception of PDE controllers can lead to com-
plex gain functions that require non-obvious computational ef-
fort. Our contribution signifies advancement in leveraging the
computational capabilities offered by Machine Learning tech-
niques to enhance the feasibility of hyperbolic PDE control.

Contributions: We expedite the computation of gain kernel
PDEs arising in the context of backstepping control design for
coupled hyperbolic systems. Developing further the DeepONet
design originally introduced in Bhan, Shi, and Krstic (2024b)
and then Krstic, Bhan, and Shi (2024) and Qi, Zhang, and Krstic
(2024) for simpler PDE systems, we introduce Neural Opera-
tor (NO) approximations for kernels applicable to 2 x 2 hy-
perbolic PDEs to encapsulate the mapping from the functional
coefficients of the plant into a previously trained DeepONet. We
design a neural network architecture, more precisely, a computa-
tional resource capable of calculating the gains through function
evaluations, eliminating the necessity to solve the coupled gain
kernel PDEs defined on a triangular domain. Recently, Deep-
ONet achieved gain kernels computation for full-state feedback
control in ARZ traffic system in Zhang, Zhong, and Yu (2024). Fur-
thermore, results on DeepONet-based adaptive control (Lamar-
que, Bhan, Shi, & Krstic, 2025), gain scheduling (Lamarque, Bhan,
Vazquez, & Krstic, 2025) and moving-horizon estimators (MHE)
(Bhan, Shi, Karafyllis, Krstic, Rawlings, 2024a) were recently de-
veloped.

Differing from Wang, Diagne, and Krstic (2025), where Deep-
ONet approximation of gain kernel PDEs was achieved using a
composition of operators defined by a single hyperbolic PDE in
Goursat form and one parabolic PDE defined in a rectangular do-
main, the scenario involving coupled hyperbolic PDEs in cascade,
along with the observer state, results in the DeepONet approx-
imation of gain kernel functions governed by a pair of coupled
hyperbolic PDEs in Goursat form. Two of these PDEs originate
from the controller, while the other two are the observer gain
kernel PDEs. The controller and observer gains approximated via
DeepONet are the outputs of a pair of 2 x 2 nonlinear opera-
tors of Goursat PDEs “powered"” by five functional coefficients of
the plant. The structure of the studied DeepONet of nonlinear
operators broadens the scope of neural operators design origi-
nally introduced by the machine learning community (Lu, Jin, &
Karniadakis, 2019). Our contribution is twofold:

e DeepONet for the gain kernels of the output-feedback
law. We derive a global exponential stability (GES) result for
a coupled hyperbolic system equipped with an output feed-
back control law informed by the NO-based approximated
controller and observer gain kernel functions. Because the
controller-observer system is a composition of two linear
systems, the global exponential stability is preserved.

o DeepONet for the fully learned output feedback law.
Leveraging insights from the DeepONet approximations of
both the controller-observer gain kernels and the observed
system states, we develop NO approximation for the output-
feedback control law, incorporating the observer state. This
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method fully learns the control law for a 2 x 2 hyperbolic
system using anti-collocated boundary actuation and sens-
ing. We establish a semi-global practical exponential stability
(SG-PES) estimate for the closed-loop system. This SG-PES
result stems from approximating the Goursat-form PDEs and
observer states ii and 9, resulting in both multiplicative and
additive approximation errors. The stability is semi-global
as the dataset includes bounded samples of observer states
it and .

In the nutshell, our approach significantly accelerates the com-
putation of both controller and observer gains. Our theoretically
established stability results are illustrated by simulation results
and the code is available at github.

Organization of the paper: Section 2 succinctly presents the
design of an exponentially stabilizing output-feedback boundary
control law for 2 x 2 hyperbolic systems. Sections 3 and 4 present
the approximation of the kernel operators and the global ex-
ponential stabilization (GES) under the approximated controller
gain functions and observer gain functions via DeepONet. Sec-
tion 5 presents a semi-global practical exponential stability (SG-
PES) result when the totality of the output feedback law is learned
via DeepONet. Section 6 and Section 7 present simulation results
and concluding remarks, respectively.

Notation: We define the [2-norm for x(x) e L?[0,1] as
X ||f2 = fol | x (x)|2dx. For the convenience, we set || x [|> = || x ||fz.
The supremum norm is denoted || - | .

2. Preliminaries and problem statement

Preliminaries. We consider linear hyperbolic systems
aru(x, £) = — Ax)ou(x, t) + o(x)u(x, t) + o(x)v(x, t), (1)
o v(x, t) =u(x)oyv(x, t) + 0(x)u(x, t), (2)
with boundary conditions
u(0, t) = qu(0,t), v(1,t)=U(t), (3)

where, A, u € CY([0,1]), 0,w,0 € C°[0,1]), ¢ € R, and
initial conditions v%(x), u®(x) € L*([0, 1]). The transport speeds
are assumed to satisfy —u(x) < 0 < A(x), Vx € [0, 1], and
A, 1, 0, , 0 areallbounded with A < A <X, pu <u < f1,
c<o <&, w<w<dandh <6 <0.

2.1. Full-state boundary feedback control law

Exploiting the following backstepping transformation
(Di Meglio et al., 2013),

X

Blx, £) =u(x, t) — f ky(x, £ (&, ) — / ko, £0(E, D)E,
0 0

(4)
system (1)-(3) is transformed into the target system
dru(x,t) = —A(X)oxu(x, t) + o (X)u(x, t) + w(x)B(x, t)
+ [ ente. e + [ et o2t 0 (5)
I B(x.t) = u(x)B(x, t), (6)
with boundary conditions defined as
u(0,t) =qp(0,t), p(1,t)=0, (7)

where c(x, £) and «(x, &) are functions to be determined. The re-
alization of this mapping requires the kernels in the backstepping
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transformation (4) to satisfy the following PDEs

(x)dxky — A(E)dgks = X' (&)kr + o (&)1 + O(& ko, (8)
W(x)dxks + 1(§)dgky = —1'(8)ka + (& )kn, 9)
with boundary conditions
_ 0(x)
K= =0+ 10
w(0)ka(x, 0) = gA(0)kq(x, 0). (11)

The system (8)-(11) defined over the triangular domain T =
{(x,£) | 0 <& <x < 1},is a coupled 2 x 2 Goursat PDE system
that governs the two gain kernels and the coefficient x and c are
chosen to satisfy

k(x, &) = w(x)ky(x, $)+/ k(x, S)ko(s, &)ds, (12)
&

C(X,S)Zw(x)/ﬁ(x,é)-#/ K (X, $)kq(s, §)ds. (13)
£

From (3), (4), and (7), the boundary controller is
1

1
U(t)I/ k1(1,§)U(E,t)d5+/ ka(1, §)u(§, t)d§. (14)
0 0

The invertibility of the transformation (4) together with the ex-
istence of a unique solution to (8)-(11) was established in Di
Meglio et al. (2013). The invertibility of the transformation in-
duces equivalent stability properties of the target and original
systems.

The inverse transformation of (4) is given by

o(x, £) =Blx. £) + / L(x. £)u(E. D) + / (x, £)B(. t)dE.
0 0

(15)

where

h(x. €)= ki(x, &) + / ko, )15, £)ds, (16)
3

h(x. £) = k(. &) + / Kka(x, S)a(s, £)ds. (17)
3

2.2. Observer design for an output feedback control law

In this section, we present the design of an exponentially con-
vergent observer capable of estimating the spatially distributed
states of system (1)-(3) using the available boundary point mea-
surement v(0, t), which is anti-collocated with the boundary
point of actuation. The following backstepping observer is de-
signed:

Oli(x, t) = — A(X)0xl(x, t) + o (X)U(x, t) + w(x)D(x, t)

+ pi(x)(v(0, t) — 0(0, 1)), (18)
0 0(x, t) =(X)00(x, t) + O(X)U(x, t)
+ pa(x)(v(0, t) — 0(0, t)), (19)

with boundary conditions
(0, t) = qu(0, t), (1,t)=U(t). (20)

The functions p;(x) and p,(x) are the observer output injection
gains given later. Denoting the observer error likes i(x,t) =
u(x, t) — di(x, t), it follows the error dynamics

oti(x, t) = — A(x)oyu(x, t) + o(x)u(x, t)

1 Here, we use the prime notation to indicate derivatives.
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+ w(x)v(x, t) — p1(x)v(0, t), (21)
B (x, t) =u(x)0x(x, t) + O(x)u(x, t) — p2(x)0(0, t), (22)
with boundary conditions
u(0,t)=0, o(1,t)=0. (23)

To design the observer output injection gains, backstepping trans-
formations are again introduced as

fi(x, D)= &(x, €) + f i (x, £)BE. £)dE, (24)
0

tlx, 0= Bl )+ [ ol £)5CE. 1 (25)
0

to map system (21)-(23) into the target system

ora(x, t) = — A(x)0ya(x, t) + o(x)a(x, t)

4 / gx, EY(E, 1), (26)
0
dB(x. t) =u(x)dB(X, t) + O()&(x, 1)
4 / h(x, €)a(E. ), 27)
0
with boundary conditions
@0,t)=0, A(1,t)=0, (28)
where g(x, £) and h(x, &) are given below
gx, &) = —0(&)mi(x, &) — /‘E my(x, s)h(s, £ )ds, (29)
h(x,&) = —0(&)my(x, &) — / my(x, s)h(s, £ )ds. (30)
3

Following Di Meglio et al. (2013), the mapping of (21)-(23) to
(26)-(28), requires the kernels of (24) and (25) to satisfy

AX)dxmy — p(£)dmy = w'(£)my + 8(x)my + w(x)my, (31)
(x)dxmy 4 pu(€)dmy = —p/'(§)my — O(x)my, (32)
with boundary conditions

_ oW _
my(x, x) = m, my(1,€)=0. (33)

The kernel PDEs (31)-(33) is defined over the triangular domain
T={(x,€)] 0 <& < x < 1} and their solution allows to obtain
the gain of the observer as:

p1(x) = my(x, 0)u(0),  pa(x) = my(x, 0)u(0). (34)
The inverse transformation of (25) is given by

Bx. t) = b(x, )+ /X ra(x, §)u(§, t)d§, (35)

where ry(x, £) satisf?es

r(x,§) = —my(x, §) — /x ma(x, $)ra(s, §)ds. (36)

The substitution of (35) ?nto (24) results in

a(x, t) = u(x, t) + /OX ri(x,§)v(§, t)d§, (37)

where r1(x, £) = —my(x, E)—f; mi(x, s)ra(s, &€)ds. The invertibility
of the transformation (4) together with the existence of a unique
solution to (8)-(11) was established in Di Meglio et al. (2013). The
exponential stability of the target system governed by (26)-(28)
and to that of the error dynamics (21)-(23) is stated in Lemma
3.3 (Di Meglio et al., 2013). The invertibility of the transformation
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Goursat PDE Solver(Offline)

Inpul Neural Operator
KA 1w, 0,0,q)
ki(2,€) mi(z,€)

Neural Operator
A |

’C(A7 I’LV w7 U? 97 q)
DeepONet Trainer

Input: A(z), pu(z) w(z). o(x), 6(x). q

Fig. 1. Learning of the gain kernel functions via DeepONet and through the op-
erator described by the mapping (A, i, w, 0,6, q) — (k1, ko, my, my). Computing
multiple solutions of kernel PDEs (8)-(11) and (31)-(33) in the Goursat form for
different functions A(x), wu(x), o(x), o(x), 6(x) and the parameter q completes
the training procedure of the neural operator X.

implies the global exponential convergence of the error system in
L? sense (21)-(23) and the L2-Global Exponential Stability of the
plant (1)-(3) combined with the observer (18)-(20) and subject
to the control law

1 1
U(t)=/ 1«1(1,s)a(s,t)ds+/ k(1. £)0(E. D). (38)
0 0

We refer the reader to Di Meglio et al. (2013) for more details
about the design of the output feedback law (38), turning our
attention to the DeepOnet designs for the output feedback law.
Problem statement. As shown in Figs. 1 and 2, we aim at
designing neural operators to ultimately learn the controller and
observer gain functions governed by (8)-(11) and (31)-(33), re-
spectively. The plant functional coefficients are the inputs of the
nonlinear operators defined by these hyperbolic/Goursat PDEs.
We first prove a DeepONet approximation to the kernel PDEs by
showing the continuity of the mapping from plant coefficients to
kernel PDEs solution. The second part of our design consists of
the DeepONet encoding of the output-feedback law. Therefore,
proof-based machine learning designs are presented in this paper.

3. Accuracy of approximation of backstepping kernel operator
with DeepONet

As the first step towards defining a DeepOnet approximation
of the kernel functions, we recall an important lemma that states
the boundedness of the gain kernel functions (Di Meglio et al.,
2013).

Lemma 1. Forevery A, u € CY([0,1]), o, w, 6 € C°([0, 1]),
and q € R, the gain kernels ki(x, &), mi(x, &), i = 1,2 satisfying
the PDE systems (8)-(11) and (31)-(33), respectively, has a unique
C1(7) solution with the following property

lki(x, £)| <Nie™i, V(x,£) €T, (39)

Imy(x, &)] <N;eMi, V(x, &) €T, (40)

i=1,2,
i=1,2,
where N; > 0, M; > 0, i =1, 2 are constants.

Approximation of the neural operators. Knowing the bound-
edness of the kernel functions, we introduce two operators that
map the functional parameters A(x), w(x), w(x), o(x), 6(x)
and the constant boundary parameter q of the plant (1)-(3)
to the kernel PDEs resulting from the controller and the ob-
server design, namely, (8)-(11) and (31)-(33), respectively. As
depicted Fig. 1, we define the neural approximation of the op-
erator (A, u, w, 0,0, q) — (ki, ka, my, my) that consists of the
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operator X : (C'[0, 1])? x (C°[0, 1])* x R > (CY(7))*, where
K()\‘7 M? O’ a)’ 9? q)(X’ 5)
::(kl(xv &_)’ "2(Xs 5)5 ml(xs 5)5 mz(X» S)L (4])

and the operator M : (C'[0, 1])% x (C°[0, 1])® x R — (C}(7))* x
(CO(T))* x (CO[0, 11)* x (C'(7))* defined as

M, pw,0,0,0,q)

=(ky, ka, ¢, i, Ky, Ko, K3, Ka, Ks, Ks, K7, Kg) , (42)
where
Kq(x) =(A(x) + u(x))ka(x, x) + 0(x), (43)
Ky(x) = — A(0)gki(x, 0) + n(0)ka(x, 0), (44)
Ks(x, &) = — ju(x)3xky + A(£)3cky 4 A'(8)k1 4 0 (&)ks
+ 0(&)ka, (45)
Ka(x, &) = — ju(x)dxka — w(€)dcka — /(€ )ka + w(&)kn, (46)
Ks(x, £) = — A(x)0xmy + u(§)0:my — w'(§)my + o (&)my
+ w(x)my, (47)
Ko(x, &) =pn(x)dymy + w(§)demy + 11 (8)my + 6(8)my, (48)
K7(x) =my(x, X)(M(x) + pu(x)) — o(x), (49)
Kg(&) =my(1, &), (50)

is introduced. The operators X and M are useful to state the
following theorem.

Theorem 1 (DeepONet Approximation of the Kernel Functions).
Consider the neural operator defined in (42), along with (43)-(46)
and let A, u, o, w, 0, X, u > 0 be arbitrarily bounded and
€ > 0, there exists a neural operator M : (C'[0, 1])? x (C°[0, 1]) x
R+ (CYT))? x (CO(7))? x (CO[0, 1])? x (C'(7))* such that,

IM(h, 11,0, @,0,9) = M, 1, 0, ©,0,9) <e, (51)
holds for all Lipschl'tz A, U, 0, w, 0, A, u, namely, there exists
a neural operator X such that

[kl + Tkz | + €] + 171+ 1(:(X) + p()ka(x, )]

+ 1A(0)gki(x, 0) — p(0)ka(x, O)] + | — pu(X)dky

+ ME)decks + A(E)kr + o (§)k1 + O(&)kal + | — a(x)dxkz

— (E)deks — 11/ ()es + (€ kr| + [M(X)DdTty — (€ )0z 1y

1/ (8)My — o (&) — w(X)My| + |u(x)dxy + ()M,

+ W (E)my + 6(8)m | + [mi(x, x)(A(x) + pn(x)|

+ Ima(1,8)l <, (52)
where C(x, &) = c(x, &) — C(x, &), kK(x, &) = k(x, &) — K(x, &), and

ki(x, &) =ki(x, &) — ki(x, &), i=1,2, (53)
mi(x, &) =mi(x, §) — mi(x,§), i=1,2, (54)

and (ki(x, &), ka(x, £), fi(x, &), fy(x, &) = K(h, 1, 0, ©, 6, Q)(x, £).

Proof. The continuity of the operator M follows from Lemma
1. The result is obtained by invoking (Deng, Shin, Lu, Zhang, &
Karniadakis, 2022, Thm. 2.1). [ |

4. Output feedback stabilization with DeepONet approximated
controller and observer gains

In this section, we prove that the approximated kernel func-
tions where k; and m;, i = 1,2, a priori learned from the
DeepOnet layer (offline), enforce the closed-loop system stability
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U(t
@) PlantPDE  —— v(0, 1)
‘ udiCas) Observer
)‘7‘1‘7“}90707(1_’ lé ] l
e <>
Jel,€)

Fig. 2. The PDE backstepping observer (18)-(20) uses boundary measurement
qf the flux v(0, t). The gains k; and m;, i = 1, 2 are produced with the DeepONet
XK.

with a quantifiable exponential decay rate. The schematic of
the resulting closed-loop system is depicted in Fig. 2, consisting
of the plant (1)-(3), an observer (18)-(20) together with the
output—feedback boundary control law

1
u(t) = 1<1(1 £)u(t, f)d$+/ ka(1, £)0(&, t)dt. (55)

Applymg the certainty equivalence principle, the approxi-
mated backstepping transformations (4), (24) and (25) driven by
ki and m;, i = 1, 2, are defined as

3x, £) =0(x, £) — f e, £)iE. £)dE — f Rolx, £)0(E. 1),

(56)

i(x, O) =ib(x, £) + f iy (x, £)(E. 0)dE. (57)
0

3x, 1) =2(x. €) + / fro(x, E)2(E. ). (58)
0

Consequently, the approximation of the neural operator (41) is
introduced as

(121()(’ ’i:)s f<2(xv g)v ﬁl](xv S)v T’hz(x, S)) = j%()" W, o, w, 67 q)(X! g)

(59)

Approximation of the observer system. In light of (56), system
(18)-(20) leads to the following approximated target system

Ali(x, t) = — A(X)0,u(x, t) + o (X)U(x, t) + w(x)2(x, t)
+ / é(x, £)0(E, )k + / R(x )28, 1)
0 0

+ M (x, 0)p(0)z(0, t), (60)

0:2(x, t) =p(X)0:2(x, t) + 81(x)u(x, t) + 8,(x)2(0, t)
+ / 530, £)A(E. 0)dE + / 4(x, £)0(E. t)dE
0 0
+ F(x)u(0)z(0, t), (61)
u(0,t) =qz(0,t), 2(1,t)=0, (62)
where
R(x, &) =o(X)ka(x, £) + / R(x, $)ka(s, £)ds, (63)
3
&(x, &) =w(x)ki(x, &) + / &(x, $)ki(s, £)ds, (64)
3

F(x) =fh(x, 0) — / Ryx, £)a(E, 0)dE
0

- f Ra(x, £)alE, 0)de, (65)
0

and the approximation error terms, &;, i = 1,2, 3,4 are given
below

81(x) =(M(x) + (x))ks(x, x), (66)
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82(x) =A(0)gk1(x, 0) — p(0)ka(x, 0), (67)
83(x, &) =ME ) ki(x, &) + o (£ )ka(x, &) + O(E ka(x, &)
— (x)dki(x, y) + M(E)deka(x, £), (68)
8a(x, &) = — u(X)dcka(x, y) — 1(€)deka(x, &)
— (€Y ka(x, &) + w(€)kr(x, £). (69)

Approximation of the observer error system. Similarly, from
(57) and (58), system (21)-(23) subject to the approximated
kernel functions results into the following PDE system

Qib(x, 1) = — AX)i(x, t) + o (KB, )
/Ox (x &), t)ds+/xas(x,5)2(s,r)ds
f / P (x, $)8(s, £)ds3(&, 1), (70)
BZ(x, t) = L(X)E(X, t) + OB, )
/ hex, £)i(e, rds+f S(x, £)(E, D)
/ 2(X, 5)86(s, £)dsz(&, t)dE, (71)
w(0, t) =0, Z(],t)ZO, (72)
where
§x,£) = —6(E Vi (x, €) — 6(8) /E e, sV, s, (73)
h(x, €) = —0(E )il £) — 0(6) /g i, sV, €)ds. (74)

The resulting error terms in the approximated observer error
system, 8;, i =5, 6, are provided below

8s5(x, &) =M(x)oxmi(x, &) — w(§)ogma(x, &) — o(x)mi(x, &)

— o(x)my(x, &) + p(§)mi(x, &), (75)
86(s, &) = — 1u(s)dsmma(s, &) — ()9 Mma(s, €)

— (&) my(s, &) — O(s)ma (s, £). (76)
Note that from (52), the following inequalities hold
I6illcc <€, i=1,2,...,6. (77)

Next, we state the exponential stability of the approximated
target systems (60)-(69) and (70)-(76).

Proposition 1 (Stability of the Approximated Target System). Con-
sider the cascaded target system (60)-(76), there exists €* > 0 such
that for all € € (0, €*), the following holds

w(t) < ¥(0)e 1, v >0, (78)
where ¢, ¥ > 0 and
@(6) = (0N + 12017 + DO + 1261 (79)

Proof. The following Lyapunov candidate for the target system

(60)-(76)
1 - 1
B 01€ 02X . 5 / eQ2X . 5
Vi(t) _/0 ) u(x, t)ydx + | M(x)z(x, t)“dx
1 —04X 1 X
n / @se T o b + / s s x tPdv.  (80)
o AMx) 0o MX)

where g; > 0, i = 1,2,...,5 are constants to be decided, pro-
vides stability at an exponential decay rate to be determined as
well. Computing the time derivative of (80) along (60)-(76), and
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using integration by parts and Young’s inequality, the following
estimate is obtained?:

. 26 + @ + 2||Clloo + |I&
v1(t)§—<g1e*92<gz— 0+ o+ 2|Clloc + Ik llo

Allinlle\  2ee2) o AF 4ce
- - a2 (02— = -
A n T

0@+ IR o)
Py

e iF i || N
4 € ”i)”z + (MeZQZ + QII’L“ 1”00)2(0, t)2
K K A

~ _ 26 Wil o
03\ 04 X 5

. €e%2
)nzn2 -(1-01¢° — T)Z(O’ t)?

o1+ |IF 1+ |7
_ 05000+ [IT2llec) 20, _ Q3€(1 l”oo))“ﬂ}”2

n A
( < é(l+||fz||oo)) 03€(1+ [IF1]lo0)
— |05\ 04 — -
K A
4ee?4\ | .
- )nzn2 — 052(0, t)?, (81)

where F(x) < F is a bounded function, and [|¢[le < @|k1 ||l 11,
[R]lso < @llkalloce®2I. Since the inverse transformation of the
approximated gain kernel (15) allows to derive a bound of the
norm of the state v(x, t) in (81) with respect to the norm of the
approximated target system’s state ii(x, t) and Z(x, t). In other
words,

D(x, t) =3(x, t) + f Lix, £)ae, t)ds + / b(x, £)2(¢, t)de,
0 0
(82)

where the inverse kernel 7l-(x, &) and its inverse IAc,-(x, £),i=1,2,
satisfy the following equation

L0x, £) = e, £) + [ ko, (s, £)ds, (83)
&

X
b ) = o )+ [ Rl s, ) (84)
§

and the following bounds hold

illoo < Nt lloce™2!>, Jlilloe < lIkalloce! 2. (85)
Since ||k — ]}i”m < €, using (39), we derive the following bound
lilloo < Nie"i + €. (86)
Substituting (86) into (85) results in the following inequalities
lilloo < (N + €)™ i=1.2, (87)

Similarly, based on the inverse transformations (35) and (37), we
have

(x, t) =ii(x, £) + / Fi(x, £)T(E. 0)de, (88)
0

X
Z(x, t) =v(x, t) + / ra(x, £)0(§, )dE, (89)
0
where the inverse kernels 7{(x, &) and F»(x, &) satisfy equations

ﬁ(x,é):ﬁu(x,é)—/ my(x, ) (s, £)ds, (90)
¢

2 Due to page limits, complete proofs are in the
manuscript (Wang, Diagne, & Krstic, 2023a).

unabridged
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P, £) = —fia(x, £) — f fra(x, (s, £)ds. (91)
3

and the estimates below hold
IFilloo < Iillace™il, =1, 2. (92)

Knowing that ||m; — M;|le < €, and using (39), one can deduce
that

[l < Nie"i 4 €. (93)
Substituting (93) into (92) gives

[Pl < (Nie™ + e)eMeite =12, (94)
Based on (82), the following relation holds

l(E)I1” < 3T 12 A1 + 3(1 + L2 IZ)). (95)

Substituting (95) into (81) and selecting the parameters for the
Lyapunov function V; as (see Wang et al., 2023a for a detailed
proof)

Muoz — iF) 1

0 <01 <minf—————, =}, (96)
W+ k) g2
26 + @+ 2[Elloo + 1R]loo + AlM1lloe  AAF
02 > max ., — 1  (97)
2 I
2050(1 + || ]100 )e3¢4
Ar0s0( +_|| 2||_oo)A ’ 98)
p(oar — 2(0 + 0|[T1ll0))
(1 + |IF 26 + 207
04 > max{ (1+] 2”00)’ o+ )\II 1“00}’ (99)
[LFe%04 o1 i m
05 > M o1l l”oo, (100)
1 A
one can define €* as
. { Ko ( 26 + 2[1loe + 1Rl
€ =min = 02 —
e22(2 + 3|1111%,) A
Lot alinle) (02h= i@+ [Rle)  AF
A ’ A I
® 0s5A(0ap — O(1+ [IF2lloc))
e2(7 + 3| )12,) 4re? + pos(1+ [If1]loo)
A <Q3(Q4A— 2(6 + 6|71l ))e %
03(1+ [IF1lloo) A
(1 + |If
B aL L) Z” 2”°°)e2@4), u(1 —quz)eﬁ}, (101)

such that for all € € (0, €*), Vl(t) < —t(e)Vq(t), where ¥4(¢) is
defined by

A 26 + o+ 2|¢ K
191(6):min{<Q1692(Q2— O+ @ F 20l + Kl

01 A
Al ee22+3IhI1%)) A
A " " e
0@+ Rle)  AF  Tee®  3ce® ||?2||3,o)
A keooon woo)
Le~os 26 200file)  03e(1 + [If1lloo)
o \P\*7 % A A
Cosf1+ ||f2||oo)ezg4>’ © ( ( ,_ Olifzll
I 0se I

B é) _ose(1+1IMllee) 46994)}7 (102)
lad

A I
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which leads that V;(t) < V;(0)e~?1€), From (79), we have

002
Vi(t) <max {Q], e —, }Wl(fl

AT oo
1

in]oie %2 3% 1 g5
mm{ TS o R R }
Therefore, the exponential stability bound (78) holds, and

o e

AR R
01 03 €2 pse®
-max{ —, —, —, .
T
The following proposition states the stability equivalence be-
tween the target system and the original closed-loop system.
Transformations (56), (58), along with their inverse (82), (88) and
(89) help to state the following norm-equivalence properties.

Q56g4

(103)

() < Va(t). (104)

(105)

Proposition 2 (Norm Equivalence Between Approximated Target
and Original Systems). Consider the closed-loop system including
the plant (1)-(3) with observer system (18)-(20) and the observer-
based controller (55). There exists €* > 0 such that for all ¢ €
(0, €*), the following estimates hold between this closed-loop system
and the target system (60)—(76),

() < Si(e)@q(t),  D1(t) < Sale)d(t), (106)
where
1(t) = [lu(t)I* + ()N + 81> + 1501, (107)
W, (t) is defined in (79) and the positive constants as
Si(€) =20 + 8(NyeM + e)eMe e 1 g(NyeM2 1 ¢)
ceM2e e 4 3N M NyeM2 4 2¢), (108)
Sy(€) =20 + I(N M + NpeM2 4 2¢) e +¢ | 4N e
+ 4N,eM2 4 8e. (109)
Proof. From (56)—(58), we have>
1
0 (6) = li(0))? +/ (@(x, £ / fa(x, £)ae. 0z
0
2
/ k(. £)00E. t)ds)
1 X
—i—/ (ﬂ(x,t)—i—/ Fi(x, )0 dé) dx
0 0
1
+ / (f)(x, t)+ / fa(x, )0 dé) dx
0 0
<(1 4 3|k 2NN + 3(1 + [k 2)N1D(0)]12
+ 20A(0)1 + 201 + T 12, + IR 112)15(0)1. (110)
Since it = u — @i and ¥ = v — v, we have
Wn(6) <(14 31k 2NN + 31 + [lk2 1211901
+ 2ju(t) — AO)* + 201 + [1F1113, + 172112,)
o) = (o))
<(20 + 3|lka I3, + 3llk2 112, + 8171112, + 8112112, )@1(t).
(111)
3 Due to page limits, complete proofs are in the unabridged

manuscript (Wang et al,, 2023a).
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Submiting (86) and (94) into (111), it arrivals
w(t) < (20 4 8(NyeM 4 e)eNie I+ 4 g(NLeM2 4 ¢)
eMoe2re L 3N e 4 Nyt 4 26)) ®4(1). (112)
8), and (82), we obtain
®1(t) <3+ 9T IZ)IAO)I? + 9(1 + [T II2)I12(0)]2
+ 4D + 41 + M lI2, + i 1212011
<(20 + 9(N;eM + NyeM2 4 2¢) eMze'2+e
+ 4N1eMt + aN,eM2 + 8e)wy(t),

Similarly, from (57), (5

(113)
which completes the proof. =

After establishing the norm-equivalence in Proposition 2, the
main result immediately follows in Theorem 2.

Theorem 2 (Main Result—Exponential Stabilization via DeepONet
Controller and Observer Gains). Consider the closed-loop system
consisting of the plant (1)-(3) together with the observer (18)-(20)
and the control law (55). Assuming that functions A, pu € C'([0, 1])
have Lipschitz derivatives, o, w, 6 € C°([0,1]), ¢ € R, and let
A, M, 0, w, 0, A, n > 0 be arbitrarily bounded, there exists
a sufficiently small €* > 0 such that all gain in the feedback law
(55) and the observer system (18)-(20) with the neural operator
M, u, 0, w, 6, q) of approximation accuracy € € (0, €*) in rela-
tion to the exact backstepping kernels ki(x, £), and m;j(x, &), i=1, 2
that ensures the following exponential stability bound

@4(t) < @1(0)S1(€)Sa(€)e 1" | ve >0, (114)

where ¢, ¥, > 0 are positive constants, ®1(t), S1(€) and S,(¢) are

defined in (107)-(109), respectively.

Remark 1. The product S;(€)S,(¢) is the portion of the overshoot
which depends on ¢ and this dependence is clearly increasing,
based on (108) and (109). It makes sense that poor approximation
increases the overshoot estimate. The definition of the decay rate
1, as given (102), shows a decreasing dependence on €, meaning
that a poor approximation reduces the decay rate estimate.

5. A fully learned output feedback law via DeepONet approxi-
mation

5.1. Summary of the design procedure

In this section, we present a DeepONet approximation design
that enables one to achieve learning of the output-feedback
boundary control signal and provide proof-equipped stability
guarantees. Exploiting the kernel functions approximation ob-
tained in Section 4, we design a DeepONet that take as entries the
five plant parameters A(x), w(x), o(x), w(x), 6(x) and q, as well
as the estimates generated by the state observer, namely, ii(x, t),
9(x, t). The learning network is built to produce the following
approximated control law

U(t)=/ (1, £)ice, t)ds+/ k(.00 0. (115)
0

The structure of the DeepONet-assisted closed-loop system is
depicted in Fig. 3. Our result only ensures semi-global prac-
tical exponential stability (SG-PES) because as opposed to the
approach presented in Section 4, which only contains multi-
plicative error, the mapping U(t) in (115), involves an additive
intermediate linear layer that supplements additive error into
the approximation process. We proceed with the three following
steps (see Fig. 3):
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/\"u oY Neural Operator
Layers — 1, (z,&) —> Observer System
(Gain functions)

Uvevq l
ki, €)

|

PN Linear Layer
( Multiplication)

|

N 10 ” LN .
R (- /( (a1, €)a(€) + ko (1, €)5(6))de
JO

(Control function)

'
ka1, 5)0( )+ ka(1,€)9(6)

Fig. 3. The learning architecture of the observer-based control law in three
steps.

e Step 1. The functions A(x), u(x), o(x), w(x), 6(x), q remain
the inputs of the neural operator X introduced in Section 4
and generates the NO approximated kernel functions k;(x, &)
and m;(x, £),i=1, 2.

e Step 2. A linear layer is employed to multiply the esti-
mated kernel functions k;(x, £), i = 1, 2 with the observer
estimates il and .

e Step 3. A new neural operator U : (A, i, 0, ®,6,q,1, D) —
U, (C110, 11)?> x(€°[0, 1])3 x R x(C°[0, 1])?> — R, where U is
defined in (38), is learned to implement the nonlinear inte-
gral operation, resulting in the final observer-based control
law U given by (115). This mapping is constructed us-
ing the DeepONet approximation accuracy theorem recently
introduced in Krstic et al. (2024) for a reaction—diffusion
PDE.

The expansion of the mapping X defined in Step 1 from larger
space U to the scalar value of the control input U(t) comes at the
price of a substantial amount of training and learning effort.

Let us denote U the NO approximation of the output-feedback
operator U and recall the operator M given in Theorem 1, the
following theorem holds.

Theorem 3 (DeepONet Approximation of the Output Feedback Con-
trol Law). Let A, u, o, w, 6, X, >0 be qrbitrarily bounded
and € > 0, there exists neural operators M and U such that

IM(A, 1, 0, 0,0, q)(x, ) — M, 1, 0, 0,0, q)(x, £)|
+ U, 1,0, 0,0, q,11,0) — (116)

holds for all Lipschitz A, u, o, w, 6, A, w', 0, ¥ with the
properties that ||u( Moo < Bii, [10(t)]lo < Bj, namely, there exists a

neural operator X such that

k1| + lka| + [E] + IR + (M%) + (x))ki(x, X)|

+ |A(0)gks(x, 0) — p(0)ka(x, 0)] + |A(€)9:k1 — pu(x)rky
N(Ekr + 0 (&)ky + 0(8kal + | — u(x)cka — u(§)oeks

— (&) + (&) | + [M(x)0uiTty — 1(8)de 1ty + 12 (€ )ity

—o(£)My — w(X)Mz| + |p(x)0xmy + p(&)ds My + (€)M,

+O(&)m;| + |U(A, w, 0, @, 0, q, 1, D)| < €.

U, p,0,0,0,q,1,0)] <€,

(117)

Proof. The continuity of the operator M follows directly from
Lemma 1 and that of the operator U can be established follow-
ing (Bhan et al., 2024b, Lem. 4). The final result is then obtained
by invoking (Deng et al., 2022, Thm. 2.1). =

Theorem 3 is useful to prove the stability of (1)-(3) combined
with the observer system (18)-(20) when the approximated out-
put feedback control law (115) learned through DeepOnet is
assigned.
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5.2. Stabilization under output feedback control law generated via
DeepONet

Recalling the NO approximation U, the control law (115) can
be expressed as U= U, i, o, w, 6, q, 0, ). Applying the cer-
tainty equivalence principle, the backstepping transformations
(4), (24) and (25) driven by k; and m;, i = 1,2, are defined as
(56)-(58), respectively. The inverse transformations of (56)-(58)
are defined in (82), (88) and (89), respectively.

Using the backstepping transformation (56), the observer
(18)-(20) translates into the following target system

Ali(x, t) = — A(X)0,U(x, t) + o (X)U(x, t) + w(X)2(x, t)

/ éx E)0(E, r)ds+/ E(x )28 1)
0

+ h3(x, 0)u(0)Z(0, t), (118)
0:2(x, t) = w(x)dx2(x, t) + F(x)1u(0)z(0, t), (119)
(0, t) =q2(0,t), 2(1,t) = 0(¢), (120)

where £(x, £), ¢(x, &) and F(x) are defined in (63)-(65), respec-
tively. The approximation~ error terms, 8,~,Ai = 1,2,3,4 are
given in (66)-(69), and U(t) = U(t) — U(t). We recall that
U(t), the approximated control law (115), is obtained from an
approximation of the gain kernel when functions parameters
Ax), u(x), o(x), w(x), 6(x) vary whereas, the complete approx-
imation of the feedback law, namely, U(t), requires input—-output
data of the observer states, namely, il and 9, provided some L?
initial data (ug(x), vo(X), tig(x), Do(X)). It is worth recalling that the
estimated state trajectories result from a dataset collected at the
sensing point v(0, t).

Using (57) and (58), the error system (21)-(23) maps into the
following set of PDEs

dw(x, t) = — AMx)ow(x, t) + o(x)w(x, t)
f B(x £)i(E. )& +/ S5(x, E)2(&. )

/ [ Fu(x, 5)36(s, €)ds3(, ), (121)
0rZ(x, t) =u(x)0xZ(x, t) + 0(x)w(x, t)
+/0 fz(x,m(s,r)dufxas(x £)3(E, )z
+ /X /X a(x, $)8g(s, £)dsz(&, t)dE, (122)
(0, t) =0, (;(],ét)=0(t), (123)

where g(x, &), fl(x, &), 85(x, &) and 8g(x, &) are defined in (73)-(76),
respectively.

We claim that the coupled target system (118)-(120),
(121)-(123), equipped with the DeepONet-based approximated
kernels, is semi-globally practically exponentially stable.

Proposition 3 (Stability of the Approximated Target System). Con-
sider the cascaded target system (118)-(120), (121)-(123), there
exists ¢* > 0 such that for all ¢ € (0, £*), and the following holds

Wy(t) < W(0)a(€)e "3 + 95e?, (124)
where Wy(t) = [[0(t)]|? + 12(t)1 + [[@(6)]|1? +11Z(t)]|?, and

26 +wo+2|¢ c
l93(6)=min{xe‘L2(Lz_ G+ @+ 20l + 1Rl

A
Al A (@t Rlx) _ AF
x "o \ 2 x L )

vt > 0,
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ret4 Ao 25 201171100 _e(1+ IRlw)
Lo\l x A

156(1 + Iz lo0) 2L4> L ( ( A(1+ ||fz||oo))
- "¢ s sy — ——
" tse's “

4eet 13e(1+ |IF1lloo) e2 4 5et
- - o Vale) = ————.
" A V3(€)
(125)
e 2 e4 1
95 =min{ 1 — 22— — 2
A A noop
e e'4
max{2, 8 &£ 51 (126)
LA plop
with0 <1 < qiz,
{25+5)+2||5||oc+||12||oo+/1llr?h||oo
lp > Max s
A
D+ ||k iLF
L]((U+ “K“oo) + /’L}, (127)
X "
Ms0(1 4 |2 ]lo0 ™4
Ats0( +_|| 2”_002 ’ (128)
w(tak — 25 + 0]f1ll))
6(1+ |7 26 +20|F
L4 > max{ (14 2”00)’ o+ 20| 1”00}’ (129)
12 A
[LFe?2 i ||
s A n L] 1||oo_ (130)
I A
Moreover, we define €* as
* . { A <l3(t4)~—2(5-1‘é||f1||oo))€_L4
€* =min =
t1(1+ I71ll00) A
6(1+ |IF ts(tapt — O(1+ [[F2]l0))
s 4] 2”00)62[4)’ sA(tapt 2lleo } (131)
1 4re2 + pi3(1+ [IT1lloo)

The proof of Proposition 3 is given in Wang et al. (2023a).

To translate the stability of the cascaded target system into
that of the original closed-loop system, we consider transforma-
tions (56)-(58), along with inverse transformations (82), (88) and
(89), and state the following proposition.

Proposition 4 (Norm Equivalence Between Approximated Target
and Original Systems). Consider the closed-loop system including
the plant (1)-(3) with observer system (18)-(20) and the observer-
based controller (115). There exists €* > 0 such that for all € €
(0, €*), the following estimates hold between this closed-loop system
and the cascaded target system (118)-(120), (121)-(123), ¥,(t) <
S1(€)@a(t), Pa(t) = Sy(€)Ws(t), where ®y(t) = u(t)l|* + [[v(6)1* +
1G(E)112 + 10(6)I%, and the positive constants are given in (108) and
(109), respectively.

The proof of Proposition 4 is similar to that of Proposition
2 and can be found in Wang et al. (2023a). With the help of
Propositions 3 and 4 state we state following theorem.

Theorem 4 (Semi-global Practical Exponential Stability via Deep-
Onet Controller and Observer Gains). For any € < €* where

\/(Bﬁ + B2+ B2+ B2)

N O (132)
and [[u(O)]1? + [v(0)]> + (O)? + [6(0)]1> < ¢, where

— ﬂ 2 2 2 2y 5
¢ = S0 <(Bu + B2 + B2 + B2) — Sy(e)0se ) >0, (133)
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the closed-loop system consisting of the NO approximation of the
PDE feedback law (115) and the plant (1)-(3) and observer sys-
tem (18)-(20) satisfy the semi-global practical exponential stability
estimate,

Sa(e)

Da(€)e™ 3P, (0) + Sy95€2, Yt > 0. (134)

Remark 2. The estimate given by (134) is semi-global, allowing
the radius ¢ of the initial condition ball in the L?[0, 1] space to
expand as By, B,, B;, and B; increase. Additionally, the size of
the training set and the number of neural network nodes are
functions of these parameters. Despite the semi-global stability,
the region of attraction ¢, defined in (133), is much smaller than
the magnitude of samples associated with B, B,, B;;, and B; in the
training set. From (134), as t — oo, the residual value @,(t) <
S,¥5€? can be minimized by decreasing € and simultaneously
increasing the training set size and the number of neural network
nodes accordingly.

6. Simulation results

Our simulation® is performed considering a 2 x 2 linear hy-
perbolic system with A(x) = I'x + 1, u(x) = el™* + 2, §(x) =
I'x+1),0kx) = I'x+ 1), wo(x) = I'(cosh(x) + 1), q = '/3,
parameterized by I = 5. Under initial conditions uy(x) = 1,
vo(x) = sin(x). By iterating the functions A(x), u(x), §(x), 6(x), and
w(x) along the y-axis to generate a two-dimensional (2D) input
for the X network, the DeepONet is developed without modifying
the grid structure. Similarly, the constant q is iterated along both
x and y coordinates to generate additional 2D inputs for the X
network. In summary, this methodology results in six distinct
2D inputs for the network. Our approach capitalizes on this 2D
structure by integrating a Convolutional Neural Network (CNN)
into the branch network of the DeepONet. Exploiting a 2000
samples dataset, the model demonstrating the highest accuracy in
data point classification is identified. The error between analytical
and learned DeepONet kernels, namely ki, ky, mq, and m,, are
depicted in Figs. 4. These figures illustrate the kernels’ behavior
for the value of I = 5. During the training phase, the relative L2
errors for kernels kq, k3, m;, and m, were recorded as 4.90 x 10>,
3.48 x 107>, 6.69 x 107>, and 2.61 x 107>, respectively. The
corresponding testing errors were 5.32 x 107>, 3.89 x 1072,
7.34 x 107>, and 2.62 x 1073,

Furthermore, we simulate the closed-loop system comprising
the NO approximation of the PDE feedback law (115), the plant
(1)-(3), and the observer system (18)-(20). Our control law is
derived using a pre-designed learning network for the gain ker-
nels, rather than directly from the inputs A(x), w(x), o(x), w(x),
0(x), q, u(x,t), and d(x, t). These inputs are processed by the
neural operators from Section 4 to approximate kernel functions
IAci(x, &) and m;(x, &), i = 1,2. These approximations are then
linearly combined with observer estimates i and . Finally, using
a DeepONet layer to learn the mapping (A, u, o, ®, 0, q, i, D) —
U from 2000 samples, we achieve a convergence error of 5.46 x
10~% in L? and a testing error of 5.97 x 1078, Fig. 5 illustrates the
feasibility of both control laws U(t) and f](t).

4 We refer the reader to Wang et al. (2023a) where expanded simulation
results including the training loss, the convergence of the observer and the error
system can be found.
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Fig. 5. (a): The closed-loop solutions with the observer kernels my(x, &),
my(x, €), and the control law U(t) given by (55). (b): The closed-loop solutions
with the observer kernels my(x, &), m(x, &), and control law U(t) given by (115).

7. Concluding remarks

In this paper, we design neural operators for the boundary
control of 2 x 2 hyperbolic PDEs system. PDE backstepping-
driven DeepONet combines data-driven methods with deductive
Lyapunov arguments to expedite the computation of both con-
troller and observer gains exploiting the functional parameters
of the plant. Our key results are the L?-global exponential stability
(GES) with NO-approximated gain functions and the semi-global
practical exponential stability (SG-PES) when the observer state is
learned and input to the controller.
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