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Prescribed-Time Control of Nonlinear Systems
With Linearly Vanishing Multiplicative

Measurement Noise
Wuquan Li , Senior Member, IEEE, and Miroslav Krstic , Fellow, IEEE

Abstract—We present new prescribed-time designs for
strict-feedback nonlinear systems with multiplicative mea-
surement noise. When the noise is small and linearly van-
ishing, we first propose a new postulated feedback to solve
the prescribed-time mean-square stabilization problem,
then redesign the control gains, which is not only optimal
with respect to a meaningful cost functional but also glob-
ally stabilizes the closed-loop system in the prescribed-
time. When the noise is arbitrary large but vanishing faster
than linearly, we develop a new control scheme to make
the system achieve prescribed-time mean-square stabiliza-
tion. In contrast to the existing stochastic prescribed-time
designs, the merit of our design is that it can effectively
deal with multiplicative measurement noise. The existence
of measurement noise makes the design rather challenging
since the resulting process noise intensity, in a closed loop,
depends on the feedback gains and even goes to infinity.
Finally, two simulation examples are given to illustrate the
designs.

Index Terms—Multiplicative measurement noise, nonlin-
ear systems, prescribed-time control.

I. INTRODUCTION

R ESEARCH on system control with sensor uncertainties
has attracted much attention in the past two decades due to

their wide engineering applications in areas such as circuits and
electrical devices [1], biomedical equipment [2], and mechanical
systems [3], [4]. [5], [6], [7] focus on the output-feedback sta-
bilization design for nonlinear systems with unknown measure-
ment sensitivity, which are deterministic constants or bounded
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time-varying functions. As shown in [8], it is more reasonable
to study the eye and arm movements based on the assumption
that the neural control signals are corrupted by noise, which
motivates the study of the stochastic sensor sensitivity. For linear
systems whose white noise sources have intensities affinely re-
lated to the variance of the signal they corrupt, Oliveira and Skel-
ton [9] provide necessary and sufficient conditions to guarantee
the mean-square state-feedback stabilization. Recently, Li and
Krstic [10] propose two designs to solve the mean-square sta-
bilization problems for lower-triangular/upper-triangular non-
linear systems with multiplicative stochastic sensor uncertainty.
It should be emphasized that [9] and [10] only achieve mean-
square stabilization in an asymptotic sense. However, in many
real applications, the control tasks require that the mean-square
stabilization be achieved in prescribed-time, rather than as time
goes to infinity.

Prescribed-time control has been receiving increasing atten-
tion due to its wide applications in tactical missile guidance [11]
and other applications in which there exists a short, finite amount
of time remaining to achieve control objectives. The advantage
of such control is that it allows the user to prescribe the conver-
gence times a priori and irrespective of initial conditions. There
are fruitful results for the prescribed-time control of determin-
istic systems [12], [13], [14], [15], [16], [17], [18], [19], [20],
[21]. When it turns to the stochastic prescribed-time control, Li
and Krstic [22] propose a new nonscaling backstepping state-
feedback design, which is the first result on the prescribed-time
mean-square stabilization and inverse optimality control for
stochastic strict-feedback nonlinear systems; Li and Krstic [23]
adopt scaled quartic Lyapunov functions to reduce the control
effort in [22]; Li and Krstic [24] solve the prescribed-time
output-feedback control problems for stochastic nonlinear sys-
tems without/with sensor uncertainty; Li and Krstic [25] propose
a prescribed-time mean-nonovershooting stabilizing feedback
law for stochastic nonlinear systems with noise that vanishes in
finite time. Although [22], [23], [24], and [25] concentrate on
the prescribed-time control of stochastic nonlinear systems, they
do not consider systems with multiplicative measurement noise.
Noting that multiplicative measurement noise is ubiquitous in
engineering, for example, multiplicative noise often appears
in communication process modeling, especially for the cases
of fading communication channels [26], [27], [28], [29], it is
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imperative to study the prescribed-time control for nonlinear
systems with multiplicative measurement noise.

As shown in [30], the inverse optimal control is motivated by
the requirement that the stabilizing feedback control be optimal
with respect to some meaningful cost function, without recourse
to solving the steady-state Hamilton–Jacobi–Isaacs (HJI) partial
differential equation. The work of Deng and Krstic [31] is the
stochastic counterpart of the inverse optimality result of [30]
for systems with deterministic uncertainties; [32] generalized
the results in [31] from state-feedback to output-feedback; [33]
addressed optimality and solved a differential game problem
with the control and the noise covariance as opposing players;
[34] presented a design of optimal controllers with respect to a
meaningful cost function to globally asymptotically stabilize
nonholonomic systems affine in stochastic disturbances. The
inverse optimal controllers in [31], [32], [33], and [34] only
ensure global asymptotic stability in probability. Recently, Li
and Krstic [22], [23] solved the prescribed-time inverse opti-
mal mean-square stabilization problems for stochastic strict-
feedback nonlinear systems. However, all the stochastic inverse
optimal designs in [22], [23], [31], [32], [33], and [34], have
not considered multiplicative measurement noise.

Motivated by the above observations, we study the prescribed-
time stabilization and prescribed-time inverse optimal assign-
ment problems for strict-feedback nonlinear systems with mul-
tiplicative measurement noise. The contributions of this article
are fourfold.

1) We present a new design framework for nonlinear systems
with multiplicative measurement noise. Unlike the design
for linear systems in [9], where the control gain and the
noise intensity are coupled in a linear matrix inequality,
we develop a step-by-step gain design for nonlinear sys-
tems, which clearly shows what the control gains are.
Different from the design for nonlinear systems in [10],
where time-invariant controllers are designed to achieve
asymptotic mean-square stability, our design is charac-
terized by a time-varying function that grows unbounded
toward the terminal time, which can drive the system to
be prescribed-time mean-square stable.

2) The existence of multiplicative noise makes stochastic
prescribed-time designs in [22], [23], [24], and [25] in-
applicable. In order to handle the multiplicative noise,
we propose a new postulated controller whose gains are
designed step by step. Different from the designs in [22],
[23], [24], and [25], where the controller is designed
recursively, in our design, the feedback is inserted into the
system, which leads to the process noise intensity actually
being nonzero, depending on the feedback gains, and even
going to infinity at the terminal time. How to select the
control gains to prescribed-time stabilize the system in
the presence of the nonlinearities is a hard problem.

3) We propose a new stochastic inverse optimal control
scheme for nonlinear systems. Unlike the stochastic
inverse optimal designs in [31], [32], [33], and [34],
where the noise intensities do not influence the control
design, with the effect of the multiplicative noise, our
postulated design makes the noise intensities not only

include the control gains, but also contain the unbounded
time-varying function. In our scheme, we choose optimal
control gains to minimize the cost functional character-
ized by these gains, which is different from [31], [32],
[33], and [34], whose cost functionals are characterized
by controllers.

4) We propose a new criterion to determine whether the sys-
tem has a strong solution at the prescribed time interval.
This criterion is a prescribed-time version of the well-
known criterion in [35, Th. 3.5], where the linear growth
condition of the differential operator of the Lyapunov
function guarantees the existence of a global solution on
[t0,+∞). However, due to the effect of the unbounded
time-varying scaling function, the differential operator of
the Lyapunov function in this article does not satisfy the
linear growth condition, which makes the criterion in [35]
fail.

The rest of this article is organized as follows. Section II is
on problem formulation. Section III is focused on the prescribed
control of systems with small linear vanishing noise. Section IV
is devoted to the prescribed-time control of systems with arbi-
trary large noise but vanishing faster than linear. Section V gives
two examples to illustrate the theoretical results. Section VI
concludes this article. Finally, some useful lemmas and the proof
of a crucial technical lemma are provided in the appendices.

II. PROBLEM FORMULATION

Consider a class of nonlinear systems described by

ẋi = xi+1 + fi(t, x), i = 1, . . . , n− 1 (1)

ẋn = u+ fn(t, x) (2)

where x = (x1, . . . , xn)
T ∈ Rn and u ∈ R are the system state

and control input. The function fi : R+ ×Rn → R is piecewise
continuous in t, locally bounded and locally Lipschitz continu-
ous in x uniformly in t ∈ R+, fi(t, 0) = 0, i = 1, . . . , n.

We observe the state xi as yi, which is described by

yi = xi(1 + gi(t)ω̇i), i = 1, . . . , n (3)

or

yidt = xidt+ gi(t)xidωi, i = 1, . . . , n (4)

where g1(t), . . . , gn(t) are continuous functions andω1, . . . , ωn

are scalar independent standard Wiener processes defined on
the complete filtered probability space (Ω,F ,Ft, P ) with a
filtration Ft satisfying the usual conditions (i.e., it is increasing
and right continuous while F0 contains all P -null sets).

We introduce the following scaling function:

μ(t) =

(
T

t0 + T − t

)2

∀ t ∈ [t0, t0 + T ) (5)

where, as shown in [14], the settling time T > 0 can be preas-
signed as needed within any physically allowable range.

Obviously, μ(t) is a monotonically increasing function on
[t0, t0 + T ) with μ(t0) = 1 and limt→t0+T μ(t) = +∞ (In this
article, limt→t0+T means t approaches t0 + T “from the left”
or “from below”).
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To facilitate the controller design and stability analysis, we
will drop the arguments of some functions when there is no
confusion. For example, we use μ to denote μ(t), and use gi to
denote gi(t).

We design a new controller as

u = −k1μ
ny1 − k2μ

n−1y2 − . . .− knμyn (6)

where k1, . . . , kn are positive control gains to be designed later.
Substituting (3), (4), and (6) into (1) and (2), systems (1) and

(2) can be written as

dxi = (xi+1 + fi(t, x))dt, i = 1, . . . , n− 1 (7)

dxn =

(
−

n∑
i=1

kiμ
n+1−ixi + fn(t, x)

)
dt+G(x)dω (8)

where ω = (ω1, . . . , ωn)
T and

G(x) = (−k1g1μ
nx1, . . . ,−kngnμxn). (9)

For systems (1) and (2), we need the following assumption.
Assumption 1: For i = 1, . . . , n, there exists a nonnegative

constant ci such that

|fi(t, x)| ≤ ci(|x1|+ . . .+ |xi|). (10)

In this article, we study the prescribed-time mean-square stabi-
lization problem of systems (7)–(9) in two cases.

Case 1. Systems with small linearly vanishing noise: The
noise intensity gi(t) satisfies the following linearly vanishing
condition.

Assumption 2: For i = 1, . . . , n, there exists a positive con-
stant δi such that

|gi(t)| ≤ δi

(
1− t− t0

T

)
∀t ∈ [t0, t0 + T ). (11)

In this case, with Assumptions 1 and 2, when the noise
power δi is sufficient small, we aim to design the control gains
k1, . . . , kn to make systems (7)–(9) achieve prescribed-time
mean-square stable with limt→t0+T E|x|2 = 0. In addition, we
redesign the control gains, which are not only optimal with re-
spect to a meaningful cost functional but also globally stabilizes
the closed-loop system in the prescribed-time.

Case 2. Systems with arbitrary large noise but vanishing faster
than linearly: In this case, the noise intensity gi(t) satisfies the
following assumption.

Assumption 3: For i = 1, . . . , n, there exists a positive con-
stant δi such that

|gi(t)| ≤ δi

(
1− t− t0

T

)1+σi

∀t ∈ [t0, t0 + T ). (12)

where σi is an arbitrary positive constant.
In this case, with Assumptions 1 and 3, for the noise with

arbitrary large power δi but vanishing faster than linearly, we aim
to solve the prescribed-time mean-square stabilization problem
of systems (7)–(9) with limt→t0+T E|x|2 = 0.

Remark 1: In cases 1 and 2, the noise is required to be
vanishing in Assumptions 2 and 3. These two assumptions seem
to be restrictive. However, Assumptions 2 and 3 are necessary

even for a simple scalar linear system to achieve prescribed-time
mean-square stabilization. Next, we give the detailed proof.

Consider a scalar system

ẋ = u. (13)

We observe the state x as y, which is described by

y = x(1 + g(t)ω̇) (14)

or

ydt = xdt+ g(t)xdω (15)

where g(t) is the noise intensity, which is a continuous function.
ω is a scalar standard Wiener processes defined on the complete
filtered probability space (Ω,F ,Ft, P ).

To ensure the prescribed-time convergence, we design the
controller as

u = −kμy (16)

where k is a positive control gain to be designed later.
By (15) and (16), system (13) can be written as

dx = −kμxdt− kμgxdω. (17)

The solution of (17) is

x(t) = e−
∫ t
t0

(kμ+ 1
2k

2μ2g2)ds−∫ t
t0

(kμg)dωx(t0). (18)

Thus, we have

x2(t) = e−2
∫ t
t0

(kμ+ 1
2k

2μ2g2)ds−∫ t
t0

(2kμg)dωx2(t0)

= e
∫ t
t0

(−2k2μ2g2)ds−∫ t
t0

(2kμg)dωx2(t0)

· e
∫ t
t0

(−2kμ+k2μ2g2)ds. (19)

Let

ξ = e
∫ t
t0

(−2k2μ2g2)ds−∫ t
t0

(2kμg)dωx2(t0) (20)

which is equivalent to

dξ = 2kμgξdω (21)

with ξ(t0) = x2(t0).
By (21), we get

ξ = x2(t0) + 2

∫ t

t0

kμgξdω. (22)

It follows from (22) and [41, Th. 4.3.5, p. 48] that:

Eξ = x2(t0). (23)

From (19) and (23), we can prove that

Ex2 = x2(t0)e
∫ t
t0

(−2kμ+k2μ2g2)ds (24)

holds for ∀t ∈ [t0, t0 + T ).
For any positive constants a1 and a2, from (5), we obtain

lim
t→t0+T

e
∫ t
t0

(−a1μ+a2μ
k1 )ds
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=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

+∞ k1 > 1
+∞ k1 = 1 and a1 < a2

1 k1 = 1 and a1 = a2
0 k1 = 1 and a1 > a2
0 k1 < 1.

(25)

From (24) and (25), we get the following conclusions.
System (17) is prescribed-time mean-square stable with

limt→t0+T E|x|2 = 0 if and only if

|g(t)| ≤ δ0

(
1− t− t0

T

)
∀t ∈ [t0, t0 + T ) (26)

0 < δ0 <

√
2

k
(27)

or

|g(t)| ≤ δ0

(
1− t− t0

T

)1+σ0

∀t ∈ [t0, t0 + T ) (28)

where δ0 and σ0 are arbitrary positive constants.
It is obvious that (26) is Assumption 2 (Case 1) and (28) is

Assumption 3 (Case 2). From (27), the noise power δ0 in Case
1 should be sufficient small. By (28), the noise power δ0 in case
2 is allowed to be arbitrarily large.

From the above analysis, it is concluded that Assumptions 2
and 3 are necessary in ensuring the prescribed-time mean-square
stabilization of systems (13)–(16).

Remark 2: How can the requirement that the noise vanish no
later than the time t0 + T (Assumptions 2 and 3) be motivated?
In real applications, an important scenario is that the noise is
suddenly vanishing at some time t0 + Tmax, the time Tmax > 0
is known, and we are able to pick any time T for prescribed
stabilization, with T strictly greater than Tmax. In this case,
Assumption 3 (Assumption 2 is similar) is modified as

Assumption 3’: Let T > Tmax > 0. There exists a nonnega-
tive constant δ̃i such that

|gi(t)| ≤ δ̃i ∀t0 ≤ t < t0 + Tmax (29)

and

|gi(t)| = 0 ∀t0 + Tmax ≤ t < t0 + T. (30)

Next, we prove Assumption 3’ is a special case of Assumption 3.
Choosing

δi =
δ̃iT

1+σi

(T − Tmax)1+σi
(31)

we have

|gi(t)| ≤ δi

(
1− t− t0

T

)1+σi

∀t ∈ [t0, t0 + T ) (32)

which shows that Assumption 3 can be satisfied easily by satisfy-
ing the simple, practically reasonable, albeit more conservative
Assumption 3’.

Next, we will study the above two cases in the following two
sections, respectively.

III. SYSTEMS WITH SMALL LINEARLY VANISHING NOISE

A. Control Gains Design

In this subsection, we develop a new design scheme for the
control gains k1, . . . , kn. Specifically, we first designed a set of
virtual controllers step by step, and finally designed the control
gains.

Step 1: In this step, we aim to design x∗
2.

Define V1 = 1
2ξ

2
1 , ξ1 = x1, then from (7) we have

LV1 = ξ1(x2 − x∗
2) + ξ1x

∗
2 + ξ1f1 (33)

where x∗
2 is the first virtual controller to be designed.

From (10), we get

ξ1f1 ≤ c1ξ
2
1 . (34)

We choose

α1 = n+ c1 (35)

x∗
2 = −α1μξ1 (36)

where n is a positive integer.
Substituting (34)–(36) into (33) yields

LV1 ≤ −nμξ21 + ξ1(x2 − x∗
2). (37)

Step 2: In this step, we aim to design x∗
3.

Define ξ2 = x2 − x∗
2, from (36), we get

ξ2 = x2 + α1μξ1. (38)

It follows from (7) and (38) that:

dξ2 =

(
x3 + f2 +

2

T
μ3/2α1ξ1 + μα1(x2 + f1)

)
dt. (39)

Choose the new scaled Lyapunov function

V2 = V1 +
1

2μ2
ξ22 . (40)

By (37), (39), and (40), we get

LV2 ≤ −nμξ21 + ξ1ξ2 +
1

μ2
ξ2x3 − 2

T
μ−3/2ξ22

+
1

μ2
ξ2

(
f2 +

2

T
μ3/2α1ξ1 + μα1(x2 + f1)

)
. (41)

By Lemma A.2, we obtain

ξ1ξ2 ≤ 1

2
μξ21 +

1

2μ
ξ22 . (42)

From (10) and (38), we have∣∣∣∣f2 + 2

T
μ3/2α1ξ1 + μα1(x2 + f1)

∣∣∣∣
≤ c2(|x1|+ |x2|) + 2

T
α1μ

3/2|ξ1|+ α1μ(|x2|+ c1|x1|)

≤
(
c1α1μ+ c2 +

2

T
α1μ

3/2

)
|ξ1|+ (c2 + α1μ)|ξ2

− α1μξ1|

=

(
c1α1μ+ c2 +

2

T
α1μ

3/2 + c2α1μ+ α2
1μ

2

)
|ξ1|
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+ (c2 + α1μ)|ξ2|

≤
(
c1α1 + c2 +

2

T
α1 + c2α1 + α2

1

)
μ2|ξ1|

+ (c2 + α1)μ|ξ2|. (43)

By (43) and Lemma A.2, we get

1

μ2
ξ2

(
f2 +

2

T
μ3/2α1ξ1 + μα1(x2 + f1)

)

≤ 1

μ
(c2 + α1)ξ

2
2 +

(
c1α1 + c2 +

2

T
α1 + c2α1 + α2

1

)

· |ξ1||ξ2|

≤ 1

2
μξ21 +

1

2μ

(
2c2 + 2α1 +

(
c1α1 + c2 +

2

T
α1

+ c2α1 + α2
1

)2)
ξ22 . (44)

Substituting (42) and (44) into (41) yields

LV2 ≤ − (n− 1)μξ21 +
1

μ2
ξ2(x3 − x∗

3) +
1

μ2
ξ2x

∗
3

+
1

2μ

(
1 + 2c2 + 2α1 +

(
c1α1 + c2 +

2

T
α1

+ c2α1 + α2
1

)2)
ξ22 . (45)

If we choose

α2 = n− 1 +
1

2

(
1 + 2c2 + 2α1 +

(
c1α1 + c2 +

2

T
α1

+ c2α1 + α2
1

)2)
(46)

x∗
3 = −α2μξ2 (47)

then we have

LV2 ≤ −(n− 1)μξ21 − (n− 1)
1

μ
ξ22 +

1

μ2
ξ2(x3 − x∗

3). (48)

Deductive step: In this step, we aim to design x∗
k+2.

Assume that at step k, there are a set of virtual controllers
x∗
2, . . . , x

∗
k+1 defined by

x∗
2 = −α1μξ1, ξ1 = x1 (49)

x∗
3 = −α2μξ2, ξ2 = x2 − x∗

2 (50)

...
...

x∗
k+1 = −αkμξk, ξk = xk − x∗

k (51)

such that

LVk ≤ −
k∑

i=1

(n− k + 1)
1

μ2i−3
ξ2i

+
1

μ2k−2
ξk(xk+1 − x∗

k+1) (52)

where α1, . . . , αk are positive constants and

Vk =

k∑
i=1

1

2μ2i−2
ξ2i . (53)

To complete the induction, at the k + 1th step, we consider
the ξk+1-system.

Let ξk+1 = xk+1 − x∗
k+1, substituting x∗

2, x∗
3, · · · , x∗

k+1 de-
fined in (49)–(51) into ξ2, ξ3, · · · , ξk+1, respectively, step by
step, we get

ξk+1 = xk+1 +
k∑

s=1

αs . . . αkμ
k+1−sxs. (54)

By (7) and (54), we get

dξk+1 =

(
xk+2 + fk+1 +

k∑
s=1

αs . . . αkμ
k+1−s(xs+1 + fs)

+
2

T

k∑
s=1

(k + 1− s)αs . . . αkμ
k−s+3/2xs

)
dt.

(55)

We choose the new Lyapunov function

Vk+1 = Vk +
1

2μ2k
ξ2k+1. (56)

It follows from (52), (55), and (56) and Itô’s formula that

LVk+1 ≤ −
k∑

i=1

(n− k + 1)
1

μ2i−3
ξ2i +

1

μ2k−2
ξkξk+1

− 2

T
kμ−2k+1/2ξ2k+1 +

1

μ2k
ξk+1xk+2 +

1

μ2k
ξk+1

·
(
fk+1 +

k∑
s=1

αs . . . αkμ
k+1−s(xs+1 + fs)

+
2

T

k∑
s=1

(k + 1− s)αs . . . αkμ
k−s+3/2xs

)
.

(57)

From Lemma A.2, we get

1

μ2k−2
ξkξk+1 ≤ 1

2μ2k−3
ξ2k +

1

2μ2k−1
ξ2k+1. (58)

By (10), we obtain

k∑
s=1

αs . . . αkμ
k+1−s(xs+1 + fs)

≤
k∑

s=1

αs . . . αkμ
k+1−s(cs(|x1|+ . . .+ |xs|) + |xs+1|)

=
k∑

s=1

s∑
j=1

csαs . . . αkμ
k+1−s|xj |

+
k∑

s=1

αs . . . αkμ
k+1−s|xs+1|
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=
k∑

j=1

⎛
⎝ k∑

s=j

csαs . . . αkμ
k+1−s

⎞
⎠ |xj |

+
k∑

j=2

αj−1 . . . αkμ
k+2−j |xj |+ αkμ|xk+1|

=

(
k∑

s=1

csαs . . . αkμ
k+1−s

)
|x1|+ αkμ|xk+1|

+

k∑
j=2

⎛
⎝αj−1 . . . αkμ

k+2−j +

k∑
s=j

csαs . . . αk

· μk+1−s
) |xj |. (59)

Denoting

�k+1,1 = ck+1 +

k∑
s=1

csαs . . . αk +
2

T
kα1 . . . αk (60)

�k+1,j = ck+1 + αj−1 . . . αk +
k∑

s=j

csαs . . . αk

+
2

T
(k + 1− j)αj . . . αk, 2 ≤ j ≤ k (61)

�k+1,k+1 = ck+1 + αk (62)

we have

fk+1 +

k∑
s=1

αs . . . αkμ
k+1−s(xs+1 + fs)

+
2

T

k∑
s=1

(k + 1− s)αs . . . αkμ
k−s+3/2xs

≤ �k+1,1μ
k+1|x1|+

k∑
j=2

�k+1,jμ
k+2−j |xj |

+�k+1,k+1μ|xk+1|

≤ �k+1,1μ
k+1|ξ1|+

k∑
j=2

�k+1,jμ
k+2−j |ξj |

+

k∑
j=2

�k+1,jμ
k+3−jαj−1|ξj−1|

+�k+1,k+1μ|ξk+1|+�k+1,k+1μ
2αk|ξk|

=

k∑
j=1

(�k+1,j +�k+1,j+1αj)μ
k+2−j |ξj |

+�k+1,k+1μ|ξk+1|. (63)

By Lemma A.2, we get

1

μ2k
|ξk+1|

k−1∑
j=1

(�k+1,j +�k+1,j+1αj)μ
k+2−j |ξj |

=
k−1∑
j=1

(�k+1,j +�k+1,j+1αj)μ
2−j−k|ξj ||ξk+1|

≤ 1

4μ2k−1

k−1∑
j=1

(�k+1,j +�k+1,j+1αj)
2ξ2k+1

+

k−1∑
j=1

1

μ2j−3
ξ2j (64)

and

1

μ2k
|ξk+1|(�k+1,k +�k+1,k+1αk)μ

2|ξk|

=
1

μ2k−2
(�k+1,k +�k+1,k+1αk)|ξk||ξk+1|

≤ 1

2μ2k−1
(�k+1,k +�k+1,k+1αk)

2ξ2k+1

+
1

2μ2k−3
ξ2k. (65)

It can be inferred from (63) to (65) that

1

μ2k
|ξk+1|

∣∣∣fk+1 +

k∑
s=1

αs . . . αkμ
k+1−s(xs+1 + fs)|

+
2

T

k∑
s=1

(k + 1− s)αs . . . αkμ
k−s+3/2xs

∣∣∣

≤
k−1∑
j=1

1

μ2j−3
ξ2j +

1

2μ2k−3
ξ2k +

1

4μ2k−1

⎛
⎝4�k+1,k+1

+ 2(�k+1,k +�k+1,k+1αk)
2

+

k−1∑
j=1

(�k+1,j +�k+1,j+1αj)
2

⎞
⎠ ξ2k+1. (66)

Substituting (58) and (66) into (57) yields

LVk+1 ≤ −
k∑

i=1

(n− k)
1

μ2i−3
ξ2i +

1

μ2k
ξk+1(xk+2 − x∗

k+2)

+
1

4μ2k−1

(
2 + 2(�k+1,k +�k+1,k+1αk)

2

+

k−1∑
j=1

(�k+1,j+�k+1,j+1αj)
2+4�k+1,k+1

⎞
⎠ ξ2k+1

+
1

μ2k
ξk+1x

∗
k+2. (67)

Choosing the virtual controller

αk+1 = n− k +
1

4

⎛
⎝2 + 2(�k+1,k +�k+1,k+1αk)

2
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+
k−1∑
j=1

(�k+1,j +�k+1,j+1αj)
2 + 4�k+1,k+1

⎞
⎠
(68)

x∗
k+2 = − αk+1μξk+1 (69)

then we have

LVk+1 ≤ −
k+1∑
i=1

(n− k)
1

μ2i−3
ξ2i

+
1

μ2k
ξk+1(xk+2 − x∗

k+2). (70)

Step n: In this step, we aim to design the control gainsk1, . . . , kn.
Defining

ξn = xn + αn−1μξn−1 (71)

by (7), (8), (54), and (71), we have

dξn =

(
−

n∑
i=1

kiμ
n+1−ixi + fn(t, x)

+

n−1∑
s=1

αs . . . αn−1μ
n−s(xs+1 + fs)

+
2

T

n−1∑
s=1

(n− s)αs . . . αn−1μ
n−s+1/2xs

)
dt

+G(x)dω. (72)

Choosing

Vn =
n∑

i=1

1

2μ2i−2
ξ2i (73)

by (9), (72), and (73), similar to (67), we have

LVn ≤ −
n−1∑
i=1

1

μ2i−3
ξ2i +

1

μ2(n−1)
ξnx

∗
n+1

+
1

μ2(n−1)
ξn

(
−

n∑
i=1

kiμ
n+1−ixi − x∗

n+1

)

+
1

2μ2n−2

n∑
i=1

k2i g
2
i μ

2n+2−2ix2
i

+
1

4μ2n−3
�nξ

2
n (74)

where �n > 0 is a constant.
Choosing

αn = −1 +
1

4
�n (75)

x∗
n+1 = −αnμξn (76)

then we get

LVn ≤ −
n∑

i=1

1

μ2i−3
ξ2i +

1

2

n∑
i=1

k2i g
2
i μ

4−2ix2
i

+
1

μ2(n−1)
ξn

(
−

n∑
i=1

kiμ
n+1−ixi − x∗

n+1

)
. (77)

It follows from (49)–(51), (69), (71), and (76) that

x∗
n+1 = −

n∑
i=1

αi . . . αnμ
n+1−ixi. (78)

If we choose

ki =

n∏
s=i

αs (79)

from (77) to (79), we get

LVn ≤ −
n∑

i=1

1

μ2i−3
ξ2i +

1

2

n∑
i=1

k2i g
2
i μ

4−2ix2
i . (80)

Remark 3: From (35), (46), (68), (75), and (79), we observe
that α1, . . ., αn are completely determined by the growth rates
c1, . . ., cn described in Assumption 1. In other words, once
systems (1) and (2) are given, we can immediately get α1, . . .,
αn. Then, by (79), we can easily obtain the control gains k1, . . .,
kn.

B. Stability Analysis

We are now ready to state the main stability results on systems
(1) and (2).

Theorem 1: Consider the plant consisting of (1)–(3) and (6).
If Assumptions 1 and 2 hold and the noise power δi satisfies

0 < δn <
1

αn−1αn
(81)

0 < δi < min

{√
1− (

∏n
s=i+1 αs)2δ2i+1α

2
i∏n

s=i αs

1∏n
s=i−1 αs

}
, 1 ≤ i ≤ n− 1 (82)

where α0 = 1, then the following conclusions hold.
1) The plant has an almost surely unique solution on [t0, t0 +

T ).
2) The plant is prescribed-time mean-square stabilized

with limt→t0+T E|x|2 = 0. Specifically, ∀ t ∈ [t0, t0 +
T ), we have

E|x|2 ≤ 2μ2n(1 + α)e−c0T
2( 1

t0+T−t− 1
T )

·
⎛
⎝x2

1(t0) +

n∑
k=2

⎛
⎝xk(t0) +

k−1∑
s=1

k−1∏
j=s

αjxs(t0)

⎞
⎠

2⎞
⎠ .

(83)

3) The controller is bounded in the sense that

sup
t∈[t0,t0+T )

E

∣∣∣∣
∫ t

t0

u(s)ds

∣∣∣∣ < +∞. (84)
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Proof: By (5) and (11), we obtain

1

2

n∑
i=1

k2i g
2
i μ

4−2ix2
i ≤ 1

2

n∑
i=1

k2i δ
2
i μ

3−2ix2
i . (85)

From (49) to (51), we have

x2
1 = ξ21 , (86)

x2
i ≤ 2ξ2i + 2μ2α2

i−1ξ
2
i−1, 2 ≤ i ≤ n. (87)

It follows from (85) to (87) that:

1

2

n∑
i=1

k2i g
2
i μ

4−2ix2
i

≤ 1

2
k21δ

2
1μξ

2
1 +

n∑
i=2

k2i δ
2
i μ

3−2i(ξ2i + μ2α2
i−1ξ

2
i−1)

=

(
1

2
k21δ

2
1 + k22δ

2
2α

2
1

)
μξ21 + k2nδ

2
nμ

3−2nξ2n

+

n−1∑
i=2

(k2i δ
2
i + k2i+1δ

2
i+1α

2
i )μ

3−2iξ2i . (88)

Substituting (88) into (80) yields

LVn ≤ −
(
1− 1

2
k21δ

2
1 − k22δ

2
2α

2
1

)
μξ21

−
n−1∑
i=2

(1− k2i δ
2
i − k2i+1δ

2
i+1α

2
i )

1

μ2i−3
ξ2i

− (1− k2nδ
2
n)

1

μ2n−3
ξ2n. (89)

By (81) and (82), we have

c0 = 2 min
2≤i≤n−1

{
1− 1

2
k21δ

2
1 − k22δ

2
2α

2
1, 1− k2i δ

2
i

− k2i+1δ
2
i+1α

2
i , 1− k2nδ

2
n

}
> 0. (90)

From (73), (89), and (90), we obtain

LVn ≤ −c0

n∑
i=1

1

2μ2i−3
ξ2i ≤ −c0μVn. (91)

It follows from (54), (71), and (73) that:

lim
|x|→+∞

inf
t∈[t0,T1]

Vn = +∞ ∀T1 ∈ (t0, t0 + T ). (92)

By (91) and (92), the conditions (A.3) and (A.4) of Lemma A.1
are satisfied. From Lemma A.1 we get conclusion 1) and

EVn ≤ e−c0T
2( 1

t0+T−t− 1
T )Vn(t0) ∀ t ∈ [t0, t0 + T ). (93)

It can be inferred from (73), (86), and (87) that

E|x|2 ≤ ξ21 + 2

n∑
i=2

ξ2i + 2μ2
n∑

i=2

α2
i−1ξ

2
i−1

≤ 4μ2n(1 + α)EVn (94)

where

α = max
1≤i≤n

α2
i . (95)

By (93) and (94), we get (83). From (83), we have
limt→t0+T E|x|2 = 0.

Next, we prove (84).
From (83), there exists a positive constant M such that

E|x|2 ≤ M2 ∀ t ∈ [t0, t0 + T ) (96)

from which we get

E|x| ≤
√

E|x|2 ≤ M ∀ t ∈ [t0, t0 + T ). (97)

By (2), we have∫ t

t0

u(s)ds = xn(t)− xn(t0)−
∫ t

t0

fn(s, x)ds (98)

which, along with (10), shows that∣∣∣ ∫ t

t0

u(s)ds
∣∣∣

≤ |xn(t)− xn(t0)|+
∣∣∣∣
∫ t

t0

fn(s, x)ds

∣∣∣∣
≤ |xn(t)|+ |xn(t0)|+

∫ t

t0

|fn(s, x)|ds

≤ |xn(t)|+ |xn(t0)|+ cn

∫ t

t0

(|x1|+ · · ·+ |xn|)ds

≤ |xn(t)|+ |xn(t0)|+ cn
√
n

∫ t

t0

|x|ds. (99)

It follows from (97) and (99) that:

E
∣∣∣ ∫ t

t0

u(s)ds
∣∣∣

≤ |xn(t0)|+ E|xn(t)|+ cn
√
nE

(∫ t

t0

|x|ds
)

≤ |xn(t0)|+ E|x(t)|+ cn
√
n

∫ t

t0

E|x|ds

≤ |xn(t0)|+M + cn
√
nM(t− t0)

≤ |xn(t0)|+M + cn
√
nMT

< +∞ ∀ t ∈ [t0, t0 + T ). (100)

By (100), we get (84).
Thus, the theorem is true.
Remark 4: From (81) and (82), the noise powers are de-

termined in the following sequence: δn, δn−1, . . . , δ1. These
powers not only ensures that c0 in (90) is positive, but also
guarantees that the inequality (82) is well defined. Specifically,
they make the radicand in the square root of (82) nonnegative.

Remark 5: In Theorem 1, we prove that the controller is
bounded in the sense that supt∈[t0,t0+T ) E| ∫ t

t0
u(s)ds| < +∞,

which shows that the controller is not bounded in the conven-
tional sense. In fact, the controller (6) cannot be bounded in
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the conventional sense. This is mainly because the noise goes
directly into the controller. Specifically, we study systems with
measurement noise. From (3) and (6), the noise ω̇i is a term of
the control u. Since it is meaningless to discuss the property
of noise at any fixed time t, it is meaningless to discuss the
statistical property property of u at the fixed t. However, it is
significant to study the statistical property of the integral of
the noise. Therefore, it is significant and important to study the
statistical property of the integral of control u, i.e., E| ∫ t

t0
uds|

in this article. And this would be the case even for linear systems
with multiplicative, measurement, noise, being controlled over
infinite time in [9].

Remark 6: In this section, we propose a new postulated feed-
back (6) to stabilize systems (1) and (2) in the prescribed-time.
The existence of multiplicative noise makes all the existing
stochastic prescribed-time designs in [22], [23], [24], and [25]
inapplicable. In order to handle the multiplicative noise, the
feedback is already inserted into (8). As shown in [12], [13],
[14], [15], [16], [17], [18], [19], [20], and [21], even G = 0,
how to design the feedback gains k1, . . . , kn is nontrivial. More
importantly, note that, the perturbation G is actually nonzero,
contains the feedback gains k1, . . . , kn and even goes to infinity
as t → t0 + T . How to design k1, . . . , kn to prescribed-time
stabilize the system in the presence of the nonlinearities fi is a
hard problem.

Remark 7: Different from the existing stochastic prescribed-
time designs where scaling-free quartic Lyapunov func-
tions [22], scaled quartic Lyapunov functions [23] and [25], or
scaled quadratic Lyapunov function [24] are used, the design
in this section is based on a new scaled quadratic Lyapunov
function

∑n
i=1

1
2μ2i−2 ξ

2
i where the power of μ is lower than

that in [24]. The advantage of this Lyapunov function is that
it simplifies the design process, which yields a relative simpler
controller.

C. Inverse Optimal Selection of Gains in Postulated
Controller

In this subsection, we study the inverse optimal gain selection
for systems (7) and (8).

First, we rewrite (7) and (8) as

dx =

⎡
⎢⎢⎢⎣

x2 + f1(t, x)
...

xn + fn−1(t, x)
fn(t, x)

⎤
⎥⎥⎥⎦ dt+

⎡
⎢⎢⎢⎣

0
...
0

−∑n
i=1 kiμ

n+1−ixi

⎤
⎥⎥⎥⎦ dt

+

⎡
⎢⎢⎢⎣

0
...
0

G(t, x)

⎤
⎥⎥⎥⎦ dω. (101)

From the design and analysis in the above two subsections, the
control gain

ki =
n∏

s=i

αs, 1 ≤ i ≤ n (102)

leads to

LVn|(101) ≤ −c0μVn (103)

where the definitions of α1, . . . , αn and Vn can be found in
Section A.

Denote

F (t, x) =

⎡
⎢⎢⎢⎣

x2 + f1(t, x)
...

xn + fn−1(t, x)
fn(t, x)

⎤
⎥⎥⎥⎦ . (104)

In the following theorem, we state the main results on prescribed-
time inverse optimal assignment for system (101).

Theorem 2: Suppose that Assumptions 1 and 2 hold for
system (101) and the noise power δi satisfies

0 < δn <
1

βαn−1αn
(105)

0 < δi < min

{√
1− (

∏n
s=i+1 αs)2δ2i+1α

2
i

β
∏n

s=i αs

1

β
∏n

s=i−1 αs

}
, 1 ≤ i ≤ n− 1 (106)

where α0 = 1 and β ≥ 2 is a constant.
Then the control gains

k∗i = β

n∏
s=i

αs ∀ 1 ≤ i ≤ n (107)

solves the prescribed-time inverse optimal mean-square sta-
bilization problem for system (101) by minimizing the cost
functional

J(k) = lim sup
r→∞

E

[
2βVn(τr, x(τr)) +

∫ τr

t0

(l(t, x(t))

+
1

αn

(
n∑

i=1

(kiμ
3/2−i(t)xi(t)

)2
⎞
⎠ dt

⎤
⎦ (108)

where k = (k1, . . . , kn)
T , r ∈ Z+, τr = (t0 + T ) ∧ inf{t :

t ≥ t0, |x(t)| ≥ r} and

l(t, x) = 2β

(
1

μ2n−3
αnξ

2
n − ∂Vn

∂t
− ∂Vn

∂x
F

− 1

2μ2n−2
|G|2

)
+ β(β − 2)αn

1

μ2n−3
ξ2n (109)

is positive definite and radially unbounded but not necessarily
decrescent.

Proof: From (76), (78), (79), (103), (104), and (109), we
obtain

l(t, x) ≥ 2βc0μVn + β(β − 2)αn
1

μ2n−3
ξ2n. (110)
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From (49) to (51), we get

x =

⎡
⎢⎢⎢⎣

1 0 0 . . . 0 0
−α1μ 1 0 . . . 0 0
...

...
...

...
...

...
0 0 . . . 0 −αn−1μ 1

⎤
⎥⎥⎥⎦ξ (111)

which shows that

|x|2 ≤
(
n+

n−1∑
i=1

α2
iμ

2

)
|ξ|2 (112)

where x = (x1, . . . , xn)
T and ξ = (ξ1, . . . , ξn)

T .
By (73) and (112), we obtain

Vn ≥ 1

2μ2n−2
|ξ|2

≥ 1

2
(
n+

∑n−1
i=1 α2

iμ
2
)
μ2n−2

|x|2. (113)

Noting β ≥ 2, from (110) and (113), we have

l(t, x) ≥ 2βc0μVn

≥ βc0(
n+

∑n−1
i=1 α2

iμ
2
)
μ2n−3

|x|2. (114)

Since βc0
(n+

∑n−1
i=1 α2

iμ
2)μ2n−3

is a positive scaling function and |x|2
is a positive definite function of x, l(t, x) is well defined. Thus,
J(k) is a meaningful cost functional.

Before proving the gain (107) minimizes (108), we first prove
the gain (107) can make system (101) achieve prescribed-time
mean-square stabilization.

From (102), (103), (105), and (106), noting β ≥ 2, we have

LVn|(101) = − β
1

μ2n−3
αnξ

2
n +

∂Vn

∂t
+

∂Vn

∂x
F

+
β2

2μ2n−2

n∑
i=1

(
n∏

s=i

αsgiμ
n+1−ixi

)2

≤ − 1

μ2n−3
αnξ

2
n +

∂Vn

∂t
+

∂Vn

∂x
F

+
β2

2μ2n−2

n∑
i=1

(
n∏

s=i

αsgiμ
n+1−ixi

)2

≤ − c0μVn. (115)

By (115) and Theorem 1, the gain (107) can make system (101)
achieve prescribed-time mean-square stable.

Now, we prove optimality. By Dynkin’s formula in Lemma
A.3, we get

E

{
Vn(τr, x(τr))− Vn(t0, x(t0))

−
∫ τr

t0

LVn|(101)ds
}

= 0. (116)

From (108), (109), and (116), we have

J(k) = lim sup
r→∞

E

[
2βVn(τr, x(τr)) +

∫ τr

t0

(l(t, x)

+
1

αn

(
n∑

i=1

(kiμ
3/2−i(t)xi(t)

)2
⎞
⎠ dt

⎤
⎦

= lim sup
r→∞

E

[
2βVn(t0, x(t0)) +

∫ τr

t0

(
2βLVn|(101)

+ l(t, x) +
1

αn

(
n∑

i=1

(kiμ
3/2−i(t)xi(t)

)2
⎞
⎠ dt

⎤
⎦

= lim sup
r→∞

E

[
2βVn(t0, x(t0)) +

∫ τr

t0

(
β2αn

1

μ2n−3
ξ2n

+
1

αn

(
n∑

i=1

(kiμ
3/2−i(t)xi(t)

)2

− 2β

n∑
i=1

kiμ
−n+3−ixiξn

)
dt

]
. (117)

By using Lemma A.4 with γ = r2, we obtain

2β

n∑
i=1

kiμ
−n+3−ixiξn

=
(
β
√
αnμ

−n+3/2ξn

)( 2√
αn

n∑
i=1

kiμ
3/2−ixi

)

≤ β2αn
1

μ2n−3
ξ2n +

1

αn

(
n∑

i=1

(kiμ
3/2−ixi

)2

. (118)

The equality in (118) holds when

k∗i = β

n∏
s=i

αs, 1 ≤ i ≤ n. (119)

Therefore, the minimum of (108) is obtained with ki = k∗i in
(119), and

min
k

J(k) = 2βVn(t0, x(t0)). (120)

Thus, the theorem is proved.
Remark 8: A new stochastic prescribed-time inverse optimal

design is proposed in this section. Different from the existing
designs [22], [23], [31], [32], [33], and [34], where the in-
verse optimal controllers are designed step by step, this section
proposes a new postulated inverse optimal controller (6) with
the gains (107) whose merit is that it can effectively deal with
the multiplicative noise, where the noise intensity including the
gains (107) themselves.
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IV. SYSTEMS WITH ARBITRARILY LARGE NOISE BUT

VANISHING FASTER THAN LINEARLY

In this section, when the noise power is arbitrary large but
vanishing faster than linearly, we aim to solve the prescribed-
time mean-square stabilization problem of systems (7)–(9).

The control gain design is the same as that in Section II.
Specifically, using the control (6) with the gains (79), from (80)
we get

LVn ≤ −
n∑

i=1

1

μ2i−3
ξ2i +

1

2

n∑
i=1

k2i g
2
i μ

4−2ix2
i . (121)

In Section III, when the noise power δi is small enough [as
shown in (81) and (82)], from (91) we obtain that LVn can be
made negative definite. Then the prescribed-time mean-square
stable follows from Lemma A.1. In this section, we consider
noise with an arbitrary large power δi, which makes (91) not
hold. Specifically, the arbitrary large power δi yields LVn ≤
ĉμVn with ĉ being a positive constant. In this case, Lemma A.1
fails since (A.4) does not hold. How to prove the plant has an
almost surely unique solution on [t0, t0 + T ) and how to prove
the plant is prescribed-time mean-square stable is a challenge
work. New tools should be developed.

Next, we first give a lemma, which proposes new tools to
show that the plant has an almost surely unique strong solution
on [t0, t0 + T ) when LVn ≤ ĉμVn.

Lemma 1: Consider the system (A.1). If there exists a non-
negative function U(t, x) ∈ C1,2([t0, t0 + T )×Rn;R+), and
positive constants c0 such that

lim
|x|→+∞

inf
t∈[t0,T1]

U(t, x) = +∞ ∀T1 ∈ (t0, t0 + T ) (122)

LU(t, x) ≤ c0μU ∀ t ∈ [t0, t0 + T ) (123)

then system (A.1) has an almost surely unique strong solution
on [t0, t0 + T ) for any x0 ∈ Rn.

Proof: The proof is given in Appendix B.
Remark 9: Lemma 1 is a prescribed-time version of [35, Th.

3.5] where the linear growth condition of LU(t, x) guarantees
the existence of a global solution on [t0,+∞). However, [35,
Th. 3.5] fails to cover Lemma 1 since LU(t, x) does not sat-
isfy the linear growth condition with limt→t0+T μ(t) = +∞.
In addition, the condition (123) fails to satisfy LU(t, x) ≤
−c0μU + μM0 required by [22, Lemma A.1]. Thus, Lemma
1 is a new result that is completely different from [35, Th. 3.5]
and [22, Lemma A.1].

We now state the main stability results in this section.
Theorem 3: Consider the plant consisting of (1)–(3) and (6).

If Assumptions 1 and 3 hold, then the following conclusions
hold.

1) The plant has an almost surely unique solution on [t0, t0 +
T ).

2) The plant is prescribed-time mean-square stabilized with
limt→t0+T E|x|2 = 0.

Proof: We first prove that the plant has an almost surely
unique solution on [t0, t0 + T ).

It can be inferred from (5) and (12) that

1

2

n∑
i=1

k2i g
2
i μ

4−2ix2
i ≤ 1

2

n∑
i=1

k2i δ
2
i μ

3−2i−σix2
i . (124)

By (86), (87), and (124), we obtain

1

2

n∑
i=1

k2i g
2
i μ

4−2ix2
i

≤ 1

2
k21δ

2
1μ

1−σ1ξ21 +

n∑
i=2

k2i δ
2
i μ

3−2i−σi(ξ2i + μ2α2
i−1ξ

2
i−1)

=

(
1

2
k21δ

2
1μ

1−σ1 + k22δ
2
2α

2
1μ

1−σ2

)
ξ21

+

n−1∑
i=2

(k2i δ
2
i μ

3−2i−σi + k2i+1δ
2
i+1α

2
iμ

3−2i−σi+1)ξ2i

+ k2nδ
2
nμ

3−2n−σnξ2n. (125)

Substituting (125) into (121), we get

LVn ≤ −
(
1− 1

2
k21δ

2
1μ

−σ1 − k22δ
2
2α

2
1μ

−σ2

)
μξ21

−
n−1∑
i=2

(1− k2i δ
2
i μ

−σi − k2i+1δ
2
i+1α

2
iμ

−σi+1)

· 1

μ2i−3
ξ2i − (1− k2nδ

2
nμ

−σn)
1

μ2n−3
ξ2n. (126)

Noting μ ≥ 1 and σi > 0, from (126), there exists a positive
constant c̄0 such that

LVn ≤ c̄0μVn. (127)

By (127) and Lemma 1, the plant has an almost surely unique
solution on [t0, t0 + T ), which shows that conclusion 1) holds.

We then prove that the plant is prescribed-time mean-square
stabilized with limt→t0+T E|x|2 = 0.

Since σi > 0 and limt→t0+T μ(t) = +∞, there exists a pos-
itive t∗ ∈ (t0, t0 + T ) such that ∀t ∈ [t∗, t0 + T ) and ∀1 ≤ i ≤
n− 1,

1− k2i δ
2
i μ

−σi − k2i+1δ
2
i+1α

2
iμ

−σi+1 ≥ 1

2
(128)

1− k2nδ
2
nμ

−σn ≥ 1

2
. (129)

From (73), (126), (128), and (129), we have

LVn ≤ − μVn ∀t ∈ [t∗, t0 + T ). (130)

Choosing

V = e
∫ t
t∗ μ(s)dsVn. (131)

By (130) and (131), we obtain

LV = e
∫ t
t∗ μ(s)ds(LVn + μ(t)Vn) ≤ 0. (132)

Let k be a positive integer. Define the stopping time

σk = inf{t : t∗ ≤ t < t0 + T, |x|+ |x̂| ≥ k}. (133)

Authorized licensed use limited to: Miroslav Krstic. Downloaded on May 31,2024 at 00:46:56 UTC from IEEE Xplore.  Restrictions apply. 



3658 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 6, JUNE 2024

Fig. 1. Mass–spring mechanical system.

From conclusion 1), the plant has an almost surely unique
solution on [t0, t0 + T ). Thus, σk → +∞ almost surely as
k → +∞.

Let tk = σk ∧ t for any t ∈ [t∗, t0 + T ). Noting
V (t∗, x(t∗)) = Vn(t

∗) and using (132) and (133), by Lemma
A.3 we obtain

EV (tk, x(tk)) = Vn(t
∗) + E

{∫ tk

t∗
LV (x(τ), τ)dτ

}

≤ Vn(t
∗) ∀ t ∈ [t∗, t0 + T ). (134)

For ∀ t ∈ [t∗, t0 + T ), by (131) and (134), we get

E
{
e
∫ tk
t∗ μ(s)dsVn(tk, x(tk))

}
≤ Vn(t

∗). (135)

letting k → +∞, by Fatou Lemma and (135), we get

E
{
e
∫ t
t∗ μ(s)dsVn(t, x(t))

}
≤ Vn(t

∗). (136)

By (136), we get

E {Vn(t, x(t))}
≤ e−

∫ t
t∗ μ(s)dsVn(t

∗)

≤ e
−T 2( 1

t0+T−t− 1
t0+T−t∗ )Vn(t

∗) ∀ t ∈ [t∗, t0 + T ). (137)

From (94) and (137), for ∀t ∈ [t∗, t0 + T ), we get

E|x|2 ≤ 4μ2n(1 + α)e
−T 2( 1

t0+T−t− 1
t0+T−t∗ )Vn(t

∗) (138)

which shows that

lim
t→t0+T

E|x|2 = 0. (139)

Thus, the theorem is true.

V. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of control schemes developed in the last two
sections. Specifically, we first consider small linearly vanishing
noise in Example 1, then consider arbitrary large noise vanishing
faster than linearly in Example 2.

Example 1: Consider the mass-spring mechanical system
shown in Fig. 1 , where a mass m is attached to a wall through
a spring and sliding on a horizontal surface. The mass is driven
by an external force which serves as a control variable. Let y be
the displacement from a reference position. By Newton’s law of

Fig. 2. Response of the closed-loop system (141)–(145).

motion, the system is described as [36]

mÿ + Ff + Fsp = u (140)

where Ff is a resistive force due to friction and Fsp is the
restoring force of the spring. We assume that the displacement is
relative small, and thus, Fsp can be written as Fsp = ky, where
k is a spring parameter. Meantime, we assume the resistive force
is linear viscous friction and write Ff as Ff = cẏ, where c is a
friction parameter.

To obtain a state model for the mass-spring mechanical sys-
tem, take the state variables as x1 = y and x2 = ẏ. Then, from
(140) we get the state-space form as

ẋ1 = x2 (141)

ẋ2 =
u

m
− k

m
x1 − c

m
x2. (142)

Choosing m = 1, k = 0.2, c = 0.1, Assumption 1 is satisfied
with c1 = 0 and c2 = 0.2.

Let t0 = 0 and T = 1. (5) can be rewritten as

μ(t) =

(
1

1− t

)2

∀ t ∈ [0, 1). (143)

We observe the state xi as yi, which is described by

y1 = x1(1 + 0.007(1− t)ω̇1) (144)

y2 = x2(1 + 0.01(1− t)ω̇2). (145)

From the design in Section III, we get α1 = 2 and α2 = 40.68.
From (81) and (82), we have

0 < δ1 < 0.0072 (146)

0 < δ2 < 0.012. (147)

From (144) to (147), Assumption 2 holds.
By following the design procedure developed in Section III,

we obtain the controller as

u = −81.36μ2y1 − 40.68μy2. (148)

For simulation, we randomly set the initial conditions as
x1(0) = −1, x2(0) = 2. Fig. 2 gives the responses of the con-
troller and states, which shows that limt→1 E|x|2 = 0. There-
fore, the effectiveness of the control scheme developed in Sec-
tion III is demonstrated.

Example 2: Consider the following system:

ẋ1 = x2 + 0.5 ln(1 + sin2 x1) (149)
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Fig. 3. Response of the closed-loop system (149)–(154).

ẋ2 = u+ x2 cosx1. (150)

Obviously, Assumption 1 is satisfied with c1 = 0.5 and c2 = 1.
Let t0 = 0 and T = 2. (5) can be rewritten as

μ(t) =

(
2

2− t

)2

∀ t ∈ [0, 2). (151)

We observe the state xi as yi, which is described by

y1 = x1(1 + 5(1− 0.5t)1.1ω̇1) (152)

y2 = x2(1 + 2(1− 0.5t)1.2ω̇2). (153)

From (152) and (153), Assumption 3 holds with δ1 = 5, δ2 = 2,
σ1 = 0.1 and σ2 = 0.2.

From the design in Section IV, we get α1 = 2.5 and α2 =
94.1 and the controller as

u = −235.25μ2y1 − 94.1μy2. (154)

For simulation, we randomly set the initial conditions as
x1(0) = −0.2, x2(0) = 2. Fig. 3 gives the responses of the con-
troller and states, which shows that limt→2 E|x|2 = 0. There-
fore, the effectiveness of the control scheme developed in Sec-
tion IV is demonstrated.

VI. CONCLUSION

In this article, we have addressed the prescribed-time de-
signs for strict-feedback nonlinear systems with multiplicative
measurement noise. When the noise is small and linearly van-
ishing, we first propose a new postulated feedback to solve
the prescribed-time mean-square stabilization problem, then
redesign the control gains to solve the prescribed-time stochastic
inverse optimal assignment problem. When the noise is arbitrary
large but vanishing faster than linearly, we have developed a
new control scheme to make the system achieve prescribed-time
mean-square stabilization. In order to handle the multiplicative
noise, in our new designs, the feedback is inserted into the sys-
tem, which leads to that the noise intensity is actually nonzero,
contains the feedback gains and even goes to infinity in the
terminal time, how to design the control gains to prescribed-time
stabilize the system in the presence of the nonlinearities is a hard
problem.

For the prescribed-time designs with multiplicative measure-
ment noise, many important issues are still open and worth inves-
tigating, such as output-feedback control, prescribed-time con-
trol for more general systems with unknown control gain [42],
etc.

APPENDIX A

The following notation will be used throughout the article.
Rn denotes the real n-dimensional space. For a given vector or
matrix X , XT denotes its transpose, Tr{X} denotes its trace
when X is square, and |X| is the Euclidean norm of a vector X .

Defining |A| =
(∑n

i=1

∑m
j=1 a

2
ij

) 1
2

for a matrix An×m.

Consider the following stochastic nonlinear system:

dx = f(t, x)dt+ gT (t, x)dω ∀ x0 ∈ Rn (A.1)

where x ∈ Rn is the system state. The functions f : R+ ×
Rn → Rn and g : R+ ×Rn → Rm×n are continuous of their
arguments and are locally Lipschitz in x. ω is an m-dimensional
independent standard Wiener process defined on the complete
filtered probability space (Ω,F ,Ft, P ).

The following definition and lemmas are used in the con-
troller design and stability analysis. Definition A.1 ([22]): For
stochastic system (A.1) with f(t, 0) = 0 and g(t, 0) = 0, the
equilibrium x(t) = 0 is prescribed-time mean-square stable if
there exist positive constants ki (1 ≤ i ≤ 4) such that

E|x(t)|2 ≤ k1|x(t0)|2(1 + μk2
1 (t))e−k3μ

k4
1 (t) (A.2)

holds for ∀ t ∈ [t0, t0 + T ).
Lemma A.1 ([22]): Consider the system (A.1). If there exist

a nonnegative functionU(t, x) ∈ C1,2([t0, t0 + T )×Rn;R+),
and positive constants c0 and M0 such that

lim
|x|→+∞

inf
t∈[t0,T1]

U(t, x) = +∞ ∀T1 ∈ (t0, t0 + T ) (A.3)

LU(t, x) ≤ −c0μU + μM0 ∀ t ∈ [t0, t0 + T ) (A.4)

then the following conclusions hold.
1) System (A.1) has an almost surely unique strong solution

on [t0, t0 + T ) for any x0 ∈ Rn.
2) The function U(t, x) satisfies

EU(t, x(t)) ≤ e−c0
∫ t
t0

μ(s)dsU(t0, x0) +
M0

c0

∀ t ∈ [t0, t0 + T ). (A.5)

Lemma A.2 ([40]): For (x, y) ∈ R2, the following Young’s
inequality holds:

xy ≤ νp

p
|x|p + 1

qνq
|y|q (A.6)

where ν > 0, the constants p > 1 and p > 1 satisfy (p− 1)(q −
1) = 1.

Lemma A.3 ([38]): Let V ∈ C1,2(R+ ×Rn;R+) and τ1, τ2
be bounded stopping times such that 0 ≤ τ1 ≤ τ2 a.s. If V (t, x)
and LV (t, x) are bounded on t ∈ [τ1, τ2] a.s., then

E[V (τ2, x)− V (τ1, x)] = E

{∫ τ2

τ1

LV (t, x)dt

}
. (A.7)
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Lemma A.4 ([39]): For any two vectorsx and y, the following
holds:

xT y ≤ γ(|x|) + �γ(|y|) (A.8)

and the equality is achieved if and only if

y = γ̇(|x|) x

|x| (A.9)

where �γ(r) = r(γ̇)−1(r)− γ((γ̇)−1(r)), γ and its derivative γ̇
are both K∞ functions.

APPENDIX B
PROOF OF LEMMA 1

By [37, Th. 3.15], system (A.1) has an almost surely
unique solution x(t) on [t0, ρ∞) with ρ∞ = (t0 + T ) ∧
limτ→+∞ inf{t0 ≤ t < t0 + T : |x(t)| ≥ τ}. We need to prove
ρ∞ = t0 + T a.s.. If this is not true, we can find positive con-
stants ε and T2 (0 < T2 < T ) such that

P {ρ∞ ≤ t0 + T2} > 2ε. (B.1)

For each integer k > 0, define

ρk = (t0 + T ) ∧ inf{t : t0 ≤ t < t0 + T, |x(t)| ≥ k}. (B.2)

Since ρk → ρ∞ a.s., there exists a sufficiently large integer k0
such that

P {ρk ≤ t0 + T2} > ε ∀k ≥ k0. (B.3)

Choosing

Ū = e−c0
∫ t
t0

μ(s)dsU. (B.4)

From (123) and (B.4), we have

LŪ = e−c0
∫ t
t0

μ(s)ds(LU − c0μU)

≤ 0. (B.5)

Fix k ≥ k0. For any t0 ≤ t ≤ t0 + T2, by (B.4) and (B.5) and
Lemma A.3, we have

EŪ(t ∧ ρk, x(t ∧ ρk))

= U(t0, x0) + E

{∫ t∧ρk

t0

LŪ(x(τ), τ)dτ

}

≤ U(t0, x0). (B.6)

By (B.6) we get

EŪ((t0 + T2) ∧ ρk, x((t0 + T2) ∧ ρk)) ≤ U(t0, x0). (B.7)

It follows from (B.7) that:

Eχρk≤t0+T2
Ū(ρk, x(ρk)) ≤ U(t0, x0) < +∞. (B.8)

Define

bk = inf
{
Ū(t, x) : |x| ≥ k, t ∈ [t0, t0 + T2]

}
. (B.9)

By (122) and (B.9), we get

lim
k→+∞

bk = +∞. (B.10)

From (B.8), we obtain

U(t0, x0) ≥ bkP {ρk ≤ t0 + T2} > εbk. (B.11)

Letting k → +∞ in both sides of (B.11), from (B.10), we obtain

U(t0, x0) = +∞ (B.12)

which is a contradiction with (B.8). Thus, we haveρ∞ = t0 + T .
This completes the proof of Lemma 1.
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