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We study the adaptive output-feedback stabilization problem of stochastic strict-feedback systems
with sensor uncertainty. Specifically, we consider the simultaneous presence of sensor uncertainty,
unknown growth rate and stochastic disturbance, which has not been treated heretofore. By developing
a new stochastic adaptive dual-domination approach, an adaptive observer and an output-feedback
controller are designed, in which two gains are suitably selected to dominate the unknown sensor
sensitivity and unknown growth rate, respectively. By using the nonnegative semimartingale conver-
gence theorem, it is proved that the closed-loop system has an almost surely unique solution on
[0, +00) and that regulation to the equilibrium at the origin of the closed-loop system is achieved
almost surely. Finally, two simulation examples are given to illustrate the control design.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Since stochastic noise and nonlinearity exist widely in appli-
cations, the research of stochastic nonlinear control has drawn
considerable attention and is gaining importance in economet-
rics, biology, environmental science and other areas. Over the
past two decades, significant results have been obtained on the
controller design for stochastic nonlinear systems. For the state-
feedback control design, Deng and Krstic (1997a, 1997b) and
Deng, Krstic, and Williams (2001) develop stochastic backstep-
ping control design with the quartic Lyapunov functions; Pan and
Basar (1998, 1999) focus on the optimal and near-optimal con-
troller design under risk-sensitive cost function criterion. When
it turns to the output-feedback control design, Deng and Krstic
(1999) present the first result on global output-feedback stabi-
lization in probability for stochastic nonlinear continuous-time
systems. Furthermore, Deng and Krstic (2000) generalize the
results in Deng and Krstic (1999) to systems with noise whose
covariance is time varying and bounded but the bound is not
known a priori. Since then, significant contributions have been
made in studying the output-feedback control of stochastic non-
linear systems with different structures by many researchers.
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For example, Liu and Zhang (2006) address the output-feedback
design for systems in observer canonical form under long-term
average tracking risk-sensitive cost criteria; Liu, Zhang, and Jiang
(2007) investigate the decentralized adaptive output-feedback
stabilization for large-scale stochastic nonlinear systems with un-
certainties; Wu, Xie, Shi, and Xia (2009) design output-feedback
controllers for stochastic systems with Markovian switching; Li,
Xie, and Zhang (2011) solve the output-feedback stabilization
problem for stochastic high-order nonlinear systems by com-
pletely removing the power order restriction and largely relaxing
the nonlinear growth condition; Li and Liu (2017) study the adap-
tive output-feedback control problem by developing a general
stochastic convergence theorem.

It should be emphasized that all the above-mentioned re-
sults (Deng & Krstic, 1999, 2000; Li & Liu, 2017; Li et al., 2011; Liu
& Zhang, 2006; Liu et al., 2007; Wu et al., 2009), on the output-
feedback control of stochastic nonlinear systems, do not consider
the sensor uncertainty in their systems’ outputs. However, in
practice, as shown in circuits and electrical devices (Carr, 1993)
and mechanical systems (Kolovsky, 1999), the sensor sensitiv-
ity 6(t) in the system output is not always a constant. Due
to manufacturing reasons, there always exists a sensitivity er-
ror in O(t). For example, as demonstrated in Lantto (1999), the
displacement sensor of a magnetic bearing suspension system
experiences +10% sensitivity error. Recently, motivated by Carr
(1993), Kolovsky (1999) and Lantto (1999), Chen, Qian, Sun, and
Liang (2018) propose a dual-domination approach to solve the
output feedback stabilization problem for nonlinear systems with
unknown measurement sensitivity in the output. However, the
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results in Chen et al. (2018) contain two limitations: the growth
rate for nonlinear functions should be accurately known and there
is no noise in the studied system.

In many applications, systems do not merely suffer from un-
known sensor uncertainty but are often subject to stochastic
perturbations and unknown growth rate, simultaneously, in their
dynamics (Hinrichsen & Pritchard, 1996; Ugrinovskii, 1998; Won-
ham, 1970). For example, as demonstrated by Ugrinovskii (1998),
the two-mass spring system is a typical stochastic physical sys-
tem. Once the performance of the spring has deteriorated through
wear, the value of the spring coefficient is deemed to belong
between suitable bound and is thus unknown. Besides, for the
output-feedback control of the spring system, the displacement
sensor most commonly used is an inductive type sensor with ex-
cellent linearity and signal-to-noise ratio (Lantto, 1999). The sen-
sor sensitivity is practically the same in both X- and Y-directions,
but may differ from its assumed value because of manufacturing
reasons. In view of the above-mentioned facts, the two-mass
spring system can be practically modeled as a stochastic nonlin-
ear system with sensor uncertainty and unknown growth rate.
Specifically, the sensor uncertainty comes from the displacement
sensor and the unknown growth rate is produced by the un-
known nominal value of the spring coefficient. To the best of
the authors’ knowledge, there is no previously published work
which can solve such an output-feedback control problem, which
contains sensor uncertainty, unknown growth rate and stochas-
tic noise simultaneously. From a practical point of view, it is
imperative to study the output-feedback control of such systems.

Motivated by the above observations, we study the adaptive
output-feedback stabilization control of stochastic strict-feedback
systems with unknown growth rate and sensor uncertainty. The
contributions of this paper are four-fold:

(1) In contrast to the previous work in the literature (Chen
et al., 2018; Deng & Krstic, 1999, 2000; Li & Liu, 2017; Li, Liu,
& Feng, 2019; Li et al., 2011; Liu & Zhang, 2006; Liu et al., 2007;
Wu et al., 2009), the system model studied in this paper is more
general since it considers sensor uncertainty, unknown growth
rate and stochastic noise simultaneously.

(2) This paper is not an easy generalization from the deter-
ministic system (Chen et al., 2018) to stochastic systems. In fact,
even when there is no noise in the studied systems, the results
in this paper are new and more general than those in Chen
et al. (2018) since this paper considers an unknown growth rate.
For the controller design, due to the effect of unknown growth
rate, the information of the bounding function for the system
uncertainty cannot be used directly, which makes the constant
gain approach in Chen et al. (2018) inapplicable since it cannot
guarantee stability. In this paper, we introduce a new dynamic
gain in the observer and control design. The existence of stochas-
tic noise and unknown growth rate makes the stability analysis
in this paper much more involved and difficult than that of Chen
et al. (2018); advanced stochastic analysis techniques are needed
to prove the stability.

(3) A new adaptive observer is designed in this paper. On the
one hand, we design an adaptive observer driven only by the
input u, not using the information of output y. In the existing
results (Lei & Lin, 2006; Li & Liu, 2017; Yan & Liu, 2011), the
adaptive observers are driven by both u and y. Nevertheless, the
existence of unknown sensor sensitivity 6(t) in the output makes
the observers in Lei and Lin (2006), Li and Liu (2017) and Yan and
Liu (2011) inapplicable since they require y = x; (i.e. (t) = 1)
to construct an estimate error in the stability analysis. On the
other hand, by using the information of the allowable sensitivity
error, we design a new adaptive law for the dynamic gain in
the observer, which can effectively dominate the nonlinear terms
arising from the controller and unknown state x;.

(4) A new domination approach is developed in Proposition 3
to prove the boundedness of the closed-loop system. Firstly, a
new change of coordinates is introduced with two constants: the
first constant is used to dominate the unknown sensor sensitivity
and another suitably constructed constant can effectively domi-
nate the nonlinear terms arising from unknown growth rate and
the gains of the observer and controller. Then, by using the Ito
formula and the nonnegative semimartingale convergence theo-
rem, we prove boundedness of all the states in the closed-loop
system.

The remainder of this paper is organized as follows.
Section 2 describes the problem to be investigated. Section 3
shows controller design. Section 4 analyzes stability of the closed-
loop system. Section 5 gives two examples to illustrate the theo-
retical results. Section 6 includes concluding remarks.
Appendices A-E collect the useful tools, the proofs of Theorem 1
and Propositions 1-3, respectively.

Notations: R+ and R" denote the set of all nonnegative real
numbers and the real n-dimensional space, respectively. For a
given vector or matrix X, X denotes its transpose, Tr{X} denotes
its trace when X is square, and |X]| is the Eulc/lzidean norm of

<Z?=l Z;n;l ai2j>
Anxm. In denotes the n-dimensional identity matrixX. Apqe(M) and
Amin(M) denote the maximum and minimum eigenvalues of a
square matrix M. For any a,b € R, let a A b = min{a, b} and
a v b = max{a, b}. C(R",R) denotes the set of all continuous
functions mapping from R" to R and xa(-) denotes the indicator
function of A. C' denotes the set of all functions with continuous
ith derivatives. For any given V e C? associated with stochastic
system dx = f(t, x)dt + g(t, x)dw, the differential operator .# is

defined as .2V(x) & YWf(r x) + %Tr{gT(t, X) V@ g x)}.

ax ax2

a vector X. Defining |A|] = for a matrix

2. Problem formulation

Consider a class of stochastic nonlinear systems described by

dx; = (xio1 + fi(t, x))dt + gi(t, X)dw, i=1,...,n—1, (1)
dx, = (u+ fut, x))dt + gn(t, x)dw, (2)
y = 0(t)x, (3)

where x = (x1,...,x,)) € R, u € Rand y € R are the system
state, control input and measurement output. The functions f; :
RT xR'" - Rand g : RT x R* — R are piecewise
continuous in ¢, locally bounded and locally Lipschitz continuous
in x uniformly in t € RT, fi(t,0) = 0, g(t,0) =0,i=1,...,n.
The sensor sensitivity 6(t) is an unknown continuous function
of t € R™. w is an r-dimensional independent standard Wiener
process defined on the complete probability space (§2, ., %, P)
with a filtration #; satisfying the usual conditions (i.e., it is
increasing and right continuous while .%, contains all P-null sets).
For system (1)-(3), we need the following assumptions.

Assumption 1. There exists an unknown positive constant c (c is
called the unknown growth rate) such that

it x)l < c(xal + -+ - + [xil), (4)
Igi(tvx)l =< C(|X1| +---+ |xi|)7 i= ]7-"7n- (5)

Assumption 2. The sensor sensitivity 6(t) is an unknown contin-
uous function satisfying 6(t) € [1 — 0,1+ 6], where 0 < 6 < 1
is the allowable sensitivity error.

Remark 1. As demonstrated by Deng and Krstic (1999, 2000), Li
and Liu (2017), Li et al. (2011), Liu and Zhang (2006), Liu et al.
(2007) and Wu et al. (2009), the linear growth condition (4)-(5)
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in Assumption 1 is a natural condition frequently used to solve
the output-feedback control problems of stochastic nonlinear
systems. In addition, as shown in Chen et al. (2018), Assumption 2
is crucial to guarantee the stability of system (1)-(3). However,
it is obvious that system (1)-(3) is substantially different from
those in Chen et al. (2018), Deng and Krstic (1999, 2000), Li and
Liu (2017), Li et al. (2011), Liu and Zhang (2006), Liu et al. (2007)
and Wu et al. (2009). Unlike Deng and Krstic (1999, 2000), Li
and Liu (2017), Li et al. (2011), Liu and Zhang (2006), Liu et al.
(2007) and Wu et al. (2009), there is sensor sensitivity 6(t) in (3),
which is neither known nor differentiable. Different from Chen
et al. (2018), stochastic noise exists in (1)-(2) (the noise w is
an r-dimensional independent standard Wiener process), and the
growth rate c of the drift terms and diffusion terms is unknown,
see (4)-(5).

The objective of this paper is to design an adaptive output-
feedback controller for system (1)-(3) such that the closed-loop
system has an almost surely unique solution on [0, +00) and
that regulation to the equilibrium at the origin of the closed-loop
system is achieved almost surely.

3. Adaptive output-feedback controller design
In this section, we first design an observer and then design an

adaptive output-feedback controller for system (1)-(3).
Firstly, we choose suitable design parameters a; > 0 and

b; > 0,i=1,...,n, such that the matrices A and B are Hurwitz,
where
—a 1 ... 0 0 1 . 0
A= : Co ilp=] : o
—p; 0 o 1 0 0 . 1
—a, 0 --- 0 —b, —bpq --- —by

(6)

For any positive constant o, there exist P = PT and Q = QT
satisfying

A'P + PA < —2I, (7
DP +PD > 0, (8)
B'Q 4+ QB < 2y, 9)
DQ +QD > 0, (10)
where D = diag[o,1+o0,...,n—1+0].
For system (1)-(3), we construct the following observer
)A(1 :)A(z—LaﬂA(], (11)
;(2 = )?3 — Lzaz)’h, (12)
X = U — ["aky, (13)
where L(t) > 1 is a dynamic gain to be designed later.
Introducing the following coordinates
Xi—X
o=t =1, (14)
X1 )/2,' u .
1= —,zi=——, V=—-—,1=2,...,0, 15
1 [o> L:—1+0L671 v oLl (15)

and choosing the output-feedback controller as
v=—bl™y —by1z2 — -+ — brza_1 — b1z, (16)
then from (1)-(3) and (11)-(16) we have

L
de = (LAe +1"%ax; — LDe) dt + F.dt + G.dw, (17)

dz = (LLOBz + LLoB,ba(1 — 6(£))21 + LDses

L L
+ =Dier —21) - iDz)dt+det+GZdw, (18)
0
where Ly > 1 is a constant gain to be designed, e = (e, ..., e,)’,
z=(z1,....,z2),a=(a;,...,a,)", D, =(1,0,...,0)" and
0 1
0 a, wh
. ia sz
. L 3 [1+o
Bp=|: [, Di=| "7 , Fe= ) , (19)
0 : :
L 1 %an ﬁfn
LO
_ 1
wh ?gl =&
0 [T+o 82 0
F, = . s Ge - . P Gz - . . (20)
L 0 ﬁgn 0

Remark 2. The observer (11)-(13) and the controller (16) is
different from those in Deng and Krstic (1999, 2000), Li and Liu
(2017), Li et al. (2011), Liu and Zhang (2006), Liu et al. (2007)
and Wu et al. (2009), in the sense that the information of x; is
not used. Since the sensor sensitivity 6(t) in (3) is unknown, the
information of the state x; is unavailable and it cannot be directly
used in constructing the observer and controller.

Choose the Lyapunov function
Vi(e, z) = (m; + 1)e"Pe 4+ 27 Qz, (21)

where m; = |Q|?|al?.

In the following theorem, a new stochastic adaptive dual-
domination approach is developed to solve the stabilization prob-
lem of system (1)-(3). Specifically, a dynamic gain L(t) and a
constant gain Lo are suitably chosen to dominate the unknown
growth rate ¢ and the unknown sensor sensitivity 6(t), respec-
tively. The proof of this theorem can be found in Appendix B.

Theorem 1. For system (17)-(18), if the allowable sensitivity error

satisfies 0 < 6 < min{1, m} and Assumptions 1-2 hold, using
the gains L(t) and Lo defined by
N 2
: X1\2 y
L=<—)+ — Y ), wo=1 22
o ((1—9)L") (0) (22)
my+ ki + 1
Lo > max{l, ”inﬁ 12|P|2}, (23)
ol

the unknown growth rate ¢ and the unknown sensor sensitivity 6(t)
is dominated in the sense of the Lyapunov inequality

£V < _<L(ml +1)—’<2—’<3)(|Z|2+|€|2), (24)
where
p =1-Db,0/Q], (25)
ki = 4+ 41Q° 4 2/al|Q| + 2(my + 1)|P*|al?, (26)
ky = (2c 4+ c®)|Q| + (cA(n + )n® + cn)(m; + 1)

n

APy L3 (27)

i=1

ks = (c2(n+ 1)n® + c(n?® + 203 ))(m, + 1)|P). (28)

Remark 3. If the growth rate c of the drift terms and diffusion
terms is known, Assumption 1 reduces to the norm assumption
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frequently used in the output-feedback control of stochastic non-
linear systems, such as that in Deng and Krstic (1999, 2000), Li
et al. (2011), Liu and Zhang (2006), Liu et al. (2007), Sun, Shao,
Chen, and Meng (2018) and Wu et al. (2009). In this case, from
(27)-(28), ky and k3 are completely known. Then, a constant gain

rather than a dynamic gain, can be chosen as L > lﬁﬁfﬁ to make

£V in (24) negative definite. From Theorem 1.1 in Deng and
Krstic (1999), system (1)-(3) is globally asymptotically stable in
probability. However, from Assumption 1, the growth rate c is
completely unknown in this paper, which means that k, and ks
in (24) are unknown. In this case, the stability analysis of system
(1)-(3) becomes challenging since the negative definiteness of
£V in (24) cannot be ensured. To deal with this difficult prob-
lem, a dynamic gain L(t) is introduced in (22), and an elaborate
stability analysis process is developed in the next section.

4. Stability analysis

In this section, we focus on the stability analysis of the closed-
loop system (1)-(3), (11)-(13), (15)-(16) and (22)-(23). Before
giving the main results, we first present three fundamental propo-
sitions. Specifically, Proposition 1 characterizes the existence
and uniqueness of a global solution to the closed-loop system.
Then Proposition 2 proves the boundedness of L(t) on [0, +00),
which is crucial in the whole stability analysis process. After that,
Proposition 3 focuses on the property analysis of z, e.

Proposition 1. If Assumptions 1-2 hold, then the system composed
of (17)-(18) and L(t) in (22) has an almost surely unique solution
(L(t), z(t), e(t)) on [0, +00).

Proof. The proof is given in Appendix C.

Proposition 2. If Assumptions 1-2 hold, then L(t) defined in (22) is
bounded on [0, +00) a.s.

Proof. Denoting 2, = {lim;_ ., L(t) = 400}, we suppose
P{£21} > 0. By using the nonnegative semimartingale con-
vergence theorem in Lemma A.3, we get a contradiction. Thus,
P{£2;} = 0, which means that L(t) is bounded on [0, +0c0) a.s.
The detailed proof process is given in Appendix D.

Proposition 3. If Assumptions 1-2 hold, then z and e are bounded
on [0, +00) a.s. Meanwhile, fo+°° |z|%dt < +oo as. and [ |e|*dt
< 400 as.

Proof. The proof of this proposition includes three steps:

Step 1. We first introduce two new coordinate transformations
with Ly and L* to rescale the (xq, %5, ..., X,)-system and (x; —
X1,..., X, — X,;)T-system as e-system and £-system respectively,

where ¢ = (e1,..., &), & = (&1,...,&) and L* is a design
parameter.

Step 2. We then prove
LV3(e, ) < —lel” — |E1° + (2my + m3)L(t), (29)
where Vs(e,£) = &'Pe + £TP&, my and ms are two positive
constants.

Step 3. We finally use the nonnegative semimartingale conver-
gence theorem to prove

+o00
/ (le]? + |z|*)ds < 400 a.s. (30)
0

z and e are bounded on [0, +00) a.s. (31)

The detailed proofs of Steps 1-3 are given in Appendix E.

Remark 4. From (E.37) and (E.38) in Appendix E, we obtain that
the new adaptive law L in (22) can dominate the terms arising
from unknown state x;, which is crucial for stability analysis.

Remark 5. From (24), we know that the proof of boundedness
of z and e is a difficult problem with the effect of the unknown
constants k; and ks. In the proof of Proposition 3 (see Appendix E),
a new domination approach is developed to prove boundedness
of z and e. Two constants Ly and L* are introduced in (E.1) and
(E.2) to dominate the unknown terms. Specifically, as proved in
Theorem 1, Ly can dominate the unknown sensor sensitivity 6(t);
L* is elaborately constructed in (E.3) to dominate L(t), L, and
unknown terms arising from unknown growth rate c. Combining
this domination approach with the nonnegative semimartingale
convergence theorem, the boundedness of z and e is proved.

Based on Propositions 1-3, we now give the main results on
stability analysis for system (1)-(3) in the following theorem.

Theorem 2. For system (1)-(3), if the allowable sensitivity error
satisfies 0 < 6 < min{1, m} and Assumptions 1-2 hold, using

the observer (11)-(13) and controller (16) with the gains L(t) and
Lo defined in (22)-(23), the following conclusions hold:

(1) The closed-loop system composed of (1)-(3), (11)-(13), (15)-
(16) and (22)-(23) has an almost surely unique solution on [0, +00)
for any initial condition (xo, X9) € R" x R";

(2) The closed-loop system is almost surely regulated to the equi-
librium at the origin. Specifically, lim;_, ;o X(t) = lim;_, ;o X(t) =
0, as., where X = (X1, ..., ).

Proof. From Propositions 1-3, we obtain that the closed-loop
system composed of (17)-(18) and (22)-(23) has an almost surely
unique solution (L, e, z) on [0, +00) and (L, e, z) is bounded on
[0, 400). By (14)-(15), conclusion (1) holds.

From Proposition 2, we know that L(t) is bounded on [0, 4+00)
a.s. By (14)-(15) and Proposition 3 we have
+00
/ (1x)2 + %)%)ds < +00 as.; (32)
0

x and x are bounded on [0, +00) a.s. (33)

Noting the drift terms and diffusion terms in the closed-loop
system composed of (1)-(3), (11)-(13), (15)-(16) and (22)-(23)
are local bounded in x and X, from (32)-(33) and Lemma A.4 we
obtain lim;_, 4 oo X(t) = lim;_, 1o X(t) = 0 ass.

5. Two simulation examples
In this section, we give two simulation examples to show the
effectiveness of the control scheme developed in the last two

sections.

Example 1. Consider the following system

dX] = det + C]X]da), (34)
dx, = udt + In(1 + (xﬁ)c2 )dt + c3 sin(x;)dw, (35)
y = 0(t)x, (36)

where 0(t) = 1+ 0.25|sin(10t)|, ¢, ¢c; > 1 and c¢3 are unknown
constants.

It is obvious that

[c1x1| = c1lx4], (37)
In(1+ (x3)?)| < (2c; — Dlxa], (38)
[c3 sin(xq)] < c3|x4]. (39)
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Fig. 1. The response of the closed-loop system (34)-(36) and (40)-(43).

From (37)-(39), Assumption 1 is satisfied with ¢ = max{2c, —
1, cq, C3}.

Choosing the parameters a; = 2,0 = 1, by
= 1,b, = 025 06 = 0.4, by (9)-(10) we obtain ﬁ
0.4350. From the definition of # in Theorem 1 we have 0 <
6 < min{1, 0.4350} = 0.4350. By Assumption 2 we get 0(t) €
(0.5650, 1.4350), which means that 6(t) = 1 + 0.25|sin(10t)|
satisfies Assumption 2.

By following the design procedure developed in Section 3 and
choosing c; = 1,¢c; = 2,¢c3 = 1.5, [ = 15.7, we can get the
observer and controller as

)}2 =u-—- szcl, (41)
u = —61.62251%y — 15.71%;, (42)

. )’e‘l 2 y 2
L= <L0-4> + (O.75L°~4> ' (43)
In the practical simulation, we randomly set the initial conditions
as x1(0) = 1, x(0) = —6, X1(0) = —4, X,(0) = 5, [(0) = 1.
The response of the closed-loop system (34)-(36) and (40)-(43)
is given in Fig. 1. From Fig. 1, we observe that lim;_, ,, x1(t) =
lim; s oo X2(t) = lime_ oo X1(t) = lim;_, ;oo X2(t) = 0, a.s., from
which the effectiveness of the controller is demonstrated.

Example 2. Consider the one-link manipulator which contains
motor dynamics and stochastic disturbances; see Fig. 2. The sys-
tem is described as in Chen, Jiao, Li, and Li (2010) and Xue, Zhang,
Zhang, and Xie (2018)

D + Bq + N'sin(q) = 7, + 1,
Mi, + Hty = u — Kng,

where g, ¢, § denote the link position, velocity and acceleration,
respectively. 7, is the torque produced by the electrical subsys-
tem, and ty = ¢ sin(q)w is the torque disturbance with unknown
constant c; and the torque stochastic disturbance w defined in
system (1)-(3). u is the control input used to represent the
electromechanical torque. D is the mechanical inertia, B is the
coefficient of viscous friction at the joint, N is a positive constant
related to the mass of the load and the coefficient of gravity, M
is the armature inductance, H is the armature resistance, and Ky,
is the back electromotive force coefficient.

Fig. 2. Model of one-link manipulator.

Introducing x; = MDq, X, = MDq, X3 = Mt,, (44)-(45) can be
transformed into

dX] = det, (46)
dx, = xsdt — (Zxy + MNsin( 1) )de
S D"’ MD
. X1
Msin[ -~ )dw, 47
+ ¢ Sm<MD> w (47)
K H
dx3 = udt — [ — — dt 48
X3 = U <MDX2 + Mx3> , (48)
y = 0(t)x, (49)

where 6(t) = 14 0.09|sin(t)], c; > 0,B > 0and H > 0 are
unknown constants. We choose D = 1 kg m?, N = 4, M = 0.5H,
Kn = 1 N m/A. It can be verified that Assumption 1 is satisfied
with ¢ = max{£, ¥, %‘, 1’;,—”5, gy,

Choosing the parameters a; = 1.5,a, = 0.75,a3 = 0.125,
by = 3,b, = 3,b3 = 1, 0 = 0.3, by solving the matrix

inequalities (9)-(10) we get b37Q| = 0.0992. From the definition

of 6 in Theorem 1 we have 0 < 6 < min{1, 0.0992} = 0.0992.
By Assumption 2 we get 6(t) € (0.9008, 1.0992). It is obviously
that 6(t) = 1+ 0.09]|sin(t)| satisfies Assumption 2.

By following the design procedure developed in Section 3 and
choosing ¢; =2,B=1Nms/rad,H = 0.5 2, [, = 17.2, we can
get the observer and controller as

(50)
(51)
(52)

% = & — 1.5I%,,
Xy = X3 — 0.750%%,,
X3 = u — 0.125L3%,
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30 —
X, | X4
® " 4 20 &
% ’ 5 19 ’
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Fig. 3. The response of the closed-loop system (46)-(49) and (50)-(54).

—5088.4L3y — 887.52L?%, — 51.6L%;,

X 2 y 2
(LT3) +<0.91L0»3) '

In the practical simulation, we randomly set the initial conditions
as x1(0) = 0.35, x3(0) = —1, x3(0) = 4, X1(0) = 5, X,(0) = —1.5,
x3(0) = —6, [(0) = 1. The response of the closed-loop system
(46)-(49) and (50)—(54) is given in Fig. 3. From Fig. 3, we observe
that lim,_, ;o0 Xi(t) = lim_ 1o Xi(t) = 0, as., i = 1,2, 3, from
which the effectiveness of the controller is demonstrated.

S
I

(53)

(54)

Remark 6. It can be observed from Examples 1-2 that the system
(34)-(36) and (46)-(49) are both with time-varying sensor uncer-
tainty, unknown growth rate and stochastic noise simultaneously.
For the output-feedback control of the system (34)-(36) and
(46)-(49), the method in Chen et al. (2018) fails since there are
unknown growth rate and stochastic noise in the studied system.
Although the method in Lei and Lin (2006), Li and Liu (2017) and
Yan and Liu (2011) can deal with the unknown growth rate, their
adaptive observer designs require y = x; to construct an estimate
error in the stability analysis. In other words, the existence of
time-varying sensor uncertainty in system (34)-(36) and (46)-
(49) makes the observers in Lei and Lin (2006), Li and Liu (2017)
and Yan and Liu (2011) inapplicable since x; is unavailable. Our
control schemes (40)-(43) and (50)-(54) have the following novel
features: (1) To overcome the difficulties caused by the time-
varying sensor uncertainty, our adaptive observers are driven
only by the input u, not using the information of output y;
(2) We design new adaptive laws (43) and (54) for the dy-
namic gains in the observers and controllers, which dominate the
nonlinear terms arising from the controllers and unknown state
X1. By using advanced stochastic analysis techniques developed
in Propositions 1-3 and Theorem 2, we prove that the control
schemes (40)-(43) and (50)-(54) solve the output-feedback sta-
bilization problems for system (34)-(36) and (46)-(49). It should
be emphasized that our control schemes are not routine combi-
nations of the existing methods in Chen et al. (2018), Lei and Lin
(2006), Li and Liu (2017) and Yan and Liu (2011). In fact, when
the time-varying sensor uncertainty and the unknown growth
rate simultaneously appear in stochastic systems, the observer
design and the stability analysis are completely different from
that in Chen et al. (2018), Lei and Lin (2006), Li and Liu (2017)
and Yan and Liu (2011) due to the effect of stochastic noise.

6. Concluding remarks

In this paper we have addressed the adaptive output-feedback
stabilization problem of stochastic strict-feedback systems with
sensor uncertainty. In contrast to the previous work, the system
model studied in this paper is more general since it considers
sensor uncertainty, unknown growth rate and stochastic noise
simultaneously. In fact, even when there is no noise in the system,
the results in this paper are new and more general than the exist-
ing results since this paper considers an unknown growth rate. To
solve the output-feedback stabilization problem, we first design
a new observer, which is driven only by the input u, not using
the information of output y. Besides, we construct a new adaptive
law for the dynamic gain in the observer, which dominates the
nonlinear terms arising from the controller and unknown state x;.
We then develop a stochastic adaptive dual-domination approach
to design an adaptive output-feedback controller. For the stability
analysis, we propose a new domination approach in Proposition 3
to prove the boundedness of the closed-loop system, and use
advanced stochastic analysis techniques to prove that the closed-
loop system has an almost surely unique solution on [0, 4+00)
and that the closed-loop system is almost surely regulated to
the equilibrium at the origin. It is worth emphasizing that the
existence of stochastic noise and unknown growth rate makes the
stability analysis in this paper much more involved and difficult
than that of Chen et al. (2018), Jiang, Xie, and Zhang (2019), Sun
et al. (2018) and Xie and Jiang (2019).

For the adaptive output-feedback control of stochastic non-
linear systems, many important issues are still open and worth
investigating, such as the adaptive output-feedback controls in
the case when there are uncertain parameters in the studied
systems, using the control scheme developed in this paper to
solve the adaptive output-feedback control problems of stochastic
underactuated mechanical system (Li, Liu, & Feng, 2017) and
random benchmark systems (Li, Liu, & Feng, 2020), etc.
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Appendix A. Useful tools

In this part, four lemmas are collected, which are frequently
used in the controller design and stability analysis.

Lemma A.1 (Krstic & Deng, 1998). For (x,y) €
Young’s inequality holds:

R?, the following

vP 1
xy < —xIP 4+ —yl, (A1)
p qvi

where v > 0, the constants p > 1 and q > 1 satisfy (p — 1)(q — 1)
=1

Lemma A.2 (Yang & Lin, 2004). For p € [1,400) and any x; €
R,i=1,...,n, the following inequality holds:

(X1l 4 4 [xa)? < 0P (11 P+ - - A+ [xa]P). (A2)

Lemma A.3 (Mao, 2008). Let «/(t),t > to and %(t),t > to be

two 1-dimensional continuous adapted increasing processes with
o(tg) = % (ty) = 0 a.s., #(t), t > ty be a 1-dimensional continuous
local martingale with % (ty) = 0 a.s., and & be a nonnegative %, -
measurable stochastic variable. If % (t) £ &+a7/(t)—% (t)+#(t), t >
to is nonnegative, then

t—+00

{[lirll A(t) < +oo} - { lim #(t) exists and isﬁnite}
——+00

{tllm w(t) < +oo} as. (A.3)

Lemma A4 (Li & Liu, 2017). Suppose that system dx = f(t, x)dt +
g(t, x)dw has a unique solution on [ty, +00), and that f(t, x) and
g(t, x) are locally bounded in x € R" uniformly in [ty, +00). If the
solution x(t) of the above system satisfies

(i) x(t) is bounded on [to, +00) a.s.; and

(i) lime o0 fr X(s))ds exists and is finite a.s. with o €
C(R", R), then llmf_)+oo a(x(t)) =0as.

Appendix B. Proof of Theorem 1

Step 1. We first prove that V, satisfies (24)
Denoting Vy1(e) = e’ Pe, from (7)-(8), (17) and (22) we obtain

L
LVi(e) < [(LAe + 1" %ax, — iDe)TPe + e'P(LAe
L
FL%ax, — EDe)] + 26" PF, + |P||Go?

L
< —2Lle]® + 2L e Pax; — EeT(DP + PD)e

+ 2€"PF, + |P||Ge|?
< —2Lle|? 4+ 2L'°¢ Pax, + 2" PF,
+ |P||Ge 2. (B.1)
Similarly, let Vq5(z) = z7Qz, from (9)-(10), (18) and (22) we get

LVia(2) < (LL()BZ + LLyB,b,(1 — 6(t))z1 + LDye,
L L \' ;
+ FD](E] —2z1) — ZDZ Qz+2z'Q|LLyBz
0
L
+ LLyB,b,,(1 — 6(t))z1 + LDye;, — ZDZ

L
+ 7 Diler =z )) +2z"QF, + 1Q|IG,?
0

< —2LLo|z|* + 2LLoz" QB,ba(1 — 6(t))z1

L
+ 2ZTQ< Dyeq; + LDye; — fD]Z])

+ 22" QF, + Q|G (B.2)
By (21) and (B.1)-(B.2) we have
£Vy < =2L(my + 1lel? + 2L (m; + 1)e” Pax;
+2(my + 1)e" PE, + (m; + 1)|P||G|?
— 2LLo|z|? + 2LLoz" QB,ba(1 — 6(t))z

L L
+ ZZTQ(FD1€1 + LD,e; — fD1Z1>
0 0

+22"QF, +1QJIG, . (B.3)

Noting x; = L?z;, using Lemma A.1 with v = % p=q=2,
x = 2|e| and y = |P||a||z|, we have

2L (mq + 1)e Pax,

< 2L(my + 1)|P||alle||z1|

1
< EL(rm + 1le® + 2L(my + D)|PP|al|z]*. (B4)
By (4), (14) and (19) we get
|x 1| |X1] + [x2] [x1] + -+« + [xn]
|F | =c¢ ( LH—U +o Ln—1+l7
¢ <n|xl| (n — 1)|xz] L+ X >
- LH—a Ln—1+a

X1| (n = 1)(|1X2| + L' ey ])
[1+o +-

n IX | + 1" ey I))

[n—1+40 (B.5)

From Lemma A.2 we have
lea] + -+ + len] < e + -+ len| < V/nlel. (B.6)
It follows from (15) and (B.5)-(B.6) that

|Fel = C(nllll +(n—Dlolza| + -+ + L§ |z

+(n— 1)«/ﬁ|e|)
< c<nZL§;1|z,-| +(n— 1)ﬁ|e|>. (B.7)
i=1

From (B.7) we obtain

n
2(my + 1)e’ PF, < 2c(m; + 1)le]|P| <n > Ll
+(n— 1)«/ﬁ|el)

< 2cn(m; + 1) |P|< ZLZ’ |z|?
n+2yn, ,
#Iel

_l’_
< c(n® +2n3 )(my + DIP|lef?
n
+en(my + 1)IPL Y 1371z, (B8)
i=1

From (5), (14)-(15) and (20), taking a similar process as in (B.5)-
(B.7) we get

IGe| < C<nZL§;1lz,—| +(n— 1)~/ﬁ|e|>, (B.9)
i=1
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which and Lemma A.2 implies

(my + 1)IP||G.|?

n
<A+ Hn(m; + 1)|P|<Z 1272122 + |e|2>. (B.10)

i=1

By (19) and Lemma A.1 we have
T L T
2z QfDlel + 2z QLDzez
0

L
= 2.-1QlID1llealz] + 2LiQ]lz]le: |
0

L 4L L
< —1QPIDsPler)* + 5 1z* + —leal® + 4LI1Q |2
4 2 4

Lm1
4

=

4L L
lel? + 51217 + = lel? + 4LIQ[|zI?
Ly 4

E 2 ﬂ 2 21,12
< Z0mi+ Dlel® + S 1z1° + 4L1Q 2| (B.11)

0
and

2lalL
lal (B.12)
0

—2zTQ£D 71 < 2£ Dq||z)? < == 2
1zZ1 < 2—|Q|ID4]Iz]* < 1Qllz]*,
Ly Lo L

where [D;] < (X", a?)2 = |a], |Dy| = 1.
From (4)-(5), (15) and (20), using Lemma A.1 we have

22"QF, + 1Q|IG.|* < 2¢|Qllz|* + c*[Q]|z|?
=(2c +c*)Qllz.
Substituting (B.4), (B.8) and (B.10)-(B.13) into (B.3) we get

(B.13)

2V = =2 my+ el +(@(n+ 100 + (0 + 20
(my + DIP|[el? + 2Lm; + DIPPlal|2I?
+ (A(n+ 1)n’ + cn)(my + 1)|P| Xn:Lé"’2|z|2
i=1
~ 205(1 ~ byf1 — 6OlIQDIZP + (35 + 4l
0

2lalL

+L0

Q1+ (2 + el ) 2. (B.14)

By Assumption 2 and the definition of & we have

1>1—by1—06(t)-1Q| > 1—b,0|Q| = p > 0. (B.15)

By (B.14)-(B.15) we get
_ 4+41QP +2(my + 1)|P|a)?
Lo

(41 4 en)(my + DIP YL 1
LLo

2allQ]  (2c +c?)Q] 5 5L
- Lo - LLo >|Z| - (Z(TTH +1)

2V < =Ly (2,0

— ((n + 1)n® + c(n® + 2n7 ))(m, + 1)|P|) lef?

- (L(m1 +1)— k3>|e|2, (B.16)

where ki, k; and ks are defined in (26)-(28). By (23) and (B.16)
we get (24).

Step 2. We then prove that the unknown growth rate c and the
unknown sensor sensitivity 6(t) can be dominated by (22) and (23).

From (22), (24) and (27)-(28) we know that the dynamic
gain L(t) can dominate the unknown k; and ks arising from the
unknown growth rate c. From (23) and (25), we can observe that
larger allowable sensitive error 6 yields larger Ly, which means
that the constant gain L, can dominate the unknown sensor
sensitivity 6(t).

Appendix C. Proof of Proposition 1

For the system composed of (17)-(18) and L(t) in (22), it is
obviously that the drift terms and diffusion terms satisfy the
local Lipschitz condition. Therefore, by Theorem 3.15 in Mao and
Yuan (2006), the considered system has an almost surely unique
solution (L(t), z(t), e(t)) on [0, tr), where tf = lim,_, inf{t >
0 : |z(t)[+]e(t)|+|L(t)| = t}.In the following, we prove t; = +o00.

Substituting (3) and (14)-(15) into (22) yields

. )}1 2 y 2
= —_— + p—
() + ()
IORY
=(21—e1)2+<1_é) z2 (C.1)
By Assumption 2, Lemma A.2 and (C.1) we have

, 1+6)\°
Lssz—i—Zeﬁ—i—(]jL—é) z2

< Mo(Iz* + lel?), (C2)

where Mg = 2 + (%)2.
Choosing V, = V; 4 51 with A =
we have

%, from (24) and (C.2)

LV, < —(Umy + 1) — ky — k3) (|z]* + |e]?)

1 2 2
+ 5 Mol(|z|” + le|")

=— (L (m1 +1-— %) —ky — k3> (I1z* + [e]?)

= (ky + ks )(1z* + le]). (C3)
From (C.3) and the definitions of V; and V, we get
k k
2V, < 2 + X3 Vs. (C4)
Amin{Q} A (M1 + DAmin{P}

By (C.4) and Theorem 3.19 in Mao and Yuan (2006), we obtain
tr = +o00.

Appendix D. Proof of Proposition 2

Denoting £2; = {lim;, 1 L(t) = 400}, we suppose P{£2:} >
0. Defining the stopping time
kz + k3
my + 1 '

It is obviously that o < 400 a.s. on £27. From (17), (18), (21) and
(24) we have

(D.1)

U:inf{fZOIL(t)Z

3V v
16, + —1cz> dw

Vi(t) = V1(0) +/ LV4(s)ds +/ <
0 o \ de 0z

tAo t
= V1(0)+/ $V1(s)ds+/ LVi(s)ds
0 tAo

Lrav 1%
+f (—lce T 162) dw
o \ de 0z
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< V4(0) +/ (ks + ks — L(my + 1)1z + Je[2)ds
0

—/ (Lmy + 1) — ks — ks)(J2I2 + le2)ds

Ao

LoV A%
+ /0 <¥Ge + 876z> do
= V1(0) + (1) — 2(t) + 7A(t). (D.2)

It can be easily shown that .« (t) and %;(t) are two continuous
adapted increasing processes with «7;(0) = %4(0) = 0.
For k € Z*, defining the stopping time

o, =kninf{t > 0: |e| + |z| > k}, (D.3)
then from (17)-(18), (21) and (D.2) we have
7(t A o)
t oV, vy
= /.S X{0<s<oy) <¥Ge + g@) dow
t
= / Xi0<s<oy)(2(m1 + 1)e' PG, + 22" QG )dw. (D.4)
0

On the other hand, it follows from the definitions of G, and G, in
(20) that

t
E {/O X{o<s<op (2(m1 + 1)e" PG, +22TQGZ)2dt} <400, (DJ5)

by which and Theorem 5.14 in Mao (2008) (P.25), we obtain that
#1(t A oy) in (D.4) is a martingale.

Noting that {o}} is nondecreasing and lim_, y» oy = +00 a.s.,
we know that the continuous adapted process #4(t) is a local
martingale.

From (D.2) we have

o
lim mm:/ (ks + ks — Lmy + D)([2P + le[2)ds
t—-+oo o

< 400 a.s. on £24. (D.6)

By (D.2) and (D.6), using Lemma A.3 we get
+00
lim 2(t) :/ (L(my + 1) — ky — k3)(|z|? + |e|?)ds
t—+o00 o

< +00 a.s. on £24. (D.7)

Defining the stopping time

kz —+ k3 —+ 1

mi —+ 1 ’

We can obtain that 0 < & < +00 a.s. on £21. Then from (D.7) we
have

+0o0
[ (12 + JeP)ds

+00
< / (Lmy + 1) — ky — ks)(J2I? + le2)ds

&= inf{t >0:L(t)> (D.8)

+o0
< f (Lmy + 1) — ks — ks )2 + le[2)ds

< 400 a.s. on £24.

It follows from (C.2) and (D.9) that

(D.9)

+00

L(+00) — L(§) = f Lds

’ +o0
< Mo[ (1212 + le*)

< 400 a.s. on £24, (D.10)

which is a contradiction. Thus, P{£2} = 0, which means that L(t)
is bounded on [0, +00) a.s.

Appendix E. Proof of Proposition 3

Step 1. We first rescale the (X1, X, ..., Xn) -system and (x; —
R1, ..., X, — Xp) -system as e-system and E-system respectively,
where e = (g1, ..., &) and &€ = (&4, ..., &)\

Introducing the change of coordinates

X1 Xi

81=Fv€i=W, i=2,...,n (E.1)
and

Xi — X .
§= Dy = leeen (E2)

where L* is a constant satisfying

12L(+00)y/n — 1|P|al
: L ,

L* > max{L(+oo)

1 : 2i—2 2 3 . 2i—2
E(l+cn|P|ZLo + A+ D’lP| Y L2 )

i=1 i=1
12c(c + 1)|P|

3cn?|P| + c2(n + 1)n|P| + 1, 3
0

n—1
12/ (ba(1+0) + Zb,-)|P|L(+oo)}. (E3)
i=1

It can be deduced from (1)-(3), (11)-(13) and (E.1)-(E.2) that
d{;‘l = (L*Loé‘z — L*Loa181 4+ L*r‘;:z + L*Loa]81)df

1 1
—fidt + L—g1dw, (E.4)

[*o *0

+

LZ
dey = (L*L083 — L*Loazer + ——a261 + L*Loazeq
L,

LZ

- mazx])dt, (E5)
. ) * )
de, = (W — L*Loayeq + WCI“&
n
%
+ L"Loaner — Wan){])dt (E6)
and that

La
dé; = (L*é;'z — L*a1& + L*a16; — Lay&y + LT:’“)‘#

fi 81
+ L*Tdt + LTGdLl), (E7)
1? [%a
dé; = <L*§3 — L'axd1 + L'azy — okt WTZUM) de
f J:5}
+ [*1+0 dt + [*¥1+o dw’ (E'S)

n

d&, = L*ané, [ ané + [nito x1 + L*ay&y )dt

+ fa dt + &n

[*n—1+0

do (E.9)

[#n—1+0 !
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Let & = (&1,...,8,) and &€ = (&4, ...,
have

ds = (L*Ler + LTag, + L*Lyas, + L*Dyky — LIas

+B, )dr + Fdt + G do

L*n71+rrLg—1

and

dé = (L*A& + L*a&; — LMa&, + LMag )dt
+ F*dt + G'dw,

&), from (E.4)-(E.9) we

(E.10)

(E.11)

where I” = diag|0, L*L (mo)" ', M = diag[1, £,
()"l and
[ mh 81
0 0
Fr = . G = , (E.12)
L O 0
rof &1
*¥o *o
FF=| : |, ¢= (E.13)
fn _ &
L n-Tro p—T+o
Step 2. We then prove
LV3(e, ) < —lel” — |E1° + (2my + m3)L(t), (E.14)
where Vsi(e,&) = &"Pe 4+ £TP£, my and ms are two positive
constants.

Consider the Lyapunov functions V3;(¢) = &' Ps for e-system

(E.10), using (7) we obtain
PVsi(e) < =2L%Lyle|? + 2Le" P agy + 2L*Lye" Pas,

—2Le"PIae; + 2L*e" PDy&; + 2¢" PFF
u

%2 T
PG+ 26TPB, ooy

(E.15)

Noting |D,| = 1 and |I'| < +/n— 1, by (E.3) and Lemma A.1 we

have
2Le"Prag, < |2Le"PIag,|
L 1
< 6(n—1)—|al*|PP&; + —L*Lo|e/?,
Lo 6
2L*LoeT Pagy < |2L*Loe" Pag;|
1
< 6L*Lolal?|P|%e? + EL*L0|8|2,
20%TPD, &, < 20T PD, &, |
L* 1
< 6—|PPPE2 + —L*Lyle|?,
L0| [°&; 5 olel
—2Le"PIagy < 2+/n — 1L|P||a]|e|?
< 1L*L le]?
— e,
=6 0
It follows from (4)-(5), (E.1), (E.3) and (E.12) that
26"PF; + |P||G:* < 2¢(c + 1)|P||e|?

< %L*Lo|e|2.
By (15), (16), (E.1), |B;| = 1 and Lemma A.2 we get
u
L*n—1+aLn*1

—LL*HL"I( baf(t)er — Zb

n i
8n+1—i)-

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

(E21)

From (E.3), |B;| = 1, Assumption 2 and Lemma A.2 we have

u

T
2¢e PBz L*"71+”Lg_l

n—1

< 2LLolPllel (a1 + Dler] + Y bilensr-il)

i=1
< 21y by 1+9)+Z ) IPllel(leal + -+ leal)
n—1

< 2Lo v/ (by(1+0) +Zb)|P||s|2
< %L*LoleSIZ. (E22)
Substituting (E.16)-(E.20) and (E.22) into (E.15) yields that
LVa1 = ~L'Llel + 6(n = D laP PP}

+ 6L*Lolal?|P|*e? + 6£|P|2§22. (E.23)

For &-system (E.11), by choosing V3,(&) = £TP£ and using (7) we

get
LV3y(€) < —2L%|E|* + 2L*E" Pag; — 2LE" PMa,
+ 2LE"PMae; + 26 TPF* + |P||G*|2. (E.24)
Noting [M| < 4/n, by Lemma A.1 we have
2L*¢"Pag; < |2L*&" Pag, |
1
< 6L*|P|*|al’&] + gmsﬁ (E.25)
—2LeTPMag, < |2LET PMag, |

1
< 6LIPMal’&7 + gusﬁ

1
= 6nLIP*|al’s] + ZL'E I (E.26)
2LeTPMag, < |2LET PMae,|
1
< 6nL|P*|al*e? + 6L*|‘§|2. (E.27)

On the other hand, from (4)-(5), (E.1)-(E.2), (E.13) and Lemma A.1
we get

n
IF| < c(nng-l|s,-| +(n— 1)ﬁ|§|), (E28)
i=1
n
(= c(nZLz;He,w +(n— wﬁm). (E29)
i=1
Hence,
n
26"PF* < 3en?|P|I& 2 + cn|P| Y L3P el, (E.30)
i=1
n
IPIIG** < c*(n + 1)n3|P|(ZL§'*2|e|2 + |s|2). (E31)

i=1
Substituting (E.25)-(E.27) and (E.30)-(E.31) into (E.24) we obtain

3
LV3p < —<5L* —3cn’|P| — A(n+ 1)n3|P|> €17

+ 6L*|P|*|al*s} + 6nL|P|?[al*7
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n
+6nLIP|al’e; + (n+ 1)’ |P| Y L3 el
i=1

n
+enlPl Y L2l
i=1

Denoting Vs(e, £) =

(E.32)

V31(e)+ V3a(&), from (E.23) and (E.32) we get
ZV3

n
- (L*Lo — A+ 1P Y I3

i=1

n
2 _ cn|P| ZLéi_2> le|?
i=1

L*
6—|P|? )1€I?
L0| |>|€|

3
- <5L* —3en?|P| — c2(n+ 1)n®|P| —

+6(n — 1) Ial P&} + 6L"Lolal*|P|*e

+ 6L*[P|*|al® 51 + 6nL|P|al’€]
+ 6nL|P|?|al?e? (E.33)
By (23) we obtain 6%|P|2 < 3L*. From (E.3) and (E.33) we have
ZV3

6(n — 1)L* .
< —lel —EP + (Tlalzll’l2 + 6nL*|al?|P|?

+ 6L*|a|2|P|2)§12 + (6L*L0|a|2|P|2 + 6nL*|a|2|P|2)g%

= —le* — > + maE] + mae?, (E.34)
where
6(n — 1)L*
my = (“’L—) +6nL* + 6L*) lal?|P|?, (E.35)
0
m3 = (6L*Lo + 6nL*) |a|*|P|. (E.36)
From (E.1)-(E.2) we have
my(x1 — X1)> msxs
nglz + m38% = L*Za L*Zal
2m 2 32
< ( 2 + m3)(X1 +X1). (E37)
[*20
By (3), (22), (E.37) and Assumption 2 we get
2 5 o\2
2 2 y X1
m m <(2m m —_— —
267 + maey < (2my +m3) ((l )L*”) +<L*<’>
2 5\ 2
X1
2my +m — ) +| =
= (em 3)[ (1-6)7 ) (L)
<(2my + m3)L(t) (E.38)
Substituting (E.38) into (E.34) yields (E.14).
Step 3. We finally prove
+o0
/ (le]? + |z|*)ds < +o00 as.; (E.39)
0
z and e are bounded on [0, +00) a.s (E.40)

From (E.10)—(E.11) and (E.14) we obtain

¢ V3 V3
2Vs(s)d —G* —G* | dw
/0 3(5)”/0 (a MY )

— V5(0) + (2my + ma)[L() — 1] — / (Iel? + 1 P)ds
0

V3(t) = V3(0) +

aV3 aV3
G* —G" ) dw
+f0 (ae T )

2 V3(0) + ah(t) — (t) + H3(0), (E41)
where
aAlt) = (2m; + my)L(E) — 11, (E42)
t
w(t) = / (el + | P)ds (E43)
0
[0V, Vs
i (t) _/O ( 3Gt e G )dw (E.44)

We can find that @4(t) and %»(t) are two continuous adapted
increasing processes with «4(0) = %5(0) = 0. Taking the similar
lines as the proof of #(t) to be a local martingale in Proposition 2,
we can prove that the continuous adapted process #5(t) is a local
martingale.

By Proposition 2 we have lim,_, . o, L(t) < +00 a.s. From (E.42)
we get

. “T 2(t) = (2my + m3)[L(+o0) — 1] < 400 a.s. (E.45)
— 400
It can be induced from (E.41), (E.45) and Lemma A.3 that
+00
lim 2(t) = / (le]* + |£1*)ds < +o0 ass., (E.46)
t—+o00 0
11m V3(t) exists and is finite. (E.47)

t—+

From (14)-(15), (
Vs(e, &) we get (E.39) an

E.1)-(E.2), (E.46)-(E.47) and the definition of
d (E.40).
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