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Control of Thermal Power Plant Combustion
Distribution Using Extremum Seeking
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Abstract— High demands for increasing robustness, safety, and
efficiency in thermal power plants are the main motivation behind
ongoing attempts to optimize combustion. This paper presents a
study of modeling and control of the combustion process in a
tangentially fired pulverized-coal boiler. It proposes an approach
to flame geometry and position control by means of reallocation
of firing. Such control ensures flame focus maintenance away
from the walls of the boiler, and thus prevents many unwanted
by-products of combustion. In addition, uniform heat dissipation
over mills enhances the energy efficiency and reliability of the
boiler. First, experimental data obtained from the 350-MW boiler
of the Nikola Tesla power plant, Serbia, are analyzed in detail.
This results in a model identification procedure using an adaptive
parameter estimation method. Second, constrained multivariate
extremum seeking (ES) is proposed in this paper, to optimally
tune boiler operation in order to maintain the desired flame
configuration in the furnace. Finally, the effectiveness of the ES
adaptive controller in the presence of disturbances is demon-
strated through simulations performed on the experimentally
identified model of the boiler.

Index Terms— Combustion distribution, disturbance
rejection, extremum-seeking (ES) control, temperature
distribution, thermal power plant.

I. INTRODUCTION

COAL-THERMAL power plants account for the majority
of power generation in the world. Energy efficiency and

consumption are very important topics at present. The power
generation market is focused on finding ways to enhance
energy systems, in terms of reducing losses and maximizing
availability and revenue. This paper considers temperature dis-
tribution regulation by reallocation of coal over mills as a way
of overcoming many challenges of the combustion process.
Due to constantly increasing demands of both consumers and
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the government, there are a number of papers dedicated to
modeling and sophisticated control technologies of thermal
power plant subsystems [1]–[4]. Given that combustion is one
of the crucial processes, combustion control optimization is
among the most important tasks. A proper control algorithm
can significantly increase the efficiency of the process, which
is one of the main goals in this type of systems. At the
same time, the consequence of a poor control algorithm is
low safety and reliability of the system. Namely, prolonged
exposure to high temperatures inside the furnace shortens the
lifetime of the components and can result in different types
of failures. Over 30% of all boiler failures are caused by high
temperatures. Whether the change is instant or gradual over
time, high temperature can lead to unwanted deformations and
material cracks. At the same time, the inevitable by-products
of the combustion process are deposits of soot and slag on the
walls of the boiler components. Soot and slag are products of
molten ash, which is located on surfaces that absorb heat by
emission. Large amounts of soot and slag in the bottom section
of the boiler contribute to higher temperatures and deposits
in the top section of the boiler. These deposits decrease the
heat transfer, along with the coefficient of efficiency [5].
Therefore, it is necessary to maintain the temperature inside
the boiler below the melting point of the ash, so that it can
be disposed of using the ash transport system. Additional
harmful products of combustion are oxides of nitrite, sulfur,
and carbon. Environmentalists are continually increasing their
demands when it comes to emissions of these oxides. Some of
the potential solutions involve fuel additives, alternative fuels,
and low NOx burners. Others employ more intelligent and
complex control algorithms.

In general, insufficient monitoring and inadequate control
are usually followed by boiler operation under the recommen-
dation of the manufacturer or experienced operators. Over the
past decades, many different approaches have been designed to
enable better monitoring and understanding of the combustion
process. From a theoretical point of view, expert knowledge
was shaped into computational fluid dynamics (CFD), as a
tool for analyzing the influence of different fuels, geometry,
and firing onto the combustion process [6]–[9]. Although CFD
is very useful for simulating different phenomena, it employs
large amounts of data and is, therefore, not convenient for
online procedures. In other words, CFD provides extensive
understanding of the process, but it is not too useful when it
comes to real-time use. As a response to this kind of theoretical
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initiative in terms of a complex and informative simulator,
many companies have made significant efforts to provide
appropriate sensors that would enable better monitoring of
the combustion process. For instance, modern sensor systems
(e.g., pyrometers) offer the possibility of visualizing the com-
bustion process using a 3-D temperature distribution [10].
They are used by the operator to perceive the behavior of
the system, but at the same time, they can be used for control
system enhancement. There are many papers that deal with
combustion process optimization. Some of them use the afore-
mentioned CFD in order to reduce the amount of ash in the
burning process [11]. Others combine genetic algorithms with
neural networks to achieve the highest boiler heat efficiency
based on modeling of the carbon burnout [12] or, with support
vector machines, to lower the NOx emission in selective
catalyst reaction equipped systems [13]. Novel approaches
combine parallel-type and cross-limiting-type techniques to
overcome the limitations of both [14]. Nevertheless, many
papers focus on only some of the problems. A more complex
approach is to adjust control signals so as to influence the
flame geometry, maintaining it as centralized and as symmetric
as possible. This would help overcome all the mentioned
challenges of the combustion process. However, controlling
temperature distribution is not an easy task. Since the physics
of the process is very complex, different modern optimization
tools have been tested in solving these requirements. Some
attempts have been made to approach this problem using
information about the bias of the flame from the center of the
furnace, as described in [15]. On the other hand, [16] presents
temperature distribution control using density function shaping
based on B-spline expansion and model predictive control.
In general, there are two main approaches. One relies on
detailed modeling of the process physics. As such, it is very
complex and not suitable for online application. The other
focuses on defining an appropriate model-free criterion and a
tool for its optimization.

We suggest the use of the extremum-seeking (ES) algorithm
as an optimization tool. Although the basics of ES were set in
the early 1920s, it was not until the end of 20th century that it
secured an important role in both theory [17]–[19] and practice
[20]–[23]. The aim of the Extremum seeking control (ESC)
is to design a control algorithm that drives the parameters of
the system toward their optimal value. For some systems, the
question of optimality is easily formulated, such as minimizing
the net power output [24]. For others, an objective function
is a result of thorough analysis of system behavior and
can be defined using available measurements. In either case,
the model of the system is not needed in the optimization
process, which is usually highlighted as an advantage of this
approach. On the other hand, the cost function can include
model and other dynamic related parameters of the system
[25]. The main drawback of this approach is its sensitivity
to model uncertainties. A widely known application of ESC
is optimization of the step response of combustion timing
for Homogeneous charge compression ignition engines [26],
antilock braking systems design [27], increasing the efficiency
in photovoltaic systems [28], and so on. ES was proved
successful in the optimization of thermal power plant boiler

operation, in terms of minimizing NOx production [29]. In
the absence of disturbances, ES performs model-free online
updates of controller parameters and asymptotically achieves
optimal steady-state performance. Since ES achieves exponen-
tial stability of a periodic solution that is O(1/ω)-close to the
optimal steady state, this exponential stability property also
achieves appropriate local robustness to disturbances (based
on a converse Lyapunov theorem and a standard robustness
argument for vanishing or nonvanishing perturbations), as long
as the disturbances are “uncorrelated” with the perturbation
signals in the ES algorithm (over either the finite period of
the ES perturbation or over the infinite time interval). If the
disturbance is stochastic whereas the ES perturbation signals
are deterministic, the analysis is less straightforward as neither
deterministic nor stochastic averaging alone can be applied.
A result of this nature was developed by Stankovic et al. [30].
There are also several applications of ES with disturbance
rejection. Satisfying ESC performance for a single mode-
locked laser under the influence of significant changes in the
birefringence is presented in [31]. Article [32] analyzes the
behavior of a variable-gain controller for motion control of
a wafer scanner in the presence of unknown periodic distur-
bances. However, a rigorous proof of ESC convergence in the
presence of disturbances imposes strict limitations. A robust
design of a numerical optimization-based ES algorithm is
presented in [33]. Reference [34] discusses the assumptions
under which ES guarantees convergence of a periodic steady
state using the concept of semiglobal asymptotic stability.
Reference [35] considers tracking ES controllers with an
adaptive control magnitude level sufficient for the suppression
of disturbances and uncertainties. A comparison of different
ES approaches and their convergence in application to energy
efficiency of a vapor compression system is provided in [36].

This paper presents an approach to modeling and control
of the combustion process in terms of regulating spatial
temperature distribution. First, a cross-correlation analysis of
measurement signals relevant to the combustion process was
performed. This offered better understanding of the influence
of firing on flame behavior, enabling a simpler model of the
system with doser speeds as inputs and temperature mea-
surements as outputs. Parameter estimation and model testing
were performed on real measurements obtained at the thermal
power plant Nikola Tesla, Obrenovac, Serbia. Second, analysis
of real process measurements enabled an adequate control
algorithm setup in terms of formulating the objective function.
One of the main contributions of the paper is the aforemen-
tioned cost function, which is carefully defined using only
real temperature measurements of the process, as a measure
of symmetry of the flame geometry. The ES approach was
used as a mechanism for the minimization of such function.
It provided optimal doser speeds and thus optimal coal alloca-
tion per mill. The proposed algorithm was tested in simulations
on the experimentally obtained model in the nominal state
and in the presence of a simulated disturbance. It showed
significant and promising results in both cases.

This paper is organized as follows. Section II pro-
vides a description of the combustion process and available
sensor system. Section III considers detailed process
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Fig. 1. Displacement of mills (M61–M66) and oil fuel burners (GM1–GM6)
in block A6 of thermal power plant Nikola Tesla, Obrenovac, Serbia.

analysis using the cross-correlation functions of different
relevant measurement signals. Also, it presents an iden-
tification procedure of a combustion model based on a
weighted recursive least square (WRLS) algorithm. This
model is further used in simulations concerning the analy-
sis of the proposed control algorithm in Section IV. Prior
to employing the gradient ESC algorithm, Section IV
introduces a flame geometry-based cost function, consid-
ering certain control constraints. The implementation of
the proposed control approach and relevant results are
presented in Section V. The conclusions are stated in
Section VI.

II. COMBUSTION PROCESS DESCRIPTION

The thermal power plant Nikola Tesla A (TENT A) is
located in Obrenovac, Serbia. It consists of six units with an
overall nominal power of 1650 MW. Lignite coal with a low
and variable calorific value (5000–9000 kJ/kg) is used as a
regular fuel in all six blocks. Auxiliary oil fuel is used in the
firing process and for supporting fire with low calorific value
coal firing. The unwanted by-products of the firing process are
large amounts of ash and slag, as well as the oxides of carbon
and nitrite, which increase environmental pollution.

This paper focuses on the combustion process in unit A6,
whose nominal power is 350 MW. The main control task is
to maintain the reference block power, while also controlling
the fresh steam pressure in front of the turbine. One way to
achieve this is to control the amount of coal and fresh air
inserted into the boiler. Fig. 1 shows the A6 unit with six
mills. The required amount of coal is, therefore, divided onto
six parts, giving the operators a certain degree of freedom
during partitioning. The mills are positioned so as to form a
tangential configuration of the furnace. Fig. 1 also shows the
displacement of the six oil fuel burners used to support fire
during ignition and some unexpected events.

Combustion air is introduced by means of a fresh air fan
and is used in several stages of the process. Lignite coal

Fig. 2. Structure of the firing process. Coal transportation from the bunker
to the boiler.

Fig. 3. Configuration of the pyrometer sensor system at 38 m of height:
three per side of the boiler.

is transported from a bunker, using dosers and mill feeders.
The amount of transported coal is proportional to the doser
speed. The coal is fed to the mill after partial drying in
a recirculation channel. Final coal drying, together with the
pulverization process, takes place inside the mill. The so-called
air mixture is forwarded to the mill separator. There, under
the influence of inertia, insufficiently pulverized particles are
extracted and returned back to the mill for repulverizing. The
aero-mixture consisting of dried coal and transport medium
is transported from the mill separator through the channels to
the burners. Fig. 2 shows the described coal grinding process.

During reconstruction of the unit A6, a distributed control
system was introduced, which provided additional possibilities
in terms of control process quality. An SCADA system and a
novel sensor system consisting of 42 pyrometers and several
thermographic cameras are used for data monitoring and stor-
age. The pyrometers are distributed over five different levels
(heights) of the boiler. Depending on the physical condition
of the furnace and the experience of specialists, the number of
pyrometers varies with height. The levels at 17 and 51 m are
equipped with 4 pyrometer units per level, while there are 12
pyrometers per level at 25, 38, and 43 m of height (Fig. 3).
The pyrometers are two-color processing units, meaning that
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the measurements are obtained at two close wavelength ranges
(0.96 and 1.05 μm). The Plank radiation law provides the
information about two significant values: one-color and two-
color temperature. Due to the measuring method, the value
of the two-color temperature is under a weak influence of
half transparent obstacles in the optical path, such as smoke,
steam, and unburned coal particles. Thus, it approximately
corresponds to the maximum temperature of the optical path.
On the other hand, the one-color temperature is under the
influence of the aforementioned obstacles and represents the
effective temperature of the optical path. Therefore, the differ-
ence between these two temperature estimations is a measure
of combustion process efficiency.

This kind of sensor system structure enables detailed mon-
itoring of temperature and its distribution within the boiler.
It provides sufficient data for the identification procedure
presented in Section III, which will contribute to the under-
standing of system behavior and the proposal of the ade-
quate control algorithm. Note that there are high intensity
disturbances inside the boiler caused by a change in coal
quality, grinding, and the like. These disturbances are directly
mapped on the fire forming and temperature distribution inside
the boiler, which additionally complicates the identification
procedure.

III. COMBUSTION PROCESS IDENTIFICATION

Combustion is a very complex process and the boiler is a
highly distributed system. Therefore, the number of parameters
needed for an adequate model of the system was expected
to be high. The measurements were obtained from SCADA
and pyrometer sensor systems. The output control signal of
the main firing regulator refers to the overall amount of fuel.
Within the DCS system, the operator has the possibility of
adjusting mill loads according to their own knowledge and
experience. Depending on the values set by the operators,
the reallocation includes all the mills active in the automatic
mode. Different experiments were carefully designed in order
to support testing of the influence of firing distribution on
spatial temperature distribution. Temperature analysis within
one cross section gave insight into the flame position within
that section. Practice dictated a central position of the flame, in
order to avoid nonuniform loading of the pipe system, flame
and combustion asymmetry, and so on. All the experiments
were conducted and stored under regular conditions at a nom-
inal load of 348 MW. A persistent reference signal was used to
identify individual influences and input–output dependences,
in order to obtain meaningful results. Figs. 4 and 5 show
the measurements that correspond to the experiments. Fig. 4
shows dictated mill feeder speeds in both manual (constant
speed values in long time intervals) and automatic modes. This
section proposes a system identification method that focuses
on the spatial temperature distribution as an output and mill
loads as inputs of the system. The resulting model is later used
to verify the proposed control algorithm.

A. System Cross-Correlation Analysis

In order to fully comprehend the nature of the process,
we suggest a cross-correlation analysis as an introduction to

Fig. 4. Mill feeder speeds, proportional to mill loads.

Fig. 5. Temperature measurements at 38 m of height.

the model identification procedure. The goal is to recognize
the relation of the reallocation of overall load to the specific
mill circles and the spatial temperature distribution in the
furnace. As mentioned before, the system is under the constant
influence of disturbances. As a way of suppressing these
unwanted phenomena in terms of meaningful cross-correlation
results, we propose subtraction of appropriate temperatures.
Consider the described system with individual mill loads as
inputs and differences in pyrometer temperatures as outputs.
Using cross-correlation functions of individual input–output
pairs, it is possible to determine how each input affects
each output. The unbiased estimation of the cross-correlation
function between input signal di (m) and output signal dT (m)
is given as

r(m) = 1

N − m

N−m∑

k=1

di (k)dT (k + m) (1)

where N represents the length of the windowed sequences.
As a result, the cross-correlation function value will be high
for highly correlated signals and around zero for those input–
output pairs that are not correlated.

More meaningful results can be obtained by analyzing the
impact of different mills on the temperature differences on
each side of the boiler, instead of the temperatures themselves.
Let us examine the influence of simultaneous load/relief of
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Fig. 6. Influence of simultaneous load/relief of mills 1 and 4 on temperature difference in (a) right-hand side area of the boiler and (b) rear area of the
boiler.

mills M61 and M64 on the temperature distribution at the
height of 38 m (Fig. 6). The solid blue line in Fig. 6(a)
experiences a peak at around 40 s, suggesting that the doser
speed of M61 is positively correlated with the temperature
difference T22 − T20, suggesting greater positive influence of
mill M61 on temperature T22 than temperature T20. This means
that the flame center shifts toward the rear side of the boiler
as the load of mill M61 increased. On the other hand, the
broken green line shows the opposite impact of mill M64.
This result was expected bearing in mind the fact that the mills
are positioned diagonally with respect to the furnace center.
Similar conclusions can be drawn from Fig. 6(b). It illustrates
the maximum, positive correlation between the difference of
temperatures on the rear side of the furnace T25 −T23 and mill
M61 load. The same temperature difference was negatively
correlated with the speed of M64 doser, meaning that the
flame moved left as the M64 load decreased or right as it
increased. In other words, the flame shift could be forced
in the desired direction by reallocation within a certain pair
of feeders. In this paper, we provide only the results of the
cross-correlation analysis for mills M61 and M64, but similar
conclusions could be made for the other two pairs of mills
(M62–M65 and M63–M66). Also, Fig. 6 shows peaks in
correlation around 40–50 s, suggesting the greatest influence
of mills after that period of time, which was supported by the
operators’ experience. An additional cross-correlation analysis
showed a similar mill influence at different heights, so a
detailed presentation of those results is omitted from this
paper. Again, this was consistent with the empirical findings
of the experienced power plant engineers. These conclusions
are important as they allowed for certain simplifications of the
identification procedure and the control algorithm itself.

B. Parameter Estimation Algorithm

The main purpose of the cross-correlation analysis was
to provide insight into the most important relations between
system inputs and outputs, in order to support some model
simplifications. Section III-A provided only the most impor-
tant results of the cross-correlation analysis. The general

conclusion was that the influence of the doser speed (pro-
portional to the mill load) on temperatures is significant and
similar at medium levels (at 23, 38, and 43 m) and less so
at the bottom and top levels (17 and 51 m) [37]. Therefore,
we reduced the number of model parameters by considering
only the 12 temperatures (out of 44) at 38 m of height as
outputs of the model. The speeds of the six dosers, which
were proportional to their loads, represented the inputs into
the model. The adopted structure of the model was as follows:

Ti (k) = −
N∑

n=1

ain Tn(k − 1) +
M∑

m=1

bimdm(k − 1) + ζ(k) (2)

where Ti and dm represent model output temperatures and
input doser speeds, N = 12 and M = 6 are the numbers
of outputs and inputs of the model, respectively, i = (1, N)
denotes the index of the output temperature, ζ(k) is the process
noise, and ain and bim are the unknown model parameters.
Equation (2) can be shown in a linear regression form

Ti (k) = W T (k)Xi (k) + ζ(k) (3)

where W T (k) = [−T1(k − 1) . . . − TN (k − 1) d1(k −
1) . . . dM (k − 1)] is the regression vector of the model and
X T

i (k) = [ai1 . . . ai N bi1 . . . bi M ] is the parameter vector.
Note that in the general case, the parameters are not constant
and that the time index is omitted due to notation simplicity.
We propose a parameter estimation approach based on a
WRLS algorithm

Jρ(k) =
k∑

i=0

ρk−i e2(i) (4)

where e(k) = d(k) − W T (k − 1)X (k) is the prediction
error and ρ ∈ (0, 1] is the forgetting factor. Minimization of
criterion (4) leads to a recursive identification procedure

Ŵ (k) = Ŵ (k − 1) + K (k)e(k) (5)

where P(k) and K (k) are given as

P(k) = 1

ρ
[P(k − 1) − K (k)X T (k)P(k − 1)] (6)

K (k) = P(k − 1)X (k)[ρ + X (k)P(k − 1)X (k)]−1. (7)
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Fig. 7. Parameter estimation results: temperature measurements (red curve) and temperature estimations (blue curve) for T17 (left) and T23 (right).

Fig. 8. Control algorithm structure.

In nonstationary conditions such as these, it is convenient
to use ρ < 1, which assigns smaller weights to the for-
mer measurements. The application of this recursive proce-
dure and its comparison to other adaptive variable forgetting
factor algorithms is provided in detail in [38]. Our main
motivation behind WRLS implementation was its robustness
to the nonstationarities present in the combustion process.
They are usually caused by the variable coal structure and
properties. On the other hand, mill performance deteriorates
with time due to their physical state, or significantly improves
after an overhaul. Model verification was performed on real
measurements obtained in the Nikola Tesla power plant,
Serbia. Fig. 7 shows real temperatures at two representative
sensors (red curve), compared with corresponding estimated
model output temperatures (blue curve). As illustrated, the
model managed to capture the system dynamics. Although the
model was simplified, a thorough analysis of all model output
temperatures showed that the WRLS identification procedure
was satisfactory and encouraged the use of the model for
simulations pertaining to control algorithm analysis.

IV. COAL ALLOCATION ALGORITHM FOR TEMPERATURE

DISTRIBUTION REGULATION

Fig. 8 shows the proposed control algorithm structure. The
main regulator outputs the overall coal requirement based on
the turbine pressure reference and measurement difference.
This information is passed on to the distribution control block,
which we introduce in this paper. The proposed approach
to combustion distribution control relies on the formulation
of a cost function to be optimized [39]. As noted earlier,
process behavior is essentially dictated by the pair of opposite

mills, rather than each mill separately. This enables a sim-
pler structure of the control algorithm, since there are three
instead of six control algorithm outputs. Let us introduce some
assumptions prior to the control algorithm setup: 1) the overall
coal requirement is determined by the outer control algorithm
and is assumed to be known from the ESC perspective;
2) the dynamics of the proposed distribution algorithm should
be slower than the dynamics of the main regulator whose
sample time is T = 200 ms; and 3) the contribution of each
feeder pair is the same and it is set to 1/3 of the overall
coal demand. With this premise, the control task is reduced
to determining the optimal coal allocation within each pair.
Let us denote by n1, n2, and n3 the ratio of d1 to d4, d2 to
d5, and d3 to d6, respectively (corresponding to M61–M66 in
Fig. 1). The main characteristic of tangentially fired boilers
is the existence of a fireball in the center of the furnace,
with the temperature being at its maximum at the focal point
of the fireball. The temperature decreases with the distance
from the central vortex toward the boiler walls. In other words,
if all the conditions are uniform, the round flame core causes
the same temperature at the same distance from the focus.
However, a change in furnace and mill conditions leads to a
flame shift toward the walls and an increase in temperature
at corresponding pyrometers. Therefore, the goal to centralize
the flame geometry leads to the cost function

Jn =
22∑

i=17

(Ti − Ti+k)
2 (8)

where parameter k = 6 provides the summation of diametri-
cally opposite temperature differences and Ti is according to
the notation of Fig. 3. Minimization of this cost function leads
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Fig. 9. Gradient-based ES algorithm for a dynamic multivariable nonlinear map.

to an elliptical flame configuration. In a perfect scenario, all
three ratios are equal to one, meaning uniform coal distribution
to six mills. That would result in a minimum value of the
optimization function (around zero). This is rarely the case
in practice, since there are many parameters that influence
combustion: coal burning process, current condition of the
mills, and so on. For practical reasons, the contribution of
each mill is limited to [0.8, 1.2] of the overall dictated amount
of coal. This bounds the ratio within each pair of mills to
ni ∈ [2/3, 3/2], i = 1, 2, 3. The constraints can be included
in the optimization criterion resulting in

J = Jn + Jc

Jc =
3∑

i=1

C

[
max

(
ni − nmax

nmax
, 0,

nmin − ni

nmin

)]2

(9)

where nmin = 0.67, nmax = 1.5, and parameter C = 5 · 105

is selected so as to insure the significance of the constraints
in the overall criterion. The correction factor is equal to zero
when ni is within the preset bounds and increases for ni out of
this range. Since both Jn and Jc are formulated to be convex
with zero minimum value, the overall optimization criterion is
a convex function. Finally, the optimization problem reduces
to the minimization of criterion (9) with respect to n1, n2,
and n3.

A. Extremum-Seeking Control

Once we have defined the cost function to be optimized,
we propose the deployment of the ES algorithm using the
perturbation signals in resolving the optimization problem.
Fig. 9 shows the basic ES structure for the dynamic multi-
variable nonlinear map applied to the described combustion
distribution control setup. It is important to emphasize that
the perturbation frequencies should ensure a sufficient time-
scale separation between the ES loop and the plant. For an
input vector consisting of three variables n = [n1 n2 n3]T ,
perturbation signal S(t) and demodulation signal M(t) are of
the following form:

S(t) = [a1 sin(ω1t) a2 sin(ω2t) a3 sin(ω3t)] (10)

M(t) =
[

1

a1
sin(ω1t)

1

a2
sin(ω2t)

1

a3
sin(ω3t)

]
(11)

where perturbation frequencies should satisfy two conditions:
1) each two should be different (ωi �= ω j ) and 2) the ratio
of each two should be rational (ωi/ω j ∈ Q), i, j = 1, 2, 3,
i �= j .

The perturbation amplitude a and the diagonal matrix K
with negative elements represent small parameters, which
are responsible for stability and determine the convergence
speed of the algorithm. There are several papers dealing with
the analysis of stability and convergence of ES control for
nonlinear dynamic systems [40], [41]. The role of the two
filters is to decrease the effects of the perturbation signals, or,
in other words, to eliminate the dc component of the optimized
signal J (high-pass filter) and isolate a dc component of the
product signal z necessary for gradient estimation (low-pass
filter). Thus, the filters should have a slower time scale than
the periodic perturbations and, therefore, the plant itself. If all
the conditions are met, the algorithm converges, minimizing
the cost function (9) obtained using the optimal value of input
vector n∗.

V. EXPERIMENTAL RESULTS

To verify the proposed ES control approach, we employed
the model of the system, as described in Section III. The
simulations were conducted on the time-varying parameters
obtained from the WRLS algorithm. As stated earlier, the
goal of our control algorithm is to regulate the position and
the geometry of the flame inside the furnace, by minimizing
the preset criterion (9). The real system includes processes
with different dynamics. The main regulator operates with
a sample time of T = 200 ms, because of rapid pressure
changes. However, temperatures evolve slowly over time, so
pyrometer data are acquired with a sample time of T = 1 s.
Therefore, our control algorithm should operate with the same
sample time, so the simulations were performed with the same
sample time of 1 s. We introduce the reference speed to the
algorithm, which represents the overall needed doser speed
and is proportional to the overall coal requirement. Normally,
this information is provided by the external control loop in
charge of maintaining the desired fresh steam pressure. The
dictated overall doser speed is shown in Fig. 10. As a first step
of the algorithm, the reference speed is divided equally among
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Fig. 10. Overall doser speed proportional to the overall coal load require-
ments.

three pairs of dosers. The objective of the ESC structure is to
estimate the optimal ratios within these pairs.

One of the main conditions for proper implementation of
the ES controller on a time-varying system is the time-scale
separation between the system dynamics, ES controller, and
plant changes. Namely, the ES controller should be slower than
the slowest model mode and faster than the rate at which the
model changes. The largest time constant of the modeled plant
dynamics is around 40 s. On the other hand, the temperature
process in the furnace is highly nonstationary, not only because
of disturbances but also because of the changing demands
manifested through the active power, steam flow, and pressure
references. In order to illustrate these phenomena, we analyze
the behavior of the system during the increase in the active
block power from 0 to 350 MW, which corresponds to the
biggest change in the system parameters. The usual gradient
of power is from 2 to 5 MW/min. Fig. 11 shows WRLS
algorithm parameter during this phase as it follows the changes
successfully. Time constant that corresponds to the described
process is around 500 s. Therefore, perturbation signals should
have a slower time scale than 40 s and faster than 500 s. The
adopted perturbation frequencies are 0.08, 0.06, and 0.05 rad/s.
Parameters a1 = a2 = a3 = 0.002 and a diagonal gain
matrix K = −diag(5 · 10−10, 5 · 10−10, 5 · 10−10) were care-
fully chosen. These parameters were determined empirically.
Imposing the constraints on the control signal would normally
limit the selection of the appropriate parameter, and therefore
the speed of the algorithm, in order to stay within the desired
bounds. Introduction of these constraints through the penalty
function gives us more freedom in that sense. The filter cutoff
frequencies ωl = [0.04, 0.04, 0.04] rad/s and ωh = 0.04
rad/s. The parameters were chosen to satisfy the qualitative
convergence requirements explained in Section IV. However,
the ESC convergence proof assumes a certain ODE model
structure, which the combustion system, whose first-principles
model includes many coupled nonlinear partial differential
equations in 3-D, does not verify. Fig. 12 shows that in the
beginning, all three ratios are close to one, meaning that all
the mills contribute roughly the same to the control process.
A disturbance was introduced into the model in terms of a

Fig. 11. Evolution of WRLS algorithm parameter during the active power
reference change.

Fig. 12. Control signals: ratios within each mill pair.

pulse change in input model parameters, at time t = 90 s.
After a transition period of around 100 s, control signals settle
in a new steady state. The coal distribution within the second
pair of mills stays almost unchanged, while the distribution
in the other two pairs changes, to try and minimize the
preset criterion. Signals include the sinusoidal perturbations,
which correspond to the chosen frequencies. As a result, the
control algorithm dictates mill M61 to provide around 55%
and mill M64 around 45% of the coal required from that pair.
Mills M63 and M65 encounter a similar scenario. Experience
indicates that the flame geometry is influenced by the ratio
of the doser speeds, rather than the speeds themselves, which
was confirmed in these experiments. In other words, as long
as the speed ratio in a particular direction was maintained,
the flame center in that direction did not shift. Of course, one
should bear in mind that a higher speed results in mill overload
as a side effect, so there are limitations to the range within
which the speed can be varied. This relative insensitivity of
the flame geometry on the doser speeds was what enabled
the employment of the ES algorithm, which is, otherwise,
inapplicable to rapidly changing plant parameters. However,
in this case, ES algorithm manages to adapt and slide the
control parameters toward new values, which result in the
minimization of the objective function.
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Fig. 13. Comparison of two WRLS models. Detail from the
temperature T20 estimations.

In order to additionally analyze the proposed control algo-
rithm, we conducted testing on a significantly complex model
expanded in both the spatial (including temperatures from the
lower and upper levels) and temporal domain, namely, a third-
order model with 36 temperatures as outputs and six doser
speeds as inputs

Ti (k) = −
N+12∑

n=−12

ain Tn(k − 1) + ain+36Tn(k − 2) + ain+72

× Tn(k − 3) +
M∑

m=1

bimdm(k − 1) + ζ(k) (12)

where indexes n = −12 to −1 correspond to the temperatures
at the lower level at 23 m, and n = 13–24 correspond to the
higher level at 43 m. Fig. 13 shows a representative medium-
level temperature measurement (T20) obtained from the real
system, along with the corresponding temperature estimations
of the reduced and complex models. Although the larger-scale
model captures real process dynamics better, the differences
between the two are not significant and they are below 2%
of measured value. However, Fig. 13 shows significant differ-
ences between estimated and measured temperatures in some
places. The main reasons for this are: 1) many disturbances
in the furnace that cause sudden changes in temperature mea-
surements (e.g., inhomogeneities of the aero-mixture and local
explosions); 2) pyrometer measurements are contaminated
by the constant noise inherent in the measurement method
(e.g., particles of dust on the optical path); and 3) sample
time of pyrometer measurements is 5 s. Therefore, the real
measurements are expected to deviate from the model outputs.
Additional improvements of the identification procedure are
possible by tuning the algorithm parameters, e.g., a variable
forgetting factor could lead to better temperature tracking. The
forgetting factor was chosen as a tradeoff between robustness
to disturbances and measurement noise and better convergence
speed.

Further analysis of the controller originally designed on
the reduced model included testing on the complex model.
Fig. 14 shows a comparison of cost functions in these

Fig. 14. Evolution of cost function upon the introduction of disturbance.

Fig. 15. Comparison of complex WRLS and FEM model. Detail from the
temperature T20 estimations.

two cases. The plot shows a slight performance degradation
when the controller was tested on the large-scale model.
These results indicate that model (2) is sufficiently precise
in describing the process dynamics and that the implemen-
tation of the designed controller on a real system should not
encounter substantial performance degradation. To corroborate
the fidelity of the presented models, we developed a large-
scale model, which employs a finite-element method (FEM)
for boiler geometry analysis and simulates several physical
and chemical processes that are crucial for realistic temper-
ature distribution calculations in the case of pulverized-coal
combustion [42]–[44]. A detailed description of the mathe-
matical model is provided in the Appendix. The simulations
were executed using COMSOL Multiphysics software. Fig. 15
shows that temperature estimation by the FEM model includes
dynamics, which is obviously neglected in WRLS models.
However, careful analysis leads to the conclusion that devia-
tion up to 15 °C between the models still makes the simplified
WRLS model rather useful for this particular application. This
is especially emphasized by the fact that the proposed control
algorithm does not require a quality model.

Fig. 16 shows a 2-D temperature distribution reconstruction
based on the finite number of measurements. It illustrates
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Fig. 16. Evolution of 2-D temperature distribution as a result of pulse disturbance at t = 90 s. Bright colors correspond to higher temperatures. Isotherms
are given in °C. (a) t = 80 s. (b) t = 100 s. (c) t = 120 s. (d) t = 140 s. (e) t = 160 s. (f) t = 180 s.

Fig. 17. Comparison of cost functions calculated using data obtained from
the real process and in the simulation of the proposed algorithms.

flame behavior over a period of 100 s after a disturbance in
model parameters. It is apparent that after the disturbance at
t = 90 s, the flame slowly started to shift toward the front-
right corner of the furnace. The peak in the cost function
corresponds to the flame position closest to the corner of the
furnace, at around t = 100 s. As the ES algorithm managed
to readjust the control signals, the flame slowly moved back
toward the center of the furnace. After this transient, the
controller determined new optimal steady-state control para-
meters, which provide the central position of flame.

One of the initial assumptions we made was that each mill
pair contributed equally to the firing process. Therefore, the
comparison of the obtained results to the real measurement
from the process would not be an objective indicator. In order
to compare these two, let us employ the information about the

real commanded doser speeds over mill pairs, generated by
the operator in a real-case scenario. Based on the extensive
experience that the operators have, they usually keep some of
the mills in the manual operating mode at a preset value, while
the other mills compensate the overall coal demand. Fig. 17
shows the cost function (9) in both cases. The measurement
noise is not incorporated in the objective function derived from
the ESC approach; however, it would not make a significant
difference in this analysis. The proposed algorithm yields
comparably good results in terms of reallocation within mill
pairs, thus keeping the temperature inside the desired range.

VI. CONCLUSION

This paper considers an optimization algorithm of the
thermal power plant combustion distribution process using the
proposed ES algorithm. Prior to formulating a control law,
the combustion process is extensively analyzed to provide
insight into how spatial temperature distribution depends
on the firing and coal dissipation over the mill circles.
Cross-correlation analysis shows that the flame shift can
be dictated by a pair of opposite mills. These conclusions
helped understand the nature of the process and obtain an
adequate combustion model for further simulations. Finally,
this paper provides a possible solution for flame geometry
regulation in the form of an optimal control problem with
an objective function, which includes a set of constraints
regarding control signals. Finally, we introduced the proposed
control algorithm to the model of the combustion process.
As a consequence of disturbances taking place inside the
furnace, the flame was shifted toward the front of the fur-
nace. The results show a transition of control signals to a
new steady state, in a timely manner, providing an ellipsoid
flame configuration. In addition, the introduction of constraints
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into our objective function enables aggressive ES parame-
ters and, hence, exhibits better convergence properties. In
the real-case scenario, the reallocation of the coal depends
on a broad experience of the operator. When compared
with the real data obtained from the thermal power plant
Nikola Tesla A, the algorithm performed very well. The pro-
posed algorithm can be easily implemented and is reasonably
fast, which is a necessity for a real-time online application.

APPENDIX

This section provides details of the development of a large-
scale model based on the FEM. In preliminary simulations, we
assume a somewhat simpler unit geometry and we model the
boiler as a rectangular parallelepiped, with rectangular ducts
(standing for the pulverized-coal aero-mixture) and secondary
air inlets, as well as a recirculation air outlet. For these
boundaries, we set appropriate boundary conditions that define
fuel and air velocities, temperatures, and inflow mass fractions
of the species that contribute to the fuel and the coflow air.
The outlet is set with an outflow boundary condition, which
suppresses excess air backflow. Conditions near the walls are
described by “wall functions.”

At this point, the physics of combustion inside the boiler is
modeled to comprise multicomponent gaseous phase fluid flow
with species mass transport, combustion, and heat transfer.
The mass balances that describe transport and the reactions
are given by diffusion-convection equations at steady state

∇ · (−Di∇ci ) + �u∇ci = Ri (A.1)

where Di and ci stand for the diffusion coefficient and
concentration of the species i , respectively, �u is the velocity
vector, and Ri is the species i production rate (kg/m3s).
When a turbulence model is used in a COMSOL Reacting
Flow interface, the production rate of species i resulting
from reaction j is modeled via the eddy-dissipation-model
rate rED, j

Ri j = vi j Mi rED, j . (A.2)

Here, v stands for the stoichiometric coefficient and
Mi represents the molar mass of species i . The reaction rate
rED defined by the eddy-dissipation model is given by [42]

rED, j = α j

τ
ρmin

[
min

(
ωr

υr j Mr

)
, β

∑

p

(
ωp

υpj Mp

)]
(A.3)

where τ is the mixing time scale of the turbulence, ρ is
the mixture density, ω is the species mass fraction, and the
parameter β models the activation energy [42]. The properties
of reactants are indicated using a subscript r while product
properties are denoted by the subscript p.

In the combustion process, we assume three exothermic
reactions, char combustion C + O2 → CO2, and volatiles
reactions

CO + 0.5O2 → CO2 (A.4)

H2 + 0.5O2 → H2O. (A.5)

In order to simplify the model to some extent, the molecular
reaction rate of the reactions is assumed to be infinitely

fast. This is achieved by prescribing unrealistically high rate
constants for the reactions.

The heat of the reactions (i.e., the change in enthalpy
following each reaction) is defined from the heat formed by
the products and reactants:

�Hreaction =
∑

products

�H f −
∑

reactants

�H f . (A.6)

The heat of formation �H f for each species is taken from
[43]. The heat release is included in the model by adding a
Heat Source feature to the COMSOL Heat Transfer in Fluids
user interface. The applied heat source (W/m3) is defined as

q =
∑

k

rED,k�H f,k (A.7)

where index k = {1, 2, 3} sums up the three assumed chemical
reactions.

For an accurate prediction of the temperature distribution, it
is important to account for temperature dependence of the heat
capacities of the species. In the current model, interpolation
functions for the heat capacity at constant pressure for each
of the species are defined using the values at three different
temperatures given in [43]. The heat capacity of the mixture
cp,mix is computed as a mass fraction weighted mean of the
individual heat capacities

cp,mix =
∑

i

ωi Cp,i

Mi
. (A.8)

Finally, the heat transfer is modeled using

ρcp,mix
−→u · ∇T = ∇ · (keq∇T ) + q (A.9)

with keq standing for the equivalent thermal conductivity of
the solid particles/fluid mixture, computed as a mass frac-
tion weighted sum of the individual thermal conductivities.
In addition, thermal conductivity is assumed to be temperature
dependent, according to COMSOL Material Library data.

ACKNOWLEDGMENT

The authors would like to thank their colleague Marko
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[41] Y. Tan, D. Nešić, and I. Mareels, “On non-local stability properties of
extremum seeking control,” Automatica, vol. 42, no. 6, pp. 889–903,
2006.

[42] B. Magnussen and B. Hjertager, “On mathematical modeling of turbulent
combustion with special emphasis on soot formation and combustion,”
in Proc. Symp. (Int.) Combustion, 1977, vol. 16. no. 1, pp. 719–729.

[43] A. Frassoldati, T. Faravelli, and E. Ranzi, “The ignition, combustion and
flame structure of carbon monoxide/hydrogen mixtures. Note 1: Detailed
kinetic modeling of syngas combustion also in presence of nitrogen
compounds,” Int. J. Hydrogen Energy, vol. 32, no. 15, pp. 3471–3485,
2007.

[44] C. da Silva, M. L. Indrusiak, and A. Beskow, “CFD analysis of the
pulverized coal combustion processes in a 160 MWe tangentially-fired-
boiler of a thermal power plant,” J. Brazilian Soc. Mech. Sci. Eng.,
vol. 32, no. 4, pp. 427–436, 2010.
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