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In deep oil drilling, the length of the domain over which the wave equation models the torsional dynamics
of the drill string keeps changing with time, and it also depends on the drill bit speed. Moreover, the drill
bit speed cannot be controlled directly. In this context, we consider predictor-based design for the cascade
system of a nonlinear ODE and a wave PDE with a moving uncontrolled boundary. In comparison with
prior results on wave PDE-ODE cascades, this work differs by giving rise to a prediction horizon that is
not given explicitly but has to be found from an implicit relationship involving the delay function and the
future solution of the system. Stability analysis of the closed-loop system is conducted by constructing
infinite-dimensional backstepping transformations and a Lyapunov functional. An explicit feedback law
for compensating the wave actuator dynamics is obtained. For the moving boundary that depends on both
the ODE’s state and time, a region of attraction is estimated. For the moving boundary that depends on
time, a global stabilization for the closed-loop system is achieved. Finally, an example is given to illustrate

Predictor the effectiveness of the proposed design technique.
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1. Introduction

Predictor-based techniques have been developed for compen-
sating constant input delays in linear plants (Artstein, 1982;
Bekiaris-Liberis & Krstic, 2011; Krstic, 2008; Manitius & Olbrot,
1979; Mondie & Michiels, 2003). These designs are extended for
unknown system parameters in Bresch-Pietri and Krstic (2009),
an unknown actuator delay in Bresch-Pietri and Krstic (2010), and
time-varying input delays in linear systems in Krstic (2010a) and
Nihtila (1989, 1991). Over the last ten years, many works have been
done on control designs and stability analysis for nonlinear sys-
tems with input delays, for instance Cai, Han, and Zhang (2011),
Cai and Krstic (2014), Karafyllis (2010), Karafyllis and Krstic (2012),
Krstic (2009a), Mazenc and Bliman (2006), Mazenc, Mondie, and
Francisco (2004) and Teel (1998). Predictor control for nonlinear
systems with arbitrarily large input delays was presented in Krstic
(2010b), where a Lyapunov functional is provided to the stabil-
ity analysis of the closed-loop system. For nonlinear systems with
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time-varying input delay, asymptotic stability was achieved based
on a backstepping transformation of the actuator state and a Lya-
punov functional (Bekiaris-Liberis & Krstic, 2012). The results in
Bekiaris-Liberis and Krstic (2012) were further extended to state-
dependent input delay in Bekiaris-Liberis and Krstic (2013a), and
time and state-dependent input delay in Bekiaris-Liberis and Krstic
(2013b). An explicit feedback law for compensating the wave par-
tial differential equation (PDE) dynamics at the input of a linear or-
dinary differential equation (ODE) can be found in Krstic (2009b).
Based on an infinite-dimensional backstepping—forwarding trans-
formation, a feedback law for a multi-input linear system which
compensates the wave PDE dynamics was given in Bekiaris-Liberis
and Krstic (2013c).

In the drilling application, the torsional dynamics of a drill string
are modeled as a wave PDE, which is coupled with a nonlinear
ODE that describes the dynamics of the angular velocity of the
drill bit at the bottom of the drill string (Saldivar, Mondie, Loiseau,
& Rasvan, 2011). The stick-slip phenomenon is a common type
of instability for drilling, which is an undesirable limit cycle of
the drill string velocity yielding potentially significant damages
on oil production facilities (Bresch-Pietri & Krstic, 2014; Sagert,
Di Meglio, Krstic, & Rouchon, 2013). Based on the linearization of
its dynamics, a control scheme for the stabilization of the drilling
instability was acquired in Sagert et al. (2013). Furthermore,
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by the fact that the friction force is nonlinear, a general result
for compensating wave PDE dynamics at the input of a general
nonlinear ODE was presented in Bekiaris-Liberis and Krstic (2014).
The result of Bekiaris-Liberis and Krstic (2014) was extended to
nonlinear system under wave actuator dynamics with time- and
state-dependent moving boundary in Cai and Krstic (2015).

However, in oil drilling, the length of the domain over which
the wave equation models the torsional dynamics of the drill string
keeps changing with time, and it also depends on the drill bit speed.
Moreover, the drill bit speed cannot be controlled directly. In this
context, it is of interest to study nonlinear stabilization through
wave PDE dynamics with a moving uncontrolled boundary.

Similar other applications exist where a wave equation of
varying length cascades into a nonlinear ODE. One example is
hoists/elevators in coal mining, which run as deep as 2 km, and
where a platform at the bottom end of the cables, as well as the
cables themselves, must be kept from pendulating, while the cable
length is changing with time. Another example, where the cable
length goes through a large and fast change, and the cable and its
load at the end must be kept from oscillating, is arresting gear for
aircraft landing on aircraft carriers.

In this paper, a predictor-based design for nonlinear systems
through wave PDE dynamics with a moving uncontrolled boundary
is studied. The result in Cai and Krstic (2015) cannot be
adapted to the case of a moving uncontrolled boundary because,
while in Cai and Krstic (2015) the prediction horizon is given
explicitly, in the present problem the prediction horizon is given
implicitly, through an equation that involves the known delay
function and the system solution, which is not known a priori.
Stability analysis of the closed-loop system is conducted by
constructing infinite-dimensional backstepping transformations
and a Lyapunov functional. For the moving boundary that depends
on both the ODE’s state and time, an estimate of the region of
attraction is acquired. For the moving boundary that depends on
time, a global stabilization for the closed-loop system is achieved.
In addition, the assumption that extended closed-loop system is
backward complete in Cai and Krstic (2015) is removed in this
paper.

The paper is organized as follows: System description and
control design are in Section 2. Standing assumptions are in
Section 3. Local stability is analysed in Section 4. Global stability
is proved in Section 5. An illustrative example is given in Section 6.
Some conclusions are drawn in Section 7.

Notation. We use the common definitions of class .7, #4,, # %
functions from Krstic (2009a). We say that a function p : Ry X
(0, 1) — R, belongs to class 7 ¢ if it is increasing with respect
to its first argument and continuous with respect to its second
argument. It belongs to class .71, if it is in .#¢ and in %4
with respect to its first argument. For an n-vector, the norm | - |
denotes the usual Euclidean norm. Let § : R" x Ry — R.For a
scalar function u(-, t) € L*[§(X, t), 1], we denote with ||u(t)|
its supremum norm, ie. [u(t)|lec = SUDyesx.0).17 U, E)].
Similarly, for w(-,t) € L*°[0,1 — §(X, t)], denote ||w(t)||co1 =
SUDyer0,1-s(x, )] W (X, £)].V stands for the gradient.

The argument of the functions and of the functionals will be
omitted or simplified whenever no confusion can arise from the
context. For example, one may denote a function §(X(t), t) by
simply §(X, t).

2. System description and control design

Consider the nonlinear system under wave actuator dynamics
given by

X =fX,uX, 1), 1) (1)
U (X, t) = ux(x, t) (2)

u (X, t),t) =0 (3)

ux(1,8) = U() (4)
where X € R" is the state vector and U is the scalar input, f : R" x
R — R"islocally Lipschitz with f (0, 0) = 0, and u(x, t) is the state
of the PDE dynamics of the wave actuator,and § : R* x R, — Ris
continuously differentiable.

For system (1)-(4), let

S, 1) = ur(x, t) + ue(x, ), (5)
n(x, t) = ue(x, t) — ux(x, t), (6)
which in reverse gives

tx, ) +nx, t)

Ur(x, t) = — (7)
Uy (x, £) = w (8)
Noting that

2

x (va(x, Of X, u@X, 1), 1) +

16X, ), t) =

38X, t)
o)

n (X, B, f)-zHI(ts(X, ), t) )

with (3), (5) and (6), yields (8 (X, t), t) = ¢ (8(X, t), t). So system
(1)-(4) can be represented as

X =f(X, u@dX, 1),1)) (10)

(X, 6), 1) = £ (6(X, 1), 1) (11)

Se(x, 1) = &(x, £) (12)

(13)

(14)

Ne(x, t) = —nx(x, t)
n@X,t),t) =¢@X,t),t)

¢(1,t) =n(1, 1) +20(1). (15)
If there exists a control law ¥ : R" — R such that the system

X = f(X, k(X)) is globally asymptotically stable, then a feedback
law p for system (10), (11) can be constructed as

wX, u@X, 1), t)) = —c1 (X, 1), t) — k(X))
ok (X)
X
where c¢; > 0 is arbitrary.

+

fX, u@X, 1), 1) (16)

Remark 1. The design objective of feedback law w is to make
the extended closed-loop system (X, u(§(X, t), t)) input-to-state
stable (ISS) with respect to the transformed state of the transport
PDE which affects this system as an external disturbance.

Let
dp@)=t—(1-38X,1)), (17)
o) =¢"'0), ¢t) <6<t (18)

Note that the input to the system (10), (11) is the delayed signal
¢(1,t) = U(t), we employ the prediction of X and u(§(X, t), t).
The control law for system (10)-(15) is given by
U(t) = —0.5(ue(1,t) — ux(1, £)) — 0.5¢1(P2(t) — k (P1(1)))

dx (P1(t))

+0.587Plf(P1 (t), Py(t)) (19)

where c; > 0,and forall ¢(t) <06 <t,
0

P1(0) =X(t)+/ o ($)f (P1(s), P2(s))ds, (20)

[4G)
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P,(0) =u(d(X,t),t)

0
+f (5 (8(P1(s), 0 (s)), o (s))ds, (21)
o)

a(s) =1/(1+ V3X(a(s)),0(s)))
X f(X(0(s)), u(6(X(a(s)), 0 (), 0(5)))
(X (a (s), 0(s))
do (s)
fort > 0.The initial predictor P1(0), P,(0), 6 € [¢(0), 0] are given
by (20), (21) for t = 0, respectively.
From (20)-(21), it is easy to show that

Pi(@(®) =X(),  Pae(t)) = u(d(X, 1), t) (23)
forall t > 0. It can be deduced
Pi(t) =X(o (), P(t) =u@X(a (1), o(t)), a(t)), (24)
forallt > 0.

) (22)

Remark 2. The design objective of control law (19)-(22) is such
that w(1 — 6(X, t),t) = 0 in the target system (X, u((X, t),t),
w, @) which is transformed by system (10)-(15) under the
backstepping transformations.

Remark 3. In Cai and Krstic (2015), p1(x, t) € R", po(x, t) € Rare
x-time-units-ahead predictions of X (t) and u(0, t) respectively, the
prediction horizon is given explicitly. In the present case, we need
o (t) — t-time-units-ahead predictions of X(t) and u(8(X, t), t)
respectively. The prediction horizon is given implicitly, through an
equation that involves the known delay function and the system
solution, which is not known a priori. Further, the assumption
that extended closed-loop system is backward complete in Cai and
Krstic(2015)is removed in this paper. So the result in Cai and Krstic
(2015) cannot be adapted to this case.

3. Standing assumptions

Note that (10), (11) can be expressed as follows

Z=9Z, (X, 0),1) (25)
where
X
Z= [u(a(x, ). t)] ’ (26)
and
_ f&X, u(dX, 1), 1))
02, £ (X, 0),0) = [ LK. 1) } : (27)

Assumption 1. For the system 7 = ¢(Z, v), there exist smooth
positive definite functions Ry, R, and class %, functions «q, ...,
o such that

a1(IZ]) < Ri1(2) < aa(1Z)) (28)

oR1(Z)
5z ©(Z,v) < R(2) + az(Jv]) (29)
as(|Z]) < R(2) < as(|Z)) (30)

Ry (Z)
i ©(Z,v) < R(2) + as(|v]) (31)

forallZ € R" ! and forall v € R.

Assumption 2. The system X = f (X, x (X) + v) satisfies input-to-
state stability property with respect to v and the function« : R" —
R is continuously differentiable with locally Lipschitz derivative

20 and it satisfies « (0) = 0.

4. Local stability

With the assumptions on the nonlinear function f (X, w) stated
below (4), the following holds

IF X, w)l = 91X + [w]) (32)

for a class .74, function .
Throughout this section, we consider the solutions which are
such that

95X, t) -
at

for0 < ¢ < 1,and t > 0. We refer to F. as the feasibility condition.
The feasibility condition (33) ensures that the transport

velocities have the correct sign; if not, the boundary conditions are

not in the correct side of the equations. In addition, we make the
following assumption on the moving boundary.

Fo:0 < V&X, t)f X, u(d(X, t),t)) + (33)

Assumption 3. The moving boundary §(X,t) is continuously
differentiable and satisfies

0<8X,t) <1 (34)

forallt > 0,and V§(X, t), 6;(X, t) are locally Lipschitz, and there
exist class %4, functions #,, ©¥3 such that

[Va(X, t)| < [V8(0, 0)] + F2(IX]), (35)
13:(X, )| < 18:(0, 0)| + D3 (|X]), (36)
forallt > 0.
Denote
n{k = sup (V&(X(@),H)f(x(e),u(S(X,B),G))
6>8—1(X(0), 0)

35(X(60),0)
+ T)y (37)
Ty = inf (VS(X(@), )f(X(@),u(6(X,0),0))
0>5=1(X(0), 0)
38(X(9), 0)
+ T) (38)

Remark 4. With the condition (33), it holds 0 < V4&(X, t)
fX,u(dX, t),t)) + % < 1, fort > 0. So there exist a unique
supremum 7 defined by (37) and satisfying { < 1, and a unique
infimum 7 defined by (38) and satisfying 75 > 0.

4.1. Backstepping transformations and inverse backstepping trans-
forms

Denote
gty =t+1-458(X,1), (39)
and
h©)=g7'(), t=<6=<g®). (40)

Lemma 1 (Backstepping Transforms). The backstepping transforma-
tions of ¢, n are defined as

wx—38X,t),t) =¢(x, t) — undk, 1), (41)
w(x—38X,0),t) =nxt) — urk,t)), (42)
where

X

Ix,t) = Z(t) + / o(s+t—1Deds,t),
3(X,t)

(s, t),0(+t—=1)), o(s+t—1)))ds, (43)
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X

rx,t) = zm—f h(t +1—35)p@r (s, t),
§(X,t)
n(S(ri(s, ), h(t + 1 —5)), h(t + 1 —5)))ds, (44)

foral §(X,t) < x < 1,t > 0 and p is defined in (16) and
Ix,t) = [IT(x, ), Lx, O, r(x, t) = [rl(x, t), r2(x, £)]7, and the
control law (19)-(22) transform system (25), (12)-(15) to the target
system given by

Z = ¢Z, u@) + w(0,t) (45)
wr (X, t) = <l + VX, t)f X, u(6(X, t),t))

a8(X, t)
at

)wx(x, 0 (46)

w(x, t) = —(1 — VéX, O)f X, u(d(X, t),t))

38X, t)
- )wx(x, t) (47)
@ (0,t) = w(0, t) (48)
w(1—=8X,t),t) =0. (49)

Proof. By setting x = §(X, t) into (41), with (25), (43), we have
(45). Using (12), it can be deduced that ¢ is a function of x + t, that
is, £ (x,t) = x1(x + t) for some function x; and by (20), (21) and
(43),we get I(x, t) = [PlT(x +t—1),Px+t— 1], in view of
(41), so w(x, t) is a function of x + §(X, t) + t. It can be deduced
we(x, 1) = (1+ V8X, Of X, u((X, 1), 1)) + L&D o, (x, 1), that
is, (46). Using (13), we know that 7 is a function of t — x. With the
help of (44), it can be deduced that r(x,t) = Z(h(t + 1 — x)), so
(47) holds. In view of I(6(X, t), t) = Z(t) and r(§(X, t), t) = Z(¢t),
and with the help of (14), (41) and (42), we get (48). Last, we prove
(49). Noting that w(I(1,t)) = w(P1(t), P(t)) = —ci1(Pa(t) —
Kk (P1(t)))+ %ﬁft))f(ﬁ(t), P,(t)), and with (15),(19)and (41), we
have w(1—3(X, 1), t) = ¢(1,8) — u(l(1, ) = n(1, ) + 2U(t) —
p(l(1,6)) = 0.

Lemma 2 (Inverse Backstepping Transforms). The inverse backstep-
ping transformations of w, w are defined as

C(x,t) =wkx—08(X, 1), t) + u(x, t)), (50)
nx, t) =@ x—8(X, ), t) + nu(h(x, t)), (51)
where
(x, 1) = Z(0) + / & (s 4t — Dgl(s 1),
§(X,t)
(0, o(s+t — 1)) + (s, t)))ds, (52)
A, t) = Z(t) — / h(t +1—5)p(r(s, t),
S(X,t)
@ (0, h(t + 1 —5)) + p(A(s, t)))ds, (53)

foral §(X,t) < x < 1,t > 0 and u is defined in (16) and
WX, t) =[x t), & O], Axt) = [A(x, ), 2a(x, )], and
the control law (19)-(22) transform the target system (45)-(49) to
system (25), (12)-(15).

Proof. The proof follows from straightforward computations.

4.2. Stability of the target system

Lemma 3 (Extended Closed-loop System is ISS). Under Assumption 2,
consider the following system

2= 9@ u@) +v) = [f(x’:gg’:;?’ t))] (54)

where the control law p given as (16) and Z = [XT, u(5(X, t), t)]".
Then there exist a class 2. function 8 and a class %4, function y
such that |Z(t)] < B(IZ(to)|, t — to) + Y (SUPy << [v(T)]), for
t >t

Proof. The proof is similar to that of Cai and Krstic (2015), so it is
omitted.

Lemma 4 (Stability Estimate for Target System). Under Assump-
tions 2 and 3, consider system (45)-(49), there exists a class =¥
function B, such that for all solutions of the system satisfying (33) for
0 < ¢ < 1, the following holds
IXO+ [u@X, ), O] + llo®) lloor + [l () o1
=< BUXO)] + [u(3(X(0), 0), 0)|

+ 001 + | (0)ll o1, ) (55)
forallt > 0.
Proof. Based on Assumption 2, from Lemma 3, there exist a
smooth function S : R™' — R, and class %, functions a7, ag,
o9, &1 such that

a7(1Z]) = S(Z) < a3(IZ)), (56)

9S(2)
aTﬁD(Z, m(Z) + (0, 1)) < —ag(|Z]) + a1o(lw(0, t)]) (57)

where Z = [XT,u(8(X, t), t)]". The new variable v(x, t),x €
[—14+8(X,t),1—8(X,t)]is defined as

w(x,t),
w(—x,t),

_ forallx € [0, 1 —§(X, t)],
v(x, 1) = { forallx e [—1 4+ 8(X, 1), 0].

By (46), (47), (49), we get v(x,t) = (1 + VX, t) x f(X,
u(dX, 1), 0) + L%y, (x, ) for all x € [0,1 — 8(X,t)], and
vex, £) = (1= VX, Df (X, u@d(X, 1), 1) — 2FD)vy(x, 1) for all
xe[—148(X,t),0],and v(1 — 8(X, t), t) = 0. Let I'(t) denote
the following norm

(38)

ra) = sup
Xe[—148(X.0),1=8(X,1)]

1-8(X,t) Tln
= lim ( / 2181040 (., t)Z”dx> (59)

n—00 1+8(X,t)

51Ty (x, 1)

where g; > 0, and n is a positive integer. The derivative of I"(t) is
given by

. d 1-5(X,t) >
r) = lim — (/ 32ng1(1+)<)v(x’ t)zndx)

1+6(X,t)

1 1-6(X,t) %
. (/ ezrrgl(l—o—x)v(x, t)anX>
n—00 21 \J _11s(x,0)

1-8X.t)
X (/ 2ne?&1 040y (x )21y, (x, t)dx
—14+38(X,t)

— %0y (—1+ 5(X, 1), )™

-1

I
5
|

as(X, t)
X (V(S(X,t))f(X,u(S(X, ), 1) + ot )) (60)

With integration by parts we get

1-8(X.6)
/ 21?51 0y (x, )2 T, (x, t)dx
—1+38(X,t)

= (1 — VX, H)f X, u(d(X, t), t)) — 98X, t))

ot

0
X / 2?8100y (x, )2 Moy (x, t)dx
1+6(X,t)
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+ (1 VS OF (X, uBX. 1), 1) + 2 ”)

at
1-8(X,t)
x / 2ne?81 040y (x )21y, (x, t)dx
0

96(X, )
)

= (1 — VX, O)f X, u(6(X, t), t)) —

0
x / ean1(1+x)dU(X, t)2n
14+6(X, )

a5(X, t)
N (1 + VB, OF 06w X, 0, 0) + )
1-8(X,t)
« / ean1(1+x)dU(X7 t)2"
0
d8(X, t)
= (]—VS(X, Hf X, u(§X, t),t)) — 9t >

x <e2"g1v(o, )2 — 28Xy (1 4 §(X, t), £)*"

0
—2ng; / 2810+, (. t)z”dx>
—14+5(X,t)

38X, t)
+ (1 + VS(X, Of X, u(S(X, t), £)) + )

at

1-5X.0)
X (—eZ”glv(O, ¥ — 2ng, / 2510+ (x, t)Z”dx) . (61)
0

By (60), (61), we get

L

. 1 1-8(X,t) 21,1
I'(¢) = lim — < [ 2181149 4, (x| t)z”dx>
n—>00 21\ J_145(x,t)

X (—eZ”gl5<X’f>u(—1 +38(X,t), )"

— 2621(0, )" (Va(x, Of X, u((X, 1), 0) + aa(axt, t)>
a8(X, t)
_zngl(1—Va(x,r)f(x,u(ﬁ(xyf“”‘ ot )
0
X/ 28109 (x 1)*"dx
—14+8(X,t)
a8(X, 1)
— 2ng, (1+Va(x,r)f<x,u<8<xyf>’f>>+ ot )
1-8(X.t)
X/ eZHgl(H")u(X, t)z"dx). (62)
0

Using (33), for 0 < ¢ < 1, 0ne has V§(X, )f (X, u(8(X, t), t)) +
BED > 0, fort > 0, so we get

L

. 1/ (1% &
I'(t) < lim — (/ 281+ (x, t)z"dx)

n—>00 21 148(4,6)

X (—2ng1 (1 — VX, O)f X, u(6(X, t),t)) —

0
X /
—148(X,t)

—2ngy (1 + VX, O)f X, u(d(X, t),t)) +

1-8(X.t)
% / eanl (14x) U(X, t)anX>
0

08(X, t))
ot

ean1 (1+x) U(X, t)anX

8(X, t))
ot

1-5(X.0) n
< —g; lim (/ 281499, (. t)z”dx>

n—00 14+8(X, t)
as(X, t
X (1 = VaX, Of X, u@@X, t), ) — (8t )> . (63)
With (37), we have I"(t) < —g;(1 — 7})I'(t), fort > 0.

Take a Lyapunov functional as
2 r(

V(t) =5@) + - f AL (64)

g1(1— 771) 0 r

where g is a class #4, function given as (57), the derivative of
V (t) along the solutions of system (45)-(49) satisfies

V(1) < —ao(1Z]) + a10(j(0, 1)]) — 2a19(I" (). (65)

Noting that |w(0, t)| < SUDPxe(o,1-50x.0)] |0, )| < I'(t), we have
V(t) < —ag(IZ(t)]) — ajo(I(t)). By (56), there is a class ¢
function 77 such that V(t) < —77(V(t)). Using the comparison
principle, there is a class .#.¢ function B, such that V(t) <
B1(V(0), t) for t > 0. By some calculation, using (64), then there
exists a class .7 .¢ function S, such that
1Z(O] + I'(t) < B(1Z(0)| + I'(0), ). (66)
It is easy to see that
0.5(w(®) lloo1 + Iz (D) lloc1) < (L)

< e (o) [loot + I (6)[loo1), (67)

thus we get

X+ [u@X, t), ) + o) lloo1 + [l () o1
<V21Z(t)| +2I(t)
<2B(12(0)| + I'(0), 1)
< 2B (1Z(0)] + [@(0) o1 + |7 (0)]|s01), 1)
< 2B2(€*1(IX(0)| + [u(5(X(0), 0), 0)]
+ 0(0) [lco1 + I (0) |01, £). (68)
Let B(s,t) = 2B.(e*1s,t), with g > 0, we have [X(t)| +

u@X, 0,01 + Ol + @Ot = BUXO)] +
[u(8(X(0), 0), 0)| + |0 (0)lloo1 + [[@ (0)lloe1, t) forall t = 0.

4.3. Bounds on the predictors

Lemma 5 (Bound on Extended Forward State Predictor). Under As-
sumptions 1 and 3, there exists a class %4, function y; such that for
all solutions of the system satisfying (33) for 0 < ¢ < 1, the following
holds

sup  |I(x, )] = i (1ZO] + 15 (O lloo)- (69)

§(X,t)=<x<1

Proof. By differentiating (43) with respect to x, we get

lX(Xa t) = U(X +t—- 1)‘P(l(x7 t)7 ;(5(11 (X7 t)5
ox+t—1),0kx+t—1)). (70)

Using (29), we get

AR (I(x, t
7](3(;( ))sv(l(x, t),

(@, ), 0(x+t—1), o(x+t—1))
< Ri((x, 1))
Fa3([g@likx, 1), o(x+t—1)), o(x+t—=1)). (71)



32 X. Cai, M. Krstic / Automatica 68 (2016) 27-38

With (33), we have o) > 14+ 7y > O0fort > 0,500 <
ox+t—1) < 1+n for§(X,t) < x < 1, we get

Wd(ﬁ t = Do),

;(8(11(){ D,ox+t—1), ox+t—1))
(R1(l(x £)

1

+a3(l§(5(l1(x, t,ox+t—1), cx+t—1))). (72)
With (70), we have
IR (I(x, t))

ox - 1+

+ a3 (8L (x, t), ox+t—1), ox+t—1))). (73)
With (34), it follows for all §(X, t) < x < 1 that

Ri(I(x, 1))

1=8(X, t) 1-=8(X, t)

<e " Ri(IBX,t), ) + (e 2 —1)

(R1 (I, 1))

x sup  a3(|@(ix, ), 0(x+t—1)), o(x+t—1))
S(X,H=<x<1
e+ Ri(Z(b)) + (e””; — Doas(|Z () ]leo)- (74)

Using (28), forall (X, t) < x < 1, we get that

Ix, 1) < oy (6””2 ax(|1Z(0)] + (6”” — D18 lloo))- (75)

1 1
Denote y;(s) = aj (e ay(s) + (e™™ — 1)as(s)), we have
SUPsx.p<x<1 X, D) < y1(IZO)] + 15 () o).

Lemma 6 (Bound on Extended Backward State Predictor). Under As-
sumptions 2 and 3, there exists a class ¥ 1, function p; such that for
all solutions of the system satisfying (33) for 0 < ¢ < 1, the following
holds

sup [r(x, )] < p1(IZ(O)] 4 [In(D)]| oo ©)- (76)
8(X, D=x<1

Proof. By differentiating (44) with respect to x, we get
rex, t) = —h(t + 1 —x)
X @r(x,t),n(§(r(x, t), h(t +1—x)), h(t +1—x))). (77)
Using (31), we get
_ ORy (1 (x, t))
or
X @(r(x, t), n(§(r(x,t), h(t + 1 —x)), h(t + 1 —x)))
< RZ(r(x7 t))
+as(In(@@ri(x, t), h(t + 1 —=%)), h(t + 1 —x)))). (78)

With the help of (33), we have g(t) > 1 —c > 0fort > 0.Soit
can be deduced 0 < h(t + 1 —x) < —— o, forall §(X, t) <x < 1.
Using (78), we arrive at

M) e 41—
or

X ¢(r(xa t)’ 77(8(1‘1 (X, t)5 h(t +1- X))’ h(t +1- X)))
< Ra(rx.0)
1—c¢

+ a6(In(8(r1(x, ), h(t + 1 —=x)), h(t +1=X))])). (79)

By (77), one has

oR , 1
L)

+as(In(6(r1(x, 1), h(t + 1 —X)), h(t +1=x))|)). (80)

With the comparison principle, using (34), it follows that

Ry(r(x,t)) <e = Ry(r(8(X, t),t)) + (e e -1

x sup  ag(In(@(ri(x,t), h(t + 1 —x)), h(t + 1 —x))])
§(X,t)<x<1
< e Ry Z(D) + (™% — Dag([|n(0)lloo)- (81)

With (30), for all §(X, t) < x < 1, we get that

re D] < o e as(1Z(O]) + (€7 — Dag(n(Dlls).  (82)

Denote pi(s,c) = a;l(eﬁas(s) + (eﬁ — Dag(s)), we have

SuPs(x,n<x<1 1% O = p1(1IZO] + 11(6) loo> ©).

Lemma 7 (Bound on Forward Predictor). Under Assumptions 2 and
3, there exists a class ¢ function y, such that for all solutions of the
system satisfying (33) for 0 < ¢ < 1, the following holds

sup  [ulx, )] = ¥ (IZ(O] + o) lc1)- (83)
8(X, t)<x<1

Proof. Under Assumption 2, from Lemma 3, there exist a class ..
function B and a class %4, function ¥ such that

1Z(0)] < BUZ(to)]. t — to) + P( sup [v(T)]) (84)

to<t<t

where Z(t) is the solution of system (54). By differentiating (52)
with respect to x, we get

x,t) =c(x+t—Delkx,t), w0, ox+t—1))
+ u((x, t))) (85)

withe = [T, ;,]7. Denote & = x+t — 1, u(x, t) = IT(8), we arrive
at

110) = 6(0)e1(H), w(0, o (8)) + u(I1(9))) (86)
with IT = [ITT, I1,]". Using the change of variable y = o (0), we
have
dr1

(dq;(y)) eI (@), (0, y) + nUI(@(M)))). (87)

fort <y < o(t). With (84) and (87), one has

IT®)] < BUZ(1)]. 6 — (1) +P( sup

p(t)<T=<t

lw(0, o(r))  (88)

for ¢(t) < 6 < t. It can be deduced that

L, 0] < BUZ(®)],0) + Pl (®)lloor)- (89)
Denote y;(s) = E(s, 0) + ¥ (s), we have (83).
Lemma 8 (Bound on Backward Predictor). Under Assumptions 2 and

3, there exists a class # function i3 such that for all solutions of the
system satisfying (33) for 0 < ¢ < 1, the following holds

sup  [A(x, )] = y3(IZ(O)] + [l () [loo1)- (90)
S(X.0)<x<1
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Proof. Under Assumption 2, from Lemma 3, there exist a class ..
function 8 and a class %, function 7 such that (84) holds. By
differentiating (53) with respect to x, one has
(X, t) = —h(t+1—x) x g(A(x, t), @ (0, h(t + 1 —x))

+ 1O, 1)) (1)

with A = [AT, A,]7. Denote & =t +1—x, A(x, t) = A(?), we get

A®) = h()e(A®), @ (0, h(®)) + 1(AD))) (92)
with A = [A], A>]". Using the change of variable y = h(s%), we
have

dA
(d%(y)) = p(AEW)), @(0,y) + u(AEH)))), (93)

fort <y < h(t). With (84) and (93), we arrive at

1AW < BUZ©O)], 9 —g() +7( sup | (O, h(T)])  (94)

t=t=g(t)

fort < < g(t). It can be deduced that

A(x. D] < BUZ(D)]. 0) + Pl (6 lloo1)- (95)

Denote y3(s) = B(s, 0) + ¥ (s), we have (90).
4.4. Stability of the closed-loop system

Lemma 9 (Original PDE State Bounded by Target PDE State). Un-
der Assumptions 2 and 3, consider system (45)-(49), and the output
maps are (50), (51). Then there exists a class %, function y,4 such
that for all solutions of the system satisfying (33) for 0 < ¢ < 1, the
following holds

1Z(O] + 1O lloo + 17O lloo
= 74(1Z(O] + lo(®)loor + [ (€) loo1)- (96)

Proof. The proof is similar to that of Cai and Krstic (2015), so it is
omitted.

Lemma 10 (Target PDE State Bounded by Original PDE State). Un-
der Assumptions 1 and 3, consider system (25), (12)-(15), and the
output maps are (41), (42). Then there exists a class ¢ 1, function p,
such that for all solutions of the system satisfying (33)for 0 < ¢ < 1,
the following holds
1ZO] + llo©)lloo1 + 17 () o1

= 02021 + 1O llow + 11Ol ©), (97)

Proof. The proof is similar to that of Cai and Krstic (2015), so it is
omitted.

Lemma 11 (Ball Around the Origin Within the Feasibility Re-
gion). Under Assumption 3, there exists a class ¢t function o, such
that all of the solutions that satisfy

Bi(c) « IX(O] + [u(d(X, £), )] + llue(t) lloo + [[tx () lloo
<o.(c.0), (98)

fort > 0and0 < ¢ < 1, also satisfy (33).
Proof. With (32), (35) and (36), we know if a solution satisfies

(IV8(0, 0)| + D2 (IX (O F1(IX(O)] + [u(d(X, ), )])
+ 16:(0, 0)[ + D3(IX(0)]) < c, (99)

fort > 0,and 0 < ¢ < 1, then it also satisfies (33). We conclude
that (99) is satisfied for 0 < ¢ < 1 as long as (98) holds where the
class ¢« function o, is defined as

0c(s, ©) =18¢(0, 0)| + F5(s) + (IVS(0, 0)| + D2(5))P1(5)

and with g., we denote the inverse function of g, with respect to
o, first argument.

(100)

Lemma 12 (Estimate of the Region of Attraction). There exists a class
¢ function Ygoa such that for all initial conditions of the closed-loop
system (1)-(4), (19)-(22) that satisfy

By(c) : £2(0) < rroa(c) (101)
forsome 0 < ¢ < 1, where
Q) = IXO+ [uX, ), ) + llug () lloo + lux(Olloo,  (102)

the solutions of the system satisfy (98) for 0 < ¢ < 1 and, hence,
satisfy (33).

Proof. With the help of (5)-(8), we have
1S O)lleo + MO lloc < 2(lue () oo + llttx(E) lloo),
lue (O lloo + Nux(Olloo = 15 (O lloe + [17(E) lloo-
Using Lemmas 4, 9, 10, we get
X+ [u@X, O) + llue®)lloo + lux()llo
< IXO] + [u@X, )+ 18O lloc + In(E)]loo
< V20ZO1 4+ 12O llso + 17D l1s0)
< V2y(1Z©O] + [0 [t + 177 (0)lloo1)
< V2ya(IXO] + [u@X. ), D] + [0(®)lloot + 17 (0) loo1)
< V2y4(BUX(0)] + [u(5(X(0), 0), 0)|
+00)llc1 + Iz (0)lloo1, 1))
< V2ys(BW2(1Z(0)] + [0(0)llso1 + 17 (0)l|oo1). £))
< V27(B(V2p2(1Z(0)| + [1£(0) [l + [17(0) |, ©). 1))
< V27 (B(V2p2(IX(0)] + [u(8(X(0), 0), 0)|
+ 12 (0)lloc + [17(0)[|oc, €), 1))
< V2yu(B(V2p:(IX(0)] + [u(3(X(0), 0), 0)]
+2([ue(0) oo + lux(0)llos), €), 1))
< V27 (B(V2p2(2(1X(0)| + |u(5(X(0), 0), 0)]
+ [t (0) oo + lux(0)llos), €), 1)) (105)

where Z(t) = [XT(t),u(8(X, t), t)]". By defining the class %5
function &(s) as @(s) = +/2y4(B(s, 0)), we obtain

(103)
(104)

2(t) <T(V2p(22(0), 0)).
Hence, for all initial conditions that satisfy the bound (101) with
any class .# function choice {goa(c) < EZOA (o.(c, ), c), where
E:OA(S, c) is the inverse of the class .#1,, function y5,(s,c) =

&'(ﬁpz (2s, ¢)) with respect to w,’{OA/s first argument, the solutions
satisfy (98) for 0 < ¢ < 1 and, hence, satisfy (33).

(106)

Theorem 1. Consider system (1)-(4), together with the control
law (19)-(22). Under Assumptions 1-3, there exist a class i
function o, and a class ¢ . function B such that for all initial
conditions which are compatible with the feedback law (19) and
satisfy (101), there exists a unique solution to the closed-loop system
with the ODE component X(t) that is continuously differentiable
on [0,00) and the PDE component (u(x, t),u:(x, t)) that is
continuously differentiable on [§(X,t),1] x [0, 00), and such
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that
2(t) < B(0(22(0),¢),t), forallt >0,
where £2(t) is given by (102).

(107)

Proof. Using (105), we obtain (107) with E(s, t) = ﬁy4(ﬂ(s, t))
and o(s, €) = ~/2,(2s, ). With (46), (49), we have

w(x, t)

_ {wo(t FXx+8X, 1), X, ) <t+x+28X,t) <1 (108)

0, 4+ x428X, ) > 1
where wg(x) is given by (41) with t = 0. With the help of (5),
for any initial condition u(x,0) € C!'[§(X(0),0), 1], u;(x,0) €
C'[8(X(0), 0), 1] which is compatible with the feedback law (19)
and satisfies (101), we have ¢ (x, 0) € C![8(X(0), 0), 1], and hence
using

Lx,t) =c(x+t—1)
XX, t), c6Lx,t),0(x+t—1)), cx+t—1))), (109)
16X, 1), t) =Z(1), (110)

and the Lipschitzness of ¢, we conclude the existence and
uniqueness of I(x, 0) € C![§(X(0), 0), 1]. Thus, with (41) and the
compatibility condition we get wo(x) € C![0,1 — §(X(0), 0)].
With (45), (108), and the Lipschitzness of ¢ and p we conclude
the existence and uniqueness of (X(t), u(§(X, t), t)) € C'[0, 0o).
Using the fact wo(x) € C'[0,1 — §(X(0), 0)], the compatibility
condition and (108), guarantee the existence of w(x,t) €
C1([0,1 — 8(X(t), )] x [0, 00)). The uniqueness of this solution
follows from the uniqueness of the solution to (46), (49).

With the similar arguments as above and using (6), the
following ODE

rex, t) = —h(t +1—x)

X w(r(xa t)v 77(5("1 (X9 t)5 h(t + 1-— X)), h(t + 1-— X))) (]11)
r(dX, 1)), t =Z(t), (112)
relations (47), (48), and the fact that

wo(X+ 35X, t) —t), 0<t<x+d5X,t),
wx,t) = {wo(t—x—S(X,t)), X, tH)<t—x<1,
0, t—x>1,

(113)

with @y (x) given by (42) with t = 0 and the compatibility
condition and u,(§(X(0),0),0) = 0, we obtain the existence
and uniqueness of w € C!([0,1 — 8(X, t)] x [0, 00)). With
the inverse backstepping transformation (50), (51) and ¢(x, t) =
I(x,t), A(x,t) = r(x,t), we have the existence and uniqueness
of £(x, t), n(x,t) € C'([8(X(1),1), 1] x [0, 00)). So by (7), (8),
there exists a unique solution (u(x, t), u;(x, t)) € C'([§(X, t), 1] x
[0, 00)).

5. Global stability

Throughout this section, we consider time-dependent moving
boundary é(t), simplify the feasibility condition (33) as
0<é(t) <1, (114)

for all t > 0, and make the following assumption:

Assumption 4. The moving boundary § : R, — Ris continuously
differentiable and satisfies
0<d6() <1 (115)

forallt > 0, and [S(t) is locally Lipschitz.

Denote

m = sup §(X(0)), (116)
0>8-1(0)

7= inf §(X(9)). (117)
6>8-1(0)

Remark 5. Under the condition (114), it is easy to know 7; < 1
and 7, > 0.

5.1. Backstepping transformations and inverse backstepping trans-
forms

Denote
gty =t+1-4(), (118)
and
he) =g '(0), t=<6<g. (119)

Lemma 13 (Backstepping Transforms). The backstepping transfor-
mations of ¢, n are defined as

wx—=46(),t) =¢k,t) — ndx, 1)), (120)
@ (x—8(t),t) =nx, t) — u(rE,t)), (121)
where
I(x,t) = Z(t)—i—/x G(s+t — Do, t),
)
(8 (s, (t[)),cr(s—i— t—1), o(s+t—1)))ds, (122)
r(x,t) = Z(t)—/x h(t +1—5)p(r(s, t),
§
n(&(n(s,(tt;, h(t+1—5), h(t+1—3s))ds,  (123)

forall §(t) < x < 1,t > 0 and u is defined in (16) and

p(t) =t —14+8(t),00) = ¢ '(0). () <6 <t Ixt) =

T (x, 0), bx, )T, r(x, t) = [r](x,t), r2(x, t)]", and the control

law (19)-(22) transform system (25), (12)-(15) to the target system
given by

Z=¢Z, u@ +w0,1) (124)

o (x, 1) = (14 8(t)wx(x, 1) (125)

@ (x, t) = —(1 = 8())wy(x, t) (126)

@ (0,t) = w(0,1t) (127)

w(1—=468(t),t) =0. (128)

Proof. Note that §(X, t) in system (25), (12)-(15) is (t) now, the
proof is similar to that of Lemma 1, so it is omitted.

Lemma 14 (Inverse Backstepping Transforms). The inverse back-
stepping transformations of w, w are defined as

L, t) = wx —8(t), t) + pnx, 1)), (129)
nx, t) = wx —8(t), t) + n(h(x, t)), (130)
where
Wx, t) = Z(t)+/x (s 4t — De((s, t),
3(t)
(0, a(st—i-t— 1) + (s, £)))ds, (131)
Ax, t) = Z(t)—/x h(t +1—s)@(r(s, t),
3(t)
(0, h(tt+ 1—=15)) + pn(A(s, t)))ds, (132)
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forall §(t) < x < 1,t > 0 and u is defined in (16) and
tx, ) = [LTx 0), & O], Ax ) = Al t), 12x, 0], and
the control law (19)-(22) transform the target system (124)-(128) to
system (25), (12)-(15).

Proof. The proof is similar to that of Lemma 2, so it is omitted.

5.2. Stability of the target system

Lemma 15 (Stability Estimate for Target System). Under the condi-
tion (114), Assumptions 2 and 3, consider system (124)-(128), there
exists a class ¢ . function B, such that the following holds

X®O| + [u@ @), O + llo®) loo1 + [l () o1
< BUX(0)] + [u(8(0), 0)| + [@(0) o1 + l[@ (0)llso1, £)
forallt > 0.

(133)

Proof. Based on Assumption 2, from Lemma 3, there exist a
smooth function S : R™' — R, and class .4, functions a7, ag,
o9, a19 such that (56), (57) hold. The new variable v(x, t),x €
[—1+65(t), 1 —6(t)] is defined as

w(x,t),
w(—x,t),

forallx € [0, 1 —8(D)],

forall x € [—1+ 8(¢), O]. (134)

vix,t) = {
By (125), (126), (128), we get v (x,t) = (1 + S(t))vx(x, t) for
all x € [0,1 — 48(0)], and ve(x,t) = (1 — 8(t))vx(x, t) for all
x € [-146(t),0], and v(1 — &(¢t), t) = 0. Let I"(t) denote the
following norm

@) = sup
Xe[—148(0). 1-3(0)]

1-8(0) %
= lim (/ 2849 4, (k. t)z”dx>
n—oo _

148(t)

[ef v (x, )]

(135)

where g > 0, and n is a positive integer. The derivative of I"(t) is
given by

. d 1-5(t) 2171
@) = lim — ( / 2849 4, (x| t)Z”dx>

n—oo dt 14+8(6)

1 1-8(t) w1
. (/ ean(PrX)U(X’ t)anX>
n—00 21 \J_145(t)

1=8(t)
x (f 2ne? 80y (x, )2 o (x, t)dx
—148(0)

[
5
|

— 8Oy (=14 8(1), t)z”S(t)). (136)

With integration by parts we get

1-8(0)
/ 21?00y (x, )2 Ty (x, t)dx
—145()

0
/71+6(t)

1-8(t) .
+ / 20?004 (x, D211 4 §()) vy (x, t)dx
0

2ne? 00, (x, )21 (1 = §()) vy(x, t)dx

0
=(1-35() / e+ gy (x, £)*"
—143(t)

1-5(t)
eZHg(Hx)dU(X’ t)Zn

+(1+ S(t))/
0

= (1= 8()) (€™ v (0, )*" — " Ou(—1+8(1), )"

0
_ zngf ean(H—x)U(x, t)anx)
—144(t)
+ (14 5(0)(—e™v (0, 1)*"
1-6(t)
—2ng / 289, (x, £)?"dx). (137)
0

By (136), (137), one has

. 1 1-5(t) 7
() = lim — < / e2re(+0 4 (x, t)Z"dx)

n—oo 2n 14+8(t)

-1

x (—ez“g5<f>u(—1 +8(b), £)%" — 2e*™ (0, )25 (t)

0

—2ng(1— 8(t))/ 280+ (x, £)?"dx
—148(t)

1-8(t)

—2ng(1 +3(t))/ (138)
0

ean(l+x) U(X, t)anX>
note 0 < S(t) < land(116),so we havef(t) < —g(1—m)I (1),
fort > 0.

Take a Lyapunov functional as

T(t)
Vi =S@) + — 2 / @) 4
g1 —m) Jo r

where g is a class %4, function given as (57), the derivative of
V(t) along the solutions of system (124)—(128) satisfies

(139)

V(1) < —ao(1Z]) + a10(|(0, £)]) — 2a10(T(1)). (140)

Noting that [@(0,t)] < supyco1_suy lo®, 1) < T(t), we
have V(t) < —ag(|Z(t)]) — a10(I(t)). Using the arguments
as in Lemma 4, then there is a class #.# function 8, such that
IX(O] + [u@X, 1), O] + lo®)lloo1 + |z (Ollecr = BUXO)] +
[u(8(X(0), 0), 0)| + [|0(0)[loc1 + | (0)[[c1, £) forall ¢ = 0.

5.3. Bounds on the predictors

Lemma 16 (Bound on Extended Forward State Predictor). Under the
condition (114), Assumptions 1 and 3, there exists a class ¥4, function
Y such that the following holds

sup [I(x, )] < V1(1IZO] + 1E(O)]loo)-

S(t)<x<1

(141)

Proof. Similar to the proof of Lemma 5, it can be deduced that
1
there exists a class %5, function y; as y(s) = a]_] (e ay(s) +
1
(e — Tas(s)) such that supsg) << I(x, I = Y1(Z(O)] +
12 lloo)-

Lemma 17 (Bound on Extended Backward State Predictor). Under
the condition (114), Assumptions 2 and 3, there exists a class
function 'y, such that the following holds

sup [r(x, )] = ¥, (1Z(O] + [1(E)[loo)-

s(t)<x<1

(142)

Proof. Similar to the proof of Lemma 6, it can be deduced
that there exists a class 7 function y,(s) as y,(s) =

1 1
;' (6T as(s)+ (e — atg(s)) such that sups ) cyer [1(x, £)] <
2 AGIENTIGI S

Lemma 18 (Bounds on Forward and Backward Predictor). Under the
condition (114), Assumptions 2 and 3, there exist class .# functions
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¥'3. ¥ 4 Such that the following hold

S(S;UP : lt(x, O < V3UZ@O)] + llo®)loo1). (143)

t)<x<

5(S>UP 1IX(X, O = V4120 + ll () lloo1)- (144)
t)<x<

Proof. The proof can be adapted from Lemmas 7 and 8.

5.4. Stability of the closed-loop system

Lemma 19 (Original PDE State Bounded by Target PDE State). Under
the condition (114), Assumptions 2 and 3, consider system (124)-
(128), and the output maps are (129), (130). Then there exists a class
Ao function y s such that the following holds

1ZOT+1EONloo + 110 lloo

=VsUZO] + o®)lloor + I ()] co1)- (145)

Proof. The proof is similar to that of Lemma 9, so it is omitted.

Lemma 20 (Target PDE State Bounded by Original PDE State). Under
the condition (114), Assumptions 1 and 3, consider system (25), (12)-
(15), and the output maps are (120), (121). Then there exists a class
Ao function y ¢ such that the following holds

1Z(O] + lo(®)lloor + [ (E)lloor

=V6(ZO] + 1O oo + In(O)]lo0)- (146)

Proof. The proof is similar to that of Lemma 10, so it is omitted.

Theorem 2. Under the condition (114), Assumptions 1, 2 and 4,
consider system (1)-(4), together with the control law (19)-(22) for
any initial condition u(-,0) € C'[8(0), 1], u;(-,0) € C'[6(0), 1]
which is compatible with the feedback law (19), the closed-loop
system has a unique solution

X(t) € C'[0, 00) (147)
(-, £), ur (-, 1)) € C'([8(1), 1] x [0, 00)) (148)
and there exists a class ¢ & function B such that
IXO] 4 Nu) lloo + lue(O)lloc + [lux() oo

= BUXO)] + [[u(O)]loc + 1t (0) oo + lUx(0)[[oo, 1) (149)
forallt > 0.
Proof. Owing to
ulx,t) = u(s(t), t) + /5:) u,(y, t)dy, (150)

t

so we have

sup |u(x, )] < [u(8(t), )] + sup |ux(x, 1)]. (151)

s(t)=<x<1
Using Lemmas 15, 19, 20, and with (103), (104), we get
X!+ u®) lloo + e () lloo + lltx(®) o

< IX@O] + [u@@), O] + llu (O llo + 2/ux(O) o

< 2(IX@ + [u@d ), O] + 1O lloo + M) l00)

< 2V2(1ZO)] + 12O lloo + 17D l0)

< 2V27502O1 + 0O o1 + Il (©)lloo1)

< 2V275(IX(O] + (). D] + [lo(®) oo1 + 7 (D) lloc1)

< 2V275(BX(0)] + [u(8(0), 0)] + [@(0)lloot + 17 (0)[lso1. )

< 2V275(B(V2(1Z(0)| + 0(0) o1 + 17 (0)|oo1). 1))

S(t)<x<1

< 2V275(B(V27(1Z(0)] + £ 0)lloo + 17(0) 1), 1))
< 2V275(B(V275(1X(0)] + [u(5(0), 0)]
1120 lloo + 17(0) [0, £))
< 2V275(B(V27(1X(0)] + [|u(0) |
+2(1te(0) [l + 1ux(0)[[)). £))
< 2V275(B(V2752(IX (0)] + [[u(0) |
+ 111 (0) oo + 11 (0) ). 1))

where Z(t) = [X'(t),u(5(t),t)]". Denote B(s,t) = 24275

(B(~27(25), 1)), we have (149).
With (125), (128), we have

(152)

wo(t +x+6(t)),

a)(x,t):{ < 8(t) <t +x+25(t) <1

x4 28(0) > 1 (153)

where wy(x) is given by (120) with t = 0. With the help of (5), for
any initial condition u(x, 0) € C'[§(0), 1], u;(x,0) € C'[5(0), 1]
which is compatible with the feedback law (19), we have ¢ (x, 0) €
C'[8(0), 1], and hence using

L(x, t) = o (x+t =D 1), L (L, 0),
ox+t—1), ocx+t—1)),
1(8(t), ) = Z(1),

and the Lipschitzness of ¢, we conclude the existence and
uniqueness of [(x,0) e C![8(0), 1]. Thus, with (120) and the
compatibility condition we get wy(x) € C'[0, 1 — §(0)].

With (124),(153), and the Lipschitzness of ¢ and i we conclude
the existence and uniqueness of (X(t), u(8(t),t)) € C'[0, oo).
Using the fact wo(x) € C'[0, 1 — 8(0)], the compatibility condition
and (153), guarantee the existence of w(x,t) € C'([0,1 —
8(t)] x [0, 00)). The uniqueness of this solution follows from the
uniqueness of the solution to (125), (128).

With the similar arguments as above and using (6), the
following ODE

r(x, £) = —h(t + 1 =)@ x, t), n(8(r1 (x, t),

(154)
(155)

h(t+1—x)), h(t +1—x))) (156)
r(é(t), t) = Z(t), (157)
relations (126), (127), and the fact that
wo(x+38() —t), 0=t<x+3(),
o t) = we(t —x—=46()), st)<t—x<1, (158)

0, t—x>1,

with @wo(x) = w@(x,0) given by (121) with t = 0 and the
compatibility condition and u,(5(0), 0) = 0, the existence and
uniqueness of @ € C!([0, 1 — §(t)] x [0, 00)) is obtained. With
the inverse backstepping transformation (129), (130) and ¢(x, t) =
I(x, t), A(x, t) = r(x, t), we have the existence and uniqueness of
c(x, t), n(x, t) € CL([8(t), 1] x [0, 00)). So by (7), (8), there exists
a unique solution (u(x, t), u;(x, t)) € C1([8(t), 1] x [0, 00)).

6. Example

Consider the cascade of the benchmark system and a wave PDE
actuator given by

Xy =Xy + €X3 (159)

X; = X; (160)

X; = u(8(X, t),t) (161)

U (X, £) = u(x, t) (162)
u(8(X, t),t) =0 (163)
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Fig. 1. Time response of the states of system (159)-(164) with the control law (166)-(171) (solid line) and with the nominal control law (165) (dashdot line) forc; = 2,¢ = 1
and initial condition as X;(0) = 0, X,(0) = 0.1, X3(0) = 0.1and u(x, 0) = 0.1, u,(x,0) = 0.1 forallx € [6(X(0), 0), 1].
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Fig. 2. Time response of the state X5 for the proposed control law (166)-(171) and the uncompensated nominal control law (left) and the control law (right) for initial
condition as X;(0) = 0, X,(0) = 0.1, X3(0) = 0.1 and u(x, 0) = 0.1, u,(x, 0) = 0.1 for all x € [§(X(0), 0), 1].

u(1,t) = U(t) (164)
where X = [X;, X2, X5]7 and € is a scalar parameter. System (159)-
(161) is a representative of a larger class of nonlinear systems
with parameters. A delay-free design for system (159)-(161)is (see
Sepulchre, Jankovic, & Kokotovic, 1996) as follows

K(X) = —3X2 — 2X3 —Xl
— €(X1X3 + XX3 + 0.5X2) — 0.5€2X3X7. (165)

The closed-loop system (159)-(161) and (165) is globally asymp-
totically stable without any restriction on €. For all ¢(t) < 6 < t,
define the estimated predictors of X1, X5 and X3 as

0
Py(O) = X (6) + / 6 (5)(Pa(s) + €P2(5))ds, (166)
o(t)
0
Py(0) = X, (t) + / o (s)P3(s)ds, (167)
o(t)
0
Py(6) = X5 (0) + / & (5)Pa(s)ds, (168)
o(t)

6
P4(0) =u(5(X, t),t) + /

()6'(5)4(5(1’(5), 0 (s)), o(s))ds, (169)
Pt

o(s) = 1/(1 + V(P (s), o ()f (P(s), Pa(s))

d(S(P(s), 0(5)))>

00 (170)

for t > 0 with P(s) = [Pi(s), P2(5), P3()]", f(P(5), Pa(s)) =
[P2(s) + €P3(s), P3(s), Pa(s)]".

The control law for system (159) to (164) is given by

U@ = —0.5u (1 ) — ux(1, 1)) — 0.5¢,(P4(6) — (P()))
+ as@ﬂpm, Po(D))

where ¢; > 0, and Py, P,, P3, P, are given by (166) to (169)
respectively, and « is given by (165). Assume 6(X, t) as

1+ X3(0) +¢

(171)

SX,t) = , (172)
24+ X2(t) + ¢t
we have
0<d8(X,t) <1, (173)
1
18:(X, D)] < e (174)
X(t
vsec o) = 20 (175)
forallt > 0, and
If (X, u(S(X, ), )|
= (Xa + €X))? + X5 + u*(3(X, 1), 1)
< Q242X +XF+H X2+ UEEX, D), D)) (176)
there exists a class .7, function #(x) = +/2+ 2€2|x]|

x /14 |x|? such that |[f(X,u(8X,t),t))] < *(X| +
[u(d(X, t), t)|), the feasibility condition (33) is

- 14 2X:X3
T eHXFH0r T

for0 < c < 1,andforallt > 0.

(177)
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In Fig. 1, time response of the states X;, X, of system (159)-
(164) for the case of the proposed control law (166)-(171) and the
case of the uncompensated nominal control law (165) are shown.
One can observe, in the former case, the stabilization is achieved,
whereas in the latter case, the closed-loop system is unstable. In
Fig. 2, time response of the state X3 of system for the proposed
control law and the uncompensated nominal control law and the
proposed control law (166)-(171) are shown. One can observe that
the control law converges to zero.

7. Conclusion

We introduce and solve stabilization problems for nonlinear
systems through wave PDE dynamics with a moving uncontrolled
boundary. Stability analysis of the closed-loop system is achieved
with infinite-dimensional backstepping transformations and by
constructing a Lyapunov functional. An explicit feedback law for
compensating the wave actuator dynamics is designed. For the
moving boundary that depends on both the ODE’s state and time,
a region of attraction is estimated. For the moving boundary that
depends on time, a global stabilization result is achieved. The
feedback stabilization is illustrated by an example.
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