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We present a non-model based approach for asymptotic, locally exponentially stable attainment of the
optimal open-loop control sequence for unknown, discrete-time linear systems with a scalar input,
where not even the dimension of the system is known. This control sequence minimizes the finite-time
horizon cost function, which is quadratic in the measured output and in the input. We make no
assumptions on the stability of the unknown system, but we do assume that the system is reachable. The
proposed algorithm employs the multi-variable discrete-time extremum seeking approach to minimize
the cost function, extending results established for the scalar discrete-time extremum seeking method.
Simulation results show that the Hessian's condition number, used as a measure of the optimization
problem's level of difficulty, increases with both the system's level of instability and the length of the
finite horizon for a scalar system. Thus, we suggest solving well-conditioned, shorter time horizon
optimal control problems to obtain good initial control estimates for longer time horizon problems if
possible. We also show that the algorithm accommodates input constraints by employing the projection
operator and introduce a Newton-based discrete-time extremum seeking controller, which removes the
convergence rate's dependence on the unknown Hessian.
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1. Introduction

The construction of optimal control signals for dynamical
systems is a much-studied area of control theory. For linear
systems, an optimal linear feedback law is obtained by solving
the well-known Riccati equation. When not all the states are
measured, the separation principle allows for the design of optimal
observers to obtain state estimates for use in this feedback law.
While the states may not be directly known, a model of the system
is assumed to be known precisely. In contrast, we study in this
paper the optimal control problem for a discrete-time linear
system that is entirely unknown—only the system's output is
known. Our approach utilizes extremum seeking control, which
has been the focus of much recent research both in theory
[29,7,1,26,25,12,13,24,15] and in applications [28,32,5,19,9,16,17,8].

Recent studies have been dedicated to the optimal control
problem for unknown systems, relying mainly on learning and
dynamic programming methods. In [21], an observer and neural
network are used to approximate a value function, which is used
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in a policy iteration scheme to determine an optimal control
strategy for an unknown system whose relative degree is known.
Reinforcement learning is utilized in [18,31] to achieve optimal
control policy for unknown systems. In [11,27], neural networks
are used to approximate the unknown nonlinear discrete-time
systems so that the optimal control policy can be found offline
with approximate dynamic programming. Techniques similar to
those presented in this work are used to achieve desired plasma
current profiles in a magnetic fusion reactor in [22].

We solve a finite-time horizon, optimal control problem for a
completely unknown discrete-time linear system with a scalar
input by using a non-model based, extremum seeking controller to
attain the open-loop optimal control sequence. Since only the
output values of the system can be measured, an optimal feedback
control is not possible and the considered cost functions are
restricted to quadratic functions in the input and the output,
rather than the state. The control values for each step in the time
horizon are determined by the extremum seeking controller,
which is driven by the value of the cost function. After each
iteration of the unknown system, the cost is computed and used to
iterate the extremum seeking controller, updating the control
sequence. On the average, the controller is driven by the gradient
of the cost function, which is driven to zero, causing the control
sequence to converge to the optimal open-loop control sequence.
While optimal state feedback control would be preferred, its
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design requires knowledge of the system model, which we assume
is not available.

Our results follow closely and extend those found in [7] to
establish convergence for multi-variable, discrete-time extremum
seeking controllers. The algorithm is gradient-based so its con-
vergence rate is dependent on the Hessian of the cost function.
Convergence of multi-variable, discrete-time extremum seeking
schemes with noisy measurements has been shown in [24], but
the proof relies on diminishing gains that effectively turn off the
algorithm over time. We utilize the two-time scale averaging
theory for discrete time systems [2] to prove convergence for a
multi-parameter scheme with constant gains, albeit with noise-
free measurements, so that the scheme continually seeks to
optimize the measured cost, tracking changes in the system. While
we prove a local result, non-local results for extremum seeking
controllers have been established in [26].

We also introduce and demonstrate in simulation a Newton-
based discrete-time extremum seeking controller, whose
continuous-time counterpart is derived and analyzed in [15]. The
Newton-based scheme allows the algorithm's convergence rate to
be user assigned by removing its dependence on the unknown
Hessian. Both the gradient-based and Newton-based designs can
accommodate input constraints by utilizing a projection operator
to solve input constrained optimization problems.

Systems that are amenable to this framework, i.e., unknown or
uncertain systems that are highly repeatable with constant initial
conditions, have been the focus of a large body of research known as
iterative learning control [20,6,30]. Pulsed laser systems, for example,
fit the above description. For unknown systems, iterative learning
control utilizes finite-time, repetitive experiments to achieve the
tracking of a given reference, whereas in this work, our scheme
optimizes the system's output according to the computed cost
function. Stability of the unknown system is not required (since we
consider a finite-horizon problem); however, the optimization pro-
blem becomes more difficult as the level of instability of the
unknown system increases or as the time horizon increases, which
is shown in Section 6.1 with a scalar system example.

This paper is organized as follows: We introduce the problem
statement in Section 2 and the gradient-based discrete-time
extremum seeking controller in Section 3. The error system is
derived in Section 4 and our convergence result is proved in
Section 5. In Section 6, simulations for both unconstrained and
input constrained optimizations are presented using the gradient-
based and Newton-based schemes. We conclude with Section 7.

2. Problem statement

Consider the single-input linear discrete-time system

X1 = ArXi + Briy, (1)

Yie= CX ()

where x,.eR", U eR, y,eRP, and Ay, By, G, denote unknown matrices
of appropriate dimensions at discrete time k. Only the input u, and
the output y, are treated as known values. Hence, even the state
dimension is unknown.

Despite these significant uncertainties, we wish to find the
optimal, open-loop control sequence {u:}gjo that minimizes the
cost function

1 - 1 N-1 -
Jw) = ijQNyN + 2, Eoyled/k + Reug, 3)
K=

where u =[uq, ..., un-1]" and Qx, Qn2 0, R, > O for all ke{0, ..., N-1}.
Namely, we want to solve the discrete-time, finite-time horizon

optimal control problem
muinj(u), subject to (1)—(2) 4)

with initial condition xo. We seek an open-loop solution instead of
an optimal state feedback policy since the system is unknown and
state information is not available. The cost function (3) can be
written in terms of the state x; as

1 N-1
Jw) = EXITVQNXN + kE XeQiXk + R, 5)
=0

where Q, = C{ QCy, ke{0, ..., N}, which is the stan-
dard cost function for the LQ optimal control problem with a
positive weight on control at each stage. By substituting the
system's state trajectory

k-1
Xk = PyoXo + X Pri1Biu, (©)
1=

)

A,’_1A,'_2~~~A', l>]
AL i=J,

the cost function (5) can be written in terms of only the initial
state Xg and the control u,. In vector form, we have

JW) =1 xIFxo + x}Gu + Ju"Hu, ®)
where

F=Qy+06'Qeo, )
G=07QA, (10)
H=ATQA +R, (1
O =[D10, P20, .., Pro]s (12)
Q =diag[Qy, ..., Qyl, 13)

Bo 0 0 - 0
A= | P31By  P33B; B, , (14
&N1By PnpBi Pn3Bo Bn_1

ﬁ:diag[Ro, ...,RN_1], (] 5)

and diag[-] denotes a block diagonal matrix. The Hessian H is
positive definite symmetric since it equals the sum of ATQA20 and
R > 0. If the system model were known, the optimal open-loop
control values could be found directly by solving the correspond-
ing quadratic program [10,4].

We now make the following assumption for (1):

Assumption 1. The reachability Gramian [23],
Nl T 5T

Wy = 12 DN 111BiIB] Dy i1 (16)
=0

is positive definite symmetric.

This assumption is a necessary and sufficient condition for the
existence of a control sequence to take the system from any initial
state Xg to any final state xp, provided there are no hard constraints
on the control. Hence, the optimal control sequence is not the
trivial solution.

3. Optimal control via extremum seeking

The non-model based optimization strategy known as extre-
mum seeking uses sinusoidal perturbations to estimate, and drive
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to zero, the gradient of an unknown function. In this case, the
unknown function is the cost function (3) and the minimizer is the
optimal sequence {uk}k . This minimizer is found by drlvmg the
unknown system (1)—(2) with a control sequence {uk(l)},(_0 to
obtain the cost value J(I) and then iterating the discrete-time
extremum seeking controller to produce the sequence
{ued + 1)}2’;10, where [ denotes the I-th iteration of the algorithm.
The extremum seeking controller is given in vector form by

N K

i) =~ [0, 17)
aly= M(l) [I(l)] (18)

u(h) =ady + S\, (19)

where 0l =[ilg, ...,{In-1]", € is a small, positive parameter, K is a
positive diagonal matrix, and he(0,1). The notation P(2)[q(])] is
used to denote the signal in the iteration domain that is the output
of the transfer function P(z) driven by q(l), where P(z) operates
with respect to the iteration domain. The perturbation signals M(I)
and S(I), whose notation is chosen to be consistent with [15], are
given by
2 T

v cos (on-1l-gn_1) (20)

M) = 5 cos (wol—po). .

S() = [ap cos (wol), ..., ay_1 cos (wn_1 D], 21

with g, > 0 and the modulation frequencies given by wy = by for
all ke{0, ..., N-1}, where |b;|€(0, 1) is a rational number and w,*w;
for all distinct i, ke{0, ..., N-1}. A block diagram of the controller is
shown in Fig. 1.

From (18), we see that each scalar control u(l) is driven by the
scalar input W(z)[J()] multiplied by the sinusoidal perturbation
(2/ay) cos (wrl-¢,), where W(z) denotes the washout (filter
(z-1)/(z+ h). On the average, this formulation approximates a
gradient-based scheme since the distinct modulation frequencies
allow each scalar control u(l) to estimate its individual contribu-
tion to the cost value J(I), which is a function of
u(l) =ug(l), uy(l), ..., uy-1(D], i.e., at a fixed I, each scalar control is
updated by its estimate of the partial derivative &J/ou,(u(l)).

4. Error system

To analyze the convergence of the system, we formulate its
error dynamics. First, we rewrite the cost function (8) using its
Taylor series expansion about the optimum u* = [uf, ..., u%_, 17,

Jw) =J*) + Ju-u* Hu-u*), (22)

u N Discrete Time | Y Cost J
System Function
3
M i | ek § z—1
\r z—1 % z+h
S(1) M(l)

Fig. 1. Discrete-time multi-variable extremum seeking scheme that operates in the
iteration domain, indexed by I, to find the optimal control sequence u* = {u:}g;'o
that minimizes the cost function J(u), where k is the discrete-time index of the
unknown system. The depicted discrete-time filters operate with respect to the
iteration domain.

and we note that Vj(u*), the gradient of J at u*, is zero. Next, denote
the error relative to the optimal control sequence as

i) = u(h-Sh—ug, (23)
and substitute into (22) to obtain
J@)=Jw*) + 1 a"Hi + SHTHD + 1S)THS(). (24)
Substituting (23) into (17) yields

K
() = - [&D}-u 25)

which, after noting (18) and (24),
difference equation

i + 1) = i()—eKMUOW @) *)]
~LeKM(W (2)[i" Hil + S()THS(1)]
—eKM(OWW (2)[S()THil]. (26)

can be expressed as the

Applying Lemmas 3-5 from the Appendix to the last term of
(26) yields, after some algebra
MW @)[S()THil] = C~()Re{(z, é*)[Hii]}

—S~(HIm{Q(z, é)[Hii]}

+CH(DRe(Q(z, é”)[Hil]}

-S*(Im{€Az,e")[Hal}, 27)
where, with some notational abuse
Q(z,e”)2diaglW (e z), ..., W(e""12)], (28)
and C7,S7,C*,and S™ are N x N matrices whose kth rows are given
by

a

Cr(h& {* cos (wo—a )l + pp). ... ——

a COS((CUN—l_wk)lJrq’k)} (29)
k

a

Sey= {— sin (@o-o! + gy, ... 2 sin((mN_l—wkﬂwk)} (30)

Ci(h= [— cos ((wo + w)l—g@y), a”—l‘l

oS ((on_1 + wk)l—m} 31)

an—

Seh: [ sin ((wo + wp)l=gr); -, 1Sirl((querk)l—w)}- (32)

k

Note that the diagonal elements of C” and S~ are time invariant
(cos(¢) and sin(gy), respectively), which will be important for
our convergence analysis in Section 5.

To highlight these time invariant terms (27), let Cp and S,
denote diagonal matrices containing the diagonal elements of C~
and S™. Then, (27) can be rewritten as
MOW(@)[S()THil] = Re{R(e")Q(z, é”)[Hil]}

+(C()-Cp)Re{€(z. e)[Hil]}

—(S~()-Sp)Im{(z, e*)[Hil]}

+C*()Re{Q(z, é”)[Hil]}

—ST(HIm{Q(z, €”)[Hi]}, (33)
where, again abusing notation, 2(e/?) = diag[e/o, ..., efv-1]. Substi-
tuting (33) into (26) allows the error dynamics to be expressed as
follows:

il + 1)-ii(l) = e(L@)Hi] + P71 (D) + PF D) + P2 (D) + 8(1), (34)
Liz)=- g (Q(e")Q(z, &) + Q(e77)Q(z, e7?)), (35)

w1 () = K(S™()-Sp)Im{Q(z, e”)[Hil]}
—K(C~(l)-Cp)Re{Q(z, &”)[Hil]}, (36)

¥ (l) = KST()Im{Q(z, &)[Hii]}-KCT ()Re{2(z, &*)[Hil]}, 37)
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¥, (1) = —IKM()W (z)[d" Hill, (38)

8(l) = —eKM(W @] + IW @IS HS(D). (39

In the above formulation, one sees that the error dynamics evolve
according to a sum of a linear time-invariant term, L(z)[H{]; linear
time-varying functions, ¥7(l) and ¥7 (I); a nonlinear time-varying
function ¥,(l); and a time-varying function §(/) that does not
depend on the control error ii.

5. Convergence result

To establish the convergence result for the multi-variable,
discrete-time extremum seeking scheme, we extend the results
found in [7]. First, we prove our main result — local exponential
convergence of the homogeneous error system (34) — by employ-
ing the two-time scale averaging theory for discrete-time systems
[2], and then we consider the full system including the §(I) term
and establish its convergence.

5.1. Convergence of homogeneous error system

The following theorem states a sufficient condition for locally
exponential convergence of the error system (34) without the (1)
term. Namely, we have the homogeneous error system that is
periodic in time [

il + D-t(l) = e(L@)Hi] + 7D + PT D) + P2 (). (40)

Theorem 1. Consider the homogeneous error system (40) with
modulation frequencies that satisfy wy*w; for all distinct
i,ke{0,...,N-1} and phase values ¢, selected such that
Re{efW(el*)} >0 for all ke{O0,...,N-1}. There exists a positive
constant €* such that for all e<(0, *), the state-space realization of
(40) is locally exponentially stable at the origin.

Proof. Let (A;,B;,Cq,D1) be a minimal state space realization of L
(2). Since the terms ¥7(), ¥{ (), and ¥,(I) have the same structure
as the signal in Lemma 6, they can be represented by the minimal
state space realizations (A, B2, C»(1), D(l)), (As, B3, C3(1), D3(l)), and
(A4, B4, C4(l), D4(l)), respectively. These realizations allow (40) to be

written in state-space form as

o+ 1) =A¢' () + hd, i), (41)

i+ 1) =ad) + ef ', @), '), (42)

where A = diag[A;,A,,As,A4),

h(l, i(ly) = [ HB| |a"HBY | a " HBA\a"Hi)BL1", 43)

fd,adly, ¢'(h) = Dy Hil + Do(DHii + Ds(Hii + D4(l)(@" Hil)
+[C11C2(DIC3(DICa)E D). (44)

The mixed time scale system (41)—(42), with the exponentially
stable matrix A, can be transformed to permit the application of
the two-time scale averaging theory [2]. Let

¢ =¢-wd, ), (45)
[ S

wl,i)= Y A h(, @t), (46)
i=0

with h(l, i) shown in (43). The transformed system is then

S+ 1) =As) + eg(l, 1, 0), (47)

ud+1D=al)+ef (1,0, (48)

where

eg(l, 1, &) = Aw(, ii(D)) + h(, idy-wd + 1,1 + 1)),
1
—_ (/ MW )41, + 1) + (1—5)1](1))ds>

o ol
ef (L1, ¢ +w(l, i), (49)
fd.a,o=fdald,s+wdn)). (50)

To prove convergence, we analyze the averaged system of (48),
given by

aave(l + 1) — aaVE(l) + efﬁVe(aaVE(l)), (51)
where f%'¢ is computed using the operator A{-} [2],
A 1 s+T
[ =AfL 1,0} =lim= ¥ f(,0). (52)
Toeo Tl =s+1

ave

Rather than attempting to compute f*“(it) directly from (52), we

use (44)—(46), and (50) to obtain
FALa,0)=f"(a,wd i),
=D;Hil + Dy(DHii + D3(l)Hii + D4(h(ii" Hil)
+[C11C2(DIC3(DIC3(D]
L LT S S0 N SO Uy
x > A [i HBl|i HB,|t" HB;|(li” Hil)B,]',
i=0
=L@)Hiu]+ P70+ 77D + P2(D), (53)

where i is considered a constant, and thus,

@) = AlL@HD] + ¥1() + 1) + P2)). (54)
Computing the individual terms yields

A1 (D) = AK(S™(D-Sp)Im{€2(z, &)[Hil]}

—K(C(l)-Cp)Re{(z, e”)[Hii]}},
=0, (55)

AP (D) = AKS* (DIm{Q(z, &)[Hil]}
~KC"(Re{Q(z, é)[Hil]})},
o, (56)

AP (D) = A-KMOW ()" Hit),
=0, (57)

where, again, ii(]) is considered a constant sequence and we have

noted that wp*w; for all i*k. The final term, which yields the
averaged system, is

(@) = A{Lz)[Ha},

= A{=3K(Q(e")2z, &) + (e 7)2z, ) Hill),

= —K>Hil, (58)
where X>0 is a diagonal matrix with elements
o = Re{eln W (el )} = |[W(el*r)| x cos(yy + @i), wi=<W(e™), and
W(el“x) = (elx—1) /(el*x + h). Hence, from (51) and (58), the aver-
aged system is
a1+ 1) = J—-eK=H)Ta*" (1), (59)
where I denotes the N x N identity matrix.

Let V(@™)=@"%)'K '4®¢ be a Lyapunov function where
K =K. Then, computing the difference AV(@*®)= V@ +
1)-V(@*¢(ly) yields

Av(ﬂave) — (ﬂave)T(I_efH)TE_l(I_SRH)ﬂave_(ﬁave)TR—lﬁave’
= @) (=2¢H + ¢ HKH)I™e,
<=2emin(H)[A™? + € amax(HKH) 3™ %, (60)
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where |-| denotes the Euclidean norm. Selecting e = Amin(H)/
Amax(HKH) results in

(imm(H)) |aave |

Av(ﬁave)
Amax(HKH)

< (61)
For all (0, 2Amin(H)/Amax(HK H)), the averaged system is exponen-
tially stable, completing the proof [2, Theorem 2.4]. ©

The eigenvalues of H, denoted by A(H), play a prominent role in
the convergence rate of the extremum seeking controller, and
since H equals the sum of a positive semidefinite symmetric
matrix and a positive definite symmetric matrix — a topic that
has been the focus of much research [3,14] — we can develop
bounds on A(H).

Lemma 1. Let p,2p,2--28y be the ordered eigenvalues of H.
Similarly, let 112,224y and p12p,2---2py be the ordered eigenva-
lues of ATQA and R, respectively. Then,

+max (i +pj} <P < ml{l {2 +pj}- (62)
I+ 1+

If the input penalty is constant, i.e., R,=R, then
Bi=X4+R (63)

Proof. Since H=ATQA + R, where ATQA=0 and R >0, (62) is
immediate [3,14]. If the input penalty is constant, then p; =R for
all j and

max {/1, +R} =
i+j =

A+R<p, (64)

min {4 + R} =4 + R>p,, (65)
i+ =I+1

which proves (63). ©

It is important to note that A(H) is bounded below by the
smallest input weight min, R,, which is a strictly positive value.
Since our system is unknown and possibly high dimensional, the
matrix ATQA is likely to have some, if not many, zero eigenvalues
due to the sparsity of Q, which means a subset of {g;}}'_, will be
precisely equal to R when the input penalty is constant.

If the gain K and phase values ¢; are chosen so that the
elements of KX in (59) all equal v > 0, we can rewrite (59) as

aaVE(l + -l) —

where ¥ = (I-evH), and characterize the eigenvalues of 1.

Yi®ve() (66)

Corollary 1. Consider the system (66) with ¥ = (I-evH), H > 0, and
scalars e,v > 0. The eigenvalues of Y are given by

1) =1—evki(H), ie{l,...,N}, (67)

with bounds on A(H) given in Lemma 1.

Proof. Let H=UTUT be the Schur decomposition of H, where T is
upper triangular and U is unitary. Then

UTrU =UT(I-evH)U,
=I-aT, (68)

which is upper triangular with diagonal elements equal to (67). ©

5.2. Convergence of full error system

With the exponential stability of the averaged homogeneous
error system established, we now consider the full system (34).
First, we state the convergence properties of §(I) in the following
lemma:

Lemma 2. The time-varying function 5(I) exponentially converges to
an O(ela|)—neighborhood of zero:
l6(h| <& + crelal, (69)

where c; is a constant and a =[ay, ..., dN-1]-

Proof. Rewrite (39) as §(I) = 51(1) + 52(I), where
51(h) = —eKMW @) (u™)), (70)

Sa(l) = —%KM(I)W(Z)[S(I)THS(I)]. (71)

The washout filter W(z) has zero DC gain, so §() has only
exponentially decaying terms. The remainder of the proof consists
of bounding &,(l), which requires bounding M(l) and
W@)[S(HTHS()].
The norm of the perturbation signals M(l) can be bounded as
follows:
N-1 4 N-1 4 4N

IMOP = ¥ — cos*(wil-p)< ¥

— <. (72)
i=0d; iZoa? rnim{aiz}

For W(2)[S()THS(I)], we begin by rewriting S()THS(l) as a double
summation

IW@)S()"HS(D]I* = (W(z){% » hijaia; cos (w;l) cos(wjl)} 73
i=1j=1

where h;; denotes the ij-th element of H. Applying the linearity of
W(z) and the trigonometric identity cos(@)cos(y)=(1/2)
cos (—y) + (1/2) cos (0 + ) yields

IW(Z>[S(l)TH5(1)]|2
1
Z‘ ; Z hija;a;W (2)[ cos (wi—wpl) + cos ((w; +wj)1)]
s s h; el@i-w)) I
=2 ’ i§1]§ ijdi a](’W( )| cos (wj—wj)l + wi)

HIW(E@rt D) cos (w; (74)

where yj; = W(el®)) and vy =4W(ef<“’i+“’f)). Let W= {wi~wj,
wj + wj} for all distinct i,je{0, ..., N-1}, then (74) has the bound

’W(Z“S(’)THS(I)]F <! max| W(e)?

Z 2 hyaia;( cos (wi—wp)! + y3;)
i=1j=

+ cos ((w;

<max|W(e®)? |aTHa| ,
weW

<max|W(e")* max(H)lal’. (75)
we

From (71), (72), and (75), we have

12(D1% <Nimax(K)Amax (H)max| W (e"”) e %’;ﬂz} (76)
which completes the proof. ©

From the perturbed averaged system
(1 + 1) = I-eKH)a ™ () + (1), (77)

and Lemma 2, we see that *"(l) converges exponentially to an

O(la))—neighborhood of the origin since |5¢(l)| <& + ci¢lal. From
[2], the exponential convergence rate of i in (34) tends to the rate
of 7% in the average system as e goes to zero. We can now state
the convergence result for the overall &i—system.
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Theorem 2. Consider the full system (34) with the conditions of One should note that these structural changes to the Hessian
Theorem 1 satisfied. For sufficiently small ai, ke<{0,...,N-1}, there are due to the inherent challenges of this optimization problem;
exists e%<(0, ¢*], such that for all e<(0, €%, the error variable @ locally they are not caused by the extremum seeking algorithm. Thus, if
exponentially converges to an O(|a|)—neighborhood of the origin. possible, one should consider attaining the optimal sequence
{u;’;}’,:"jo recursively to find better initial control sequences for
longer time horizons since x(H) grows with N. Specifically, first
obtain {ut}kM:O and use {uf,u%,...,uy_4,uy} as the initial control
sequence for the M + 1 finite horizon, where two possible values

Corollary 2. With the conditions of Theorem 2 satisfied, the cost
value J locally exponentially converges to an O(|a|?)—neighborhood of
the optimal cost J(u*).

Proof. Define j(u) =J(u)-J(u*). Then, from (22) and (24), we have for uy are uy=0 or uy=uj,_,. Repeat this process until the

. . T . desired N intervals have been optimized. In practice, the current

JW) =3(u-u*) Hu-u®), non-optimal control sequence may be a good initial control
=1a"Ha + SOTHiL + 1SHTHS(D). (78) sequence for the optimization scheme as well.

From Theorem 2, #i locally exponentially converges to an
0O(ja)—neighborhood of the origin. Thus, J(u) locally exponentially 6.2. Unstable third-order system example
converges to an O(ja|?)—neighborhood of the origin. ©

Consider
6. Simulation results 05 05 03 _015
. . X41= 106 05 -0.2|x 05 |uy, 80
We first present a scalar example to explore how the instability ke 05 0 05 Rt 0.75 k (80)
of the discrete-time system affects the optimization problem's ’ : ’
structure before demonstrating the extremum seeking controller 1 05 0

in simulation with an unstable third-order system. The example V=
solves both an unconstrained and an input-constrained optimal 015 -15 0
control problem. Lastly, a Newton-based discrete-time extremum with initial condition xo = [~1,-0.5,0.1]". The system's eigenvalues

Xk» (81)

seeking design is introduced and simulated. are -0.22, 1.11, and 0.61. Also note that the third state does not
directly appear in the system's output.

6.1. Scalar system example We want to minimize the cost function, J= lyyyi+

Consider the scalar system %Zﬁ:oykyﬁ +5u?, with penalty weights 7, when u is uncon-

strained and when we have input constraints u, <u,<u;. We

X1 = aXy + Uy, (79) denote the lower and upper control limits in vector form as u

and u. For the unconstrained case, we implement the scheme (17)-
(19), with a;=02, K=-diag[1.0,1.25,1.67,2.5,5.0] x 107, wy
drawn from a uniform distribution such that wye(0,7), and
@ = —2W(el*x). For the constrained case, we use the same para-
meters but modify the extremum seeking controller to accom-
modate the input constraints. Specifically, the k-th control loop is
implemented as & (! + 1) =t ()-Proj{eK&(D); u,, Uy}, where

with initial condition xo=1 and the cost function J= }x% +3
SN 1.x2 +uZ, where Qy =Qi =R, =1. To study how the stability
of (79) affects the eigenvalues of H, we will vary the parameter « in
the interval [0, 3] for intervals Ne(2,3,5,8,10}.

Fig. 2(a) depicts how the condition number of the Hessian, x(H),
varies with « for each time horizon N. The curves indicate that the
optimization problem becomes more difficult as the instability of

the discrete-time system increases and this difficulty is more acute 0 if iy <u, +¢,
for longer time horizons. In fact, x(H) appears to grow almost Proj{¢;u,, Uy} = { 0 if &>ty + ¢, (82)
exponentially with « with a rate of increase dependent on the time - ¢ otherwise

horizon N. Fig. 2(b) shows how, for this example, the eigenvalues
appear to grow and spread apart as « increases from 0 to 1. For is the projection operator used to constrain i, according to the
a>1 the maximal eigenvalue continues to increase while the input constraints and K is the k-th diagonal element of the gain

other eigenvalues converge to A= 1, and consequently, the condi- matrix K. (The input value u, is allowed to violate the constraints
tion number also increases since for the symmetric matrix H, by the perturbation magnitude a,.) In this example, we study the
k(H) = Amax(H) / Amin(H)- input bounds |u|<1.

a 14" , , , , , b

—
z
z

A(H)

A(H)

0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3
Fig. 2. (a) Condition number of x(H) versus « for various time horizons N with a log scale (top) and a linear scale (bottom) for the y-axis, and (b) eigenvalues of H versus « for
N=5 (top) and N=10 (bottom). The maximum eigenvalue is approximately the condition number x(H) = Amax(H)/Amin(H)-
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For both the unconstrained and constrained scenarios, the
system is simulated with a zero initial control sequence for the
finite horizon N=5 and penalty weights yo=3, y1 =5, r»=7,
y3=9, y4=11, y5 = 1. Fig. 3 depicts the planar trajectories of g
and {1, for both cases with the level sets of J(u) and the input
constraints (dashed lines) superimposed. The constrained trajec-
tory hits the upper limit of @iy and climbs along the boundary until
reaching the constrained optimum denoted by the cyan square.
The optimal control values for the constrained problem are
obtained by formulating a quadratic program [10] and minimizing
J(u) subject to the input constraints. Fig. 4 depicts the time history
of 11 for both cases. Note how the trajectory of i1 is affected by the
ilp hitting its constraint in Fig. 4(b).

6.3. Newton-based discrete-time extremum seeking

The extremum seeking scheme introduced in Section 3 and
subsequently analyzed is a gradient-based design, and conse-
quently, its convergence rate is governed by the unknown Hessian
as seen in (59). The Newton-based discrete-time extremum seek-
ing design, depicted in Fig. 5, utilizes a perturbation matrix N(I) to
generate an estimate H of the Hessian on the average and a

1.5 T " T T T
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Fig. 3. Trajectory of uy and u; for unconstrained (blue) and constrained (red)
control cases for the unstable third-order system. The cost level sets are shown
with the unconstrained minimum (green circle). Dashed lines denote the input
constrained set with the optimum value on the boundary (cyan square). (For
interpretation of the references to color in this figure caption, the reader is referred
to the web version of this article.)
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control 1y,
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1000 1500

iteration step [
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discrete-time Riccati equation to generate an estimate of the
Hessian's inverse, which avoids invertibility issues that may arise
by attempting to directly invert A since it may be singular or ill-
conditioned. (See [15] for derivation and thorough analysis of the
continuous-time Newton-based design.)

The Newton-based controller is constructed as follows:

A eKr
ul)y= —;[5(1)], (83)
U | Discrete Time Y Cost J
System Function
Y
M() |
U e 13 % z—1
-1 e z+h
S(1) N()—

zF:(I+a)FfaFI-:TF4JH

Fig. 5. Newton-based discrete-time extremum seeking scheme to find the optimal
control sequence u* = {u:}gjo that minimizes the cost function J(u). The terms ¢

and H are estimates of the gradient and the Hessian, respectively.
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-
-
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tig

Fig. 6. Trajectory of uy and u; for unconstrained (blue) and constrained (red)
control cases for the unstable third-order system using the Newton-based con-
troller. The cost level sets are shown with the unconstrained minimum (green
circle). Dashed lines denote the input constrained set with the optimum value on
the boundary (cyan square). For reference, the trajectory generated by the gradient-
based controller is also shown (black dashed). (For interpretation of the references
to color in this figure caption, the reader is referred to the web version of this
article.)
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Fig. 4. Time history of i for (a) unconstrained and (b) input constrained optimizations.
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Fig. 7. Time history of @ for (a) unconstrained and (b) input constrained optimizations when using the Newton-based extremum seeking controller.

zr(h) = (I + a)l—al(NOW @[T, (84)
&b =MOWERUO, (85)
u(l) =a(l) + Sy, (86)

where « is a positive real number, and as in (17)-(19), ¢ is a small,
positive parameter, K is a positive diagonal matrix, he(0, 1), and M
(I) and S(I) are defined by (20) and (21). The N x N symmetric
matrix N(I) consists of the elements

16 1
Nii(h = @ (cos 2(wih- 5) (87)
4 .
Nij(h= ad cos (wil) cos (wjl), i, (88)
]
whose derivation imposes the frequency requirements
wig{wj, Yo + ok), 0 + 20, 0] + o) £ o) (89)

for all distinct i,j,k,le{0,...,N-1}. On the average, N(O)W(2)[J(])]
estimates the Hessian H, which allows I" to converge to H™!.

Following the derivation of the average error system (59), the
homogeneous average error system for the Newton-based design
can be shown to be

it = (I-eKX)li—eKXTHil, (90)

I'=(-a) —al ZHTI", 91)

where I = r-H™'. The linearization of this system has its eigenva-
lues at (I-eKX) and (1-a), which are user assigned and thus, the
convergence rate dependence on H has been removed. However,
convergence is still local and an initial estimate H that is sufficiently
close to H is required, which may be difficult for unstable systems
and/or long time horizons based on the example in Section 6.1.

For comparison with the gradient-based simulations, we repeat
the optimization problem in Section 6.2 with the Newton-based
controller (83)-(86) using the same common parameter values
and the new parameters as follows: a = 0.005, the elements of K to
all be equal to -0.0005, and 7(0) = diag[0.2,0.25,0.33,0.5,1.0]. The
selection of K and I" was done such that the initial gain K7'(0) is the
same as the gain K used in the gradient-based design.

Fig. 6 depicts the planar trajectories of fiy and ii; for the
unconstrained and input constrained cases with the level sets of
J(u) and the input constraints (dashed lines) superimposed. Also
shown is the trajectory generated by the gradient-based controller,
which highlights how the Newton-based method moves directly
toward the optimal point. Fig. 7 depicts the time history of @i for
both cases. Note how the rise time for iy is faster with the
Newton-based scheme, compared to the trajectories in Fig. 4. Also

of interest is how in the constrained case i1; does not reach its
optimal value, possibly due to the influence of a constrained
control value on the estimate of the Hessian.

7. Conclusions

We have introduced a non-model based approach to solve the
finite-time horizon optimal control problem for unknown discrete-
time systems and established its convergence to the open-loop
control sequence {u’,ﬁ}’kv':l0 that minimizes a cost function that is
quadratic in the input and output. This result extends the con-
vergence results found in [7]. Such a framework may be a natural
tool for the real-time optimization of highly repetitive systems
that are unknown and potentially high-dimensional.

Convergence does not depend on the time horizon length N or
on the stability of the unknown system (because the time horizon
is finite). However, the optimization problem, independent of the
solver, becomes more difficult as N increases and as the instability
of the system increases. If possible, sequences for shorter time
horizons could be found to obtain better initial estimates for
solving more difficult longer time horizon optimization problems.

We have also introduced a Newton-based discrete-time extre-
mum seeking controller, whose continuous-time counterpart is
developed in [15]. A simulation example shows how the Newton-
based scheme takes a more direct trajectory to the optimal point
than does the gradient-based scheme. Extending this work to
nonlinear systems is of interest.

Appendix A

Lemma 3. For the transfer function G(z) the following is true for any

real ¢:
G(2)[ cos (wk—gp)v(k)] = Re{e“ )G z)[v(k)]}. (92)

Lemma 4. For any two rational functions A(-) and B(.,-), the
following is true:

Re{e/~*VA(&/V}Re{e!?* ) B(z, &*)[v(K)]}
— %Re{e"(“’z —o)k+¢1 -9 )A(e—jan )B(z, a2 VT

+iRe{e@1Fek-e1=02) p@lon)B(z, elo2)[v(k)]). (93)

Lemma 5. For any rational function B(-,-), the following is true:

Re{e/“*=#)B(z, e)[v(k)]} = cos (wk—p)Re{B(z, e”)[v(k)]}

— sin (wk—p)Im{B(z, &“)[v(K)]}. (94)
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Lemma 6. Given a transfer function H(z) with its poles inside the
unit circle, the signal

cos (wk—p)H(@)[v(k)] 95)

can be represented in state space form as (A, B, C(k), D(k)) where A is
exponentially stable.

Proof. Let (A, B, C, D) be the minimal state space realization of H(z)
where A is exponentially stable since the poles of H(z) are inside
the unit circle. Then, let x(k) be the state vector of H(z) to express
cos (wk-@)H(2)[v(k)] in state space form as

x(k + 1) = Ax(k) + Bv(k), (96)
y(k) = cos (wk—¢)Cx(k) + cos (wk—¢@)Dv(k),

=C(kx(k) + Dkyv(k). O 97)
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