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INTRODUCTION
Traffic congestion control is 
one of the most challenging 
mathematical problems, whose 
application for the reduction of 
stop-and-go and oscillations 
is of utmost importance with 

huge societal impacts on traffic safety, fuel consumption, 
and travel time. This is a difficult control problem because 
only pointwise and parsimonious inputs and outputs are 
available and because the dynamics depend on the space 
variable and are modeled by a nonlinear partial differen-
tial equation (PDE). This problem is thus central for traffic 
engineers and also for PDE control theorists interested in 
boundary control of hyperbolic systems.

This book provides a self-contained introduction and 
complete study of the use of the backstepping method, 
among other control approaches, to solve the different 
control problems we need to face in traffic congestion con-
trol. More specifically, the authors study separately each 
possible control problem, such as stability analysis, 
boundary control design, and state estimation with a 
(non)collocated sensor. Most of the results are illustrated 
by numerical simulations at the end of each chapter, con-
firming the efficiency of the derived solutions and sug-
gesting further applications. This book is of exceptional 
clarity yet uncompromising mathematical rigor. The 
proofs and the design methods are given so that several 

contributions of chapters could be combined if the reader 
is interested in solving a control problem beyond the 
scope of the book.

CONTENTS
The book starts with a preface motivating the problem of 
stop-and-go oscillations cancelation on highways. To tackle 
this problem, few inputs are available, such as the on-ramp 
traffic lights, by means of the modulation of the duration of 
the red and green lights. The ramp metering can have an 
effect on both segments, either upstream or downstream 
of the location of the traffic lights. Two regimes are pos-
sible: either a free or a congestion regime for each portion 
of the highway. However, only one configuration is control-
lable (and interesting): that is, when both the upstream and 
downstream regimes are in congestion mode. It motivates 
the study of a difficult and challenging control problem: 
the stabilization of a system of two hyperbolic PDEs as 
given by the Aw–Rascle–Zhang (ARZ) model. This is a very 
interesting nonlinear control problem that is studied in the 
book by means of the backstepping method. The obtained 
results have an important impact on traffic control and also 
on PDE control designers interested in other challenging 
control problems or applications. This explains the large 
audience of this book.

The first chapter introduces the ARZ model and the 
Lighthill–Whitham–Richards (LWR) model, describing 
various traffic phenomena on the freeway. Linearized 
models are obtained, and the control measures are given 
that are the two types of infrastructures on roads: ramp 
metering and varying speed limits. Different control prob-
lems and strategies are recalled in this chapter, in particu-
lar the boundary control stabilization of the ARZ model. To 
illustrate the interest of this latter control problem, it is 
noted on numerical simulations that the solutions to the 
ARZ PDE system may experience large oscillations and the 
stop-and-go phenomenon when an open-loop strategy is 
adopted in a congested regime.

Chapter 2 starts with a short history of the backstepping 
method, going back to the 1990s when it was first devel-
oped for ordinary differential equations. Then, the back-
stepping method was reformulated for PDEs when 
employing spatial Volterra operators. This method is pre-
sented in this chapter for the boundary control of balance 
laws, as those modeled by linear coupled hyperbolic PDEs, 
when only a part of the boundary condition could be con-
trolled. In this chapter, a backstepping output feedback 
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boundary is designed to ensure a finite-time convergence 
of the full state. This boundary control is obtained by com-
bining first a state-feedback and second an observer when 
only a part of the state is measured at the anticollocated 
boundary. Further results are obtained for second-order 
hyperbolic PDEs and for the collocated case. This chapter 
concludes the introductory part of the book.

Part I contains various basic backstepping control stud-
ies of freeway traffic. It consists of Chapters 3–7 and pres-
ents many interesting approaches for the ARZ model.

Chapter 3 deals with the ARZ model and contains a 
ramp metering control to suppress traffic oscillations either 
upstream or downstream. Studying the linearized model 
around a steady state, the problem of downstream ramp 
metering is simple and solved by proportional collocated 
feedback. The proof is based on an L2 Lyapunov function 
and yields exponential stability with a finite-time conver-
gence toward the equilibrium. The upstream of ramp 
metering problem is much more challenging and is solved 
by the backstepping method. To do that, first, a full-state 
feedback boundary control is designed so that the closed 
system is exponentially stable in the L2 norm and so that 
the solutions reach the origin in finite time. Then, it is 
proven that both a collocated boundary observer and an 
anticollocated boundary observer could be designed. The 
main result of this chapter is a theorem statement establish-
ing the exponential stability of the closed-loop systems 
when combining the state-feedback controller with any of 
the observers. It ends with some numerical simulations 
illustrating the convergence and comparing the open-loop 
response with the closed-loop response when using the 
collocated observer.

Chapter 4 comes back to the nonlinear ARZ model and 
provides a nonlinear version of the observer for the linear-
ized PDE when using an anticollocated sensor in the 
upstream of ramp metering problem. With such an output 
injection, it yields a nonlinear observer so that the local 
convergence of the error dynamics could be proven in the 
H2 norm using the Lyapunov method developed in [1] for 
the dual problem (see also [2]). It solves the estimation prob-
lem of the traffic flow when only a part of the state is mea-
sured. This approach is validated with real data, more 
specifically, the next-generation simulation traffic data, 
which provide vehicle trajectories on an interstate highway. 
First, calibrated parameters of the ARZ model are com-
puted, using part of the data. The temporal evolution of the 

estimation errors illustrates the L2 convergence of the esti-
mation design.

Chapter 5 is central in this book and probably solves one 
of the most challenging problems considered in this book, 
since it contains an adaptive control of the ARZ model lin-
earized around a given steady state. This problem is very 
important for applications when some of the modeling 
parameters are unknown or uncertain. This is a nonlinear 
problem since the modeling parameters in the traffic model 
(as the relaxation time constant) multiply the state. In one 
step the boundary control, the observer (when only a bound-
ary sensor is used), and an adaptative estimate of the 
unknown parameters need to be designed. To do so, a 
parametrization of the state is first introduced and then an 
adaptive control law is computed, applying the backstep-
ping transformation to the adaptive state estimate. The proof 
of the L2 boundedness of the parameter estimations and of 
the convergence in the Linfinity norm is proven using the 
Lyapunov approach and adapting what has already been 
done for parabolic PDEs. This approach is illustrated with 
some simulations when the relaxation time is not known. It 
could be adapted for many other control problems consid-
ered in the book and for control problems outside of the 
scope of this book, maybe for general hyperbolic PDEs.

Event-triggering control is considered in Chapter 6. Two 
strategies are developed for this control problem when the 
control laws are applied not continuously but only when 
necessary (that is, when an event occurs). First, a static trig-
gering condition is derived when the variable speed limit is 
controlled and the linearized ARZ model needs to be stabi-
lized on a road segment. Then, a dynamic triggering condi-
tion is also given. The existence of an interevent minimal 
time is proven, establishing the avoidance of Zeno solu-
tions and allowing the practical applications of these trig-
gering conditions.

Part I ends with Chapter 7, where a reinforcement learn-
ing (RL) approach is compared with other control design 
methods. By means of numerical simulations, first, the per-
formance of a proportional control is compared with an RL 
control computed from a learning phase and from an 
appropriate choice of value and Q functions. Both control 
methods are compared for full knowledge of the system by 
estimating the convergence time and the control effort. 
Then, the partial knowledge case is considered by compar-
ing an RL control with the adaptive backstepping control, 
as given in Chapter 5.

This book provides a self-contained introduction and complete study of the 

use of the backstepping method, among other control approaches, to solve 

the different control problems we need to face in traffic congestion control.
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Part II contains all remaining chapters and deals with 
advanced backstepping control designs. It starts with 
Chapter 8, where a two-lane traffic model is introduced, as 
for highways with fast and slow lanes. A variable speed 
limit is controlled for each lane with the objective of stabi-
lizing the ARZ model linearized around a given equilib-
rium. This chapter follows the structure of Chapter 3 by 
designing a state feedback control and a collocated 
observer, yielding an output feedback law whose perfor-
mance is checked on numerical simulations. The interest in 
a separate control for each lane is illustrated in numerical 
simulations where it is shown that the solutions experience 
more oscillations when a single [backstepping or propor-
tional integral (PI)] controller is used for both lanes.

The ARZ model is adapted in Chapter 9 for the case of 
multiple vehicle classes (such as trucks and cars) and for 
the case of multiple driver’s styles (such as cautious and 
rash), among other factors. For such a traffic flow, a single 
control has to be applied for all classes, and for the system 
of ARZ submodels coupled by the area occupancy func-
tion. The backstepping method is employed for this very 
challenging control problem, providing an output feedback 
control stabilizing the system, and ensuring the finite-time 
convergence of all solutions toward the equilibrium. Per-
formance indices are numerically computed on some sim-
ulations confirming the closed-loop performance with 
respect to the open-loop strategy.

Chapter 10 is the longest chapter and provides a complete 
set of results for a traffic network composed of two cascade 
freeway segments. After modeling the dynamics by an appro-
priate ARZ model, a stabilizing backstepping controller is 
designed for the system of four equations controlled by a 
single actuation, either at the junction or at the outlet down-
stream. In a dual context, two observers are computed with 
either measurement at the junction or at the end of the net-
work. It yields four output feedback laws, for which the expo-
nential stability of the closed-loop systems is proven. A 
robustness to input delay is also proven. It is a result that 
solves a very relevant problem for application, and that is not 
so usual when designing control of distributed parameter sys-
tems. Many numerical simulations are provided at the end of 
this chapter to illustrate all properties and compare the perfor-
mance of four PI controllers with the four designed backstep-
ping controllers exploiting the cascade structure of the model.

Chapter 11 studies the flow estimation in a network 
built with one incoming and two outgoing road segments. 
The measures are the flow rate and the velocity at the junc-
tion. When using injection terms of output measurement 
errors, observer equations are derived so that the estima-
tion error system is proven to be exponentially stable in the 
L2 norm under an appropriate assumption of the boundary 
conditions of the target system. Moreover, a robustness 
result is also proven in this chapter since the in-domain 
disturbance case is considered and an input-to-state stabil-
ity is established by means of a Lyapunov approach.

The effect of a routing feedback on the flow control 
problem is considered in Chapter 12. This (maybe) destabi-
lizing app-routing feedback is modelized as a nonlocal 
term affecting one boundary condition. Proving the exis-
tence of solutions to the kernel equations when using the 
backstepping method is a challenging problem because 
the kernel functions are defined on two separate pieces of 
the space domain. 

Shock’s position in traffic flow is modeled by the LWR in 
Chapter 13. The moving interface between the free part of 
the segment and the congested part follows an ordinary 
differential equation (ODE), so a coupled PDE–ODE model 
needs to be considered. An equivalent representation is 
given by introducing an unstable ODE with two state-
dependent delays for which a predictor-based control 
design is performed. By a backstepping method, inlet and 
outlet controls are computed so that the closed-loop system 
is exponentially stable when considering the piecewise H1 
solutions of the flow.

Chapter 14 ends this book by the use of the extremum 
seeking (ES) method to stabilize the LWR model around an 
equilibrium when controlling the flow input and maximiz-
ing the flow through a bottleneck, affecting locally the road 
capacity due to, for example, a road work or a lane closure. 
The online optimization is used to design an ES control, 
and the proof of the convergence toward a neighborhood of 
the equilibrium is clearly established by averaging, back-
stepping, and Lyapunov techniques. Some illustrating sim-
ulations are provided and a long discussion is given at the 
end of the chapter, citing other ES contributions and other 
traffic control problems successively solved by ES controls.

SUMMARY
This book provides a mathematically rigorous framework 
for the control of congested traffic flow on highways in 
various contexts. The authors rigorously state results, prove 
the stability of most of the closed-loop systems, and illus-
trate their results by means of numerical simulations. Dif-
ferent boundary controls and sensors are studied for many 
different control problems, such as multiple lanes, mul-
ticlass vehicles, and cascade road segments, to cite just a 
few. To solve the different control problems, such as output 
feedback control design, state and/or parameter estima-
tion, disturbance rejection, event-triggering implementa-
tion, and shock wave control, the preferred approach is 
the backstepping method. This approach is compared with 
other control techniques so that the reader can have a clear 
perspective of all available control techniques in traffic 
flow control theory and in their applications to traffic flow 
on networks. Through its combination of theory, modeling 
of various phenomena, and the derived solutions to many 
important control problems, the text provides a valuable 
resource for researchers working in control of hyperbolic 

(continued on p. 139)
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PDEs, engineers interested in traffic flow applications, and 
also for both instructors and readers seeking a self-con-
tained and complete textbook on traffic congestion control.
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