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remain uniformly bounded, , , converge to zero
as , and , , are square integrable in

for all .
To prove this result we start with a target system derived in

[31]

(126)

(127)

(128)

and then proceed with the Lyapunov function (106), with
instead of , going through inequalities as in Section VIII-A.
The regulation is deduced as in Section VII-B, using theupper
boundedness of , the square integrability in time of ,

, and [all those properties are obtained from an
inequality similar to (116)], and [20, Lemma 3.1]. The inverse
transformation needed for deducing the properties ofand
from the properties of , , is

(129)

VIII. D ESIGN FORSYSTEMS WITH UNKNOWN DIFFUSION

AND ADVECTION COEFFICIENTS

For the sake of clarity we started in Section II with a reaction-
diffusion system with only an unknown reaction coef�cient. In
this section we show how one can also incorporate adaptation
for unknown diffusion and advection coef�cients. Consider the
system

(130)

(131)

where , , are unknown constants.
The control law for this system is [27]

(132)

where , , are the estimates of, , and is a design
gain. Using the transformation

(133)

(134)

and its inverse

(135)

(136)

we get

(137)

(138)

where

(139)

and

(140)

Based on (137) and the Lyapunov function

(141)

we choose the update laws

(142)

(143)
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(144)

where projection is used (though we don’t explicitly include it in
the definition of the update laws) to keep the parameter estimates
within a priori bounds , , and , where . As
in the previous problems, is limited by an upper bound which
can be a priori computed.

Theorem 8: Suppose that the system (130)–(132),
(142)–(144) has a well defined classical solution for all .
Then, there exists such that, for all , for any
initial condition compatible with boundary con-
ditions, and any , , and ,
the solutions and , , are uniformly bounded
and uniformly in .

Proof: It can be shown that

(145)
where

(146)

for , 1, 2, 3. By applying the Cauchy-Schwartz inequality
twice to (146), we get

(147)

Because the functions are continuous in , , , ,
over the domain of their definition given by

, where and , it
can be shown that there exist continuous, nonnegative-valued,
nondecreasing functions such that

(148)
The simplest one among these functions is

(149)

From (145)–(148), it follows that

(150)

where we emphasize the emergence of the fourth power of
in the last term of the first line of (150). By applying Poincare’s
inequality we obtain

(151)

where

(152)
This establishes the boundedness of for .

To prove the boundedness of , we show that

(153)

where

(154)

Next we note that

(155)

where

(156)

(157)

With Young’s inequality we get

(158)

Let us denote

(159)
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for , 1, 2, 3, for which, with the Cauchy-Schwartz in-
equality, we get

(160)

Then, from (154)–(160), with the triangle inequality and
Poincare’s inequality we obtain

Substituting the last inequality into (158) and then into (153),
we get

(161)

where

(162)

is bounded. With bounded, from (151) we get that
is integrable over infinite time. By integrating (161), it follows
that is bounded. By Agmon’s inequality, is also
bounded for all and for all .

To show regulation, we calculate

(163)

All of the terms on the right hand side of this inequality have
been proved to be bounded. Therefore is bounded.
Since is also integrable over infinite time, by Barbalat’s
lemma as . Regulation in maximum norm
follows from Agmon’s inequality and the boundedness of .

To infer the results for the original variable from those
for , we recall the inverse transformation (135)–(136),
which is a bounded operator in both and .

While the Lyapunov design requires the use of projection and
a low adaptation gain, one of its remarkable properties is that,
even though the plant has parametric uncertainties multiplying

and , the adaptive scheme does not require the measure-
ment of neither nor . The update laws (142)–(144) em-
ploy only the measurement of . This is in contrast with adaptive
controllers in [1], [2], [9], [32] for reaction-advection-diffusion
systems which require the measurement of to estimate the
unknown diffusion coefficient .

The update laws employ which is given in quadra-
tures. The integral in (139) would be calculated numerically,

just like the other integrals appearing in the update laws and
depending on the measured state .

Remark 6: It should be pointed out that in the Lyapunov
approach the diffusion coefficient need not be estimated di-
rectly. This is analogous to the finite dimensional adaptive con-
trol [18] where the “high frequency gain” need not be estimated
directly in the Lyapunov approach, whereas in the passive or
swapping approaches it needs to be estimated. The estimation of

is avoided by denoting the unknown parameters
and and by replacing the adaptive controller (132) by

(164)

by replacing the update laws (142)–(144) by

(165)

(166)

(equipped with appropriate projection), and by using and
as defined in (133) and (139), respectively, with , ,
and redefined as

IX. SIMULATION

To illustrate the designs, we present the simulation results for
the plant (1)–(2) with the unknown parameter . The ini-
tial estimate is set to . The initial condition of the plant
is chosen to be non-smooth to show that theorems’ restriction
for initial conditions to be in is not crucial. Even though the
bound on the adaptation gain used in the proof of the closed
loop stability is , in simulation we took so
that the adaptation is not too slow. To model the realistic situa-
tion, we assume that there is an additive disturbance in the plant:
zero-mean white noise (both in time and space) of intensity 3.
We also assume that measurements are corrupted by noise. In
Fig. 1 the evolution of the parameter estimate is shown. We
can see that the estimate reaches the stabilizing value and starts
to drift due to the noise. To prevent the drift we use the stan-
dard robustification tool—deadzone. As can be seen from Fig. 1
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