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In this paper we solve a decentralized nonlinear control problem where actuator valves and
flow rate sensors are collocated in individual branches and do not exchange information.
This is in contrast to our previous paper where a centralized controller required measurements
from all the branches of the network. We solve both regulation (constant references) and
tracking (time varying reference signals) problems. To eliminate conservativeness in choosing
the gains of the controllers, we employ adaptation. We illustrate the results with an example

reminiscent of a blood flow network.

1. Introduction

Fluid flow networks are ubiquitous as control
systems — petroleum pipelines, gas and water distribu-
tion, mine ventilation systems, blood flow, etc.
The objective is normally to drive flow rates through
some or all the branches of the network to desired
values. A compressor, a pump, or a heart, drives the
flow in such a network. In order to achieve the objective
one needs to actuate resistances in the network branches
by wvalves. The problem of controlling fluid flow
networks for mine ventilation received considerable
attention in 1970s and 1980s (Mahdi and McPherson
1971, McPherson et al. 1972, Aldridge et al. 1976,
Lee and Nutter 1980, Bogdanov and Kneller 1983,
Meriluoto 1983).

In Hu et al. (2003) we developed nonlinear controllers
for the regulation of fluid flow networks. The controllers
were centralized. Each actuator needed flow measure-
ment information from all the branches. In this paper,
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we solve a decentralized problem where valves and
flow rate sensors are collocated in individual branches
and do not exchange information. We solve both regula-
tion (constant references) and tracking (time varying
reference signals) problems. To eliminate conservative-
ness in choosing the gains of the controllers, we
employ adaptation.

The paper is organized as follows. In § 2, we introduce
the constitutive equations and develop separately
the non-minimal and the minimal representation of the
system. In §3, we design decentralized controllers for
the case when resistances in the tree branches and refer-
ence flow quantities in the links are functions of time
and when they are constants, while in §4, we design
adaptive decentralized controllers for the two cases. In
§5, we illustrate the results with an example reminiscent
of a blood flow network.

2. Model of a fluid flow network system

It is clear that a fluid flow network is a multivariable
control problem where acting in one branch can affect
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the flow in other branches in an undesirable way. For
this reason, the network needs to be approached in a
model-based fashion (in much the same way as one
would model an electric circuit) and as a multivariable
control problem.

The control model of a fluid flow network consists of
Kirchhoff’s current and voltage laws (algebraic equa-
tions) and fluid dynamical equations of individual
branches (differential equations). The branches are mod-
eled using a widely accepted lumped parameter approx-
imations of the fluid flow equations that take a form
whose electric equivalent is an RL characteristic with
a nonlinear resistance. To be precise, the pressure drop
over a branch is approximated to be proportional to
the square of the flow rate (nonlinear resistive term)
and to the flow acceleration (linear inductive term).

It is clear that, due to mass conservation at the
branching points (nodes) of the network, flows in
many of the branches will be interdependent. Hence,
the minimal system representation, written using
Kirchhoff’s algebraic equations and the branch charac-
teristic differential equation will be of lower order than
the number of branches.

This intuition becomes systematic when one employs
graph theoretic concepts from circuit theory Desoer
and Kuh (1969). Each network can be divided into a
set of branches called a tree (they connect all the
nodes of the graph without creating any loops) and
the complement of the tree, called a co-tree, whose
branches are referred to as the /inks. The minimal
system representation of the dynamics of the network
is given by the flow through the links.

2.1 Pipe flow dynamics and Kirchhoff’s laws
Sfor fluid flow networks

In order to develop the model of a fluid flow network,
we first establish the dynamical equation of one
branch. For simplicity, we make the following assump-
tions: Al. the fluid is incompressible; A2. the tempera-
tures in all branches are identical. Under assumptions
Al and A2, one branch of the fluid flow network is
described with the following equations Koci¢ (1979)
and Word-Smith (1980):

dO;
U+ K00, = K m

where Q; is the flow through a branch j, R; are resis-
tances of the branches, H; are pressure drops of the
branches, K; are inertia coefficients, j=1,...,n and n
is the number of network branches.

Like an electrical network, a fluid flow network must
satisfy Kirchhoff’s current law, i.e. the flow out of
any node is equal to the flow into that node.

Mathematically, Kirchhoff’s current law for fluid flow
networks can be expressed as

Y EpiQi=0, i=2...n—1, )
J=1

or
EpQ =0, (©)

where 7. is the number of nodes in the network, Q is
a vector of flow quantities, Ep = [Ep;] is a full rank
matrix of order (n. —2) x n and the values of Ey; are
defined as follows: Eg; =1 if branch j is connected to
node i and the fluid flow goes away from node i,
Eg; = —1 if it goes into node i, Eg; = 0 if branch j is
not connected to node i.

Let us assume that the fluid flow network employs one
main generator that is connected with the ambient out-
side of the network. Then the flow in the fan branch
can be expressed as

0,0 = eomQ). 4)
Jj=1

or

eQmQ = Om, ®)

where Q,, is the flow quantity through fan (main)
branch, eg, = [eomi,- .., eomn] 1s 1 X n matrix, includes
the values of egp,,, that are defined as those of matrix E.

Similarly, the fluid flow network also satisfies
Kirchhoff’s voltage law, i.e. the sum of the pressure
drops around any loop in the network must be equal
to zero, or mathematically,

> EpgH; =0, i=1.....1—k (6)
Jj=1

or
EyH =0, (7)

where / is a number of the links in the network,
I=N-—n.+1, N=n+1 is the number of branches
with fan branch; H is a vector of pressure drops,
Ep =[Eny) is (I — k) x n mesh matrix, in which each
mesh is formed by a link and a unique chain in the tree
connecting two endpoints of the link, k is number of
meshes, containing fan branch, it is equal to the
number of links, connected to the fan branch at its end.
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The elements of Ey; are defined as follows: Ep;; =1 if
branch j is contained in mesh /i and has the same
direction, Ep;; = —1 if branch j is contained in mesh i
and has the opposite direction, Eg; = 0 if branch j is
not contained in mesh i.

Considering meshes, containing the fan branch,
express the pressure drop in it as

ZeHml]H]: _Hma i: 1""ak9 (8)
J=1

or

ey H= —Hm, (9)

m

where H,, is the pressure drop of the fan branch, e,
is k xn matrix, includes the values of ep,; which is
defined as Eg.

The dynamics of the fan branch can be expressed as

Hm =d- RQO; (10)

where d denotes the equivalent pressure drop generated
by fan, and R,, is the resistance coefficient in the fan
branch.

2.2 Minimal model of the network

In order to establish the state equation, one has to find
independent variables as states of the system. By virtue
of the concepts of a tree and a link, they can easily be
found. So the first step is to describe the tree of the
fluid flow network such that the fan branch is contained
in it, and take the flow quantities of link branches as
state variables. For convenience of analysis, we label
the link branches from 1 to /. Define

0. H,
o=} #=lw) o

so that Q. and H_. matrices describe states in the links,
and Q, and H, matrices describe them in the tree
branches, excluding the fan branch.

The matrices £y, Eg, eq, and eg, can be represented
in the form

En =[Enc End,  Eo = [Egc Egals (12)

en, = len,.en,). eo, =leg,.c0,.)> (13)

where

Ey,
|: ‘:|=11x/, eg,, =[00 - 1], (14)
eH”]L‘

[ Ep, 0

_teHCI 1 } - I(N_/)X(N_l),

Ep, = In—i—yx(v—i-1)> €g,, =0. (15)

Let us now express the tree states through link states.
From (2), (11), (12) and (15), we have

[EQCEQQ][ g ] =0. (16)

a

So

With the notations

0} = diag(Q/|Q/[}). K = diaglK)} = [K" zga} (18)
(1) can be rewritten as
Q=—-KQ3R+ KH. (19)
Define also
R= (&I R 20
07p = diagl{0i|01],.... 0/|0il}, (21)
3D = diag{QI+I(QL')’QZ+1(QL‘)|3 B Qn(QL')|Qn(Qc) }9
(22)

where the dependence on Q. in (22) should be under-
stood in the sense of (17).

Proposition 2.1 (Hu et al. 2003):  The minimal model of

[fluid flow network system can be expressed as

Qc = AcQ%DRc + AcaQiDRa + Bch‘ + Ccda (23)
where Q. is the state, R., R, and d are the inputs, and

AL’ = _Kc + K(’SHaé-RQ,a Aca = KCSHtlg-RQ{,’ (24)
Bc = KC[SHLI(CQ[ - ;‘Q(,EQ() + RHT(SQ(‘ - SQ(IEQ(‘)]’ (25)
Cc = KC(Sd + SHaé‘d)a (26)
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where
CRQC = (EQCKL’SHa + Ka)_l EQ(fKL'> (27)
{RQa = (EQCKL’SHG + Ka)ilEQaKm (28)
{Q(‘ = _(EQCKCSH(I + Ka)ilEQcKcRmSQc, (29)
gQa = _(EQ(:KCSHa + Ka)_lEQcKcRmSQaa (30)
la= _(EQCK(,‘SHa + Ka)ilEQcKz?Sda (31)
and
E
su=-| | (32)
CHyy
0
Se==1 1 (33)
0
So = =[So, So.l- (34)
€g,,

One should mention that the matrix Eg K .Sy, + K,
in (27)-(31), is nonsingular, which was proved in
(Hu et al. 2003).

3. A decentralized controller

In the model (23) resistances R., R, and d are considered
as inputs. However, the inputs R, and d, referred to as
auxiliary inputs Koci¢ (1979) (thus a subscript ‘@’), are
not necessary, i.e. the system can be controlled success-
fully with R. alone. In this section we let R, and d
be fixed at their reference values,

Ra = Rara (35)
d = d)" (36)

and design a feedback law R.(Q.). Furthermore, this

control is designed as decentralized, i.e. R.; = R.(Q).
To prepare for stability analysis under a decentralized

controller, we first need the following lemma.

Lemma 3.1: 4, = A" <0.

Proof: We show this using fact that Sy, = 56 and
{RQC = (EQ(’KCSH(Z + Ka)ilEQcKc:

A7 = —(I = Sharoo) 'K

-1
_ _<1 — E} (EgcKeSia + Ka)_lEQCKC) K\ (37)

By the matrix inversion lemma Horn and Johnson
(1985)

-1
AT = —(1 — Eb (B KeSia + Ka)_lEQCKC) K

- —(1+ ETL,KZIEQCKC)KZI

K~ EbK; E. o)
where  matrices K;! and K;! exist. So,
(=K' — E, K, Eg,), the inverse of A, also exists.

From symmetry and positive definiteness of matrices
K, and K, we conclude that A;l is symmetric and
negative definite. U

Now we can establish stability properties of the
decentralized controller. In practice, we can encounter
two cases: when R, and Q. are functions of time and
when they are time invariant. First, consider the case
when R, and Q.. are functions of time and denote

R™ = max Ry (1). (39)

Theorem 3.1: Suppose Q.i(t) #0, Vi,Yt>0. Then
there exist sufficiently large positive constants M and
M>, which are independent of R, (t) and d.t), such
that solution Q.(t) = Q.(t) of the system (23), under the
control law

Quri()|Qeri()]

Rci([> Q(zi) = { Q |Q |

}(Rcri([) + R(?Ei)> (40)
where

AcaQirD Rar - BL‘QCI‘ - Ccdr)a
(41)

R,(1) = (Q%p) ' 471 (0 —

1
et = G D10

+ V1)) Oceis 3> 0 “2)

()\ + Ml + M2R$21X(2|ch(l)|

is exponentially stable.

Proof: We first rewrite the minimal model (23) as

Q.= A.0% R+ 4.0 ) Rei + AeaQ* p Ry + B.Q, + C.d,.
(43)

The reference model is described by the equation

ch = AcerD Rcr + AcaQirD Rur + Bc’ch + Ccdr' (44)
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So, the error model takes the form

ch = Qc - Q.cr = AchrpRcE + Aca(QiD - QirD)Rar

+ BQce. (45)
Denoting
> = Qarp = #(Qcc), (46)
we can rewrite (45) as
Oce = AcQirpRer + Acap(Qec)Rar + BeQe: (47)

In order to establish controller properties, take a
Lyapunov function as

V=040, (48)

where the inverse of A, exists and (—4_") is positive
definite by Lemma 3.1.
The derivative of the Lyapunov function (48) is

V = _QZ;AZI [AcerDRcE + Aca®(Qce) Rar + Bche]
T _

+ [A(?erDRCE + Aca@(ch)Rar + Bche] (_A(,’ I)ch
= 2QZ;[_Q§)‘DR6’E - A:l(Am(p(Q(?e)Rar + Bche)]

= 2QZ;[_Q3;»DRCE + \IJ(QL’(’)QC(.’]: (49)
where
lI‘[(Q(’e)ch = _Azl(Acaw(ch)Rar + Bche)- (50)

We are looking for a controller in a form such that

PW(0e) 0 < OLTI(Q) Qe (51)

where IT is a diagonal matrix. First, let us express ¢(Q..)
as a function of links’ states:

Qal |Qal | - Qarl |Qar1 |
(P(ch) =

1499

or

¢i(ch) = Quil Quil = Quril Quril

[Quil +10uwril, QuiQari >0
- Qaei 2 + Q2 .
ai ari
A QuiQui <0
|Qai| + |Qari|
- _Eéche

|EpQcl +1Ep Oerls EpQcEpQer >0

x (El cQ(’)z + (E[ (3Q(?r)2
|Ei (,’QC| + |Eé(;ch|

. Ep0cEp Qi <0
(53)

wherei=1,...,N—[—1, and Eéc is i-th row of matrix
Eq.. It is easy to see that

|§0i(ch)| - Qai|Qai| - Qari|Qari| = |Qaei|(|Qai| + |Qari|)
= |Ep Qe (1EpQel + 1 Ep Qer)- (54)

In order to find matrix IT we need to evaluate
TW(Qe)Qce. For simplicity of notation let us denote
-l = -] With the notation, from (39) we get

QL V()0 = =0/ A (Acap(Qee) Rur + BeQvce)
<|A; ' Bel|Qccl® +14; " Acal [diag{ Ry}
x cOl(@i(Qee)) 2| Ocel
<A Bel|Qcel® + 147 Acal RE™|
x col(@i(Qee))11Qcl
<|A7'B||Qcel* + 147 Acal R

ar

o
(EL.Qcl +1EL, O EL CQCG|]|Q@|

1

= A" Bel|Qce|* + 147" Al R

1

(1EQ Qe +21Eg Qcrl)
1

1

/

x |E; CQCA} 10l

, (52)

Qu, N-1-110a, N=i=1| = Quar, N=i=11Qar, N—1-1]

b



1500 0. I. Koroleva et al.

= A" Bel|Qeel” + 14" Acal R
< | D IELQeel +2 ) |EHQerl
i=1 i=1

x |Eéche|:||ch|

< A7 Bll|Qcel? + 147 A RE

ar

/ !
x [|Q63|2Z|E'QC|2+2|QM||Q”|DE'QCF]lQM
i=1 i=1

!
= 47" Bel|Qcel® + 147" Aca RE™ > | E) |

i=1

X (10cel + 210010l
= (|47 Bl + 147" Acal | Ege |7 RE
X (10cel + 2100 1)1,
where |Eg.|> = Y0, |Eéc|2. Let us denote
|A'B = My, A7 AullEgely = Mo (56)

Then we can rewrite (55) as

0L W(0) Qe < (M) + 2M2 R0, )| Qe |
+ MyR™™|Q,, . (57)

Using expressions

/

/ 3/2 /
0’ =) 00 10l = (ZQ@,) <V 10 1.
i=1 i=1

i=1

(58)
we have
/
QL W(Qe)Qce < (M) +2MaRE™ 0 ) Y 02,
i=1
!
+ VIMI RS " Qe | (59)
i=1

So we get the following matrix IT:

1(Qce) = (M1 + 2M> R Q)T + v/ IM> R2* diag{| Q.| }-

(60)

Choosing the control law in the form (42), we get the
following derivative of Lyapunov function (49)

o= QC,DRcE + W(Qce) Qe
[ ch Ree+ H(ch)ch]
OL[ = Q2o Rer + diag| My + 201, RT10,|
+ ﬂMthr?rdx | QCC,‘ | }QL’L’:I
< =200 (61)

20,
0.,

A

2
2

From (61) we conclude that the system (23) is exponen-
tially stable. Ll

Let us now consider the case when d,, R, and Q,, are
constants.

Theorem 3.2: Suppose Q. # 0, Vi, Vt > 0. There exist
sufficiently large positive constants M5y and My, such
that the system (23), under the control law (40) with
(41) and

RCE

1
= m(k + M3+ M4|Qe;)Oce;»

A>0 (62)

is exponentially stable at Q. = Q.

Proof: Using notations

JA7 Be| + 2147 Aeal REX| Ege 121 0er| = M,
VAT At R Ege |3 = My, (63)

we can rewrite (55) as

O W(0.)0ce < M3|Q) 4 Ma 210

=
/
<Ms3) 0, + M Z 0’ (64)
i=1 i=1

Choosing control law in the form (62), we get the
following derivative of Lyapunov function (49)

V=20"[-0% )Rt + ¥(Qu) O]
< 2Q¢T;»[_Q(2rDRLE + dlag{M3 + M4|Qc’e,~|}ch]
=21 Q| (65)

From (65) we conclude that the system (23)
exponentially stable.
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4. An adaptive decentralized controller

As in the previous chapter, we first consider the case
when d,, R, and Q,, are functions of time.

Theorem 4.1: Suppose Q.i(t) %0, Vi, Vt > 0. Then the
adaptive controller, consisting of (40), (41), and

1
Ret = G D100
+ flIch,l))ch,», (66)

ZQCQ (67)

= Ry™ (1) <2|Qu(t)| > Qi+ JIZ Qe |3> (68)

(x + 6, + 6 R™(2] 0, (1)|

guarantees global stability of the solution Q.(1) = Q. (1),
01(t) = M,, 6)(t)y=M, and asymptotic tracking
limy—oo(Qc(1) — Q(1)) = 0. The global stability of the
given equilibrium means, in particular, that Q.(1),0;(1)
are globally bounded.

Proof: Choose the following Lyapunov function
V=00(=A4"0c. + 6 + 63, (69)

where 6; = 6; — é,, 0;=M,;, i=1,2 are estimation
errors. Taking into account that 6; = —6;, we get the
following derivative of (69)

V=201 (—A;")Occ + 2616, + 26,6,
= 2Q£[_Q§)DR€E + ‘I](ch)Q(‘e] -
= 2Q‘7;|: QUDRtE + ((01 + 292Rde|ch|)]

+ /16 REdiag{|Qce 1) Occ | — 26161 — 25265 (70)

26,0, — 26,6,

Taking R.z; in the form (66), we have
V < —20Qcl? + 20561 0cc + 4070, R®¥10 |0,

/ . .
+ 20,VIRE™ Y Qe ' — 26101 — 20,6,

= _2)‘|ch|2 + Zél(Q(Tchc - él)

+26~’2<2R2ndx|Qu|ZQw +V1 m“XZIQu,I —92>.

(71)

Now, choosing 6, and 6, as in equations (67) and (68)
respectively, rewrite (71) as

V< —21|0.|% (72)

From (72), by La Salle’s theorem, the result follows. The
boundedness of V() guarantees the global boundedness
of Q(1), 0i(1). O

Consider now the case when d, = const, R, = const
and Q. = const.

Theorem 4.2: Suppose Q. # 0, Vi, YVt > 0. Then the
adaptive controller, consisting of (40), (41), and

1
Ri=—L
" Q(?ri | chil

/
b:=> 0., (74)
i=1

A + é3 + é4|ch,v|)> ch,-a (73)

/
= Z |ch,|3, (75)
i=1

guarantees global stability of the equilibrium Q.= Q.
03 = M3, 04 =My and regulation of Q.t) to Q.
The global stability of the given equilibrium means, in
particular, that Q.(t), éi(l) are globally bounded.

Proof: Choose Lyapunov function
V=040 + 65 +6;. (76)

Its derivative is

V=20"[-02% ) Rer + W(0ce)Qcc] — 20363 — 20404
<0L[- QC,DRLE + (651 + 04diag{| Qce, 1)) Occ |
— 26,65 — 20460, (77)

Taking R.g; in the form (73), we have

V< =2x|0c* +2016:0,. + 207 04diag{|Qcc, |} Qce
26,65 — 26,6,. (78)

Now, choosing 65 and 6, as in equations (74) and (75)
respectively, we get

VS _2)\|ch|2> (79)

which, by La Salle’s theorem, proves the result. O



1502 0. I. Koroleva et al.

5. Example

We consider an example reminiscent of a blood circula-
tion system. Let the network be forced with a periodic
generator (like the heart). Without control, the flow
rates would tend to be periodic through all of the
branches. We set as an objective to keep the flow rate
in one of the branches (for example, branch 3 in
figure 1) as constant, while allowing the other branches
to have periodic flow. As we shall see, the solution
amounts to more than just making the resistance

Figure 1. Fluid flow network system with 5 branches and
generator branch.

periodic in branch 3 — all of the co-tree branches
participate in solving the tracking problem.

The network in figure 1 consists of 4 nodes, 5
branches and 1 main generator branch, whose pressure
forcing is

d,(t) =10+ Ssin t. (80)
Let branches 4, 5 and m (the generator branch) be the tree

of the network, and let the reference flow rates in the
co-tree be Qy,(t) =24 1.5sint, Q»,(f) = 2.2 +sint, and

03.(t) = 1.5 = const. (81)

Let the resistances in the uncontrolled branches be

constant, R4, = 1.5, Rs, = 0.1. The objective is to find

decentralized feedback laws R (Q1), R2(Q>) and R3(03).
Define

0. =[01 0, 031,
H.=[H, H, Hi]",

0. =104 051",
H,=[Hs Hs)".  (82)

Choose the parameters of the system as R, =1, K;=1,
i=1,...,5 and the initial conditions as Q.(0) =
[5, 1.5, 4]". We apply the feedback law given in
Theorem 4.1.

In figure 2 the responses of the system are shown for
t =12s. One can see that in controlled branches the

Qcr1
4 — Qcil 4

— Qc2

- Qcr2 -+ Qer3
— Qc3

QM 2M2

~

0
0 2 4 6 8 10 12

0
0 2 4 6 8 10 12

0
0 2 4 6 8 10 12

4 4

— Qat
2 2

- Qar2

2 2 — Qa2 41
/\/\/\ >
0 -+ Qart 0 2 S Qmr

— Qm

0 2 4 6 8 10 12

0 2 4 6 8 10 12 002

4 6 8 10 12

80 — Rcl
20
2
10
0 L

0 2 4 6 8 10 12
10

0
0 2 4 6 8 10 12

ol

th1A
th2n

0 2 4 6 8 10 12

Figure 2. Adaptive controller from Theorem 4.1 applied to the example network. Note that Q. is regulated to a constant, while

the flows in the other branches remain periodic.
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6 4
Qcr2 Qcr3
4 — Qc2 — Qc3
2
0
0 0.5 1
6
2 <o Qmr
— Qm
1 0 0.5 1 20 0.5 1 00 0.5 1
8 3 15
=]
2 10
4
1 5
0 0
0 0.5 1 0 0.5 1

Figure 3. Zooming in to the transient from 0 to 1s. Tracking is achieved in about 0.4s. Note the saturation in R

feedback system is shown to be robust.

desired flows are obtained. In other branches, where
the flows cannot be controlled independently, the flow
remains periodic. In figure 3 transients are shown for
t = 1s. Control inputs are not allowed to be less than
Riin = 0.1, so after controls R, and R, reach lower
bound, they stay constant until flow rates decrease in
the first branch or increase in the second branch.
After approximately 0.4s, flow rates achieve their
references and no more saturation is observed. The
controller gains in this case are 6 =2, 6, = 10.68.
The estimates achieve lesser values, as 6; and 6, are
conservative.

6. Conclusions

In this paper, we developed nonlinear control algorithms
that are implementable using collocated flow sensors
and actuators. Further research should explore
the applicability of this methodology to blood flow
problems.

Some of the costliest vascular diseases arise in the
venous system. In human body the veins carry about
two-thirds of the blood volume. The venous blood

to which the

o

above the heart — in upper limbs and the head — flows
to the heart due to gravity. In lower limbs it flows
towards the heart due to the vis a tergo, the calf pump
and the vis a fronte factors. The valves control the
direction of the flow to prevent the retrograde wave of
the flow. If a valve is incompetent or destroyed, reflux
arises, which leads to and aggrevates venous insufficiency
Browse et al. (1999). After the function of venous valves
was discovered, the interest in artificial valves arose.
At present several types of artificial venous valves exist
(Dimatteo and Marshall 2002, Duerig and Melzer
2003, Duerig and Stockel 2000, Jayaraman 2001,
Pavcnik et al. 1999, Pavenik et al. 2001, Pavenik er al.
2002, Pavcnik 2002a, Pavcnik 2002b, Shaolian and
von Hoffmann 2001, Thorpe et al. 2000, Uflacker
1993). All of them are passive, or uncontrolled valves.
In this work, we developed control laws for active
valves. While there could be many natural valves, or
passive artificial valves in the part of the vein between
two junctions (a branch), it is enough to have one actively
controlled valve per branch. While the example in § 5 was
not exactly motivated by venous disease, our related
efforts on vascular networks Koroleva and Krsti¢
(2005) concentrate on this problem more closely.
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