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In this paper we solve a decentralized nonlinear control problem where actuator valves and

flow rate sensors are collocated in individual branches and do not exchange information.
This is in contrast to our previous paper where a centralized controller required measurements
from all the branches of the network. We solve both regulation (constant references) and

tracking (time varying reference signals) problems. To eliminate conservativeness in choosing
the gains of the controllers, we employ adaptation. We illustrate the results with an example
reminiscent of a blood flow network.

1. Introduction

Fluid flow networks are ubiquitous as control
systems – petroleum pipelines, gas and water distribu-
tion, mine ventilation systems, blood flow, etc.
The objective is normally to drive flow rates through
some or all the branches of the network to desired
values. A compressor, a pump, or a heart, drives the
flow in such a network. In order to achieve the objective
one needs to actuate resistances in the network branches
by valves. The problem of controlling fluid flow
networks for mine ventilation received considerable
attention in 1970s and 1980s (Mahdi and McPherson
1971, McPherson et al. 1972, Aldridge et al. 1976,
Lee and Nutter 1980, Bogdanov and Kneller 1983,
Meriluoto 1983).
In Hu et al. (2003) we developed nonlinear controllers

for the regulation of fluid flow networks. The controllers
were centralized. Each actuator needed flow measure-
ment information from all the branches. In this paper,

we solve a decentralized problem where valves and
flow rate sensors are collocated in individual branches
and do not exchange information. We solve both regula-
tion (constant references) and tracking (time varying
reference signals) problems. To eliminate conservative-
ness in choosing the gains of the controllers, we
employ adaptation.

The paper is organized as follows. In x 2, we introduce
the constitutive equations and develop separately
the non-minimal and the minimal representation of the
system. In x 3, we design decentralized controllers for
the case when resistances in the tree branches and refer-
ence flow quantities in the links are functions of time
and when they are constants, while in x 4, we design
adaptive decentralized controllers for the two cases. In
x 5, we illustrate the results with an example reminiscent
of a blood flow network.

2. Model of a fluid flow network system

It is clear that a fluid flow network is a multivariable
control problem where acting in one branch can affect*Corresponding author. Email: olga@ucsd.edu
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the flow in other branches in an undesirable way. For
this reason, the network needs to be approached in a
model-based fashion (in much the same way as one
would model an electric circuit) and as a multivariable
control problem.
The control model of a fluid flow network consists of

Kirchhoff’s current and voltage laws (algebraic equa-
tions) and fluid dynamical equations of individual
branches (differential equations). The branches are mod-
eled using a widely accepted lumped parameter approx-
imations of the fluid flow equations that take a form
whose electric equivalent is an RL characteristic with
a nonlinear resistance. To be precise, the pressure drop
over a branch is approximated to be proportional to
the square of the flow rate (nonlinear resistive term)
and to the flow acceleration (linear inductive term).
It is clear that, due to mass conservation at the

branching points (nodes) of the network, flows in
many of the branches will be interdependent. Hence,
the minimal system representation, written using
Kirchhoff’s algebraic equations and the branch charac-
teristic differential equation will be of lower order than
the number of branches.
This intuition becomes systematic when one employs

graph theoretic concepts from circuit theory Desoer
and Kuh (1969). Each network can be divided into a
set of branches called a tree (they connect all the
nodes of the graph without creating any loops) and
the complement of the tree, called a co-tree, whose
branches are referred to as the links. The minimal
system representation of the dynamics of the network
is given by the flow through the links.

2.1 Pipe flow dynamics and Kirchhoff’s laws
for fluid flow networks

In order to develop the model of a fluid flow network,
we first establish the dynamical equation of one
branch. For simplicity, we make the following assump-
tions: A1. the fluid is incompressible; A2. the tempera-
tures in all branches are identical. Under assumptions
A1 and A2, one branch of the fluid flow network is
described with the following equations Kocić (1979)
and Word-Smith (1980):

dQj

dt
þ KjRj Qj

�� ��Qj ¼ KjHj, ð1Þ

where Qj is the flow through a branch j, Rj are resis-
tances of the branches, Hj are pressure drops of the
branches, Kj are inertia coefficients, j ¼ 1, . . . , n and n
is the number of network branches.
Like an electrical network, a fluid flow network must

satisfy Kirchhoff’s current law, i.e. the flow out of
any node is equal to the flow into that node.

Mathematically, Kirchhoff’s current law for fluid flow
networks can be expressed as

Xn
j¼1

EQijQj ¼ 0, i ¼ 2, . . . , nc � 1, ð2Þ

or

EQQ ¼ 0, ð3Þ

where nc is the number of nodes in the network, Q is
a vector of flow quantities, EQ ¼ ½EQij� is a full rank
matrix of order ðnc � 2Þ � n and the values of EQij are
defined as follows: EQij ¼ 1 if branch j is connected to
node i and the fluid flow goes away from node i,
EQij ¼ �1 if it goes into node i, EQij ¼ 0 if branch j is
not connected to node i.

Let us assume that the fluid flow network employs one
main generator that is connected with the ambient out-
side of the network. Then the flow in the fan branch
can be expressed as

eQm
Q ¼

Xn
j¼1

eQmjQj, ð4Þ

or

eQm
Q ¼ Qm, ð5Þ

where Qm is the flow quantity through fan (main)
branch, eQm ¼ ½eQm1, . . . , eQmn� is 1� n matrix, includes
the values of eQmj, that are defined as those of matrix EQ.

Similarly, the fluid flow network also satisfies
Kirchhoff’s voltage law, i.e. the sum of the pressure
drops around any loop in the network must be equal
to zero, or mathematically,

Xn
j¼1

EHijHj ¼ 0, i ¼ 1, . . . , l� k, ð6Þ

or

EHH ¼ 0, ð7Þ

where l is a number of the links in the network,
l ¼ N� nc þ 1, N ¼ nþ 1 is the number of branches
with fan branch; H is a vector of pressure drops,
EH ¼ ½EHij� is ðl� kÞ � n mesh matrix, in which each
mesh is formed by a link and a unique chain in the tree
connecting two endpoints of the link, k is number of
meshes, containing fan branch, it is equal to the
number of links, connected to the fan branch at its end.
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The elements of EHij are defined as follows: EHij ¼ 1 if
branch j is contained in mesh i and has the same
direction, EHij ¼ �1 if branch j is contained in mesh i
and has the opposite direction, EHij ¼ 0 if branch j is
not contained in mesh i.
Considering meshes, containing the fan branch,

express the pressure drop in it as

Xn
j¼1

eHmijHj ¼ �Hm, i ¼ 1, . . . , k, ð8Þ

or

eHm
H ¼ �Hm, ð9Þ

where Hm is the pressure drop of the fan branch, eHm

is k� n matrix, includes the values of eHmij which is
defined as EH.
The dynamics of the fan branch can be expressed as

Hm ¼ d� RmQm, ð10Þ

where d denotes the equivalent pressure drop generated
by fan, and Rm is the resistance coefficient in the fan
branch.

2.2 Minimal model of the network

In order to establish the state equation, one has to find
independent variables as states of the system. By virtue
of the concepts of a tree and a link, they can easily be
found. So the first step is to describe the tree of the
fluid flow network such that the fan branch is contained
in it, and take the flow quantities of link branches as
state variables. For convenience of analysis, we label
the link branches from 1 to l. Define

Q ¼
Qc

Qa

� �
, H ¼

Hc

Ha

� �
, ð11Þ

so that Qc and Hc matrices describe states in the links,
and Qa and Ha matrices describe them in the tree
branches, excluding the fan branch.
The matrices EH, EQ, eHm

and eQm
can be represented

in the form

EH ¼ ½EHc EHa�, EQ ¼ ½EQc EQa�, ð12Þ

eHm
¼ ½eHmc

eHma
�, eQm

¼ ½eQmc
eQma

�, ð13Þ

where

EHc

eHmc

� �
¼ Il�l, eQmc

¼ 0 0 � � � 1½ �, ð14Þ

EQa
0

�eQma
1

� �
¼ IðN�lÞ�ðN�lÞ,

EQa
¼ IðN�l�1Þ�ðN�l�1Þ, eQma

¼ 0: ð15Þ

Let us now express the tree states through link states.
From ð2Þ, ð11Þ, ð12Þ and (15), we have

½EQcEQa�
Qc

Qa

� �
¼ 0: ð16Þ

So

Qa ¼ �E�1
Qa
EQc

Qc ¼ �EQc
Qc: ð17Þ

With the notations

Q2
D ¼ diagfQj Qj

�� ��g, K ¼ diagfKjg ¼
Kc 0
0 Ka

� �
, ð18Þ

ð1Þ can be rewritten as

_Q ¼ �KQ2
DRþ KH: ð19Þ

Define also

R ¼ RT
c RT

a

� �T
, ð20Þ

Q2
cD ¼ diag Q1 Q1

�� ��, . . . ,Ql Ql

�� ��� �
, ð21Þ

Q2
aD ¼ diag Qlþ1ðQcÞ Qlþ1ðQcÞ

�� ��, . . . ,QnðQcÞ QnðQcÞ
�� ��� �

,

ð22Þ

where the dependence on Qc in ð22Þ should be under-
stood in the sense of ð17Þ.

Proposition 2.1 (Hu et al. 2003): The minimal model of
fluid flow network system can be expressed as

_Qc ¼ AcQ
2
cDRc þ AcaQ

2
aDRa þ BcQc þ Ccd, ð23Þ

where Qc is the state, Rc, Ra and d are the inputs, and

Ac ¼ �Kc þ KcSHa�RQc
, Aca ¼ KcSHa�RQa

, ð24Þ

Bc ¼ Kc SHað�Qc
� �Qa

EQc
Þ þ RmðSQc

� SQa
EQc

Þ
� �

, ð25Þ

Cc ¼ KcðSd þ SHa�dÞ, ð26Þ
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where

�RQc ¼ ðEQcKcSHa þ KaÞ
�1EQcKc, ð27Þ

�RQa ¼ ðEQcKcSHa þ KaÞ
�1EQaKa, ð28Þ

�Qc ¼ �ðEQcKcSHa þ KaÞ
�1EQcKcRmSQc, ð29Þ

�Qa ¼ �ðEQcKcSHa þ KaÞ
�1EQcKcRmSQa, ð30Þ

�d ¼ �ðEQcKcSHa þ KaÞ
�1EQcKcSd, ð31Þ

and

SHa ¼ �
EHa

eHma

� �
, ð32Þ

Sd ¼ �
0

1

� �
, ð33Þ

SQ ¼
0

eQm

� �
¼ ½SQc

SQa
�: ð34Þ

One should mention that the matrix EQcKcSHa þ Ka

in ð27Þ–ð31Þ, is nonsingular, which was proved in

(Hu et al. 2003).

3. A decentralized controller

In the model (23) resistances Rc, Ra and d are considered

as inputs. However, the inputs Ra and d, referred to as

auxiliary inputs Kocić (1979) (thus a subscript ‘a’), are

not necessary, i.e. the system can be controlled success-

fully with Rc alone. In this section we let Ra and d

be fixed at their reference values,

Ra ¼ Rar, ð35Þ

d ¼ dr, ð36Þ

and design a feedback law Rc(Qc). Furthermore, this
control is designed as decentralized, i.e. Rci ¼ RciðQciÞ.
To prepare for stability analysis under a decentralized

controller, we first need the following lemma.

Lemma 3.1: Ac ¼ AT
c < 0.

Proof: We show this using fact that SHa ¼ ET
Qc and

�RQc ¼ ðEQcKcSHa þ KaÞ
�1EQcKc:

A�1
c ¼ �ðI� SHa�RQcÞ

�1K�1
c

¼ � I� ET
QcðEQcKcSHa þ KaÞ

�1EQcKc

� 	�1

K�1
c : ð37Þ

By the matrix inversion lemma Horn and Johnson
(1985)

A�1
c ¼ � I� ET

QcðEQcKcSHa þ KaÞ
�1EQcKc

� 	�1

K�1
c

¼ � Iþ ET
QcK

�1
a EQcKc

� 	
K�1

c

¼ �K�1
c � ET

QcK
�1
a EQc, ð38Þ

where matrices K�1
c and K�1

a exist. So,
ð�K�1

c � ET
QcK

�1
a EQcÞ, the inverse of Ac, also exists.

From symmetry and positive definiteness of matrices
Kc and Ka we conclude that A�1

c is symmetric and
negative definite. œ

Now we can establish stability properties of the
decentralized controller. In practice, we can encounter
two cases: when Rar and Qcr are functions of time and
when they are time invariant. First, consider the case
when Rar and Qcr are functions of time and denote

Rmax
ar ¼ max

i
RariðtÞ: ð39Þ

Theorem 3.1: Suppose QcriðtÞ 6¼ 0, 8i,8t � 0. Then
there exist sufficiently large positive constants M1 and
M2, which are independent of RarðtÞ and dr(t), such
that solution QcðtÞ ¼ QcrðtÞ of the system (23), under the
control law

Rciðt,QciÞ ¼
QcriðtÞjQcriðtÞj

QcijQcij


 �
ðRcriðtÞ þ RcEiÞ, ð40Þ

where

RcrðtÞ ¼ ðQ2
crDÞ

�1A�1
c ð _Qcr � AcaQ

2
arDRar � BcQcr � CcdrÞ,

ð41Þ

RcEi
¼

1

QcriðtÞjQcriðtÞj

�
�þM1 þM2R

max
ar ð2jQcrðtÞj

þ
ffiffi
l

p
jQcei jÞ

	
Qcei , � > 0 ð42Þ

is exponentially stable.

Proof: We first rewrite the minimal model (23) as

_Qc ¼AcQ
2
crDRcrþAcQ

2
crDRcEþAcaQ

2
aDRarþBcQcþCcdr:

ð43Þ

The reference model is described by the equation

_Qcr ¼ AcQ
2
crDRcr þ AcaQ

2
arDRar þ BcQcr þ Ccdr: ð44Þ
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So, the error model takes the form

_Qce ¼ _Qc � _Qcr ¼ AcQ
2
crDRcE þ AcaðQ

2
aD �Q2

arDÞRar

þ BcQce: ð45Þ

Denoting

Q2
aD �Q2

arD ¼ ’ðQceÞ, ð46Þ

we can rewrite (45) as

_Qce ¼ AcQ
2
crDRcE þ Aca’ðQceÞRar þ BcQce: ð47Þ

In order to establish controller properties, take a
Lyapunov function as

V ¼ QT
ceð�A�1

c ÞQce, ð48Þ

where the inverse of Ac exists and ð�A�1
c Þ is positive

definite by Lemma 3.1.
The derivative of the Lyapunov function (48) is

_V ¼ �QT
ceA

�1
c AcQ

2
crDRcE þ Aca’ðQceÞRar þ BcQce

� �
þ AcQ

2
crDRcE þ Aca’ðQceÞRar þ BcQce

� �T
ð�A�1

c ÞQce

¼ 2QT
ce �Q2

crDRcE � A�1
c ðAca’ðQceÞRar þ BcQceÞ

� �
¼ 2QT

ce �Q2
crDRcE þ�ðQceÞQce

� �
, ð49Þ

where

�ðQceÞQce ¼ �A�1
c ðAca’ðQceÞRar þ BcQceÞ: ð50Þ

We are looking for a controller in a form such that

QT
ce�ðQceÞQce � QT

ce�ðQceÞQce, ð51Þ

where � is a diagonal matrix. First, let us express ’ðQceÞ

as a function of links’ states:

or

’iðQceÞ ¼QaijQaij�QarijQarij

¼Qaei

jQaijþ jQarij, QaiQari > 0

Q2
aiþQ2

ari

jQaijþ jQarij
, QaiQari < 0

8><
>:

9>=
>;

¼�Ei
QcQce

�

jEi
QcQcjþ jEi

QcQcrj, Ei
QcQcE

i
QcQcr > 0

ðEi
QcQcÞ

2
þðEi

QcQcrÞ
2

jEi
QcQcjþ jEi

QcQcrj
, Ei

QcQcE
i
QcQcr < 0

8>><
>>:

9>>=
>>;,

ð53Þ

where i ¼ 1, . . . ,N� l� 1, and Ei
Qc is i-th row of matrix

EQc. It is easy to see that

j’iðQceÞj ¼

���QaijQaij �QarijQarij

��� � jQaeijðjQaij þ jQarijÞ

¼ jEi
QcQcejðjE

i
QcQcj þ jEi

QcQcrjÞ: ð54Þ

In order to find matrix � we need to evaluate
QT

ce�ðQceÞQce. For simplicity of notation let us denote
k � k ¼ j � j. With the notation, from (39) we get

QT
ce�ðQceÞQce ¼�QT

ceA
�1
c ðAca’ðQceÞRarþBcQceÞ

� jA�1
c BcjjQcej

2þjA�1
c AcajjdiagfRargjj

� colð’iðQceÞÞj2jQcej

� jA�1
c BcjjQcej

2þjA�1
c AcajR

max
ar j

� colð’iðQceÞÞj1jQcej

� jA�1
c BcjjQcej

2þjA�1
c AcajR

max
ar

�
Xl
i¼1

ðjEi
QcQcjþ jEi

QcQcrjÞjE
i
QcQcej

" #
jQcej

¼ jA�1
c BcjjQcej

2þjA�1
c AcajR

max
ar

�

"Xl
i¼1

ðjEi
QcQcejþ2jEi

QcQcrjÞ

� jEi
QcQcej

#
jQcej

’ðQceÞ ¼

Qa1jQa1j �Qar1jQar1j 0

. .
.

0 Qa,N�l�1jQa,N�l�1j �Qar,N�l�1jQar,N�l�1j

2
664

3
775, ð52Þ
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¼ jA�1
c BcjjQcej

2 þ jA�1
c AcajR

max
ar

�

"Xl
i¼1

jEi
QcQcej

2 þ 2
Xl
i¼1

jEi
QcQcrj

� jEi
QcQcej

#
jQcej

� jA�1
c BcjjQcej

2 þ jA�1
c AcajR

max
ar

� jQcej
2
Xl
i¼1

jEi
Qcj

2 þ 2jQcejjQcrj
Xl
i¼1

jEi
Qcj

2

" #
jQcej

¼ jA�1
c BcjjQcej

2 þ jA�1
c AcajR

max
ar

Xl
i¼1

jEi
Qcj

2

� ðjQcej þ 2jQcrjÞjQcej
2

¼ ðjA�1
c Bcj þ jA�1

c AcajjEQcj
2
FR

max
ar

� ðjQcej þ 2jQcrjÞÞjQcej
2,

where jEQcj
2
F ¼

Pl
i¼1 jE

i
Qcj

2. Let us denote

jA�1
c Bcj ¼ M1, jA�1

c AcajjEQcj
2
F ¼ M2: ð56Þ

Then we can rewrite (55) as

QT
ce�ðQceÞQce � ðM1 þ 2M2R

max
ar jQcrjÞjQcej

2

þM2R
max
ar jQcej

3: ð57Þ

Using expressions

jQcej
2 ¼

Xl
i¼1

Q2
cei
, jQcej

3 ¼
Xl
i¼1

Q2
cei

 !3=2

�
ffiffi
l

p Xl
i¼1

jQcei j
3,

ð58Þ

we have

QT
ce�ðQceÞQce � ðM1 þ 2M2R

max
ar jQcrjÞ

Xl
i¼1

Q2
cei

þ
ffiffi
l

p
M2R

max
ar

Xl
i¼1

jQcei j
3: ð59Þ

So we get the following matrix �:

�ðQceÞ ¼ M1 þ 2M2R
max
ar jQcrj


 �
Iþ

ffiffi
l

p
M2R

max
ar diagfjQcei jg:

ð60Þ

Choosing the control law in the form (42), we get the
following derivative of Lyapunov function (49)

_V ¼ 2QT
ce �Q2

crDRcE þ�ðQceÞQce

� �
� 2QT

ce �Q2
crDRcE þ�ðQceÞQce

� �
¼ 2QT

ce

h
�Q2

crDRcE þ diag
n
M1 þ 2M2R

max
ar jQcrj

þ
ffiffi
l

p
M2R

max
ar jQcei j

o
Qce

i
� �2�jQcej

2: ð61Þ

From (61) we conclude that the system (23) is exponen-
tially stable. œ

Let us now consider the case when dr, Rar and Qcr are

constants.

Theorem 3.2: Suppose Qcri 6¼ 0, 8i, 8t � 0. There exist

sufficiently large positive constants M3 and M4, such

that the system (23), under the control law (40) with

(41) and

RcEi
¼

1

QcrijQcrij
ð�þM3 þM4jQcei jÞQcei , � > 0 ð62Þ

is exponentially stable at Qc ¼ Qcr.

Proof: Using notations

jA�1
c Bcj þ 2jA�1

c AcajR
max
ar jEQcj

2
FjQcrj ¼ M3,ffiffi

l
p

jA�1
c AcajR

max
ar jEQcj

2
F ¼ M4, ð63Þ

we can rewrite (55) as

QT
ce�ðQceÞQce � M3jQcej

2 þ
M4ffiffi
l

p jQcej
3

� M3

Xl
i¼1

Q2
cei

þM4

Xl
i¼1

jQcei j
3: ð64Þ

Choosing control law in the form (62), we get the
following derivative of Lyapunov function (49)

_V ¼ 2QT
ce �Q2

crDRcE þ�ðQceÞQce

� �
� 2QT

ce �Q2
crDRcE þ diagfM3 þM4jQcei jgQce

� �
� �2�jQcej

2: ð65Þ

From (65) we conclude that the system (23) is
exponentially stable. œ
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4. An adaptive decentralized controller

As in the previous chapter, we first consider the case
when dr, Rar and Qcr are functions of time.

Theorem 4.1: Suppose QcriðtÞ 6¼ 0, 8i, 8t � 0. Then the
adaptive controller, consisting of (40), (41), and

RcEi
¼

1

QcriðtÞjQcriðtÞj

�
�þ �̂1 þ �̂2R

max
ar ð2jQcrðtÞj

þ
ffiffi
l

p
jQcei jÞ

	
Qcei , ð66Þ

_̂
�1 ¼

Xl
i¼1

Q2
cei
, ð67Þ

_̂
�2 ¼ Rmax

ar ðtÞ 2jQcrðtÞj
Xl
i¼1

Q2
cei

þ
ffiffi
l

p Xl
i¼1

jQcei j
3

 !
ð68Þ

guarantees global stability of the solution QcðtÞ ¼ QcrðtÞ,
�̂1ðtÞ ¼ M1, �̂2ðtÞ ¼ M2 and asymptotic tracking
limt!1ðQcðtÞ �QcrðtÞÞ ¼ 0. The global stability of the
given equilibrium means, in particular, that QcðtÞ, �̂iðtÞ
are globally bounded.

Proof: Choose the following Lyapunov function

V ¼ QT
ceð�A�1

c ÞQce þ ~�21 þ
~�22, ð69Þ

where ~�i ¼ �i � �̂i, �i ¼ Mi, i¼ 1, 2 are estimation
errors. Taking into account that

_~�i ¼ �
_̂
�i, we get the

following derivative of (69)

_V ¼ 2QT
ceð�A�1

c Þ _Qce þ 2 ~�1
_~�1 þ 2 ~�2

_~�2

¼ 2QT
ce �Q2

crDRcE þ�ðQceÞQce

� �
� 2 ~�1

_̂
�1 � 2 ~�2

_̂
�2

� 2QT
ce

h
�Q2

crDRcE þ ðð�1 þ 2�2R
max
ar jQcrjÞI

þ
ffiffi
l

p
�2R

max
ar diagfjQcei jgÞQce

i
� 2 ~�1

_̂
�1 � 2 ~�2

_̂
�2: ð70Þ

Taking RcEi in the form (66), we have

_V � �2�jQcej
2 þ 2QT

ce
~�1Qce þ 4QT

ce
~�2R

max
ar jQcrjQce

þ 2 ~�2
ffiffi
l

p
Rmax

ar

Xl
i¼1

jQcei j
3 � 2 ~�1

_̂
�1 � 2 ~�2

_̂
�2

¼ �2�jQcej
2 þ 2 ~�1ðQ

T
ceQce �

_̂
�1Þ

þ 2 ~�2 2Rmax
ar jQcrj

Xl
i¼1

Q2
cei

þ
ffiffi
l

p
Rmax

ar

Xl
i¼1

jQcei j
3 �

_̂
�2

 !
:

ð71Þ

Now, choosing
_̂
�1 and

_̂
�2 as in equations (67) and (68)

respectively, rewrite (71) as

_V � �2�jQcej
2: ð72Þ

From (72), by La Salle’s theorem, the result follows. The
boundedness of V(t) guarantees the global boundedness
of QcðtÞ, �̂iðtÞ. œ

Consider now the case when dr ¼ const, Rar ¼ const
and Qcr ¼ const.

Theorem 4.2: Suppose Qcri 6¼ 0, 8i, 8t � 0. Then the
adaptive controller, consisting of (40), (41), and

RcEi
¼

1

QcrijQcrij
�þ �̂3 þ �̂4jQcei jÞ

� 	
Qcei , ð73Þ

_̂
�3 ¼

Xl
i¼1

Q2
cei
, ð74Þ

_̂
�4 ¼

Xl
i¼1

jQcei j
3, ð75Þ

guarantees global stability of the equilibrium Qc ¼ Qcr,
�̂3 ¼ M3, �̂4 ¼ M4 and regulation of Qc(t) to Qcr.
The global stability of the given equilibrium means, in
particular, that QcðtÞ, �̂iðtÞ are globally bounded.

Proof: Choose Lyapunov function

V ¼ QT
ceð�A�1

c ÞQce þ ~� 2
3 þ ~� 2

4 : ð76Þ

Its derivative is

_V ¼ 2QT
ce �Q2

crDRcE þ�ðQceÞQce

� �
� 2 ~�3

_̂
�3 � 2 ~�4

_̂
�4

� QT
ce �Q2

crDRcE þ ð�3Iþ �4diagfjQcei jgÞQce

� �
� 2 ~�3

_̂
�3 � 2 ~�4

_̂
�4: ð77Þ

Taking RcEi in the form (73), we have

_V � �2�jQcej
2 þ 2QT

ce
~�3Qce þ 2QT

ce
~�4diagfjQcei jgQce

� 2 ~�3
_̂
�3 � 2 ~�4

_̂
�4: ð78Þ

Now, choosing
_̂
�3 and

_̂
�4 as in equations (74) and (75)

respectively, we get

_V � �2�jQcej
2, ð79Þ

which, by La Salle’s theorem, proves the result. œ
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5. Example

We consider an example reminiscent of a blood circula-

tion system. Let the network be forced with a periodic

generator (like the heart). Without control, the flow

rates would tend to be periodic through all of the

branches. We set as an objective to keep the flow rate

in one of the branches (for example, branch 3 in

figure 1) as constant, while allowing the other branches

to have periodic flow. As we shall see, the solution

amounts to more than just making the resistance

periodic in branch 3 – all of the co-tree branches
participate in solving the tracking problem.

The network in figure 1 consists of 4 nodes, 5
branches and 1 main generator branch, whose pressure
forcing is

drðtÞ ¼ 10þ 5 sin t: ð80Þ

Let branches 4, 5 andm (the generator branch) be the tree
of the network, and let the reference flow rates in the
co-tree be Q1r ðtÞ ¼ 2þ 1:5 sin t, Q2r ðtÞ ¼ 2:2þ sin t, and

Q3r ðtÞ ¼ 1:5 ¼ const: ð81Þ

Let the resistances in the uncontrolled branches be
constant, R4r ¼ 1:5, R5r ¼ 0:1. The objective is to find
decentralized feedback laws R1ðQ1Þ, R2ðQ2Þ and R3ðQ3Þ.

Define

Qc ¼ ½Q1 Q2 Q3�
T, Qa ¼ ½Q4 Q5�

T,

Hc ¼ ½H1 H2 H3�
T, Ha ¼ ½H4 H5�

T: ð82Þ

Choose the parameters of the system as Rm¼ 1, Ki¼ 1,
i ¼ 1, . . . , 5 and the initial conditions as Qcð0Þ ¼
½5, 1:5, 4�T. We apply the feedback law given in
Theorem 4.1.

In figure 2 the responses of the system are shown for
t ¼ 12 s. One can see that in controlled branches the

3

Generator branch (m)

4

12

5 

 

 

 

 

Figure 1. Fluid flow network system with 5 branches and

generator branch.
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Figure 2. Adaptive controller from Theorem 4.1 applied to the example network. Note that Qc3 is regulated to a constant, while
the flows in the other branches remain periodic.
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desired flows are obtained. In other branches, where
the flows cannot be controlled independently, the flow
remains periodic. In figure 3 transients are shown for
t ¼ 1 s. Control inputs are not allowed to be less than
Rmin ¼ 0:1, so after controls Rc1 and Rc2 reach lower
bound, they stay constant until flow rates decrease in
the first branch or increase in the second branch.
After approximately 0.4 s, flow rates achieve their
references and no more saturation is observed. The
controller gains in this case are �1 ¼ 2, �2 ¼ 10:68.
The estimates achieve lesser values, as �1 and �2 are
conservative.

6. Conclusions

In this paper, we developed nonlinear control algorithms
that are implementable using collocated flow sensors
and actuators. Further research should explore
the applicability of this methodology to blood flow
problems.
Some of the costliest vascular diseases arise in the

venous system. In human body the veins carry about
two-thirds of the blood volume. The venous blood

above the heart – in upper limbs and the head – flows

to the heart due to gravity. In lower limbs it flows

towards the heart due to the vis a tergo, the calf pump

and the vis a fronte factors. The valves control the

direction of the flow to prevent the retrograde wave of

the flow. If a valve is incompetent or destroyed, reflux

arises, which leads to and aggrevates venous insufficiency

Browse et al. (1999). After the function of venous valves

was discovered, the interest in artificial valves arose.

At present several types of artificial venous valves exist

(Dimatteo and Marshall 2002, Duerig and Melzer

2003, Duerig and Stockel 2000, Jayaraman 2001,

Pavcnik et al. 1999, Pavcnik et al. 2001, Pavcnik et al.

2002, Pavcnik 2002a, Pavcnik 2002b, Shaolian and

von Hoffmann 2001, Thorpe et al. 2000, Uflacker

1993). All of them are passive, or uncontrolled valves.

In this work, we developed control laws for active

valves. While there could be many natural valves, or

passive artificial valves in the part of the vein between

two junctions (a branch), it is enough to have one actively

controlled valve per branch. While the example in x 5 was

not exactly motivated by venous disease, our related

efforts on vascular networks Koroleva and Krstić

(2005) concentrate on this problem more closely.
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Figure 3. Zooming in to the transient from 0 to 1 s. Tracking is achieved in about 0.4 s. Note the saturation in Rc2 , to which the
feedback system is shown to be robust.
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