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Abstract

We examine the stability properties of a class of LTV difference equations on an infinite-dimensional state space that
arise in backstepping designs for parabolic PDEs. The nominal system matrix of the difference equation has a special
structure: all of its powers have entries that are —1, 0, or 1, and all of the eigenvalues of the matrix are on the unit circle.
The difference equation is driven by initial conditions, additive forcing, and a system matrix perturbation, all of which
depend on problem data (for example, viscosity and reactivity in the case of a reaction—diffusion equation), and all of
which go to zero as the discretization step in the backstepping design goes to zero. All of these observations, combined
with the fact that the equation evolves only in a number of steps equal to the dimension of its state space, combined with
the discrete Gronwall inequality, establish that the difference equation has bounded solutions. This, in turn, guarantees the
existence of a state-feedback gain kernel in the backstepping control law. With this approach we greatly expand, relative
to our previous results, the class of parabolic PDEs to which backstepping is applicable.
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1. Introduction

We consider parabolic PDEs of the form
ur(x, 1) = eure(x, 1) + b0 (x, 1) + A00)u(x, 1) + g(x)u(0, 1) + d(x)u(Ox, 1) + / S Ou(c,r)de (1.1)
0

for x €(0,1), t > 0, with initial condition

u(x,O):uO(x), XE[O,]], (12)
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with boundary conditions !

ux(0,¢) = qu(0,1), (1.3)

1
u(l,1) = /0 K (Eu(é, 1) dé (14)

and under the assumption
e>0, 0<0<1, qeR, bid,gelo(0,1), feL([0,1]x]0,1]), (1.5)

where the feedback gain kernel k; € Lo(0,1) is sought to stabilize the equilibrium u = 0. Throughout the
paper we will consider only real valued functions and the classical L,(0,1), p > 1 and C*!([0,1] x (0,00))
spaces (see [11]). Relative to our previous work on the subject [1,2], which was under the assumptions
g(x)=d(x)=f(x,&)/q=0 for x, £ € [0, 1], the results here are more general, and the proof technique we develop
is more elegant. Our approach is to use the backstepping method for the finite difference semi-discretized
approximation of (1.1) to derive an infinite-dimensional coordinate transformation that maps our system into
an exponentially stable system. The coordinate transformation results in a boundary feedback control law of
form (1.4). Our result is formulated in the following theorem.

Theorem 1.1. For any ¢ > 0 there exists a function ki € Lo(0,1) such that for any uy € Lo (0,1) system
(1.1)~(1.4) with assumption (1.5) has a unique classical solution uc C>'([0,1] x (0,00)) and the trivial
solution ugi, = 0 is exponentially stable in the Ly(0,1) and maximum norms with decay rate c¢. More
precisely, there exists a positive constant M such that for all t > 0

(2, | a0.1) < M [Jao]|Lo0.1ye ™ (1.6)
and

max |u(x,t)] < M sup |ug(x)|e” . (1.7)
x€[0,1] €[0,1]

X

The problem of boundary feedback stabilization of general parabolic equations is not new. Our papers [1,2]
contain a detailed discussion of prior work, and the reader is also referred to [8,12] for extensive surveys.
While these previous approaches give an existence answer to our stabilization problem, our approach offers
an implementable, numerically simple solution that avoids the tasks of estimating eigenfunctions or solving
operator Riccati equations, which are formidable in the case of nonconstant coefficients.

The present paper, besides generalizing the class of systems in [1,2] (the expanded class now includes,
for example, the linearized model of the solid propellant rocket instability [3]), offers a very different, and
remarkably more elegant proof technique. Boundedness of the coordinate transformation kernel, whose trace
on the boundary is the gain kernel function k;, is the key result. In [1,2] this result involved deriving
extremely complicated formulae for the exact form of the transformation. In this paper the boundedness of
the transformation is proved without solving for it. The boundedness proof is essentially stability analysis for
a complicated LTV difference equation on an infinite-dimensional state space.

This paper is organized as follows. In Section 2 we lay out our strategy for the solution of the stabilization
problem. We design a coordinate transformation for a semi-discretization of our system which maps it into an
exponentially stable system and derive a recursive relationship for the kernel of transformation in Section 3.
The recursive relationship is written in the form of a system of second-order difference equations in Section 4.
Our main theorem on the stability of this system is proven in Section 5. The stability result shows the uniform
boundedness of the discretized coordinate transformations as the grid is refined. This implies the existence of

! The case of Dirichlet boundary condition at the zero end (¢ = co) can be handled the same way.
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the stabilizing boundary control law (1.4), as it was shown in [1,2]. For completeness we included in Section
6 a theorem on the well posedness of the controlled system (1.1)—(1.4).

2. Backstepping transformation

We look for a coordinate transformation

Wi =uten) = [ knOuENdE X1 >0 @1
0

that transforms system (1.1)—(1.4) into the exponentially stable system

wi(x, 1) = ewre(x, 1) + b(x)wy(x, ) — ew(x,t), x€[0,1], t >0, (2.2)
where ¢ > ¢? and the boundary conditions are

wy(0,7) = gw(0,t), Vi>0, (2.3)

w(l,t)=0, Vt>0. (2.4)
Once transformation (2.1) is found, it is realized through the stabilizing boundary control (1.4) with &;(-) =
k(1,-).

Substituting (2.1) into Eq. (2.2) and using Eq. (1.1) results in the following weak formulation of a hyper-
bolic partial differential equation for the function £:

0 :/0 (ekxx(x, €) — ekee(x, €) + ke(x, $)D(E) + he(x, £)b(x))u(E, 1) dE
- /O k(x, E)YAE) 4+ ¢ = b/ (E)u(&, 1) dé — /0 k(x, £)(g(&)u(0,1) + d(SHu(0¢, 1)
¢ d
+ / fE s)u(s,t)ds)dé + &2 (dxk(x,x)> u(x,t) + e(qk(x,0) — ks(x,0))u(0,t)
0

+ k(x,0)b(0)u(0, 1)+ (A(x)+ c)u(x, t) + g(x)u(0, )+ d (x)u(Ox,t) + /X F(x, EHu(é,t)dé (2.5)
0

for all x €0, 1].

In order to find (2.1) in a constructive way we first discretize (1.1)—(1.4), then we develop a stabilizing
coordinate transformation for the discretized system and finally we show that the discretization converges to
an infinite-dimensional transformation. We define kj; =k((i — 1)h,(j — Dh), wf =u((i — 1)h,t), b} =b((i — 1)h)
fort >0, i,j=1,...,n, n=1,2,... where 1 = 1/n, and the finite difference discretization of the rest of the
functions is defined the same way. The discretized version of coordinate transformation (2.1) now has the
form

w'=u"—hK"v", n=1,2,... (2.6)
where

wh=[wiwh, .. w, (2.7)

u' = [uf s, )" (2.8)

and

K" = [ki)scn (2.9)
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with the convention that

kij=0 for j >i. (2.10)
A discretization of system (1.1)—(1.4) with respect to the spatial variable x using finite differences is
Uy — 4 = qu’, (2.11)
h
. u B Zu;’ + u;lf n u;/l B u:’* 1 n n..n n, n n, n H
= +1 - 1+biTl+A?u + giu] +diu 6:+1+hzfu up, i=1,....n,
Jj=1
(2.12)
'y :th:] . (2.13)
j:
The exponentially stable transformed system (2.2)—(2.4) has the discretized form
W —
1 0 — gw", (2.14)
h
wio = 2wl +wi wi —wi
Wi =g —t " Ly by - L_ew!, i=1,...n, (2.15)
Wy =0. (2.16)

As it was shown in [1,2], the convergence of the finite-dimensional transformation (2.6) to the infinite-
dimensional one (2.1) reduces to proving the uniform boundedness of ||K"||,, =max; ;-1 . |k];| in n. Since n
plays an important role, we will keep the superscript » notation throughout the paper. Any other superscript
will refer to powers. We note here that || - ||,, is different from the regular matrix oo-norm.

3. Finding the gain kernel

In this section we derive a recursive relationship for the kernel {k,’;}, j=1,..n- We have from (2.14)

wo = (1 — gh)u} (3.1)
and from (2.15)
ewl) = (2e + ch® — BI)W! — (e — bIhyw!_, + B!, i=1,...,n. (3.2)

With the help of Egs. (2.6) and (2.12) we get

i i—1
& u;?ﬂ—th;;j = e+ch’ —bh) () —hY Ky
J=1 J=1

—(e—b'h) |l —hZ 2l |+ u—hZ

i—1
= (2e+ WPc— hb}) u} — (26 + W — hbDRY Ky — (e — hb) )},
Jj=1
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B
2 T

+(s—hb”)h2k,” S+ (

j=1

n n
—2ui +ui, ui_ui—1>

i—1

+h2 ),;Iu"-i-g,ul—Fdn "0,]+1+h2f1u1 Z 1]‘]

=1

i—1
= ey, + W (c+ Al — e+ WPe — hb!)h x> k' +(s—hb")h2k, o !

j=1
i—1
2u —I—u ul —ul_
R R+ =R (1B
=1
j—1
+ 25} + gul + dujy), 1+hZf/1”1> (3.3)
=1

for i =1,...,n. Rearranging (3.3) and using (2.11) we obtain

sZkguy_(zs+ch2 b”h)z L
Jj=1

Jj=1

—(s—b"h)Z Lo U = h(e+ 2ul — hgiul — hduiy
—W > [+ k(s — (61 + hg) — (g + A + df + Big)ud)

D Ky ey — (26— RO+ (6 — Wby + Wl + 10+ Wdufy. )

i—1 j—

1
AP N K (3.4)
j=2 I=1

In the next step we are going to use the identities

i—1 j—1 i—2 i—1 i—2 i—1
§ : § : § : § : n non __ § : § n no

i—1,j jkuk ki—],lf[j o k —1 lfl] o (35)
j=2 k=1 j=1I1=j+1 j=1 I=j

where that latter equality holds after setting f;; =0, j > /. Comparing coefficients of u;’s in (3.4) results in
recursive relationships

1
kiy = % (¢ — hb} — ehq + n(c+ 2+ DYg)k 1 + (e — bkl | , — (e — hD])k[ 5 |

+ 1 Z L (g} + S0 + ST = hg} — hd} S0 — h(e + A)on — B}, (3.6)
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and

+eki_y oy + (e = hbj kL o — (6 — hDK,

i—1,j

1
ki = - (h(b} = b}) + W (c + 2]k

i—1
Y K (@S g+ RS = R fl = (e + A3y — hd} s (3.7)
I=j

for j=2,...,i. Our next goal is to show that the solution &j; to these recursive relations remain uniformly
bounded as j=1,2,...,i, i=1,2,...,n and n — oo.

4. Difference equation governing the kernel

Egs. (3.6) and (3.7) can be written in the form of a system of second-order difference equations,

hb?”
n =Tk — ( ;“) L i=1, 1, (4.1)
where
[ il 127 >k1’;l1] ) (42)
n h n n n n
(fin= — (g7 + (e + A))oir11 + dfy a0 +Af 7)), (4.3)
n h n n n ]
(i) = — ((c + A))0iv1,; + diy i Opoa+yy1, + hf iy ;) for j>1 (4.4)

and fi = [(’y?)lj]nxn with

0 if <1,
1 it j=1-1,
h n n 1 n n : .
1+;(_bi+l_8q+h(c+;‘1+blq+gl+dl)) if j=1=1,
h n n CAR
g(b;'—bﬁl+h(c+/ul)+hd15[91]+1’[) if j=1+#1,
— h
GD=914 = (=3 + h(gh + d5opmo + hf3)) if =1, j=2, (4.5)
h .
1+ " (=b5 + h(d} 01051411 + 1 f5)) if j=1+1>1,
(g"—i—d”5 [0/] ’o—i—hf;’l) if I=1, j>2,
h2
?(d;’é[gj]ﬂ,z +hf%) if j>14+1, 1#1.
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As it is seen from (4.5), I'; has the form

;=T + AT;0(h), (4.6)
where
1l ! _
1 0 0
I— 4.7)
0 1
. 1 0_
and
F 1 -
O(h)
Al = . (4.8)
0 1
- 1_

Here and below O(/) denotes an expressions for which there exists a uniform constant A > 0 such that
O(h) < Mh. Definitions (4.3) and (4.4) imply that

O(h)y if j=1, i+ L[0G+1)]+1,
(fi)y= 5 , (4.9)
O(h)* otherwise
for i =1,...,n, and hence
n h n n "n n
sup [l /71l < 2= ( e+ sup |4} +sup|dj| + sup |f7;] + sup|g]]
I>1 & =1 =1 Lj=1 =1
= O(h). (4.10)
Eq. (4.1) now produces its own initial conditions through convention (2.10), namely
k=0 (4.11)
and
A T
K= {8(g§'+d'1'+c+27),0,...,0 : (4.12)

Using notation

n

i—1
4.13
o 1 (413)

l
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we obtain from (4.1)

— 0
i =A0] + n] , (4.14)
fi
where
— 0 Lyxn
Al = . (4.15)
_(1 - b?+lh/8)1n><n Fi
and
0 1 (4.16)
F=| . .
fi
The matrix :47 can be written as
A=A+ Ad;, (4.17)
where
0 Lnscn
A= (4.18)
_Inxn r
and
Ad; = O(h). (4.19)
In><n AF:
Notice that ||A4;||; = O(k). The initial condition of system (4.14) is
kg
o] = (4.20)
ki

which, according to (4.11) and (4.12), has 1-norm that is O(%) as well. Eq. (4.14) can also be written in the
following form:

i
Qi1 =AO; + A4,0, + F; = A0, + ZA"*/’(AA,@J- +F)
j=1

=4'0, + > ATF;+ > ATIAL6,. (4.21)
=1 J=1

5. Proof of the main result

With the help of the matrix difference equation (4.21) we are going to prove our main theorem on the sta-
bility of Eqgs. (4.1)—(4.5). For this purpose we need to use two lemmas. The first lemma is on the boundedness
and structure of powers of matrix A4.

Lemma 5.1. Assume that a matrix A is of the form

0 Lnscn
A= , (5.1)

IHX}'I F
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where
11 -
1 0 0
r=| (52)
o . .1
. 1 0_

Then powers of matrix A have the form

) Py P
A = fori=1,2,...,n, (5.3)
P Pip
where
1 ifk+I1<i+1or
(P = if k—I1=i—1i—3,...,—i+3,—i+1and k+1<2n—i+1, (5.4)

0 otherwise.

Proof. From (4.18) and (4.7) we obtain structure (5.3) of matrices 4° where the matrices P; have to satisfy
the difference equation

Pyw=TP,—P;_, i=12,... (5.5)
with initial conditions
Py=0 and P =1 (5.6)

In order to better understand the structure of P; defined in (5.4) we provide here Pg for n=10 as an example.

1 1 1 1 1 1 0 0 0 O
1 11 1 1 O 1 O O

Py = , (5.7)

S O o O
S o O

(=]

—_—

(=]

—_

(=]
[N N -}
S oo o O
S O o o O
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Substituting (P;1)xs, (Pi)r and (Pi—1) for k,1=1,2,...,n from (5.4) into (5.5) and using definition (4.7) of
I' we see the unique solution of (5.5) is given by (5.4). With this we obtain the statement of the lemma. [

Remark 1. Although it does not help in establishing the stability properties of our unperturbed system, it is
interesting to note the special eigenvalue structure of matrix 4. All the eigenvalues of 4 are distributed evenly

along the unit circle, i.e., the eigenvalues of A are A=e//"/(>"+1) =12 ... 2n, where I denotes the imaginary
unit.

Proof. We first transform the characteristic equation of 4 to a characteristic equation that corresponds to a
real symmetric matrix.

[ —A In><n
det(4 — Al) = det
| Ly T =4
i 0 *]nxn 0 In><n */AL In><n
_In><n 0 _In><n 0 _[nxn r- /’L
i 0 _[n><n _In><n r- /1
= det det
_In><n 0 ;b _In><n

__In><n r—ia
l _In><n

= det

= det

= det(—Lixn — (I' = A)(~Luxcn) ' A)det(—Lyxn)
= (=1)'det(—=/% — Lyxn + AD). (5.8)
In the fifth step above we used the identity
A B
det = det(4 — BC'D)det(C). (5.9)
D C
Note that 1=0 is not a root of (5.8), hence we can factor out 4 and obtain that the roots of (5.8) are identical
to the roots of
det(I' — yl,x,) =0, (5.10)

where

2 +1
1= (5.11)

We now determine the eigenvalues y of matrix I'. Along the line of [10, Appendix II] we obtain recursive
relations

Ai(x) = xA41-1(x) — Ai2(x),  1=1,...,n (5.12)

Introducing a new variable @ through the relation

1
L=+ — (5.13)
o
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we obtain by induction the general expression

A(0)=)" o (5.14)
i=—n
that, in turn, can be written as
2n+1 _ 1

Ap(w) = "Z — (5.15)
The roots of (5.15) can be easily found to be

w; =D =12, 20 (5.16)
Using (5.16) with (5.13) we obtain that the eigenvalues of I" are

2n
=—-2cos—, [=1,2,...,n 5.17

Vel oS 5 =7 ,2,...m (5.17)
Eq. (5.11) results in the quadratic equations

P —yh+1=0, [1=12,...,n (5.18)

Using (5.17) it is easy to see that Eq. (5.18) has solutions A =e/™®"+1) [=1,2,...,2n. With this we obtain
the statement of the remark. [

In the proof of our main theorem we will also use the discrete time Gronwall lemma. Its proof for a more
general case can be found, for example, in [5, Appendix EJ.

Lemma 5.2. Assume that
k—1
mg <c+ Yy mgi, (5.19)
=0

where m and g are positive sequences. Then
k-1
my, <cexp{Zgl}. (5.20)
1=0

We now state and prove our main theorem.

Theorem 5.1. Solutions of the system of second-order difference equations (4.1)—(4.5) with initial conditions
(4.11)—(4.12) are bounded uniformly in n. More precisely, there exists a constant C > 0, whose size depends
on the size of constants and supremum norm of functions in assumption (1.5), such that

sup max ||£'|e < C. (5.21)

nzllzl ..... n

Proof. As a result of Lemma 5.1 the powers of matrix 4 up to power n have entries that are equal to —1,

0 or 1. We are going to use the non-submultiplicative matrix norm
Ax||oo
100 = sup 1% = ma

x70  [Ix[h
which in the case of our 4 matrix gives

14|00 < (141100 1x]]1

= ||x|;, fori=12,...,n (5.22)
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Since (|01 = ||Fj||1 = |A4,||; = O(h) for all j =1,2,...,n, hence multiplication by powers of A results in
O(h) infinity norms. We then obtain from (4.21) for i=1,2,...,n — 1 that

il = |[401 + 3 ATF, + 3" A A40,

J=1 J=1 I

< [4'@1lloe + Y IA 7 Filloc + Y 147 A 00101
j=1 j=1

<01l + D IF I+ D 124,16l - (5.23)
j=1 j=1

Using the discrete Gronwall lemma we obtain
n—1
1Oulloe < | 161111 + D IF; 11 | e 14470 (5.24)
j=1

Since [|O@1||1, ||F|li and ||A4;||, are all of order O(%), for j=1,2,...,n,
[©n]loe < O(1)exp{O(1)} = O(1). (5.25)

This proves the theorem. [

Remark 2. For the very simple case of our previous paper where b=g=d =b= f =0, estimate (5.24) gives
us the bound (¢ + A)/e for the approximating kernel gain.

With this we can prove (as it was done in [1,3]) Theorem 1.1, the existence of an infinite dimensional
coordinate transformation (2.1) and stabilizing boundary control (1.4).

6. Existence and uniqueness of closed-loop solutions

For completeness we establish the local in time existence and uniqueness of classical solutions to system
(1.1)~(1.4) for the case of b€ C'(0,1) and continuous initial data uo € C(0,1) using a contraction mapping
argument [9]. For less smooth initial data, namely for uy € Lo,(0,1), the existence of classical solution for
t > 0 follows from the well-known smoothing properties of the heat equation (see, e.g., [4]). Once the local
in time existence obtained, the global existence follows from the stability properties.

We define

J= sup |A(x) = b'(x), d= sup |d(x)|, §= sup |g(x)|, (6.1)
x€[0,1] x€[0,1] x€[0,1]

f= sup f, O, k= sup [ki(x)], b= sup |b(x). (6.2)
(x,€)€[0,1]x[0,1] x€[0,1] x€[0,1]

Let

G(x,ét1) =2 Z COS( X ) COS(Jy &) o4n1=D) (6.3)

n=1
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denote Green’s function corresponding to the heat operator

Lu=u —euy, x€(0,1), t>0 (6.4)
with boundary conditions

uy(0,¢) =0, (6.5)

u(1,¢t)=0, (6.6)
where

znz(zn—l)g, n=1,2,... . (6.7)

The solutions to our system (1.1)—(1.4) are the fixed points of the operator

1 t 1
Fu(x,1) = /0 G &1, () — /0 /0 G, &, OB(Eu(E ) dE de
t 1
+ /O /0 G, & 1,7)(g(ENu(0,7) + (A(E) — B(E)u(E 1)) dE de
t 1 ¢
+ /0 /0 Gx.6.t,7) (d(é)u(ﬂi,r)Jr /0 f(é,y)u(y,r)dy> dédr

‘ 1
+/0 G(x,l,t,r)(leb(l))/0 ki (&u(é,t)dédr

t
— / G(x,0,t,7)(b(0) + g)u(0,7)dr, x€[0,1], t>0. (6.8)
0
The local in time solvability result follows from contraction mapping argument applied to the iteration u,, . ; =
Fu,, with some starting function u;, where Q7 =[0,1] x [0, 7] and

max |u(x,1)] < My =2 sup |20(x)]. (6.9)
(x,t)E0r

According to the properties of the heat equation kernel function G (see, e.g., [7]) we obtain that the function

t 1 t t
W(T)=max { max // |Ge(x, &, t,7)| dEdT, max / |G(x,0,¢,7)| dr, max / |G(x,1,,7)|dt
o Jo xHe0r Jo (x,1)e0r Jo

(x,1)EQr
(6.10)

converges to zero monotonically as 7 — 0. We now choose 7 > 0 sufficiently small such that
WYX +G+i+d+ f+0+b)k+ (b+q)) <3 (6.11)
We obtain by induction that

t oL
max |u X, t su up(x)| + max Ge(x, &, t,1)|déEdT max  |u,(x, ¢
e (0l < sup fiogol + max [ [T1G: g noiaede ma o)

t oL
4+ max / / |Ge(x, &, t,7)| dEdT { max (g(x)um(O,t) + (Ux) — B (x))utp(x, 1)
*0€0r Jo Jo (x,1)EQr

+d (X )um(0x,1) + /0 ' S y)um(y, t)dyﬂ
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t
+ (1 + b)k max / G(x,L,t,7)|dt max |u,(x,t
( ) x0€0r Jo | ( )| (X>Z)EQT| ( )|

t
b G(x,0,5,7)|d (0,1
+( +q)(xfgg>érfol (x,0,2,7)] forgtangu( )]

< IMo+9(DIMo(1 + G+ 2 +d + f + (1 + bk + (b +q))
< M, (6.12)
for all m=1,2,... . In a similar way we obtain

max |u x,1) — (6, )| < L max |uy,(x,t) — ty_1(x,1)|.
(x,l‘)EQr‘ m+1( ) m( )| x 2(x,t)€Qr| m( ) m 1( )|

As a result, the sequence {u,, },>1 converges uniformly to a unique continuous function u on Qr for sufficiently
small 7 > 0. Once the continuity of the solution is obtained, the general theory of parabolic equations (see,
e.g. [6]) implies that u is a classical solution.
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