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We present novel prescribed-time (PT) output-feedback designs for stochastic nonholonomic systems.
In contrast to existing designs, which typically assume known growth rates and guarantee only
asymptotic performance, our designs achieve convergence within a user-specified time, regardless of
the initial conditions—even when the growth rates are unknown. With the effect of stochastic noise,
how to fully explore the blow-up function and the information of uy to construct a new observer
and a novel output-feedback control u;, to effectively deal with the ug-coupled nonlinear terms and
to achieve PT convergence, is a challenging problem. Our control scheme ensures that the system
states, observers, and controllers converge to zero within the same prescribed time. Finally, we use a
kinematic cart to illustrate the PT output-feedback control designs.

© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and

similar technologies.

1. Introduction
1.1. Literature

Stochastic control is receiving much attention due to its wide
applications in various areas, including financial engineering,
biological and ecological modeling, and communication networks
(Khasminskii, 2012; Kushner, 1967). The pioneering work on
stochastic nonlinear designs is quartic Lyapunov function-based
designs in Deng and Krsti¢ (1997a, 1997b), Deng and Krstic
(1999) and Deng et al. (2001) and weighted quadratic Lyapunov
function-based designs in Pan and Basar (1999). These designs
are further developed for various stochastic systems in Jiang et al.
(2022), Khoo et al. (2013) and Li and Krstic (2020a, 2020b).

Nonholonomic systems control: The study of nonholonomic sys-
tems is important since such systems model various physical
situations, especially in wheeled mobile robots or vehicles (Rey-
hanoglu, 1992; R.M. & Sastry, 1993). Since nonholonomic systems
do not satisfy Brockett’s necessary smooth feedback stabilization
condition (Brockett et al., 1983), the stabilization designs mainly
include discontinuous time-invariant control laws, time-varying
controls, and hybrid controls. There are fruitful control designs
for deterministic nonholonomic systems, including Astolfi (1996),
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Ferrara et al. (2024) and Jiang (2000). Noting that most real-
world systems are inherently subject to stochastic disturbances
(e.g., measurement noise, environmental uncertainties), it is nec-
essary to study the control of stochastic nonholonomic systems.
In this direction, Zhao et al. (2011) investigates the state-feedback
stabilization control for stochastic nonholonomic systems with
disturbed virtual control directions; Do (2015) proposes global
asymptotic and optimal stabilizer design for stochastic nonholo-
nomic systems with respect to a meaningful cost function; Wang
and Zhu (2018) studies the adaptive output-feedback control of
nonlinearly parameterized stochastic nonholonomic systems. It
should be mentioned that the control objectives in Astolfi (1996),
Do (2015), Ferrara et al. (2024), Jiang (2000), Wang and Zhu
(2018) and Zhao et al. (2011), are achieved only as time goes
to infinity. However, in many applications, the control tasks re-
quire that the objectives be achieved within a known finite time,
motivating the study for PT control of nonholonomic systems.
Prescribed-time control: Prescribed-time (PT) control has gained
significant attention in practical applications characterized by
stringent, finite-time constraints on achieving control objectives.
The primary advantage of PT control is that it enables the explicit
specification of convergence time in advance, independent of the
system’s initial states. The initial study on PT nonlinear control
is presented in Song et al. (2017), which introduces a time-
varying control methodology to achieve fixed-time regulation in
systems subjected to persistent uncertainties. Subsequently, PT
control design has attracted much research attention, such as Hol-
loway and Krstic (2019a, 2019b), Krishnamurthy et al. (2020a,
2020b) and Wang et al. (2018). Recently, PT control is extended
to nonholonomic systems. For example, Ning and Han (2018)
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solves the consensus tracking problem for a multiagent system
with nonholonomic chained-form dynamics; Zhang et al. (2022)
investigates the PT control problem for high-order nonholonomic
systems in power chained form; Zhou et al. (2023) studies PT
state feedback and observer-based output feedback designs for
nonholonomic systems with a triangular perturbation. Neverthe-
less, the PT control designs in Ning and Han (2018), Zhang et al.
(2022) and Zhou et al. (2023) only focus on deterministic systems,
which are inapplicable for nonholonomic systems perturbed by
stochastic noise.

The first contribution to stochastic PT control belongs to Li
and Krstic (2021b), which proposes a novel nonscaling backstep-
ping design methodology addressing both the PT mean-square
stabilization and inverse optimality problems for stochastic strict-
feedback nonlinear systems. After that, stochastic PT control is
addressed for various scenarios, including PT state-feedback con-
trol with reduced control effort (Li & Krstic, 2021a), PT output-
feedback control (Li & Krstic, 2022), PT mean-nonovershooting
control (Li & Krstic, 2023), and PT control under linearly vanishing
multiplicative measurement noise (Li & Krstic, 2024). However,
none of the above results consider the PT control of the practical
stochastic nonholonomic systems. To the authors’ knowledge,
there are rare results in this direction.

1.2. Results and contributions

Motivated by the above observations, we aim to fill a gap
between PT control and stochastic nonholonomic systems via
output-feedback control, where the convergence of the states,
observers, and control are both achieved, in the same PT. The
contributions of this paper are at least three-fold:

(1) In contrast to existing PT control schemes in Ning and Han
(2018), Zhang et al. (2022) and Zhou et al. (2023) where only
deterministic nonholonomic systems are considered, we consider
more general system models with stochastic noise. With the
effect of stochastic noise, nonintegrable velocity constraint, and
unknown growth rates, the PT control and stability analysis of
such systems is much more difficult.

(2) We propose a new PT observer design for stochastic non-
holonomic systems. Since the control ug of xo-subsystem is heav-
ily coupled on the x-system, the PT observer for stochastic sys-
tems in Li and Krstic (2022) is inapplicable since it cannot deal
with the ug-coupled terms in x-system. In addition, the reduced-
order K-filters in Wang and Zhu (2018) can only ensure the
asymptotic convergence of stochastic nonholonomic systems. Our
new observer, characterized by the uy, iy and blow-up function,
can simultaneously deal with the ug-coupled terms and guarantee
the prescribed-time convergence.

(3) We propose a new PT output-feedback control design. We
first design the control ug to make the xo-subsystem prescribed-
time stable, then design a new output-feedback control uy, lin-
early in the PT observer state, characterized by the blow-up
function, constant gain and ug. After that, we provide a suitably
structured analysis to show that the system state, the observer
and the output-feedback controls are regulated to zero in the
same prescribed time. To our knowledge, even for the PT state-
feedback control of stochastic nonholonomic systems, there are
no results.

Outline: The remainder of this paper is organized as follows.
Section 2 is on problem formulation. Section 3 is PT design and
analysis with xo(tp) # 0. Section 4 is focused on the PT redesign
and analysis with xo(tg) = 0. Section 5 uses a kinematic cart to
illustrate the theoretical results. Section 6 includes some conclud-
ing remarks. Finally, the proofs of one lemma and two theorems
are provided in the appendices.
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2. Problem formulation

Consider a class of stochastic nonholonomic systems described
by

dxo = (uo + fo(xo))dt, (M
dx; = Xipquodt + gl (X)dw, i=1,...,n—1, (2)
dx, = wydt + gl (x)dw, (3)

y = (%0, x1), (4)

where xo € Rand x = (X1, ..., X,)] € R" are system states, ug € R
and u; € R are controls, y is the output. fo(-) € Rand g;(-) € R™ are
smooth functions with fo(0) =0 and g;(0)=0,i=1,...,n. wis
an m-dimensional independent standard Wiener process defined
on the complete probability space (£2, .#, %, P) with a filtration
Z satisfying the usual conditions (i.e., it is increasing and right
continuous while .%, contains all P-null sets).
For system (1)-(4), we need the following assumption.

Assumption 1. There exist unknown positive constants Sy, 81,
..., By such that

[fo(xo)l < Bolxol, (5)
g < Billx1] +---+1x]), 1 <i<n. (6)

We introduce the following blow-up function:

o T
“()_(t0+r—t

where m > 2 is an integer and T > O is the freely prescribed
time.

Obviously, wu(t) is a monotonically increasing function on
[to, to + T) with u(tp) = 1 and lim;_ ;47 u(t) = 400 (In this
paper, lim;_,;r means t approaches top + T “from the left” or
“from below”).

) ,Vitelttot+T), (7)

Remark 1. System (1)-(4) represents a large class of stochastic
nonholonomic systems, including the stochastic kinematic cart
system shown in Do (2015) as a special case. The existing control
designs on stochastic nonholonomic systems, such as those in Do
(2015), Wang and Zhu (2018) and Zhao et al. (2011), can only
achieve the control objective as time goes to infinity. When it
comes to the prescribed-time convergence, even for the state-
feedback control, there are no published results. In this paper,
we propose a novel PT output-feedback design for stochastic
nonholonomic system (1)-(4).

The control objective of this paper is, with Assumption 1, to
design the observer x and output-feedback controllers ug(y) and
uq(y, X) such that the system (1)-(4) has an almost surely unique
strong solution (xo(t), x™(t))T on [ty, to + T), and the system is
prescribed-time stable with

lim xo(t) = lim ug(t) =0, (8)
t—>to+T t—to+T
lim Elx>= lim Eu(t)]? = 0. (9)
t—to+T t—>to+T

The design process includes two cases: xo(tp) 7% 0 and xo(tp)
=0.

3. Prescribed-time design with x¢(tp) # 0
3.1. Prescribed-time design and analysis of xo-system

We design the first controller ug as

Ug = —uXg, Vt € [tg, to +T). (10)
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By choosing

1
Vo = EX(Z), (11)
we have
Vo < —(u — Bo)x3. (12)

By (11)-(12) and the comparison theorem, for Vt € [ty, to + T)
we have

L — L polt—to)
xo(t)] < & ™" eI TR . (13)
Thus, from (10) and (13) we get
lim xo(t) = lim ug(t) =0, (14)
t—to+T t—tg+T

which shows that ug(t) is bounded on [to, to + T).
By (5), (7) and (10), system (1) has a unique solution. Since
Xo(to) # 0, from (7) and (10), up(t) does not cross the zero point.
From (7) and (11)-(12) we get

i = — 21/ + a0 — fo(xo)), (15)
which, along with (5), implies that
ol = 1™V ol + a2 + o)l (16)
By (13) and (16) we have

lim de(t) =0, (17)

t—to+T

which shows that iig(t) is bounded on [tg, tg + T).

3.2. Prescribed-time design of X1, ..., X;-System

From (4), x; is measurable. For systems (2)-(3), we design the
new observer as

X ~ . Up A
R = uokip1 + (n— i+ 1)=&
Up
+au5 W —&), 1<i<n-—1, (18)

o = 1y + . 2R + apul 4 — &) (19)
0

and design the new output-feedback controller u; as

n+1 i

(Lop)
an+]l 0 n—i xia (20)

where LO > 1 is a constant gain to be designed, the parameters
g >0andb; >0(i=1, n) are chosen to make the matrices
A and B Hurwitz,

—a; 1---0 0 1 .0
A= SR B= : : - :
—ap1 0 -+ 1 0 0 1
—a, 0---0 —b, —bpq - —b;
(21)
Therefore, there exist P = PT and Q = QT satisfying
ATP + PA < —2I,, DP+PD > 0, (22)
B'Q + QB < —I;, DQ + QD > 0, (23)
where D = diag[1, 2, ..., n].
Introducing the following coordinate transformations
Xi — X .
e~:7, i=1,...,n, 24
= (24)
%
¢ : (25)

= e i i )
/'ULE) lug i+1
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from (2)-(3), (18)-(20) and (24)-(25), for 1 <i <n— 1 we get

m [l

de; = (pesr — —ipn/Me; — (n—i+1)—(e;
T Up

giT(x)

+L£)_]§i) — pajer)dt + de, (26)
uy T

m Up _
de, = (_*nﬂl/men - 7(311 +L3 1Cn)
T ur

— pape;)dt + G )dw, (27)
Ugu"
and
dg = (ILL0§1+1 - ?llﬂ/mé‘l s 1,U«el>dt (28)

0

ay uq
— ey + ———— )dt
‘. 1§~ uug

m
( nﬂl/mgn

( Lo an+l ili — *nﬂl/mf
+

T

it 1Mel)dr (29)

due to uy = —L3u" ug D1, bpy1-i¢i from (20), (25). Let
e=(er,...,en), (30)
=) 31)
from (26)-(29) we get

m u u
de = </LA€ — —pY/mpe — pe— —ODl]Lg) dt
T u Ug

0

+ Gdw, (32)
dc = (;LLOBg — —uV™De + pal” el) dt, (33)
where L = diag[1,Lo,...,LJ "], a = (a1, az,...,a,)", Dy =
diag[n,(n—1),..., 1] and
1(x)
1 T
158 (%)
G=| " . (34)
1 : T
g 8n (%)
Remark 2. In this section, we propose a new PT observer de-

sign in (18)-(19). Different from the reduced-order K-filters for
stochastic nonholonomic systems in Wang and Zhu (2018) only
guaranteeing asymptotic convergence, the new ingredients of our
design are that the PT convergence can be ensured by suitably
introducing the blow-up function (7). The existence of uy cou-
pled terms x,ug, ..., XpUp in (2)—(3), makes the PT observer for
stochastic systems in Li and Krstic (2022) inapplicable. By suitably
introducing ug and iy in the observer design, with the help of
a new ug scaled coordinate transformation (24), these coupled
terms can be effectively dealt with.

3.3. Prescribed-time stability analysis

Choose the Lyapunov function
Vie,¢) =e'Pe+¢'Q¢. (35)

The following lemma provides an estimate for the differential of
V(e, ¢). The proof of this lemma is given in Appendix A.
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Lemma 1. Consider the system (32) and (33). If Assumption 1 holds,
by choosing the gain

Ly > 1+a|Q[?, (36)
we have
ZV(e, ¢) < —(cop — O)V, (37)

where co > 0 is a constant and ® > 0 is unknown.

Based on Lemma 1, we obtain the main stability results on sys-
tem (1)-(4) in the following theorem. The proof of this theorem
is given in the Appendix B.

Theorem 1. Consider the system (1)-(4) with xo(to) # 0. If Assump-
tion 1 holds, with the observer (18)-(19) and the output-feedback
controller (10) and (20), the following conclusions hold:

(1) The system has an almost surely unique strong solution
(xo(t), X"(£))" on [to, to + T);

(2) The plant is prescribed-time stable with

lim xo(t) = lim ug(t) =0, (38)
t—>to+T t—>to+T

lim Elx(t)? = lim E|ui(t)]*> =0, (39)
t—to+T t—to+T

lim E[X(t)* = 0. (40)
t—>tg+T

Specifically, ¥V t € [to, to + T), we have

I — L )+ olt—to)
o(£)] < e ™ T EE  (1) (41)
2 L
EXOP” = —Lg" 21" (0p(0)V (to), (42)
m
n 1 5
EIRE) < 18" 2" (€)p(0)V (to) (43)
m
and
A~ L Bolt—to)
[ug(t)] < ue (fo+T=1) T [%o(to)l, (44)
1
Elus(t)]* < rlé"uz"ﬂIblzxﬁ(f)p(f)V(fo), (45)
m
where b = (bq, ..., b,)" and
)‘m = min{)\min{P}v )\min{Q}}v (46)
crm 1 __ 1 yio—
p(t) = 67m (tg+T—0)ym=T  m—1 H+6(t tO). (47)

Remark 3. We design a new PT output-feedback control u; in
(20), which is characterized by uy and the gain L;. From the
stability analysis process, it is observed that the gain Ly can
effectively dominate the positive term |a|?|Q|? produced in the
observer design, which is crucial to ensure the prescribed-time
stability of the closed-loop system.

4. Prescribed-time control with xy(ty) = 0

If the initial state xo(to) = 0, we have fy(xo(tp)) = 0. For any
positive constant ¢, we consider

Xo = ¢ + fo(xo). (48)

From (5), the plant (48) has a unique continuous solution on
[to, +OO)

Since fo(xo(t)) is a continuous function, we can easily choose a
small constant t* with 0 < t* < T such that

¢+ fo(xo(t)) > 0, Vt € [tg, to + t*]. (49)

By (48), xo(t) is strict increasing on [to, to + t*]. Thus we have
Xo(to + t*) > 0.
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We design the output-feedback controller as

up =c, Vt € [to, to +t*), (50)
Uy = —uXo, YVt € [to +t* to+T), (51)
0 .
(Lop)™+171
U = - an+1—iTXi, Vt € [to, to + T), (52)
i=1 Uy

where %; is defined on (18)-(19).

We now state the main stability results on system (1)-(4) with
Xo(tp) = 0 in the following theorem whose proof is given in the
Appendix C.

Theorem 2. Consider the system (1)—(4) with xo(to) = 0. If Assump-
tion 1 holds, with the observer (18)-(19) and the output-feedback
controller (50)-(52), the following conclusions hold:

(1) The system has an almost surely unique strong solution
(Xo(t), x"(£))" on [to, to + T);

(2) The plant is prescribed-time stable with

lim xo(t)= lim ug(t)=0, (53)
t—>to+T t—>to+T

lim Ex(t)? = lim E|u;(t)]? =0, (54)
t—to+T t—to+T

lim E[X(t))* = 0. (55)
t—tg+T

Remark 4. We have developed a novel PT output-feedback de-
sign for stochastic nonlinear nonholonomic systems (1)-(4). How
to simultaneously deal with the stochastic noise, nonintegrable
velocity constraint, and unknown growth rates is a hard problem.
To solve this problem, we introduce uy and i1y into the observer
design and output-feedback design, which can effectively deal
with up-coupled terms x,uy, ..., XaUg in (2)-(3). In this way, ug
appears in the denominator of the observer (18)-(19) and output-
feedback control (20). To avoid the singularity problem, ug should
be suitably designed by discussing xo(ty) = 0 and x¢(tp) # O.
These factors make the design in this paper essentially different
from existing PT designs for stochastic nonlinear systems in Li
and Krstic (2021a, 2021b, 2022, 2023, 2024).

Remark 5. If there is no noise in the system (1)-(4), we consider
the system described by

Xo = up + fo(xo), (56)
X = XipUo + &%), i=1,...,n—1, (57)
Xn = U1 + gn(x), (58)
y = (X0, %1)". (59)

It is trivial to show that, by lightly modifying the design and
analysis process in this paper, the results in Theorems 1 and 2
still hold for the system (56)-(59) by dropping the expectation E
in (39), (40), (42), (43), (45), (54) and (55).

Even for the deterministic (56)-(59) with Assumption 1, the
results in the paper are novel. Compared with the PT output-
feedback design in Zhou et al. (2023), the merits of this paper
include:

(1) Although the form of (56)-(59) is the same as the model
in Zhou et al. (2023), our system model is more general. Specif-
ically, from Assumption 1, the growth rates of 8o, 81, ..., B, are
unknown. However, they are required to be known in Zhou et al.
(2023).

(2) We propose a different and novel design. The design
in Zhou et al. (2023) is based on the parametric Lyapunov equa-
tion where the crucial parameter y is used to dominate the
nonlinear terms of fy(xp) and gi(x), i = 1, ..., n. Thus, y heavily
relies on the known growth rates of Sy, 81, ..., Bn. In this way,
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Fig. 1. Cart parameters and coordinates.

the control gain P(y) of u; is designed in Zhou et al. (2023).
Therefore, the design in Zhou et al. (2023) is inapplicable in this
paper since the growth rates are unknown, which cannot be used
to design y. In this paper, we propose a new design where the
blow-up function u(t) is used to dominate unknown growth rates
and the gain Ly is suitably introduced to dominate the positive
term |a|?|Q|? produced in the observer design.

(3) We get better control performance. The system states and
observers in Zhou et al. (2023) and this paper both converge to
zero in the prescribed time. The controls in Zhou et al. (2023) are
only bounded without convergence. However, the controls in this
paper converge to zero in the prescribed time.

5. A simulation example

We consider a kinematic cart, Fig. 1, described by

X s cos(¢p) cos(¢)
y | =5]| sin(g) sin() [ i ] (60)
P 4 2 _2 V2

b b

As illustrated in Fukao et al. (2000), the position and orientation
of the cart are denoted by (x,y) and ¢. The diameter of the
actuated wheel is s, the width is b, and Py represents the mid-
point between the two actuated wheels. The angular velocities
of the actuated wheels are v; and v,. As in Zhou and Chirikjian
(2003), we assume that v; and v, are affected by stochastic
disturbances:

vi:\_),-(X,y,([))—f-g(X,y,(]))cb, i= 1!27 (61)

where vi(x,y, ¢) and v,(x,y, ¢) are viewed as controls, and
g(x,y, ¢) is a smooth function of (x, y, ¢), vanishing at the origin.
w is a standard Wiener process.

Introducing the coordinate transformation

Xo 0 0 1 X
|: X1 i| = |: sin(¢) —cos(¢p) O i| |: y i| (62)
X cos(¢) sin(¢p) O ¢
and
to = 5= — T2), (63)
w = 501+ 5) + X, (64)
from (60)-(64), we get
dXO = U()df, (65)
Xm = U()det, (66)
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Fig. 2. The response of the closed-loop xo-subsystem.
S
dx; = udt + Eg(x,y, ¢)dw, (67)

which is a special form of the nonholonomic system (1).
We set s = 2 and

g(x,y, ) = Bsin(¢p)(x +y)+ B cos(d)(x — y). (68)

It is obvious that Assumption 1 is satisfied.

Without loss of generality, we consider the case of xy(0) = 0.
By following the design procedure developed in Section III-1V, we
get the observer and controller as

x n il . R
X1 = UpXy + zujxl + aju(x — X1), (69)
)
: 2
X Ug ~ ~
Ry =y + —R& + azi(xl —X1), (70)
Up Up
ifto <t t t*,
w=1° Ml =l <b+ (71)
—uxo iftg+t*<t<t;+T,
(Lop)* ., R
1= —bz " X1 — szopLXz.. (72)
0

In the practical simulation, we select the blow-up function as
2

T -t

choosec =1, [( =13.18, t* = 0.2,

-3 1 0 1
=R

1 -1 1.5 0.5
PZ[—] 2 ]’Q=[0.5 1 }
and randomly set the initial conditions as xo(0) = 0, x1(0) =
1.1, x(0) = —2.3, X1(0) = 1, %,(0) = —1. The responses of

the closed-loop system are given in Figs. 2 and 3.
From Fig. 2, we obtain that

u(t) Vtelo2), (73)

(74)

lim xo(t) = limug(t) = 0. (75)
t—2 t—2

It can be observed from Fig. 3 that

lim E|x(t)|? = lim E|k(t)|* = lim E|u;(t)]> = 0. (76)
t—2 t—2 t—2

From (75) and (76), the effectiveness of the design developed in
Sections 3-4 is demonstrated.

6. Concluding remarks

In this paper we have addressed the prescribed-time output-
feedback designs for stochastic nonholonomic systems. Specif-
ically, we first design a new PT observer characterized by a
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Fig. 3. The response of the closed-loop x-subsystem.

blow-up function, and then design a new PT output-feedback con-
troller to solve the prescribed-time stabilization problem where
the states, observers, and controls are regulated to zero in the
same prescribed time. Compared with the existing designs where
only asymptotic performance can be ensured, the merits of our
design are that the control objective can be achieved within
a known specific convergence time, irrespective of initial con-
ditions. To our knowledge, even for the PT state feedback of
stochastic nonholonomic systems, there are no results.

For the PT control of stochastic nonholonomic systems, many
important issues are still open and worth investigating. For ex-
ample, noting that the distributionally robust model predictive
control firstly introduced by Li et al. (2023, 2021) is an effective
method for solving stochastic model predictive control problems,
how to solve the stochastic PT model predictive control problem
for nonholonomic systems by combining the PT designs in this
paper and the model predictive controls developed in Li et al.
(2023, 2021) is an interesting topic.
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Appendix A. Proof of Lemma 1

Choose the Lyapunov function
Vi(e) = e Pe.
From (22), (32) and (A.1) we obtain
2Vi(e) < —plef? — Zu"/"e"(DP + PD)e + IPGI?

[ u
—2%"pPD,e — 2-2e"PD;LL¢
Up Ug
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2 2 o T
< —plel” + |PIG]| —2;9 PDqe
0

u
—2-2¢"pp, L.
Up
From the design process of xg-system, there exists positive con-
stants m; and §; such that

(A2)

Up
8 > max({1, |uol, |uol®, ..., |uo|™'}. (A4)
Thus we have
i
~2_2€'PDie < 2mi|PIDiel’, (A5)
0
i
—2-2'PDILE < il IPIID:[(lef® + 1¢ ). (A6)
0
From (24) and (25) we get
xi=ugt e + Ly ). (A7)
It can be inferred from (6), (A.4) and (A.7) that
1 T ﬂi
P ()| = o al D)
i i
< B lesl+ Y L5140
s=1 s=1
< Vngisi(lel + Ly (Z ). (A8)
From (34) and (A.8) we have
n
GP* <2n ) BZ87(lel + 13" 212 1), (A.9)
i=1
which yields that
n
IPIIGI® < 2n|P| Y~ B287(Iel” + 3" 2[¢ ). (A.10)
i=1
Substituting (A.5), (A.6) and (A.10) into (A.2) we get
2Vi(e) = — (1 — 2my[PIIDy| = my|PIIDy L
n
—2nIP|' Y 77 lef? + (m[PIIDI Ly
i=1
n
+2n|P| ZﬁE(SELg”—Z)W. (A11)
i=1
Choose the Lyapunov function
Va(g) =¢"Qe. (A12)
It can be inferred (23), (33) and (A.12) that
m
ZVa(¢) = —plol | — "¢ (DQ + QD)
+2us"QaL ey
< —uLolz > +2u1Qlallel|]. (A13)
Noting that
2u1Qllallel|g| < wlel® + wlal’lQ|¢ |, (A.14)
we have
2Va(¢) < —ullo — 1al*1QIP)IZ* + wlel*. (A.15)
It follows from (35), (A.11) and (A.15) that
2V < —(u — O1)lel” — (u(Lo — |al’|Q[*) — @2)IZ [, (A.16)
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where

©1 = 2my|P||D1] + my|P||D4|Lj "

n
+2n|P| Y BS7, (A17)
i=1
n
@, = my|P||Dy|Lg" +2n|P| Y BRI, (A.18)
i=1
From (36) and (A.16) we get
2V < —(n = On)lel? — (k- O)I¢ . (A.19)

Since P and Q are positive definite, from (A.1) and (A.12) we get

(A.20)
(A21)

)‘-min{PHelz =< eTPe = )\-max{P}|e|25
)Lmin{Q}|Z|2 = ZTQZ = )Lmax{QHle,

where Amin{P} and Anin{Q} are the smallest eigenvalues of P and
Q, respectively; Amax{P} and Anax{Q} are the largest eigenvalues
of P and Q, respectively.

Choosing
. 1 1
Co = mm{i, 7] (A.22)
)Lmax{P} }\max{Q}
1
6= max{ o, ® } (A23)
)\min{P} ! }‘-min{Q} :
from (A.19) we have
LV < —(cou — O)V. (A.24)

Appendix B. Proof of Theorem 1

It can be inferred from (11) and (12) that the system (1) has
a unique solution xo(t) on [tg, tp + T) for any xo(ty) # 0. From
(35) and (37), we know that the conditions of Lemma 1 in Li and
Krstic (2024) are satisfied, thus the system (2)-(3) has an almost
surely unique strong solution on [ty, to + T) for any x(t;) € R".
Thus, the conclusion (1) holds.

Next, we prove that conclusion (2) holds.

From (11) and (13), we obtain that (38), (41) and (44) hold.
Choosing
_ 't 5
V = eliolculo=0sy, (B.1)
From (37) and (B.1) we have
2V = el HOON oy 4 (cu(t) — OW) < 0. (B.2)

Let k be a positive integer. Define the stopping time
or=infl{t 1 tg <t <ty +T, |x| + |X| >k}, (B.3)

where X = (X1, ..., %),
Since the closed-loop system has an almost surely unique
solution on [tg, to + T), o, — +oo almost surely as k — +oo.
Let ty = oy At for any t € [to, to + T). Noting

V(to, x(to), X(to)) = V(to, x(to), X(to)) = V(to) (B.4)

and using Ito’s formula on the interval [ty, t;], we get

V(to) + /,s,ﬂvfx R(1))dt

Z/ —gl (B.5)

With the definition of t;, using (B.4), taking expectation on both
sides of (B.5) we obtain

E\_/(fk, X(tr), &(tk))

‘_/(tkv (tk) (
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=V(ty)+E {/tk ,sf\'/(r,x(f),&(r))dr}

< V(to). (B.6)
By (4) and (B.6) we get

{ ffo (cu(s)=0) dSV(t x(ty), X(fk))}

<V(ty), Vtelt,to+T). (B.7)

Letting k — 400, using Fatou Lemma, (B.7) can be rewritten as

E {ef%(“"“)*"”"SV(t, X(t), fc(r))}

=E {hm mfeffo CuS=OMsy e x(t), )Af(tk))}

k—+00

tk _& ~
< liminfE {effo (enls) O)dSV(tk,X(fk),X(tk))}

k—+00

<V(t), Vtelt,to+T). (B.8)
By (47) and (B.8) we get

X(t), )A((t))} e fti)(cu(S)—@)dsV(to)

p(t)V(to). (B.9)
) that

E{v(t,

IA

IA

It can be inferred from (24) and (25
X < 205" 2 Mg (el + 12 17).
From (35) and (46) we have

V = dmllel® + 121).

It follows from (10), (B.9), (B.10) and (B.11) that

(B.10)

(B.11)

iL(Z)n—ZMZnu(Z)nEV

Elx]* <
Am

< iL(Z)n—ZlumxénEv
Am
2
< LR p(t)V(to),
Am
which, along with (38) and (47), shows that (42) holds and
lim E|x(t))* = 0. (B.13)
t—tg+T

From (25), (35) and (46) we get

(B.12)

) n n
x| —xf—i— N

LZ” 2Py, (B.14)

)»m
which, along with (10) and (B.9), yields
N 1 5.
EIR < I3 p(6)V (ko)
m
1 5.
= —Lg"n g0V (to),
m
which shows that (43) hold.
By (7), (14) and (B.15) we get

lim E[X(t))* =0,
t—to+T

which shows that (40) holds.
Noting b = (b, ..., b,)T, from (10) and (20) we have

lw? < L' |blPugl¢ |2

< 1§ PRI .
It follows from (35), (46), (B.9
Elurf? < 13" bgE| ¢

(B.15)

(B.16)

(B.17)
) and (B.17) that
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1
< _Lgnuzn+4|b|2X3Ev

Am
1
= L HBIPGA(DV (to). (B.18)
m
Therefore, (45) holds.
By (14), (47) and (B.18) we have
lim Elu(t)* = 0. (B.19)

t—to+T
Appendix C. Proof of Theorem 2

From Assumption 1, the system has an almost surely unique
strong solution (xo(t), x" ()" on [to, to + t*).

Next, we consider the time interval [ty + t*, to + T).

With the initial values chosen as xo(tp + t*), noting that
0 < t* < T and xo(tp + t*) # 0, by taking the similar
proof process as that in Theorem 1, we obtain that the system
(1)-(4), (18)-(19) and (50)-(52) has an almost surely unique
strong solution (xo(t), X7 (£))T on [to+t*, to+T) and that (53)-(55)
holds, which shows that conclusions (1) and (2) hold.
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