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Abstract

In this work, we study an age-structured chemostat model with a renewal boundary
condition and a coupled substrate equation. The model is nonlinear and consists of
a hyperbolic partial differential equation and an ordinary differential equation with
nonlinear, nonlocal terms appearing both in the ordinary differential equation and
the boundary condition. Both differential equations contain a non-negative control
input, while the states of the model are required to be positive. Under an appropriate
weak solution framework, we determine the state space and the input space for this
model. We prove global existence and uniqueness of solutions for all admissible initial
conditions and all allowable control inputs. To this purpose, we employ a combination
of Banach’s fixed-point theorem with implicit solution formulas and useful solution
estimates. Finally, we show that the age-structured chemostat model gives a well-
defined control system on a metric space.

Keywords Age-structured chemostat - PDEs - Well-posedness

1 Introduction

A chemostat is a continuous-flow bioreactor which has been widely used for main-
taining continuous microbial growth. In a chemostat, fresh medium enters and culture
leaves at the same rate, keeping the working volume constant. The chemostat has
found numerous applications in practical systems like wastewater treatment, biomass,
biofuel, and pharmaceuticals production. The chemostat has a central role in math-
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ematical biology, where it has been studied both as a dynamical system and as a
control system. On the dynamical systems side, numerous studies examine the stabil-
ity properties of equilibria and long-term behavior of the chemostat such as existence
of periodic solution under periodic substrate for both single-species and multiple com-
petitive organisms (see for instance [1-8]). From a control viewpoint, the chemostat
has been studied through a variety of feedback designs and methods that leverage the
dilution rate as control input. These methods include LQ-based strategies, adaptive
feedback schemes under uncertainties, stabilization under measurement and actuation
delays, control Lyapunov function, as well as dynamic feedback law designs (see for
instance [9-15]).

A key topic in mathematical modeling for biology, medicine, demography, and eco-
nomics is the analysis of structured population models that encode distributions over
age, size, and sex within a single population. Age-structured models account for the
distribution of individuals across their life cycle where, instead of treating the popu-
lation as homogeneous, they represent how processes like growth, division, and death
depend on age, and they include a boundary condition that generates new individuals
when older ones reproduce or divide (see for instance [16—19]). A classic example
of age-structured model is the well-known as McKendrick-von Foerster ([20, 21]),
which is a first-order hyperbolic Partial Differential Equation (PDE) with a nonlocal
boundary condition. In age-structured models, ergodic theorems are sometimes used
to characterize long-time behavior, see [22-25].

The mathematical model of the simple chemostat has several limitations. As quoted
by Pilyugin and Waltman in [26], “Following the accumulation of experimental data, it
became evident that the simple model requires modification. Specifically, the simple
model failed to explain the observed oscillatory behavior in the chemostat.” Age-
structured models are natural extensions of the standard chemostat: they keep the
same continuous-flow idea but also include age as a second variable capturing how
growth depends on the age of the population (see [19, 25, 27, 28]). This additional
structure enriches the model’s qualitative behavior by capturing oscillations that sim-
ple Ordinary Differential Equation (ODE) models fail to reproduce, see [29, 30]. Thus,
age-structured formulations therefore provide a more realistic and dynamically richer
description of continuous bioreactors. However, when the age structure of the micro-
bial population is coupled to substrate dynamics, the resulting PDE-ODE system
introduces nonlinear and nonlocal terms that destroy the necessary structure for the
application of the ergodic theorem (as was done in [22-25]).

In this paper, we deal with the age-structured chemostat model with substrate
dynamics proposed in [29, 30] which consists of a first-order PDE coupled with an
ODE describing the substrate rate of change and a nonlinear, nonlocal boundary con-
dition. This is the first paper that studies the age-structured chemostat with substrate
dynamics as a control system under very mild and physically reasonable assumptions.
It should be noted that the stabilization problem of the age-structured chemostat was
also studied in [14]. However, [14] required some demanding structural assumptions
that led to a simpler finite-dimensional system. The contributions of the paper are as
follows:
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1. The first contribution of the paper is the clarification of the notion of solution for the
age-structured chemostat model with substrate dynamics. The proposed notion of a
weak solution retains sufficient regularity for the study of the qualitative properties
of the chemostat.

2. The second contribution of the paper is the well-posedness result. We show
that the corresponding initial-boundary value problem is well-posed under mild
assumptions which have important physical interpretations (e.g., non-negativity
and boundedness of the birth modulus, positivity of the state, etc.). Moreover, we
show that the problem admits a global solution for all physically meaningful initial
conditions and inputs.

3. The third -and most important from a control-theoretic point of view- is the clarifi-
cation of the state space, the input space and the formulation of the age-structured
chemostat as a well-defined control system.

Having performed the above contributions, future researchers can exploit the pro-
posed formulation and obtain stability and stabilization results or controllability and
optimal control results. In other words, our work provides the initial step for a detailed
study of the age-structured chemostat with substrate dynamics.

The paper is outlined as follows. Section?2 presents the age-structured chemostat
model, its state space and an appropriate definition of a weak solution. Section3
contains the main results that include global existence and uniqueness of solutions
of the age-structured chemostat model, as well as the chemostat as a control system.
Finally, Sect. 4 is devoted to the proofs of the main results, while some concluding
remarks are given in Sect. 5.

Notation Throughout this paper, we adopt the following notation.

* R4 := [0, +00). For a vector x € R", |x| denotes its Euclidean norm.

x Let A C R” be an open set and let B C R” be a set that satisfies A C B C cl(A),
where cl(A) is the closure of A. By C%B; Q), we denote the class of continuous
functions on B, which take values in 2 € R™. By ck (B; ), where k > 1 is an
integer, we denote the class of functions on B € R”", which take valuesin 2 C R and
have continuous derivatives of order k. In other words, the functions of class C¥ (B; Q)
are the functions which have continuous derivatives of order k in A = int(B) that
can be continued continuously to all points in dA N B. When 2 = R then we write
C%B)or CK(B).

x Let A € R” be an open set and let 2 € R™ be a non-empty set. By L? (A; 2) with
p > 1 we denote the equivalence class of measurable functions f : A —  for which
17, = (fA | f ()P dx)l/p < +00. By L* (A; Q) we denote the equivalence class
of measurable functions f : A — € for which || ||, = sup (| f(x)]) < 400 where

sup (| f(x)|) is the essential supremum. When Q2 = R’" We simply write L? (A).
xeA
When B C R” is not open but has non-empty interior, L? (B; 2) and L*° (B; 2) mean

LP (A; Q)and L™ (A; Q),respectively, with A = int(B).By L7, (R, ; Q) we denote
the equivalence class of measurable functions f : Ry — Q with f € L* ([0, T]; Q)
forevery T > 0.
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xLet ] € Ry andlet f : I x Ry — R4 be a given function. We use the notation
ft] to denote the profile at certain ¢t € I, i.e., (f[t])(a) = f(t,a) foralla > 0.

2 The age-structured chemostat model

Consider the age-structured chemostat model

a a
a—f(t,a)Jr—f(t,a) =—(Ba)+ D)) f(t,a), (H
t da
+00
f@,0)= M(S(t))/O k(a) f(t, a)da, (2)
. +00
S(t) = D(@) (Sin — S(1)) — M(S(t))fo q(a)f(t,a)da, 3

where f(t,a) > 0 is the distribution function of the microbial population in the
chemostatattimet > Oandagea > 0, S(¢) > Oisthe limiting substrate concentration,
Sin > 0is the inlet concentration of the substrate, D(¢) > 0is the dilution rate, i (S) is
the specific growth rate function, B(a) is the mortality rate and k(a), g (a) are functions
that determine the birth of new cells and the substrate consumption of the microbial
population, respectively. All functions u, 8,k,q : Ry — Ry are assumed to be
bounded, C° (R.) functions with i € C!' (Ry), (0) = 0, i (S) > 0 for § > 0 and
J7* k(@)da > 0, [;7 g(a)da > 0.

Clearly, system (1), (2), (3) is a complicated nonlinear model that consists of a
hyperbolic PDE (known as McKendrick—von Foerster equation, see [20, 21]) with a
nonlocal boundary condition and an ODE. Boundedness of i, 8,k,q : Ry — R4
reflects finite physiological capacities, such as no infinite growth, mortality, birth
and substrate consumption, while f0+°° k(a)da > 0 and f0+°° g(a)da > 0 imply
that there is at least some age range with non-zero reproduction and some age range
where substrate is actually consumed. Common choices on the growth rate are the
Monod kinetics ;1 (S) = tmaxS/ (Ks + S), itmax, Ks > 0 and the Haldane kinetics
1(S) = pmaxS/(Kp + S+ S*K; 1), Kp, K1 > 0 (see [4, 7).

Define:

feChRy;(0,+00)) , lim (f(a) =0

X=1{(f,8)eL Ry x(0,Sp) : N
’ £(0) = 1u(S) ;7 k(@) f (a)da

“)

We consider X to be a metric space with metric given by the formula for all
f. 9. (f.95) e Xx:

d((f.8). (1. 8) = f =7l +[s-5]. ®)

The results that are given below show that the metric space X with metric given by

(5) is the state space of model (1), (2), (3).
We next provide the notion of solution that is appropriate for system (1), (2), (3).
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Definition 1 Let D € LY (Ry;Ry), (fo, So) € X and T > 0 be given. We say that
a continuous mapping (f, S) : [0, T] — X is a weak solution on [0, T'] with input D

of the initial-boundary value problem (1), (2), (3) with initial condition

fI0I'= fo . S(0) = So, (6)
if the following properties are valid:
i. (6) holds,
ii. f € cY ([0, T] x Ry; (0, 400)) and S : [0, T]T — (0, Sip) is absolutely continu-
ous,

iii. (2) holds for all ¢ € [0, T] and (3) holds fort € [0, T'] a.e.
iv. the following equation holds for all ¢ € C' ([0, T] x R;) N L*>® ([0, T] x R,)

with (g—ﬁ + %—f) e L® ([0, T] x Ry) and 7 € [0, T]:

+00 +00

t
Jo(a)e(0, a)da-i-/o f(s,0)p(s, 0)ds = A f(t, a)p(t, a)da

t 400
+/ / ((ﬂ(a) + D)) o(s, a) — s, a) — 8—"’<s,a>) F(s. a)dads.
0o Jo da as
%

A weak solution on [0, 7] with input D of the initial-boundary value problem
D, 2), 3), 6) (f,S) : [0,T] — X is called a classical solution on [0, T] of
the initial-boundary value problem (1), (2), (3), (6) if f € c! ([0, TTxR4), S €
clqo, 11; (0, Sin)) and (1), (3) hold for all (¢, a) € [0, T] x R;.

We say that the initial-boundary value problem (1), (2), (3), (6) admits a global weak
(classical) solution with input D if for every T > 0 there exists a weak (classical)
solution on [0, T'] with input D of the initial-boundary value problem (1), (2), (3), (6).

Remark 1 1t becomes clear from Definition 1 that for every T > 0, ¢ € C' (Ry) N
L™ (Ry) with ¢’ € L* (R.) and for every weak solution on [0, T'] with input D of
the initial-boundary value problem (1), (2), (3), (6) the following equation holds for
tel0,T]ae.:

+o0 d [T
(¢'(@) — (B(a) + D) p(a)) f(t, a)da = - /0 f(t, a)p(a)da.

®)

S, 0)¢0(0) +/0

3 Main results

Having clarified the notion of the solution, we are in a position to present the main
results of this paper. The following theorem establishes global existence of solutions
of the initial value problem (1), (2), (3), (6).

Theorem 1 For every (fy, So) € X and D € LSS (Ry; Ry), there exists a global

loc

weak solution with input D of the initial-boundary value problem (1), (2), (3), (6).
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The proof of Theorem 1 is provided in Sect. 4. Its proof employs a combination of
Banach’s fixed-point theorem with implicit solution formulas and some useful solution
estimates.

The following result shows continuous dependence on the initial conditions.

Theorem 2 Suppose that (f, S) is a weak solution on [0, T of the initial-boundary
value problem (1), (2), (3), (6) with input D € Ly, (Ry; Ry) for certain T > 0. Then

there exists a constant x > 0 that depends onlyon sup (D(s)) and max (|| fIsT 1)
s€[0,T]

such that the following estimate holds for every weak solution ( f, S') on [0, T'] of the
initial-boundary value problem (1), (2), (3), with (f[O], S’(O)) ) € X and
input D € L (Ry; Ry) with D(t) = D(1) fort € [0, T] a.e.:

[ r11= 71 +[s0) = 30| < exp 00 (| fo = fo) | +[S0 = 50]) . foratnr e 0.7,

C))

Having established continuous dependence on the initial conditions, uniqueness of
the weak solution for a given input D € Lp> (R, ; R, ) and a given initial condition
(fo, So) € X is a consequence of Theorem 2.

Corollary 1 For any (fo. So) € X, D € L}, (Ry;Ry), there exists a unique weak
solution (f, S) on [0, T], T > 0 with input D of the initial-boundary value problem

(1, (2, 3), (6).

Therefore, the age-structured chemostat initial-boundary value problem (1), (2),
(3), (6) is a well-posed problem in the sense of Hadamard (see page 155 in [31]).

Theorem 1 allows us to associate toeachinput D € Lps (Ry; Ry)and (fo, So) € X
a well-defined solution (f[¢], S[t]) € X. We define for all D € L;’;’C R4; Ry,
(fo,So) € Xandt > 0O:

¢ (¢, (fo, So): D) = (fIr], S[t]) . (10)

Theorem 1, Theorem 2 and Definition 1 allow us to guarantee that the mapping ¢
defined by (10) is a mapping

¢ Ry x X xLp (Re;Ry) — X,
that satisfies the identity property

¢ (0, (fo, So): D) = (fo. So), forall D € Ly, (Ry;Ry), (fo, S0) € X, (11)

and the causality property

9 (1. (fo. $0); D) = (1, (fo. S0): D),
forallz > 0, (fo, So) € X and D, D € LS. (R Ry), (12)
with D(s) = D(s) fors € [0, 1] ae. .
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Moreover, ¢ (t, (fo, So) ; D) is continuous with respect to ¢+ > 0 and ( fy, So) € X.
The classical semigroup property

¢ (t+ 7, (fo,8): D) =¢ (¢ (z,(fo,50); D);8:D), (13)
forallr,r >0, D e L, (Ry;Ry), (fo, So) € X.

where §; D is the shifted input (§; D) (s) = D(t+s),is aconsequence of the following
technical proposition.
Proposition1 Let T,t > O and D € L}, (Ry;Ry). Assume that (f, S) is a weak
solution on [0, T with input D of the initial-boundary value problem (1), (2), (3), (6)
and assume that (f, S) is a weak solution on [0, T] wit@ input D(s) := D(T + ) of
the initial-boundary value problem (1), (2), (3), with f[0] = f[T], S(0) = S(T).
Define

F < _ (flt], S(@)) 0<tr<T
(f[t]’S(t))_{(f[t_T],S(t_T))T<t§T_|_-L— . (14)

Then (f, S’) is a weak solution on [0, T + t] with input D of the initial-boundary
value problem (1), (2), (3), (6).

Thus, following the terminology in [32], the age-structured chemostat model (1),
(2), (3), defines a forward complete time-invariant control system with state space X
and input space LSS (Ry; Ry).

loc

4 Proofs

For reader’s convenience, we first present an outline of this section. First, we prove
a local existence theorem and we establish continuous dependence of solutions on
initial conditions. Then we exploit some estimates of the solutions, and we extend the
solutions globally.

We start with the two following technical lemmas. Their proofs are provided in the
Appendix.

Lemmal Let T > 0, x € C°([0,T]), D € L® ([0, T]), fo € COR;) N L' (R,)
and B € CO (RL)NL>® (Ry) with fo (0) = x (0). The function f € C° ([0, T] x Ry)

with sup (Il f[t1ll;) < +oc defined by
1€[0,7]

fola —t) exp (— fé D(s)ds — [, ﬂ(s)ds) for 0<t<a

f.a)= x(t — a) exp (— [ D()ds — [ 5(S)ds) for t>a>0

. (15

is the unique function in { ueCo ([0, T xRy) : sup (JJult]lly) < +o0 } that sat-
1€[0,T]

isfies the following equation for all ¢ € C' ([0, T] x R4) N L™ ([0, T] x Ry) with
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(=53

(—*" + %—i’) € L® ([0, T]1 x Ry) and t € [0, T]:

a

+00 t +00
/ Jo(@)e(0, a)da+/ x(s)g(s, 0)ds =/ f @, a)p(t, a)da
0 0 0 (16)

t —+00
+/ / ((ﬁ(a) + D(s)) ¢(s,a) — a—(p(s, a) — a—w(s, a)) f(s,a)dads.
0 Jo da as

Lemma2 Let D € Ly, (Ry;Ry), (fo,S0) € X and T > 0 be given. Let (f,S) :

[0, T] — X be a weak solution on [0, T] with input D of the initial-boundary value

problem (1), (2), (3), (6). Let " > 0 be a constant for which the inequality ;1 (S) < TS

holds forall S € [0, S;,] anddefine M = s rR)a§ | (n(S)). Then the following estimates
€1U,95;

hold forallt € [0, T]:

n

I fLe]lly < exp (M [[klloo ) Il folly » a7)

k —
Soexp (=T llgll I ol SRHH=0-1) < 50),

S(t) < Sin (1 —exp (— fé D(s)ds)) + Spexp (— fé D(s)ds). (18)

We next provide a local existence result.

Theorem 3 There exists a continuous function A : (0, S;,) x Ry — (0, 1] with
the following property: for every (fo,So) € X, D € Ljy (Ry;Ry) and § €
0, A So, I folly + sup (D(s)) | | there exists a weak solution on [0, §] with input
s€[0,1]
D of the initial-boundary value problem (1), (2), (3), (6).

Proof of Theorem 3 Let D € L°

loc

R4; R4) and (fo, So) € X be given. Define:

HOES [ k(@) fola — Dy exp (— [, B(s)ds) da,
h(t) = [7° q(@) fola — ) exp (— [I_, B(s)ds) da, (19)
b(t) := exp (— s D(s)ds).

The functions g, h are continuous. To see this, notice that definition (19) gives

g0 = [o" p(t.u)du,
pt,u) == k(u + 1) fo (u) exp (— I ﬁ(s)ds) u=0.

Continuity of k, 8 and boundedness of 8, gives that for any fixed # > 0 and for any
sequence {t, : n =0, 1,2, ...} with lirﬂ (ty) =t,andu >0
n——+0oo

Jim (p(tn, w)) = p(t, ).
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Since B (s) > 0 for all s > 0 and ¢ = sup (k(s)) < 400, we have for all » > 0 and
s>0
forallu >0

|p(tn, w)| < clfo(u)l.

Taking into account that f € L 1((0, 400)) and the Dominated Convergence Theorem
we get that

+00 +0o0
nlirfoo (&(tn)) = ngrfoo (fo p(tn, u)du> = (/0 nllrfoo (p(tn, u))du>

+00
= (fo p(t, u)du> =8),

Since the latter holds for any sequence {t, : n =0, 1, 2, ...} and any t > (_), we conclude
that g € C° (R.). Completely analogous is the proof of continuity of /.

Lettime § € (0, 1] which s to be selected in an appropriate way below. In what fol-
lows, we consider the fgnctions g, h, given by (19) to be defined on [0, 1]. Thus, when
we write ||g|lo, and Hh”oo we mean trer%gﬁ] (lg(®)]) and tg%&)}] (|h(t) ) respectively.

We also define the functions:
k(a) := k(a) exp (—/0 ﬂ(s)ds) , q(a) := q(a)exp (—/0 ﬁ(s)ds) . (20)

Consider the Banach space H = C° ([O, 381; IRZ) with norm ||(v, 2)llg = IVl +
Izlloo = max (|y(#)|) + max (|z(z)]). Define R := %min(So, Sin — So) > 0 and
1€[0,3] 1€[0,8]

notice that due to the fact that Sy € (0, S;,) (recall definition (2.4) and the fact that
(fo, So) € X) we get that for every (y,z) € H with |[(y,2)lly < R we obtain
0< 3 < §+z(r) < Bt < g, forall 7 € [0, 8]. Define

Br={(v.2) € H:l(y,Dly < R}, 21
which is a closed subset of H and the operator
I'=(T,T2): B — H, (22)

by the following formulas

t ~
(T1(y,2) () =/0 k(a)pu (z(t —a) + So) (y(t —a) + gt — a)) da, (23)

13
(T2(y, 2)) (1) = (Sin — So) (1 — b(1)) — b(t)/o 11 (z(t) + So) h(v)dt

1 T
—b(r)fo 1 (1) + o) (/0 q(a)u(z(r—a>+so)(y<r—a)+g(r—a))da)dr.
24)
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We show next, by appropriately choosing § > 0,that T (Br) C Bg.Since u (s) > 0
for all s > 0 we get from (23) for all (v, z) € Bg:

1T Do < M ]| (R +1211) . (25)
where
M = sup (1(S)) - (26)

Since D(t) > Ofort € [0, §] a.e. and § < 1, we get from (19) for all ¢ € [0, 4]

t
b(t) <land1—>b(t) < / D(s)ds <6 sup (D(s)). 27
0 s€l0,1]

Using (26), (27) and the fact that p (s) > 0 for all s > 0, we obtain from (24) for all
(v,z) € Bg:

- - _ 1)
123, Do < ((Sm =50 sup (D) -+ M ] + M lloo (R +1211) 5 ) 5.
s€lv,

(28)
It follows from (25) and (28) and the fact that R := %min (So, Sin — So) < S, that
17T1(y, Dlloe + 1T2(y, 2)lloo < R forall § € (0, 1] with

min (So, Sin — So) /2
Sin sup (D) + i+ M ([ + M 1100 (Sin + 131)

§<min| 1,

(29)

Letarbitrary (y1, z1), (y2, 22) € Bpg be given. Using (26), (28), the fact that u (s) >

0 for all s > 0 and by adding and subtracting terms in (23), (24), we obtain for all
t €10, 6]:]

IT1(v1, z1) (1) — T1(y2, z2)(1)]

t ~
< /0 k@] 11 (S0 + 210 = @) = (S0 + 220 = @) 20t = @) + 3t — )| da

t
+/
0

< &) 2w (R4 13l 11zt = z2lloo + M [&] 811 = 32l

k@)| (S0 + 21 = @) [yt = @) = 2t = @)] da

(30)
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exp (/Ot D(S)dS> T2 (y1, 2 (@) — Ta(y2, 22) (@)

< fol I (21(0) + So) — w (22(0) + So)| [ ()| d

+f0t I (z1(7) + So) — w (22(7) + So)l /Oz @ (z1(r —a) + So) Iy1(r —a) + §(r — a)|dadt
+/0t w(z2(t) + So) /OT Ga)lp (z1(x —a) + So) — pu (z2(t —a) + So)l Iy (r —a) + g(r — a)|dadz
+/0t w (z2(7) + So) /or G@p (z2(t —a) + So) Iy1(r — @) — y2(r —a)|dadt

< Ly ||k oo 821 = 22lloo + M 1 lloo Lyu 121 = 22ll0 (R + 131100) 87

_ 82
+ M2 Glloo Iy1 = y2ll00 >

(31)
where L, = max { |11/(s)| : 0 <5 < S;;,}. Therefore, we get from (30), (31) and the
fact that [ D(s)ds > O forall > O:

T (yly 71) — T ()’2’ ZZ)”oo + ||T2(y1, 1) — Tz(yz, Z2)”oo
5M(HkHOO+M”CI“oo5)5||y1—y2||oo )

Ly ([ + (M1 8 + [E] ) (R +12000)) 8 121 = 22l

The facts that |2 ., < llgllo | foll1  18lloc < Ikllog Il foll1 » IEHOO < Mklloo s 171100 =

llg |l  (direct consequences of definitions (20), (19) and the fact that S is non-negative),
in conjunction with (29), (32) show that the operator T = (71, T») : Bg — H defined

by (23), (24) is a contraction for every § € (0, A (So, Il folly + sup (D(s))):| with
]

s€[0,1
A(s,r) = % forall s > 0,7 > 0, where K > 0 is a sufficiently large
constant independent of D € L;’(fc (R4; Ry) and (fp, So) € X, for example

M
K =1+ (g +Lu ) (1l + (Kl + M llglloc) Klloc)
mn

+ (M + LyuSin) (M 11llog + llkllos) -

Thus, by Banach’s fixed-point theorem there exists (y,z) € Bpg such that the
following equations hold for all ¢ € [0, 4]:

t~
y(t) = /0 k(a)p (z(t —a) + So) (y(t —a) + g(t — a)) da, (33)
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t
2(t) = (Sin — So) (1 = b(1)) — b(f)/o 1 (z(t) + So) h(v)de

t T
—b(t)/O w(z(t) + So) (/0 gayp (z(t —a) + So) (y(z —a) + g(r — a)) da) dt.

(34)
Define for ¢ € [0, 8] and a > O:
S() = z(t) + So, ) (35)
x(@) = u(S@)b() (gt) + y(1)),
—t — (' D(s)ds — [“ d 0<t<
w2 | @R (< D6 = [ ps) for 0stsa

x(t —a)yexp(— [" D(@s)ds — [ B(s)ds) for t>a=>0
t—a 0

We show next that (f, S) is a weak solution on [0, §] with input D of the initial-
boundary value problem (1), (2), (3), (6). We proceed by showing some facts.
Fact 0: Equation (6) holds.
Fact 0 is a consequence of equations (19), (34), (35), (36).
Fact 1: S : [0, §] — (O, Si,) is absolutely continuous.

Proof of Fact 1: Equations (19), (34), (35) show that S : [0, §] — R is absolutely
continuous. Furthermore, the facts that Sy € (0, S;;,) (recall definition (2.4) and the
fact that (fo, So) € X), (y,2) € Bg and R = %min (So, Sin — Sp) in conjunction
with (21) and (35) imply that 0 < % < S < w < §;, forall t € [0, 45].
Therefore, S : [0, 5] — (0, S;n).

Fact 2: x € C° ([0, 8]) and f € C° ([0, 8] x R4) with
f(,0) =x(t) and lirf (f(t,a)) =0, forallt € [0, §]. (37)

Proof of Fact 2: Since g is continuous, it follows from (35) that x € C° ([0, 8]).
Moreover, equations (19), (33), (34), (35) imply that x (0) = ©(Sp) f0+°° k(a) fo(a)da.
Definition (4) and the fact that (fy, Sop) € X imply that x(0) = fp(0). There-
fore, it follows from (36) and the fact that (fp, Sop) € X (which implies that
fo € CORy; (0, +00)); recall (4)) that £ € CY ([0, 8] x R,). Moreover, (36) and
the fact that aLirJIrloo (fo(a)) = 0 (a consequence of the fact that (fy, Sp) € X; recall

(4)) guarantees that (37) holds.

Fact 3: f[1] € L' (R1)NCY (Ry; (0, +00)), forall t € [0, 8] with sup (|| f[t]ll;) <
1€[0,8]
+00.
Proof of Fact 3: Using (26), (27), (21), (19), (35) and the fact that 8(a) > 0 for all
a > 0 we get:

XMoo < M (Il Il foll + R) - (38)
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Using (36), (38) and the facts that f(a) > 0 foralla > 0, D(¢) > 0 fort > O a.e.,
we get for ¢ € [0, §]:

+oo t “+0o0
(RAtallF =/0 If(f,a)lda=/0 If(t,a)ldaJr/ |f(t,a)lda
t

t a
= / |x(t —a)|exp <— /l D(s)ds — / ,B(S)ds) da
0 t—a 0
+o00 t a
+/ | fola —t)| exp (—/ D(s)ds — / ﬂ(s)ds) da
t 0 a—t

t +00
5/0 IX(t—a)IdaJr/ |fola —)lda < |xlleot + Il folly
t
< M (|lklloo I folly + R) 8 + 1l foll, -

Therefore, for every ¢ € [0, 8] it holds that f[r] € L' (Ry)N C? (R4; (0, +00)) with
SE(I)pa] (I1£1e1) < M (lklloo L folly + R) 8 + 1l folly < +o0.
tel0,

Fact 4: Equation (2) holds for all ¢ € [0, §].
Proof of Fact 4: Using (19) and (33), (35), (37) we get for all ¢ € [0, 4]:

t +00 a
F(t.0) = x(1) = p(S(1) exp (— / D(s)ds) / k(a) fola — 1) exp (— / ﬂ(s)ds) da
0 t a—t

t r
+1(S(1)) exp (—/0 D(S)dS)/O k(a)u (St —a)) (y(t —a) + gt — a)) da.

(39)
Using (20), (19), (35), (36) we get for all t € [0, 4]:

—+00 t t a
/ k(a)f(t,a)da = / k(a)x(t — a) exp <—/ D(s)ds — / ﬁ(s)ds) da
0 0 t—a 0
+00 ' a
+/ k(a) fo(a —t) exp (—/ D(s)ds — / ﬂ(s)ds) da
t 0 a—t
t t
=/ k(a)x(t — a) exp <—/ D(s)ds) da
’ t +oot_a a
+ exp (— / D(s)ds) / k(a) fo(a —t)exp (— / ﬁ(s)ds) da
0 t a—t

t t
= exp (—/0 D(S)dS> /0 k(@) (St —a)) (3t —a) + y(t — a)) da

t —+00 a
+ exp (— / D(s)ds) / k(a) fo(a —t)exp (— / ,B(S)ds) da.
0 t a—t

The above equation and (39) show that equation (2) holds for all ¢ € [0, §].
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Fact5: f(t,a) > Oforallz € [0, 5],a > 0.

Proof of Fact 5: Since fp(a) > 0 for all a > 0 (a consequence of the fact that
(fo, So) € X; recall (4)), equation (36) shows that it suffices to show that x(¢) > 0
for all ¢ € [0, &].

Since p (S) > Ofor S > Oandsince S € o (10, 81; (0, Sin)) (recall Fact 1), equa-
tions (19) and (35) show that it suffices to show that g(¢)+y(¢) > Oforallz € [0, §]. We
notice that equations (19) and (33) show that g(0) 4+ y(0) = 0+°° k(a) fo(a)da > 0
which is a consequence of the facts that fy(a) > 0, k(a) > O for all a > 0 with
Jo7* k(a)da > 0.

The proof of the fact that g(¢) + y(¢t) > Oforall ¢ € [0, §] is made by contradiction.
Suppose that there exists r € [0, §] with g(¢) + y(f) < 0. Then there exists T €
(0, 7] with g(T) + y(T) = 0 and g(s) + y(s) > O for all s € [0, T). Indeed,
the set {t € [0, T] : g(r) + y(r) = 0} is bounded and non-empty (a consequence of
the facts that g(0) + y(0) > 0, g(#) + y(#) < 0 and Bolzano’s theorem). Setting
T =inf{r €[0,T]: g(r) + y(r) = 0}, by continuity we get that g(7) + y(T) =0
and g(s) + y(s) > Oforall s € [0, T).

Equations (19) and (33) show that

+oo a
0=g(T)+y(T) = / k(a) fola — T)exp <—/ ﬂ(S)dS) da
T a—T
T a (40)
+/() k(a)exp <_/o ,B(S)ds> w(S(T —a)) (T —a)+ g(T —a))da.

Since fo(a) > 0,k(a) > Oforalla > 0, (S) > Ofor S > 0,S € ([0, 81; (0, Sin))
and g(s) + y(s) > O for all s € [0, T'), equation (40) shows that

+o0 a
/ k(a) fo(a — T)exp (—/ ,B(s)ds) da =0,
T a—T

T a
/o k(a) exp (—/0 ﬂ(S)dS) u (ST —a)) (T —a)+g(T —a))da =0.

The above equations can only hold if k(a) = 0 for all @ > 0; a contradiction with
the fact that f0+°° k(a)da > 0. A consequence of all the previous facts and definition
(4) is the following fact.

Fact 6: (f[t], S(¢)) € X forall ¢ € [0, §].

The following fact is a direct consequence of definition (36), Fact 2, Fact 3 and
Lemma 1.
Fact 7: Equation (7) holds for all ¢ € cl([o, 81 x R4) N L ([0, 8] x Ry) with
(52 +52) € L=(10.6] x Ry) and 1 € [0, 5],

We next show the following continuity result.
Fact 8: The mapping [0, 6] 2t — f[¢] € L! (R) is continuous.

Proof of Fact 8: Let arbitrary ¢ > 0 and 7y € [0, §] be given. We note that there
exists A > 1 such that f:oo |f(s,a)|da < €/4 for all s € [0, §]. Indeed, since
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fo € L' (Ry) there exists A > Osuch that [{ > | fo(a)|da < e/4. Taking A = 1+ A
and using the facts that § < 1 (which implies that s < a forall s € [0, §] anda > A),
D, B are non-negative functions, we get from (36) for s € [0, 6]:

+00 +00 s a
/ | f(s,a)|da = / | fo(a — s)| exp (—[ D()dl — / ﬂ(l)dl) da
A A 0 a—s

+00 +oo +o0
sz |fo(a—s)|da=/1 i |fo<r>|drs//i fo(r)] dr < e/4.

+A—s
Thus, we get for all 7 € [0, 5]:

+00

A
ILf 1] = f {20l =/(; |f(t,a)—f(to,a)|da+/A |f(t,a) = f(to, a)| da

+0oo “+0o0

|f<r,a>|da+/ \f (0, @)| da

A

A
S/ If(t,a)—f(to,a)lda+/
0 A

A
</ |f(t,a) — f(to,a)|da + /2.
0

4D
Fact 2 (and consequently uniform continuity on the compact set [0, §] x [0, A])
implies the existence of 4 > 0 such that | f (¢, a) — f(t,a)| < ﬁ for all ¢ € [0, 5]
with |t — 19| < h. Inequality (41) implies that || f [t] — f [fo]ll; < € forall z € [0, §]
with |t — tg| < h. Clearly, a direct consequence of Fact 8, Fact 1 and definition (5) is
the fact that the mapping (f, S) : [0, T] — X is continuous.
The only thing that remains to be proved is the validity of equation (3) for ¢ € [0, §]
a.e.. Using (34), (35), and the definitions of h, b in (19) we obtain

S(t) = Sin — b(1) (Sin — So0)

t —+00 a
—b(r) / (S ( / 4(a) fola — ) exp (— ﬂ(s)ds> da) dr
0 . 42)

a—Tt

t T
—b(t)/ w(S(t)) (f q(a)x(t — a)b_1 (t —a) da) dr.
0 0

From (42) and the definitions of ¢, b in (20) and (19), respectively, it follows that

S(0) = Sin = b(0) (Sin = S0)
—b(0) J 1@ (J7 4@ foa = Dexp (= [, Bs)ds) b~ (D)b(r)da) dv

—b(0) [ 1(S) (J§ a(@x(z —ayexp (= f§ Bs)ds) b1 (¢ — @) b~ ()b(r)da) d
= Sin — b(@®) (Sin — So)

—b() f§ 1@ (J7 q@ fola = Dexp (= [, B)ds) b7 (D)b(r)da) dr
—b(t) [ 1(S(1)) (jof q(@)x(z — ayexp (— [ B(s)ds) exp (— s D(s)ds) b—l(r)da) dr.
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Taking into account (36) and the definition of b in (19), the previous equality gives
that

o8]

t
S(t) = Sin — b(1) (Sin — So) — b(ﬂ/(; n(S(1)) (/0 q(a)f(z, a)da> b~ (x)dr.

(43)
Due to Fact 8, and boundedness of ¢, it follows that ¢ +— fooo q(a) f(t,a)da is con-
tinuous on [0, §]. Then, the validity of (3) for ¢ € [0, 8] a.e. follows directly from (19)
and (43). The proof is complete.

We continue with the proof of Theorem 2.

Proof of Theorem 2 Let arbitrary weak solution ( f , S’) on [0, T] of the initial-
boundary value problem (1), (2), (3), with initial condition ( f [0], S (O)) = ( fo, S’Q) €
X and input DeL® (R4; Ry) with f)(t) = D(t) fort € [0, T] a.e. be given. By

loc
virtue of Lemma 1, we have for ¢ € [0, T'] that

a — Jo D(s)ds — [ d 0<
f@t,a) = fota t)eXp< f,o . f“’a’ﬁ(s) S) for 0<t<a , (44)
x(t —a)exp (— [, D(s)ds — fo ﬂ(s)ds) for t>a>0
- i — _ tD ds — [@ d 0
f(t,a) = {O(a t)eXp< ftO (s)ds fa_azﬂ(s) s) for 0<t<a us)
X(t —a)exp <— Ji—, D(s)ds — [ ,B(S)ds) for t>a>0

where x(t) = f(¢t,0) and x(z) = f (t, 0). For notational convenience, we define

Aflt) = flt] — flz],
AS(@H) = S@) — S(1), (46)
Ax(t) :=x(@) — X(2).

Since D(t) > 0 for¢ > 0 a.e. and since S(s) > 0 for s > 0, we get from (44), (45)
and (46) fort € [0, T']

~ ¢ +o0 t
lrin=f, =1asim = [(1aseotaa+ [ iarewltas [Casoias
t

t . . t
+ [ =0 =ota=n|da < [ 0= A, + [ 1axras,
) 47)
Using the boundary condition (2) for x () = f(¢,0) and X(t) = f (¢, 0), and (46) we
have for t € [0, T'] that

- +00 - +o0
lAx(@)] < ‘M(S(f)) - M(S(l))‘/(; k(a) f(t, a)da + u(S(0)) M) k(@)Af(r,a)da).
(48)
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Since j € C! (R4), we have that
() — u@)| < Lylv—rl, (49)
for all v, 7 € [0, Sj,], where L, := max {|/(s)| : 0 < s < S;,}. From (49), (48),
and definition M = max | (u(s)) we get that
s€[0,Sin

[Ax(O] = Ly lIklloo max. (Ilf[s 1) IASO)] + M Ikl oo 1A £ (50)

where n[lax (||f S]||1) < 400 (a consequence of continuity of (f, S) : [0, T] - X

and definition (5) which implies continuity of f : [0, T'] — L' (Ry)).
Since both S(¢) and S(¢) satisfy (3) and since D(¢) = D(¢) fort € [0, T] a.e., we
getfort € [0, T] a.e.

a4 (S(t) - S(z)) — L (ASM) = —DW)ASH)
dt dt

N +o00 - . +o00
o) [ @ (10 - Fo) da (uesen - uGon) [ gy ara
0 0

Integrating the above equation, we get for all ¢ € [0, 7] that

N t t N +00 N
AS(1) =S — So — / D(s)AS(s)ds — / /l(S(S))/ q(a) (f(S, a) — f(s, a)) dads
0 0 0 (51)

‘ . +00
~ / (156 = n(3sn) f 4(@) £ (5, a)dads.
0 0
Using the (51), together with (46), (49), and max (|| flelll 1) < +o00 we have that

AS@)] < |0 — S| + ( sup. (D(5)+ Ly laloc s (||f[s]|h)) Jy 18S(5) ds
NS

+M llglloo fo 1A fLsTlly ds.
(52)
Combining (47), (50), and (52) we get for t € [0, T'] that

t
At +18501 < [ fo = A, + [0 So| + [ 18x1as
( sup (D(s)) + Ly llglloo max (Il f1s1l11) )/ |AS(s)] ds
5€[0,T]

+M||6]||oo/0 A fIs]lly ds

= |fo— 7o), + |50 = So| + x /0' (IAfLsTl; +1AS)) ds
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where = sup (D(s)>+(max (1£1s11y) M+M) (IKlloo + 1l oo)- A direct
s€[0,T]

application of Gronwall’s inequality gives (9). The proof is complete.

Proposition 1 shows how we can extend the solution of a given initial-boundary
value problem. Its proof is provided below.

Proof of Proposition 1 We show thatforallg € C' ([0, T + ] x R.)NL*>® ([0, T + 7]
xR4) with (g—ﬁ + %—‘f) € L*° ([0, T+ 1] xRy)and r € [0, T + 7] the following
equation holds:

“+o00 “+o00

t
Fol@e(0, a)da + / F5. 006, 0ds = [ Jt @), a)da
0 0 (53)

t p+oo 8(/3 aw R
+f / ((ﬂ(a) + D) ¢(s, a) — -—(s,a) — —(s, a)> [ (s, a)dads.
0 Jo da as

Letarbitrary ¢ € C! (10, T + ] x RL)NL*® ([0, T + 7] x Ry) with (g—f + %—‘f) €
L*® (0, T + r] x Ry) be given. Then ¢ € C' ([0, T]1 x Ry) N L>® ([0, T] x Ry)
with ( + ) € L™ ([0, T + t] x Ry) and since (f, S) is a weak solution on

[0, T] with 1nput D of the initial-boundary value problem (1), (2), (3), (6) it follows
(from Definition 1) that (7) holds for ¢ € [0, T]. Therefore, definition (14) guarantees
that (53) holds for ¢ € [0, T].

Since ¢ € C' ([0, T 4+ 7] x Ry) N L® ([0, T + 7] x Ry) with ( +%—¢’) c
L*> ([0, T 4 7] x Ry), it follows that the function

ols] = [T + 5], fors € [0, 7], (54)

is a function of class ¢ € cl(o, 7] x R4) N L% ([0, ] x Ry) with ( + )

L ([0, ] x R4). Since (f,S) is a weak solution on [0, 7] with input D(s) =
D(T + s) of the initial-boundary value problem (1), (2), (3), withf[0] = f[T],
S(0) = S (T), it follows (from Definition 1) that the following equation holds for all
t €0, ]

+00 +00

t
F(T,a)@(0, a)da +/ f(s,0)@(s, 0)ds = F(t, a)@(t, a)da
0
+00 - - B
/ / ((ﬂ(a) + D(T +5)) (s, a) — (s a) — z—(s a)> f(s,a)dads.
(55
Using definitions (14), (54), we obtain from (55) for all t € (0, 7]:
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400 T+t | +oo
f(T,a)go(T,a)da—{—/ f(s,0)p(s,0)ds = f(T +1t,a)p(T +t,a)da
0 T 0
T+t “+00 9 P .
+/ / ((ﬁ(a) + D(s)) (s, a) — 8_¢(S’ a) — —(p(s, a)) f (s, a)dads.
T 0 a as
(56)
Exploiting (7) for t = T and definition (14) we get:
+00 T R +o00
| a@eo.ad+ [ foop6.0d= [T a0 ada
0 0 0 67

T p+oo o g R
+/ / ((ﬂ(a) + D) ¢(s, a) = ——(s,a) — —(s,a)) f (s, a)dads.
0 0 da as

Combining (56) and (57) we obtain (53) forallz € (T, T + t].
All the rest requirements of Definition 1 are direct consequences of definition (14).
The proof is complete.

Finally, we can provide the proof of Theorem 1.

Proof of Theorem 1 Let arbitrary (fo, So) € X, D € Ly, (Ry; Ry ) be given. Define
the set

L _a weak solution with input D of
Ii= {8 >0 1), (2), (3), (7) exists on [0, 5] }’ (58)
and let
Timax = sup J). (59)

Notice that by virtue of Theorem 3, J # ¢ and thus, Thhax € (0, +00]. We next
show by contradiction that Tjp,x = +00.
Assume that Tihx < +00. Define,

eXp (M ”k”oo Tmax) - 1)
> 0,

=S I
a oeXp< g lloo Nl folly Mkl

TmaX
b= Sin — (Sin — So) exp <_/ D(s)ds> < Sin,
0

and
F* :=exp (M ||kl oo Tmax) Il foll| -

(R4; Ry), it follows that sup (D(t)) < 400 and thus the
1€[0, Tynax+1]

M oo
Since D e Ly,

set

K :=1a,b] x |:O, F*+  sup (D(t)):| c (0, Sin) x Ry
1€[0, Tnax+11

is compact. Consider now the continuous function A : (0, S;,) x Ry — (0, 1]
provided by Theorem 3. Continuity of A on the compact set K gives
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8" := min (A(s,£)) > 0. (60)
(s,0)eK

Let {t, € J:n=0,1,2,...} be a non-decreasing sequence with lir+n (ty) =
n—+0o0

Tmax- Let N > 0 be such that ty > Tpax — 8*/2 (this is possible since lil}rl (ty) =
n—+00

Tmax)- Since ty € J, it follows from definition (58) that a weak solution ( f[¢], S(¢))
of the initial-boundary value problem (1), (2), (3), (6) exists on [0, 5 ]. Then by virtue
of Lemma 2, for all ¢ € [0, ¢,] it holds that

I fLe1lly < F™,

(61)
0<a<S@t)<b< S

Moreover, from Theorem 3, a weak solution ( f s S’) of the initial-boundary value
problem (1), (2), (3), with ( 7101, S(O)) — (fltn], Stw)) € X and input Dy (s) =
D(ty +5), s = 0 exists on [0, §] for every § € (0, A (S(tn), Il fltn]ll4

+ sup  (D(s)) ] |- Dueto (61) and definition of K, it follows that
s€lty,tv+1]

(S(tN), | flen1lly +  sup (D(s))) € K. Therefore, from (60) we obtain that

s€ty, ty+1]
§ <A (S(IN), I flen]ll +  max (D(S))> .
selty,ty+1]

We pick 8 = 8*. From Proposition 1, it follows that

b . (flt], S@)), t € [0, ty]
(I @) = (f[t—tN],S(t—tN)),re [tn, In + 8%

is a weak solution on [0, 7y 4 §*] with input D of the initial-boundary value problem
(1), (2), (3), (6), where ty + 8% > Tpax (recall that 1y > Tyax — 8*/2). The latter
contradicts definition (59) of Tyax. Thus, Tinax = +00. The proof is complete.

5 Conclusion

We have studied the well-posedness of an age-structured chemostat model with a
nonlocal (renewal) boundary condition and a coupled substrate equation. Under an
appropriate weak solution framework, we have determined the state space and the
input space for this model, and we have proved global existence and uniqueness of
solutions for all admissible initial conditions and all allowable control inputs. Our
formulation of the age-structured chemostat as a well-posed control system, opens
the door to a systematic study of stability and stabilization, and enables subsequent
advances in controllability and optimal control.
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Appendix

Proof of Lemma 1 The fact that the function f defined by (15)is of class C? ([0, T'] x R)
is a consequence of the facts that x € cY(0,T]), D € L* ([0, T]) and fo, B €
c? (R4) with fy (0) = x (0). We also have from (15) and the facts that x € cO o, 1Y),
DeL®(0,T], fo e COR) NL'(Ry) and B € CO(R,) N L>® (Ry) for every
tel0,T]

t 400
LA =/0 If(t,a)lda+/ £t @)l da
t

t t a
=/ |x(t —a)|exp (—/ D()dl —/ ﬁ(l)dl) da
0 t—a 0
+o00 t a
+/ | fola — t)| exp (—/ D(ldl —/ ﬂ(l)dl) da
t 0 a—t

Sfo x(r — @) exp (I Plloo + IBlloc) @) da

“+o00
+/ fola = Dl exp (1Dl + 1Bllo0) ) da

<exp ((IPlloo + 1Bllse) T) (IIxlloe T + 1l foll1)-
Thus, the function f defined by (15) satisfies

sup (I£1e1) < exp ((IDlloo + 1Blloo) T) (Ixlloo T + 1l folly) < +00.
1€[0,T]

We next show that the function f defined by (15) satisfies equation (16) for all
¢ € CH([0,T] x Ry) N L>® ([0, T] x Ry) with (g—f + %—‘f) € L*®(0,T] x Ry)
andt € [0, T].

Let (arbitrary) t € [0, T] and ¢ € CH ([0, T]1 x Ry) N L>® ([0, T] x Ry) with

(g_‘g + %—‘f> € L™ ([0, T] x Ry ) be given. We get:

t “+00 a a
/ / <(ﬂ(a) + D(s)) o(s,a) — a—w(s, a) — —(p(s, a)) f (s, a)dads
0 Jo a ds

oo (AD)
+ ft, a)pt,a)da = 1) + I,
0
where . A
I, :=/ f(t,a)q)(t,a)da—l—/ / Q(s,a) f(s,a)dads,
O+oo ’ (t) +00 (A2)
I ::/ [, a)e(t,a)da +/ / Q(s,a) f(s,a)dads,
t 0 Js
dg X%
Q(s,a) == (Bla) + D(s)) (s, a) — a—(S, a) — —(s,a). (A3)
a as
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Definition (15) in conjunction with definitions (A2) imply that:

2/ x(t—a)exp( / D(s)ds—/ ﬂ(s)ds) (t,a)da
/ / Q (s, a)x(s—a)exp( / D(l)dl—/ ﬂ(l)dl)dads,

I = fo(a —t)exp ( / D(s)ds — / ,3(s)ds> o(t,a)da
t 0

t +00
—l—f / Q(s, a) fola — s)exp <—/ D(dl — / ﬁ(l)dl) dads.
0 Js 0 a—s

Using (A4), Fubini’s theorem and definition (A3) we get:

(A4)

L= [l [, s + 1) fo(r) exp (— 1S DWydl — [** ﬁ(l)dl) drds

+ [ fo(r) exp (— JED(s)ds — [ ﬂ(s)ds) o(t, 1 +r)dr

= i fot) [y 25,5 + ryexp (= 3 DW= [ pyd) dsdr

+ [ for) exp (- JED(syds — [1F7 ,B(s)ds) o(t, 1 +r)dr

N (exp (— JEDWdl = [+ ﬁ(l)dl) o(s, s + r)) dsdr

+ 57 fotryexp (= 3 D(s)ds = [ B)ds ) (a1 +1)dr = [ for)e (0, r)dr,

I = ! [5Q(s. s — r)x(r)exp (— [ D@yl — 5" ﬂ(l)dl) drds

+ fot x(r) exp (— frt D(s)ds — Ot_r ﬂ(s)ds) o(t,t —r)dr

= L[ Q(s, s — r)x(r)exp (— [P DWydl — [ ﬁ(l)dl) dsdr

+ f(; x(r) exp (— frl D(s)ds — Otfr ﬂ(s)ds) (t,t —r)dr

=~ flxr) [ A ((p(s, s —r)exp (— [ Dyl — 5" ﬁ(l)dl)) dsdr

+ Jo x(r) exp (— [ D(syds — f;~" ﬂ(s)ds) p(t,t —r)dr = [y x(Ne(r, 0)dr.

It follows from the above equations and (A1) that equation (16) holds. B
Suppose that f € C° ([0, T] x Ry) N LY ([0, T] x Ry) with sup (|| Fl71],) <
1€[0,T]
~+o00 satisfies equation (16) for all ¢ € CH([0,T]1 x Ry) N L™ ([0, T] x Ry) with
(?,—g + %—‘f) € L ([0, T] x Ry) and 7 € [0, T]. We next show that f = f. Define

the functionu = f—f. Thenu € C° ([0, T] x Ry)with sup (Jlu[t]ll;) < +ooand
te[0,T]

u satisfies the following equation for all ¢ € C! ([0, T] x Ry) N L*® ([0, T] x R4)
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with (g_w n %—f) € L ([0, T] x R,)and f € [0, T]:

t +00 3(,0 8(p
/ / <(ﬂ(a) + D(s) @(s,a) — —(s,a) = —(s, a)) u(s, a)dads
0 Jo da as (AS)

+00
—i—/ u(t,a)p(t,a)da = 0.
0

Let arbittary 7 € [0,T], D € C°([0,T]) and g € C'([—T,+0c0)) N
L™ ([—T, +00)) be given. Define the functionp € C' ([0, T] x R;)NL>® ([0, T] x R4):

T a+t—t
@(t, a) = exp (—/ D(s)ds — f ,b’(s)ds) gla+t—1), (A6)
t a

We notice that the function ¢ defined by (A6) satisfies g—‘g(z‘, a) + %—‘f(t, a) =
(13(:) +,3(a)> o(t,a) forall 1 € [0,T], @ > 0. Since D € C°([0, T]), B

COMRL) NL®(Ry) and ¢ € L*®([0,T] x R,), we obtain that (g—ﬁ + %—f)
L ([0, T] x Ry). Thus, we get from (A5) and (A6) for ¢ € [0, T]:

t - +o00 T at+t—s
/ (D(s) - D(s)) / u(s, @) exp (—/ D)dl — / ﬁ(l)dl) ¢(a+ 7 — s)dads
0 0 K a

+o00 T att—t
+/ u(t, a)exp <—/ D(s)ds — / ﬂ(s)ds) gla+t—1t)da=0.
0 t a

Setting t = t, we get from (A7):

T “+o00 T a+t—s
/ (D(s) . D(s)) f u(s, @) exp (— / PWydi — / ﬁ(l)dl) g(a+ 7 — s)dads
0 0 s a

+00
+/ u(t,a)g(a)da = 0.
0

m

m

(AT)

(A8)
Using the fact that for every ¢ > 0 there exists D € c% (o, T]) with
I ‘D(s) — b(s)‘ ds < ¢ and HDH < Dl oy, the fact that sup (lulr]ll;) < +00
00 1€[0,T]
and the fact that D € C° ([0, T]) is arbitrary, we obtain from (A8):

+00
/ u(t,a)g(a)da = 0. (A9)
0

Using the factthat g € C!' ([—T, +00))NL>® ([—T, +00)) is arbitrary and exploit-
ing the fact that u[t] € o (R4) with JJu[t]|l; < 400, we establish from (A9) and
Corollary 4.24 on page 110 in [33] that u[t] = 0. Since t € [0, T'] is arbitrary, we
conclude that u (¢, a) = O for all t € [0, T], a > 0. The proof is complete.
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Proofof Lemma 2 Since (f,S) : [0, T] — X is a continuous mapping with metric
given by (5), it follows that the mapping [0, T] >t — f0+°° (B(a) + D)) f(t,a)da
is of class L*° ([0, T']). Therefore, equation (7) with ¢ (z,a) = 1 implies that the
mapping [0,T] > t — f0+°° f(t,a)da is absolutely continuous and satisfies for
te[0,T]ae.:

d

+o0 +oo
o ( A f(t,a)da) = f(t,0) —/0 (B(a) + D)) f(t,a)da. (A10)

Since f(t,a) > 0 for all @ > 0, it holds that

+00

IfLedll = A [, a)da. (ALD)

Combining (A10), (A11) and (2), we get for ¢t € [0, T] a.e.:

d +00 +o0
E(Ilf[t]||1)=u(5(t))/0 k(a)f(t,a)da—D(t)IIf[t]Ill—/0 Bla)f(t, a)da.

(A12)
Exploiting the facts that D(¢) > 0 for ¢t > 0 a.e., (a) > 0 for all a > 0, we get for
te[0,T]ae.:

d
- (1F120) < M llklloo I F TN (A13)

where M = s max (u(S)). The differential inequality (A13) implies estimate (17).

Using (3) and the facts that u(S) > 0 for all § > 0, g(a) > 0 for alla > 0, we
obtain the following differential inequality for ¢ € [0, T] a.e.:

$(1) < D) (Sin — S@)) - (Al4)

The differential inequality (A14) implies the second estimate (18).

Using (17), (3) and the facts that u (S) < I'S holds for all S € [0, Si, ], u(S) >0
forall S > 0, g(a) > 0 for all @ > 0, we obtain the following differential inequalities
fort € [0, T] a.e.:

. +00
S(t) = D(1) (Sin — S(1)) — u(S(1)) IIQIIOO/O f(t, a)da

= D(t) (Sin — $(1)) = 1(S(®) llgll oo exp (M [kl 1) I folly
= D) (Sin = $() = T llgllog exp (M [lklloc 2) Il foll 1 S().

(A15)

The differential inequality (A15) implies the following estimates for all ¢ € [0, T']:
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! M ||k -1
S() = exp <7/0 D(s)ds — T llglloo Il foll1 M)

M Ikl o

‘ ' exp (M [[klloo 1) — exp (M [[klloo T)
+Sin / exp(f f D(s)ds — T llgllo I foll; 2 = P o )D(r)dr
0 T M ||kHoo

M ||k —1 4
> exp (—r Igllso Il fol %) (exp (— fo D(s)ds) So

w5 (1= (- [ ’ peas)))

Since exp (— fé D(s)ds) So~+Sin (1 — exp (— fé D(s)ds)) > Sp (a consequence
of the facts that D(¢) > O fort > O a.e. and Sy € (0, Si,)), the above estimate implies
the first estimate (18). The proof is complete.
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