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We develop input-to-state stability (ISS) and inverse-optimal formulations for directional pursuit and evasion
between nonholonomic vehicles whose steering acts on angular velocity rather than on heading. In contrast with
classical geometric pursuit-evasion and proportional-navigation guidance, which yield intercepts at unspecified
angles determined by initial conditions, we achieve prescribed-angle outcomes: directional interception (“from
behind the evader”) and directional escape (“behind the pursuer’’). Each scenario grants a kinematic advantage to
one player and admits a clear outcome—capture or escape (in a particularly precise format of escape, which we call
“spinaway”). The resulting feedback laws exhibit ISS properties: finite-time with zero asymptotic gain for
interception, polynomially asymptotic with infinite asymptotic gain for escape. Without solving Hamilton—
Jacobi-Isaacs equations, the designs are shown to be inverse optimal with respect to quadratic costs penalizing
steering effort in proportion to range. The work introduces the first unified, provably ISS, and analytically explicit

optimal framework for nonholonomic pursuit-evasion.

I. Introduction
A. Motivation and Results

URSUIT-EVASION is an application-driven subject with sig-
nificant control-theoretic challenges and opportunities absent in
most other engineering problems. As formulated in the classic book
by Rufus Isaacs [1] and developed since, pursuit-evasion has
largely remained a geometric topic: the velocity is constant and
the steering acts directly on heading rather than on angular velocity.
Here we move to nonholonomic models for both pursuer and
evader. We study, separately, the problems in which the pursuer’s
goal of capture (intercept) and the evader’s goal of escape—of the
form we call spinaway, where the evader ends up behind the pursuer
heading away—are achieved exactly and fully. Each scenario grants
a kinematic advantage to one player and leads to a clear outcome—
either capture or escape.

Our principal results have the mathematical form of input-to-state
stabilization (ISS) with respect to the opponent’s steering input.
Capture corresponds to a strong ISS property with zero asymptotic
gain, meaning that the evader’s maneuvering is ultimately futile.
Because pursuit—evasion is conventionally cast as a game, we go
further and develop inverse-optimal pursuit and evasion strategies—
feedback laws whose structure makes them minimax optimal for
quadratic costs penalizing the steering efforts of both players—
without solving a Hamilton—Jacobi-Isaacs PDE.

While a kinematic advantage is necessary for a decisive outcome,
it is not sufficient by itself. We therefore allow the advantaged
vehicle (the pursuer in the capture case) to vary its speed above a
lower bound exceeding that of its opponent. Under these conditions,
we obtain four main results: one ISS and one inverse-optimal
theorem for each of the two clear situations—pursuer victory and
evader victory.

Classical Isaacs-style pursuit—evasion (where heading is an input)
and proportional-navigation guidance (where heading is a state)
both aim for intercept at an unspecified angle determined by initial
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conditions. Yet, in many settings, interception at a specific angle is
desired—for structural or sensing reasons of the vehicles involved.
We therefore solve directional intercept and directional escape
problems, formulating them as canonical cases: interception “from
behind the evader” and escape “directly behind the pursuer.” Gen-
eralizations to arbitrary intercept and escape angles follow by
straightforward changes.

Our approach builds on ISS-gain assignment and inverse-optimal
disturbance attenuation [2] but introduces new design and analysis
methods tailored to pursuit—evasion with constant-velocity vehicles.
Because at least one vehicle moves at a constant nonzero speed,
interception must occur in finite time, making prior asymptotic
designs and analyses inapplicable. The resulting feedback designs
achieve finite-time ISS with zero or infinite asymptotic gain—zero
for intercept (the evader’s maneuvers vanish in effect) and infinite
for escape (the pursuer’s maneuvers have outsized influence)—the
two natural extremes for pursuit—evasion dynamics.

B. Relation with Companion Papers

This paper builds on a companion article [3], currently under
review in Automatica, whose compact conference version is acces-
sible as an arXiv document [4] and will appear at the 2026 American
Control Conference. Those results consider problems with only one
vehicle. The vehicle is either performing an interdiction of a sta-
tionary target (pursuit of a static, nonevading “evader”) or a spin-
away relative to a stationary threat (a nonpursuing “pursuer”). The
results in the present paper build on the foundations introduced in
[4] but solve much more challenging problems, with two vehicles
engaged in a true pursuit—evasion game, in which neither opponent
is static but both are maneuvering.

The present paper, as well as [3,4], has grown out of our recent
breakthroughs [5,6], accessible in abbreviated form in the arXiv
preprints [7-9]. In those papers, a family of solutions is presented
for the problem of feedback design for parking of nonholonomic
mobile robots. Such designs, while significant because they place no
restrictions on the initial conditions, are inapplicable to fixed-wing
aircraft because the ability to move both forward and in reverse is
crucial for their global character.

C. Literature

Classical pursuit—-evasion theory originates with Isaacs’ Differ-
ential Games [1], where capture and evasion were posed as geo-
metric contests between idealized point masses with constant speeds
and direct steering on heading. The “Homicidal Chauffeur” and its
“Suicidal Pedestrian” duals offered canonical asymmetric settings—
one player curvature-limited, the other arbitrarily agile—within
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which capture and escape boundaries were solved analytically. A
modern closed-form two-player differential-game solution by
Exarchos et al. [10] retains this Isaacs-type spirit: a fully agile
planar pursuer (unbounded turn rate) confronts a curvature-limited
evader, and both proximity- and point-capture sets are delineated
explicitly. This work remains the most faithful antecedent to the
present Dubins vehicle formulation with unbounded steering agility.

A second intellectual stream arose from missile-guidance theory,
where proportional navigation (PN) became the operational counter-
part of Isaacs’ intercept principles. Rigorous control-theoretic rein-
terpretations appeared in the 1990s—2000s when Lyapunov-based
capturability proofs replaced purely geometric reasoning. Ryoo et al.
[11] introduced an equilibrium-subspace transformation of the
range dynamics that enabled PN-type laws to admit Lyapunov
or Barbalat analyses even though the original line-of-sight (LoS)
kinematics lacked an equilibrium. These analyses established asymp-
totic stability or ultimate boundedness of the LoS-rate dynamics for
stationary or nonmaneuvering targets, thereby furnishing mathemati-
cally transparent capturability results.

Building on these developments, a nonlinear guidance law
derived through Sontag’s universal formula [12] treated LoS-rate
regulation explicitly as a control-Lyapunov stabilization problem.
The resulting controller achieves finite-time arrival to an invariant
“equilibrium subspace,” guaranteeing interception whenever the
pursuer’s speed exceeds the evader’s. Because the design simulta-
neously minimizes an integral cost combining control effort and
weighted-state energy, it offers an inverse-optimal interpretation
without recourse to the full Hamilton—Jacobi-Isaacs formalism.
Complementary sliding-mode guidance formulations [13] intro-
duced nonsingular lead-angle functions and negative-semidefinite
Lyapunov derivatives, ensuring capturability and even impact-time
regulation while maintaining robustness to measurement noise.

Parallel differential-game analyses by Guelman et al. [14,15]
yielded barrier-based capture-set characterizations and analytically
integrated adjoint equations. These studies produced implementable
near-optimal feedback strategies for coplanar atmospheric engage-
ments and quantified how terminal-speed constraints shrink capture
zones. In related work, Ben-Asher and Cliff [16] obtained one-sided
bang—bang evasion strategies against fixed-gain PN laws. Robotics
investigations subsequently introduced explicit unicycle kinematics
with bounded speeds and turn rates [17], often inspired by biological
pursuit—evasion, yet typically without Lyapunov or game-theoretic
rigor. These offered constructive multi-agent behaviors but left open
the question of rigorous capture and escape guarantees under deter-
ministic, full-information assumptions.

A distinct but convergent line of research extends these frame-
works to directional interception—guidance laws that impose a
prescribed terminal or impact angle relative to the target or to the
LoS. Early optimal-control formulations [18-21] incorporated
intercept-angle constraints into quadratic or adjoint-based cost func-
tionals, sometimes with explicit time-to-go weighting or autopilot
dynamics. These provided continuous analogs of the terminal-
constraint differential-game results while remaining analytically
tractable. In parallel, biased proportional-navigation (BPN) and
error-feedback variants [22-25] realized specified terminal angles
through additive bias terms or closed-loop corrections, enabling
large-angle engagements without losing simplicity.

Later contributions generalized directional interception to
trajectory-shaping and impact-time/angle combined guidance.
Profile-based and multiplier-constraint designs [26-28] prescribe
LoS-rate or curvature histories that achieve both time and angle
objectives without explicit time-to-go estimation. These works for-
malize a continuous mapping between impact-angle regulation and
LoS-rate stabilization, conceptually aligning with control-Lyapunov
or sliding-surface constructions already used in pursuit—evasion.
Additional studies define the terminal-angle constraint relative to
the target’s flight path or heading [29,30], integrate seeker field-
of-view limits into the guidance logic [31-34], and extend robust-
ness through adaptive, sliding-mode, and fixed-time convergence
designs [35,36].

Together, these developments trace a coherent progression: from
geometric and differential-game capture laws, through Lyapunov-
based PN generalizations and inverse-optimal CLF constructions, to
modern impact-angle and trajectory-shaping laws unifying intercep-
tion geometry with control-theoretic rigor. Yet across both streams,
explicit input-to-state-stability (ISS) formulations—treating evader or
target maneuvers as exogenous inputs and quantifying zero asymp-
totic gains that distinguish capture from spinaway—remain largely
undeveloped. Likewise, a truly unified inverse-optimal or minimax
derivation for Dubins vehicle models with both heading and impact-
angle constraints is still absent. The present work advances precisely
in this direction, furnishing ISS and inverse-optimal analyses for
Dubins pursuit—evasion with unbounded steering agility and pre-
scribed terminal-angle objectives.

D. Contributions

The present work advances the control-theoretic foundations of
planar pursuit—evasion by reformulating geometric and guidance-
law problems within the framework of input-to-state stability (ISS)
and inverse optimality and by extending these constructions to
engagements with prescribed terminal or impact angles. With the
notation for the main symbols used in the paper listed in Table 1, the
paper’s results are summarized in Table 2.

1. ISS Formulation of Pursuit and Evasion

Classical Lyapunov proofs for proportional-navigation variants
[11-13] established capturability or boundedness but without quan-
tifying the gain from opponent maneuvers. Here the pursuer—evader
interaction is recast as an ISS system with respect to the opponent’s
steering input. Capture corresponds to zero asymptotic gain,
meaning that bounded or oscillatory maneuvers of the opponent
eventually lose influence on the relative geometry. This viewpoint
merges nonlinear-stability and differential-game reasoning, intro-
ducing a robustness metric absent from the geometric or barrier
formulations of [14-16].

2. Inverse-Optimal Synthesis of Nash Strategies

Instead of deriving feedbacks from a Hamilton—Jacobi-Isaacs
equation, the design proceeds by constructing control laws whose
structure implies minimax optimality with respect to explicit quad-
ratic costs. The resulting pursuer and evader strategies are inverse
optimal, each minimizing or maximizing an integral cost that penal-
izes steering effort in proportion to range. This yields closed-form
analytic laws whose optimality is verified rather than postulated,
providing constructive Nash equilibria that parallel the variational
or barrier solutions of [10,14]. The methodology draws conceptual
inspiration from inverse-optimal nonlinear feedback designs for rigid-
body attitude dynamics developed by Krsti¢ and Tsiotras [37], which
established the broader viability of Lyapunov-based inverse optimal-
ity for systems with nontrivial geometry and input nonlinearities. In

Table 1 Key notation summary

Symbol Meaning/definition

(x;,v:,0;) Cartesian coordinates and heading of vehicle i € {p, ¢}
(pursuer, evader)

p Relative range \/(xp —x)? + (yp = ¥e)?

S,y Relative polar and line-of-sight angles (see Table 3)

v;, 0; Linear and angular velocities of vehicle i (control inputs)

5.7 Deviations from desired intercept or escape directions

¢ Auxiliary (backstepping) variable coupling § and y

cy1, ¢ Positive gains ensuring ¢ > 2(2 + ¢)v; for convergence

€ Normalized kinematic advantage; ev; is speed surplus

B2V Lyapunov-type error measures used in ISS proofs

k*, n* Optimal gains in inverse-optimal (Nash) feedbacks

Capture Pursuit outcome: p — 0, 6,y - 0

Spinaway Evasion outcome: p — 00,6 - 0,y > @
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Table 2 Summary of the four pursuit—evasion control designs and their properties

Objective, terminal

Result/theorem Scenario condition

Control structure Key property/outcome

Theorem 1
ISS pursuit Pursuer with variable Directional capture:
speed, maneuvering p — 0,8,y > 0

evader

ISS feedback on (6, y) using
backstepping variables ({, w,); gains
¢y, ¢, assignable

Finite-time intercept; ISS w.r.t. @,
with zero asymptotic gain; explicit
bounds on range decay and steering
rate

Theorem 2
Inverse-optimal pursuit
(Nash strategy)

Same geometry;
pursuer dominant

Minimax optimization of
quadratic cost penalizing
pwh and pw?

Closed-form @, minimizing cost; @, Inverse-optimal finite-time capture;
as worst-case disturbance; parameters directional intercept guaranteed for
k*, n* derived analytically c>22+ e,

Theorem 3
ISS evasion (“spinaway”)  Evader with variable
speed, maneuvering

pursuer

Directional escape:
p—00,8-0,y—x

ISS feedback on (y, §) using
transformed coordinates (£, w.)

Asymptotic (inf-time) spinaway; ISS
w.r.t. @, with {nﬁnite asymptotic gain;
bounded steering effort

Theorem 4
Inverse-optimal evasion
(Nash strategy)

Same geometry;
evader dominant

Minimax optimization
dual to Theorem 2

Closed-form @, minimizing quadratic Inverse-optimal escape; asymptotic
cost; w, as worst-case input spina\yay _with fin_ite steering energy
and directional alignment

contrast to the inverse-optimal disturbance-attenuation framework of
Kirsti¢ and Li [2], which guarantees asymptotic input-to-state stability
with finite £, gain, the present pursuit formulation attains finite-time
disturbance attenuation with zero asymptotic gain, thereby extending
inverse optimality to a setting where the nonlinear dynamics, geom-
etry, and capture condition are all coupled.

3. Directional and Impact-Angle Generalization

Beyond symmetric interception, where the terminal angle is zero,
the paper develops feedbacks that enforce an arbitrary prescribed
direction. The Lyapunov design introduces an additional coordinate
coupling between line-of-sight rate and heading difference, produc-
ing control laws that resemble biased-PN or trajectory-shaping
guidance [22-28] but are derived here from rigorous ISS and
inverse-optimal principles rather than from geometric bias insertion.
This provides, for the first time, a nonlinear feedback realization of
impact-angle control grounded in stability and optimization theory.
Closely related nonlinear control perspectives on directional inter-
ception formulated impact-angle-constrained interception as an
energy-optimal guidance problem with closed-form state-feedback
laws [18]. These analyses prefigured several of the present design
principles—particularly the coupling between line-of-sight rate and
heading-angle dynamics—but without the ISS and inverse-optimal
synthesis pursued here.

4.  Unified Treatment of Pursuit and Evasion

Both capture and spinaway are analyzed under a common meth-
odological template in which each side’s feedback is simultaneously
an ISS stabilizer for its objective and an inverse-optimal minimax
strategy. The analysis establishes finite-time decay of the range and
bounded steering effort, with explicit algebraic bounds on the gains
as functions of the vehicle parameters. The symmetry of the two
solutions exposes a duality between directional interception and
directional escape that is absent from earlier Lyapunov or barrier-
set analyses [14-16].

5. Conceptual Synthesis

Where earlier research on missile guidance and pursuit—evasion
divided along application lines—Lyapunov or sliding-mode guid-
ance for capturability [11-13] versus optimal-control formulations
study fuses these traditions into a unified control theory. Its principal
contribution is a provably stable and inverse-optimal feedback
synthesis for nonholonomic pursuit—evasion with directional inter-
ception, in which ISS analysis replaces geometric reasoning and the
terminal-angle constraint enters naturally through the Lyapunov
structure rather than through ad hoc biasing.

II. Three-State Polar Coordinate Model
for Two “Dubins” Vehicles

Consider the two-vehicle “Dubins” system

X; = v;cos6; (1)
yi = v;sin6; 2
éi = ; 3

9

where the subscript i represents either “p” for the pursuer or “e” for
the evader. Then, the relative system can be written as

o (x, — x¢) = v, 086, — v, cos O, 4)

d . .

77 0 = ¥e) = vpsin6, — v sin 5)
0, = w, ©)
0. = o, %)

Following Fig. 1, we introduce the pursuer—evader relative sys-
tem by expressing the pursuer orientation (x,,yp,6,) and evader
orientation (x., Y., 8,) in polar coordinates defined in Table 3, with
inverses defined in Table 4. The transformation (x, — X, Y, = Ye.
0,,0.) = (p,d,7) is discontinuous on the set {x, < x.} N {y, = Y.}
and not defined on {x, = x.} N {y, = y.}. The transforma-
tions (pv 3, 7 ee) = (-xp —Xes Yp = Yes ep - ge) and (pv d, 7 ep) =
(Xp = Xe» Yp = Yer 8, — ) are continuous and, when (p,8,7) = 0,
it holds that (x, — x¢, yp = Ye, Op — ) = 0.

We obtain the three-state relative Dubins model in polar form

p = —V,C087 + V. COS & (8a)

. 1 . .

6= ;(vp siny — v, sind) — w, (8b)

.1 . .

¥ =—(vpsiny — v, sind) — w, (8c)
p

A summary of notation used in the entire article is in Table 1.
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Fig. 1 Pursuer’s Cartesian state (x,, yp,0,) relative to the evader’s
state (x., ye,0.), and the polar relative coordinates (p, v, 6).

Table 3  Polar coordinates and their expressions in terms of
Cartesian coordinates

Relative range

P = \/(xp _xe)z + (yp _ye)z
& = atan2(y, — ye, xp — X)) =6, + 7

Relative polar angle

y = atan2(y, — ye, Xp — X)) =0, + 7 Relative line-of-sight angle

Table 4 Inverse transformation from polar to Cartesian
coordinates

Xp =X = —pcos (6 +06.) = —pcos(y +6,) Relative horizontal distance

P

Yp—Ye = —psin(6+0,) = —psin(y + 6,) Relative vertical distance
Op—0.=56-y

Relative heading error

III. Unidirectional Pursuit of Maneuvering Evader

In this section, we present, in the form of a theorem, a controller
for a kinematically advantaged pursuer, which achieves capture of
the evader in spite of the evader’s maneuvering. The capture occurs
for all initial positions and headings “in the forward line-of-sight
(LoS) half-space,” namely, for all initial configurations where the
pursuer’s LoS angle relative to the evader is in the interval
(—n/2,7/2), which is to say, in turn, for all initial configurations
in which the pursuer is not turned “away” from the evader.

Theorem 1: For v, = const > 0, consider Eq. (8). Let the pursuer
velocity control be

1+ é)v,
Vp=———
cosy

(C)]

where ¢ > 0 and ¢v, represent the pursuer’s kinematic advantage,
and let the pursuer’s steering control be

w, = % [— sing + (1 + ) (tany n cosz(y)c?)p)] (10a)

Dy =35

¢ + (¢ — v cos 5)(tan}/ - SI_T_(S)]

1+e¢
(10b)

1
T +e)ve[

6 — v, sinéd

Cq
=tany + 10
z: any (1 +8)Ue (10c)

where ¢, ¢, > ¢ := min{c;, c;} > 2(2 + €)v,. Denote

B%(5,7) = 8* + tan’y (11)
and By = B(6y.7y)- Forall py > 0,6y € R, yy € (—7/2,7/2), and
for all ¢ € [0, min {#,, T}), where T > 0 is the interval of existence

of the system’s solutions, at which p(T') = 0, and

=20 (12)

£V,
the following holds:

p(1) < po(1 —1t/t)) (13)

B <(1- r/n)zM[MBé(l —1/1)* + g%} sup wzm] (14)

0<r<t
where
_2+e _ 1/c, +m*/cy (15)
S S L T T RS I
[ .
a=m>2, ¢ =min{cy, ¢} (16)
= L alve a7
1+e¢

and M = M(m), where

2 2

M(s):=1+%+s 1+SZ, ) (18)

Additionally, there exists A > 0 such that

(1) < Am[m?u — 1/ + g sup |we(r)|] (19)
0 <r<t

and

li.msuptﬁmin{thT,"wp(t)' < 2+8A\/Mg1 (20)
lim SUP;—min {t;. T} |we(t) |

The meaning of the result (13) is guaranteed capture (the range
goes to zero) no later than the finite time #; in Eq. (12), which is the
ratio of the initial distance and the pursuer’s kinematic advantage.
The meaning of the result (14) is a bit more complex—the LoS and
polar angles go to zero, in spite of the evader’s (arbitrarily vigorous)
maneuvering, which means that the evader is captured “directionally,”
from behind. The result (14) is of the input-to-state stability (ISS)
kind but stronger than ISS, furnishing an asymptotic gain of zero with
respect to the evader’s angular velocity @, as a disturbance.

Before proving Theorem 1, we illustrate its performance in an
example missile-interception-type pursuit scenario, where high speed
and aggressive accelerations are expected but still constrained to
physically reasonable levels. Figure 2 presents simulations in which
the pursuer implements the control law of Theorem 1 with v, =
80 m/s and initial conditions (pg, 8y, 7o) = (424.26, /4,7 /4),
using € = 0.2 and ¢; = ¢, = 353, while the evader follows the
open-loop maneuvering profiles shown in the three subfigures. Over
the simulation horizon, the pursuer’s peak linear and angular accel-
erations (max |v,| and max |@,|) are, respectively, 93.13 m/s? and
2.323 rad/s? in case 1, 57.75 m/s? and 0.733 rad/s? in case 2, and
80.79 m/s” and 1.257 rad/s? in case 3. Across all cases, these values
lie within a realistic maneuvering envelope for missile-like terminal
interception: they reflect aggressive but plausible guided-flight
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¢) Case 3: w, = 1.1sin (0.557)

Fig. 2 Simulation illustrating the pursuer (blue) control law of Theorem 1 against an open-loop evader (red).

accelerations and remain well below the extreme actuation levels
implicitly assumed in idealized instantaneous-turn pursuit models.
Proof of Theorem 1: Substituting Eq. (9) into Eq. (8a), we get

p = —v.(1 + € —cosé) 21)

where p € [—-(2 + €)v., —ev.]. The velocity ev, represents the dif-

ferential velocity when the agents are aligned and the evader is

facing away from the pursuer, whereas (2 + €)v, represents the
velocity of approaching each other when the evader and pursuer

are facing each other. From Eq. (21), it follows that Eq. (13) holds.
The first step in the derivation of the bound on B(¢) is to rewrite
Eq. (8c) as

d 1
—tany = _m@

22
= S (22)

Substituting Eq. (10c) into Eq. (8b) and taking the derivative of
Eq. (10c) with the help of Eq. (22), one gets
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5= %[—clé + (1 + &)vel] — we (23a)

. 1 si
= ; [(cl — ¥, COS 8) (tany - ;l—ii) -1+ e)veﬁ)p]

¢1/ve —coséd

S (23b)

Taking Eq. (10b), we get the target system

5= _%[616—(1 + &)vel] — @, (242)

(= —%[(1 + €)ve8 + 2] - ¢S, (24b)

where

¢y /ve —cosé

0) = 25
q(5) T+ e (25
Now the Lyapunov function
1
V= 5(52 + &) (26)
has the derivative along the solutions of Eq. (24) given by
. 1
V= ) (18 + 2% = (6 + q(6)O)we (27
Dividing Eq. (27) by p, we get
dv 1
— = [, 2 8 é
a0 (po/p) /-)[Cl + 2l +p(6 + q(9) ) w]
1 D
<5 (@8 + o)+ 18 + @Dl (28)

: 1 1 1 1
Recalling that 5 < —Gion and 7l < an We get

v 1 P _
< - 52 2 L s
Tl < " @ r oy, 8 T eat) o (Ol micDled
(29
With Young’s inequality, we get
dv
Tty S—aV +bp'at (30)
d(po/p)
2 1 =2
po2te, o 2 Mati/a a1
€ 2¢ev,

With the comparison principle and the variation of constants for-
mula, we get

a b
V(p) < V(m)(ﬁ) +———p? sup (32)
Po a—=2" p<s<p

for p € (0, py]. Noting that B < MV (p) and V(p,) < MBZ, we get

BX(p) < M[MBg(ﬁ) + g2 sup wg] (33)
Po

P<s5<po

where g = ,/ahfz. Substituting Eq. (13) into Eq. (33), we get

Eq. (14). To complete the proof, we note that, substituting
Eq. (10b) into Eq. (10a), it follows that there exists a constant

A(v,, €, ¢1,¢,) > 0 independent of initial conditions such that
|w,| < AB/p. Dividing Eq. (33) by p we get

B B a/2-1
Z<m (ﬁ) + gvVM sup || (34)
P P \Po P<s<py

Substituting Eq. (13), we get Eq. (19), which then yields Eq. (20).

O

If the objective is to intercept a target in a direction other than

from behind, i.e., in the direction § = §* # 0, the steering feedback
is redesigned as

w, = % [— siné + (1 + e)(tany + cosz(y)&)p)] (35a)
- = 1 sin &
o, = 6+m ¢+ (¢ —ve.cos )| tany — T+e
(35b)
clg— V. Sin &
¢ =tany + RE (35¢)

where 6 = § — 5*.

IV. Nash Strategy for Pursuer in a Game
with the Evader

The controller in Theorem 1 achieves capture from behind,
guaranteed through the distance going to zero and the ISS property
from the evader’s maneuvering to the angles, with zero asymptotic
gain. Such a result is very strong but not of the “game” kind, which
is the more common formulation for Isaacs-type pursuit—evasion
problems. To provide the reader, more accustomed to pursuit—
evasion as a game, with a result that aligns with game intuition,
we present a new (simpler but more conservative) controller in the
next theorem. This controller for the pursuer solves a minimax
problem relative to a maneuvering evader, with a quadratic penalty
on the steering of both players.

Theorem 2: For v, = const > 0, consider the pursuit—evasion
model (8) with the pursuer’s velocity feedback given by Eq. (9),
where ¢ > 0. There exist k*, n* > 0 dependent on v, €, ¢y, ¢, > 0
such that, for all # > 2, the pursuer’s steering feedback

k*
W, = p S (36)
p COs“y
with
1
¢ =tany + w5, = FC1 Y 37
l1+e
minimizes
J=su {2(52(T)+¢2(T))+ / ! [1(5 )+ ( v “’i)]dt}
= weI) A s Y.P) TP (ﬂ/Z)k* e
(38)
where
M%m2%¥+@,g=meq} (39)

and T < ¢, with ¢, defined in Eq. (12). Additionally, the maximiz-
ing (worst-case) steering feedback for evasion is

2;’* 6+ md) (40)

We = —
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If ¢ > 2(2 + €)v,, the evader is directionally captured by the pur-
suer, no later than t,.

The differential game in Theorem 2 does differ from the Isaacs
pursuit—evasion games. The cost (38) with Eq. (39) penalizes both
the deviation of the pursuer from the approach to the evader from
behind and the LoS angle. This game is also more challenging than
the classical Isaacs geometric formulation since, in this game, the
vehicles are not actuated directly through their headings but through
their heading rates.

‘What makes this result “inferior,” however, relative to the direct
minimax formulations, is that the penalty /(p,y, §) is not arbitrary
but is only “meaningful” in the sense of Kalman’s inverse-optimal
control (the angle deviations are penalized, and increasingly so the
closer the pursuer gets to the evader).

Proof of Theorem 2: Using Eq. (9), we rewrite Eqs. (8b) and
(8c) as

5:2((1 —|—s)tany—sin5) — w, 1)
p

}}:%((1+8)tany—sin6)—wp (42)

with Eq. (37), we obtain

pb = —c16 — V(6 + sinb) + v (1 + )¢ — pw, 43)

pt = sec2y{—p(op + v (1 + mcos?y)

x [(1 e — ((1 +%)5+ siné)]} —ipw,  (44)

Next, with a consideration of 5? and y?, we obtain, after majorizations,

2

dé
P < =18 + ve(1 + €)6 — pdw,

<

3 1 20,2
_%52 + ﬂ@ — péw, (45)

Cy

d;? 2
Py < sec yC{—pwp + 0.2+ e+ Cl/Ue)C}

+ (1 +m)(cy + 2v)|6¢|sec?y — mplw,
< seczyC{—pa)p + [cl + 2+ &),

+(1+n‘1)2(c1+2ve)2] ¢ }+ﬂ

8 — i 46
‘o cos’y n mplw,  (46)

We now use the same Lyapunov function (26) as in the proof of
Theorem 1 and obtain

pV < —%52 — 30 + sec? y{(—pwp + k* i )
cos?y

—p(8 + md)w, @7
where

k*(cy,¢p,0e,6) =c; + ¢+ 2+ e,

N (1 +&)?v + (1 + m)*(c; + 2v,)?
Cq

(43)

Next, we examine the last two terms in Eq. (47), with g > 2:

seczyC(—pwp + k* ¢ )

cos?y

__r w2+ﬁk*se02 Py Ly
Y, St ) 4 pk* P cosy

_ é_ * 4, #2
(2 l)ksecyC

2 * 2
P, Pk, [pcosy {
<- S -

- 2pk* Wp + Ty secy Bk “p cosy

49)

and, with n* > 0,

—p(6+ m)w, = n*(5+ m&)* +

2 2
p*wg—n*(iwe—l—ﬁ—i—rh{)

4n 2n?
(50)
Substituting the last two relations into Eq. (47), one obtains
PV < =S8 = 3 4 (5 + L)
2 2
P s P
2pk T g
pk* ., (pcosy % P -\
- Y 5
+ 2 sec7y i @p cosy n 2n*a)e+ + ml
(61
with
1 4
n*(cy, ¢y, Ve, €) = —min {cl,%} (52)
6 m
we get
CLg2 _ 202 ¥ =2 <
-5 — 38 + n* (5 + mo) S_EV (53)
and hence, after dividing Eq. (31) by p,
y c 4 ) P -
V<-=V-
=70, Tope @ T g e
pk*p , (cosy ¢\, 1 &+ ml\?
+ > sec’y i , pcosy n*p zn*we—i— ’
(54)
There exists £(8, ¢, p) such that
YesepsLy (55)
4725,
and
. 1 ? ?
V=-——1£(6 - p_ ¢
370.C0) p(Zﬂk* 4n*)
pk*p , (cosy N L (1 8§+ m&\?
+ 2 7 Pk* “p pcosy TP\ 2 e + p
(56)

Integrating Eq. (56), we arrive at
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. 2 2
Vo= V() + /0 [f(a, ) +p(2;’;; - ;‘;)

k* 2
_PKp sec?y cos*y w, — ¢
2 Pk pcosy

1 5+ me\?
+n*p( o+ +pmé) ]dT (57)

The right-hand side of Eq. (57) is maximized by

2n* _
we = ——— (6 + ml) (58)
p
and minimized by
g S
o, = fk* ——— (59)
pCcos”y

which, after multiplication of Eq. (57) with 4, results in

2(8% + &%) = 2(8* (1) + £2(1)

)
+A|:f(6,§,p)+p((ﬂ/2)k* ) [dr (60

Using Eq. (82) (e, p=—v,cosy+v.cosd), we have
p=—(1+ &)v, + v, cosd < —ev,, which ensures capture no later
than #;. Additionally, from Eq. (54),

; [ P
ve-Lvy
=75, Tar

(61)

which ensures that §(¢), y(¢) have converged to zero no later than
t;, provided ¢ > 2(2 4 €)v,. This completes the proof of the
theorem. O

A distinguishing feature of the cost (38) is that the quadratic
penalties on both the pursuer’s and the evader’s steering are
weighted in proportion to p. This makes sense. There is no point
in steering hard when far apart, since the velocities v, and v,
dominate the motion. But, at close distance, steering is crucial for
completing capture (for the pursuer) and avoiding capture (for the
evader).

The steering feedback (36) has considerable gain-robustness
properties. First, from the expression for m in Eq. (37), under the
condition ¢ > 2(2 + €)v,, we see that any gainm > 2+ 3/(1 + ¢)
can be employed. The conservative choice m > 5 is sufficient for
arbitrarily small levels € > 0 of kinematic advantage for the pursuer.
Additionally, # > 2 guarantees an infinite margin of increase on the
gain on ¢ in Eq. (36) above 2k*(m, c,, €, V,).

If the pursuit objective is in the direction 6§ = ¢* # 0, the back-
stepping transform (37) is modified to { = tany + m(6 — &*).

Figure 3 presents the planar trajectories together with the
corresponding time histories for the engagement in Theorem 2,
carried out using the Nash strategy for the pursuer given by velocity
feedback (9) and steering feedback (36), and the corresponding
worst-case evader steering feedback (40). The parameters employed
are v, =40 m/s, e = 0.15, =2, k* =16, n* =13, and m =
0.5. The Cartesian initial conditions are (x,(0),y,(0),6,(0)) =
(=500 m,0 m, 1.0 rad) and (x,(0),y.(0),6,(0)) = (0 m,0 m,
—0.6 rad). Capture occurs at t~46s. The peak magnitudes
recorded are, for the evader, speed 40 m/s, angular velocity
0.739 rad/s, and angular acceleration 1.14 rad/s?, and for the
pursuer, speed 85.14 m/s, linear acceleration 14.68 m/s? (approx-
imately 1.50g), angular velocity 0.889 rad/s, and angular acceler-
ation 1.62 rad/s>. In terms of vehicle capability, the evader’s
requirements are consistent with an agile multirotor or VTOL
UAV, whereas the pursuer’s requirements are consistent with a fast
tactical UAV with high turn-rate authority.

It is particularly interesting to note that w,(#) and w.(f) grow
increasingly oscillatory near capture. This “struggle” is reflective of

m— PUTSUET
~_~ — Evader
g o
N

—250
—-500 0 500 1000 1500
x (m)
400
g
= 200
0 10 20 30 40
.80
{2
g
= 60
=
_ 0 10 20 30 40
d
=
S 05
)
~ 0.0
3
S& _0.5
0 10 20 30 40
t(s)

Fig. 3 Minimax game in Theorem 2 between a feedback-controlled
pursuer (blue) and evader (red) steered by worst-case inverse-optimal
feedback.

the fact that not only is the pursuer steering by feedback (36), but the
evader is also “fighting back” to avoid capture by steering using a
highly sophisticated nonlinear Nash feedback strategy (40). The
interaction of these two feedbacks is what one witnesses in the
oscillatory steering, though the trajectory oscillations are indiscern-
ible near capture.

V. Evading a Maneuvering Pursuer by
“Asymptotic Spinaway”

While the pursuer is trying to attain 6 = y = 0, the goal of the
evader, who is conducting an “asymptotic spinaway,” is to get
behind the pursuer, 6 = 0, facing the pursuer away, y = z. With
this in mind, we introduce the error variable

vy=r-=x (62)
and rewrite Eq. (8) as
P = V€085 + v, cos ¥ (63a)
3 1 . .
¥ = ——(vesind + v, siny) — w, (63b)
p
. 1 . .~
8= ——(vesind + v, siny) — w, (63¢c)
p
with
Xe = xp + pcos (6 +6.) (64a)
Ye = Yp +psin (5 +6,) (64b)
0. =0,-0+7+=x (64¢)

In this section, we present, in the form of a theorem, a controller for
a kinematically advantaged evader with which the evader succeeds in
escaping the pursuer, in spite of the kinematically disadvantaged
pursuer’s maneuvering. The escape is guaranteed for all initial posi-
tions and headings “in the rear line-of-sight (LoS) half-space” for the
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evader, namely, for all initial configurations where the evader’s LoS
angle relative to the pursuer is in the interval (—z /2, /2), i.e., for all
initial configurations in which the evader is turned “away” from the
pursuer.

Theorem 3: For v, = const > 0, consider Eq. (63) with Eq. (64).
Let the evader velocity control be

_ (1 + ey,

65
cosd 65)

€

where & > 0 and ev, represents the evader’s kinematic advantage,
and let the evader’s steering control be

, =% —siny + (1 + &)(—tan & + cos?(6)@,) (66a)
¢ p y ¢
W, = -7 + ! C+( cosy)| tané + siny
W = —F T +on, 2§ + (cy —vycosy T+
(66b)
_ B c17 —vpsiny
{=tané 7(1 T o, (66¢)
Denote
B%(y,8) = (y — n)* + tan®§ 67)

and By = B(yg, 8y)- For all py > 0, 6y € (-n/2,7/2), vy € R, and
for all ¢ > 0, the following holds:

p(t) 2 po(1 +1t/t)) (63)

BX(1) < M[MB2

1 2.2
N — 1+ t/t,)? 2 69
0(1_|_t/ll)a+gﬂo( + /1) Ossggtwp(r)] (69)

1+ci /v

1+e 74)

}';l =
and M = M(m). Additionally, if there exists a@ > 0 such that
lim,_, %, (¢) = 0, then lim,_,,B(¢) = 0, and there exists A > 0
such that

B 1
N <AVM| VM= — 1 g5 75
0.0 SAVH| VIR L esuplon@ | 09
lim sup,_, i t
?msup, mm{tl,T}|we()| SZ+€A\/Mg1 (76)
lim SUP;—min {t,.T} |(0p (t) | €

The meaning of Theorem 3 is as follows. Inequality (68) guar-
antees that the range grows linearly and, hence, the evader escapes.
Inequality (69) guarantees that, if the pursuer is not maneuvering,
the evader escapes in the direction directly behind the pursuer.
However, if the pursuer is maneuvering, then the evader’s escape
does not fully adjust to the changing directions of the pursuer,
because it becomes increasingly difficult to do so as the evader gets
farther and farther from the pursuer. But, at a large distance, escape
in any “particular direction” is of vanishing relevance.

Before proving the theorem, we illustrate its result in Fig. 4. The
evader implements the control law of Theorem 3 from (py, &y, 7¢) =
(141.42, /4, n /4) with parameters ¢ = 0.2, ¢; = 10, and ¢, = 10,
while the pursuer employs the bounded proportional navigation
strategy @, = 0.2tanh(y) with constant speed v, = 10 m/s. The
evader achieves asymptotic spinaway and escapes the maneuvering
pursuer. Unlike pursuit scenarios, which are often associated with
missile interception and can involve highly aggressive maneuvering,
evasion is typically performed by piloted or surveillance aircraft that
cannot rely on extreme accelerations due to structural limits and,
in many cases, onboard personnel. Over the simulation horizon,
the evader exhibits a maximum linear acceleration of max |v,| =
4.90 m/s?> and a maximum angular acceleration of max |@,| =

where 0.203 rad/s?. These values correspond to moderate maneuvering
0 levels that are consistent with a small fixed-wing UAV operating in
o =— (70) planar flight and remain well below highly aggressive or structurally
Elp demanding maneuvers.
P Proof of Theorem 3: Substituting Eq. (65) into Eq. (63a), we get
= (71
2+ ey, p=v,(1 + &+ cos ) a7
2+ e /e, +m?/c, From Eq. (77), it follows that Eq. (68) holds. The first step in the
§=—,_"8 & = 2Ac+22+e) v,] (72) derivation of the bound on B(?) is to rewrite Eq. (63b) as
[4 . d 1+4+ev
== S L C 73 “ - _ p -
a @+ o, ¢ = min{cy, ¢p} (73) r tan & — D, (78)
Trajectory Linear Velocity Input 400
400
300 , \ |
20 40 60
200 Time (s)
— 100 0 20 10 6 5
= Time (s) = 0
> 0 Angular Velocity Input = 200
-100 0.5 p—y 0 20 40 60
3 0.4 —y Time (s)
-200 T 03 o
—Pursuer ‘3/ 0.2 g 4l
-300 —Evader 01 :(2) L
-200 0 200 400 0 20 40 60 0 20 40 60
T (Hl) Time (s) Time (s)

Fig. 4 Evader (red) spinaway control law of Theorem 3 escapes a bounded proportional navigation pursuer (blue).



Downloaded by 174.65.236.210 on May 8, 2026 | http://arc.aiaa.org | DOI: 10.2514/1.G009770

10 Article in Advance / KRSTIC

Substituting Eq. (66¢) into Eq. (63c) and taking the derivative of
Eq. (66¢) with the help of Eq. (78), one gets

.1
77 = ;[_clf - (1 + E)Upé’] —Wp (793)

| - siny _
¢ = ; |:(c1 — U, €OsY) (tan6 + 1—_’_8) -1+ s)vaei|

—c; /v, + cosy
T+e w, (79b)
Taking Eq. (66b), we get the target system
3 I .
P=—fef+ 0+ o] -0, (800)
. 1 ~ -
(== [0t ou7 +al] - 4@, (80b)
where
.. —ci/v, +cosy
= 81
q() Ttz (81
Now the Lyapunov function
[
V=2 +) (82)
has the derivative along the solutions of Eq. (80) given by
. 1 " N ~
V= —/—)(0172 + 08 =7+ 9w, (83)

Dividing Eq. (83) by p, we get

av 1 - ~ =
o = 5 [c17* + 28 + p(F + 9w,

v PR AP
< (2+8)Upp(61}/ +52§)+€Up(|7|+m|4f|)|wp| (84)

With Young’s inequality, we get

av
<24 bpa? (85)
dp P
2 1 i
b= +€b1, bl:w (86)
2¢ev

P

With the comparison principle and the variation of constants for-
mula, we get

2 sup > 87
a+2/7 pDSSI;plp &7

a
Vo) <vin (%) +
p
for p € (0, py]. Noting that B> < MV (p) and V(p,) < MB?, we get

BX(p) < M[MBg(p—O) + g2 sup wg] (88)
P

PoSS<p

where g = ﬁ While from Eq. (77) it follows that Eq. (68)
holds, it also follows that

Po

=@ tom, 2

p(t) Spo(1 +1/t)), 1

Substituting Eqgs. (68) and (89) into Eq. (88), we get Eq. (69). To
complete the proof, we note that, substituting Eq. (66b) into Eq. (66a),
it follows that there exists a constant A(vy, €, ¢, ¢;) > 0 indepen-
dent of initial conditions such that |w,| < AB/p. Dividing Eq. (88)
by p we get

B B a/2+1
;sM—O(%) + gV/M sup |o,| (90)

P PoSS<p

Substituting Eq. (68), we get Eq. (75), which then yields Eq. (76).

O

If a spinaway in a direction such that y = y* # x is desired,

possibly because with such an LoS angle the evader is in a “blind

spot” to the pursuer’s sensing system, the modified steering feed-
back for the evader is

0, = 2[=sin7 + (1 + £)(— tan & + cos*(3),) (91a)
P
_ 1 . siny
. =—{—7") +m|:6’2§+ (c;— vpcosy)(tan5+l—_+_}/€):|
P
(91b)
g:tan(s_cl(if—r)—vpsmr ©10)

(1 + ey,

VI. Nash Strategy for Evader in a Game
with the Pursuer

Just as we sought in Sec. IV a differential-game counterpart of the
scenario where the pursuer succeeds, in this section we seek a
differential-game counterpart of asymptotic spinaway, guaranteed
as a convergence result, 1/p(f) — 0, in Theorem 3. As in the
minimax problem solved by Theorem 2, in the next theorem, the
penalties on both vehicles’ steering are quadratic. However, the next
theorem takes the perspective of the evader—the (inverse) optimal
spinaway, rather than the (inverse) optimal capture.

Theorem 4: For v, = const > 0, consider the pursuit-evasion
models (63) and (64) with the evader’s velocity feedback given by
Eq. (65), where £ > 0.

There exist k*, n* > 0 dependent on vp,
for all > 2, the evader’s steering feedback

g,¢1,cy > 0 such that,

k*
w, = /3’_2 92)
pCos 6
with
1
¢ = tand — my, @=7Ti1£vp (93)
minimizes
J= Sup{2(72(°°) + {*(c0))
(I)P
o 2 @2
+ 1(7.6,p) + ( s ——5)]dr} (94)
[ L6 o(Gme
where

1G,5,p) 2 %(?Z +2), ¢ =minfc,. c,} 95)

Additionally, the maximizing (worst-case) steering feedback for
evasion is

2 *
- Z 7 + md) (96)
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Proof: The proof of this theorem for the most part mirrors the
proof of Theorem 2. We only highlight the differences through a few
“waypoints” of the proof.

Using Egs. (9) and (93), we obtain

Py = =17 = (7 + sing) = vy (1 + )¢ = po, Cp)

ot = seczé{—pwe — v,(1 = mcos?5)

x [(1 Fer— ((1 +%)7 + sinf)]} — ipw, (98)
P

For the Lyapunov function (82), we obtain

; €1~ . ¢
pV < —Eyz — 302 + sec? 6{(—/)(1)6 + k o 5)

= p(7 + mQ)w, 99)
where
k*(ci, ¢, vp,8) = ¢ + ¢+ 2+ &)y,

N (I +&)%vy + (1 + m)*(c; + 2v,)?
Cy

(100)
With n*(cy, ¢3, vy, €) = émin {cl,%}, we get

y c P H, P -
v<-Sfv-
=70, T e T g

pk*p 5 [cosd ¢ \? 1 7+ m&\?
= r Sl =—w. — —n*
+ > sec A ®p pc0ss n*p e W, + P

(101)

The rest of the proof mirrors the proof of Theorem 2. O

Similar to Eq. (38), a distinguishing feature of the cost (94) is
that the quadratic penalties on both the pursuer’s and the evader’s
steering are weighted in proportion to p. As the distance grows, even
if the vehicles are a long way off from achieving their angle objectives

200
== Pursuer
= Evader
0_
g
™ -200
—400 1 ‘ . u i ‘
-200 0 200 400 600
x (m)
E 500
QA
01— . . . . :
0 5 10 15 20 25
t(s)
2 oof :/,/
=
40 1+ : : - : )
0 5 10 15 20 25
t(s)
@ — o
g 2 o
S ’
=
3 ol - - - - .
0 5 10 15 20 25

t(s)

Fig. 5 Spinaway escape by evader with Nash feedback strategy (92),
(65), under Nash feedback steering (96) by pursuer.

(y = =, 6 = 0 for the evader), steering vigorously at a large distance
is recognized by both vehicles as a waste of steering effort.

Figure 5 presents the planar trajectories together with the corre-
sponding time histories for the spinaway engagement in Theorem 4,
carried out using the Nash strategy for the evader given by velocity
feedback (65) and steering feedback (92), and the corresponding
worst-case pursuer steering feedback (96). The parameters
employed are v, = 40 m/s, e = 0.13, p =2, k* = 38, n* = 30,
and m = 0.7. The Cartesian initial conditions are (x,(0),y,(0),
0,(0)) = (0 m,0 m,0) and (x.(0),y.(0),8,(0)) = (=5 m, 30 m,
/2), corresponding to an initial separation p(0) ~ 30 m. Over the
displayed horizon T = 25 s, the separation grows monotonically to
p(T) =~ 1.2 km, illustrating successful escape by spinaway. The peak
magnitudes recorded are, for the evader, speed 68.51 m/s, linear
acceleration 14.28 m/s? (~1.46g), angular velocity 2.96 rad/s, and
angular acceleration 11.58 rad/s?, and for the pursuer, speed
40.0 m/s, angular velocity 1.20 rad/s, and angular acceleration
0.80 rad/s?. In terms of vehicle capability, the evader employs sub-
stantially higher maneuver authority, with turn rates and accelerations
consistent with highly agile small fixed-wing UAVs, whereas the
pursuer’s requirements remain within the envelope of conventional
small tactical UAVs with moderate turning capability.

VII. Conclusions

This work has formulated pursuit and evasion for Dubins vehicle
models within a unified control-theoretic framework that combines
input-to-state stability and inverse optimality. Capture and spinaway
emerge as dual feedback design problems for imparting 1) finite-
time ISS with zero asymptotic gain for capture and 2) conventional
infinite-time ISS with infinite asymptotic gain for spinaway.

The feedback constructions achieve both robustness and optimal-
ity without recourse to Hamilton—Jacobi-Isaacs equations, yielding
explicit steering laws. The inverse-minimax problems solved in
Theorems 2 and 4 are both games of kind, as they guarantee capture
and escape, respectively, and games of degree in which the
values won are, respectively, 2(5%(0) + £%(0)) for the pursuer and
2(72(0) + £%(0)) for the evader.

The four controllers designed in the paper demonstrate that direc-
tional interception and directional escape—traditionally treated
as separate geometric or guidance problems—admit rigorous
Lyapunov-based synthesis under nonholonomic dynamics. Beyond
their conceptual contribution, these laws provide a tractable foun-
dation for extension to bounded-steering, three-dimensional, and
multi-agent settings, as in [38].

The paper’s results are half-global. The pursuer achieves capture
if it initially does not head away from the evader, i.e., if the pursuer’s
initial LoS angle relative to the evader is smaller in absolute value
than 7 /2. The evader achieves escape if it initially heads away from
the pursuer, i.e., if the evader’s initial LoS angle of the pursuer is
larger in absolute value than /2.

The reason that these results—as provided—are not global is that
the kinematically disadvantaged vehicle always has nonzero con-
stant velocity. Global results, like in [5-9], are also of interest. They
may be realizable for the problem of docking to a moving target,
which is currently open and appears difficult.

Acknowledgments

This work was funded by AFOSR grant FA9550-23-1-0535 and
ONR grant N00014-23-1-2376. The author thanks Kwang-Hak Kim
for producing the simulations in Figs. 2 and 4. Undermind was used
as an aid in the investigation of the literature and ChatGPT in author-
directed construction of Figs. 3 and 5.

References

[1] Isaacs, R., Differential Games: A Mathematical Theory with Appli-
cations to Warfare and Pursuit, Control and Optimization, Wiley,
New York, 1965.

[2] Krsti¢, M., and Li, Z.-H., “Inverse Optimal Design of Input-to-State
Stabilizing Control Laws for Nonlinear Systems with Disturbance



Downloaded by 174.65.236.210 on May 8, 2026 | http://arc.aiaa.org | DOI: 10.2514/1.G009770

12

(3]

(4]

(5]

(6]

[7

—

[9

—

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Article in Advance / KRSTIC

Attenuation,” IEEE Transactions on Automatic Control, Vol. 43, No. 3,
1998, pp. 336-350.

https://doi.org/10.1109/9.661589

Krstic, M., Kim, K. H., and Todorovski, V., “Dubins Vehicle Stabili-
zation: Deadbeat Parking and Asymptotic “Spinaway”,” Submitted to
Automatica, 2025.

Krsti¢, M., Kim, K. H., and Todorovski, V., “Half-Global Deadbeat
Parking for Dubins Vehicle,” to Appear at 2026 American Control
Conference, arXiv Preprint, 2025, https://arxiv.org/abs/2509.25571.
Todorovski, V., Kim, K. H., and Krstic, M., “Nonholonomic Robot
Parking by Feedback—Part I: Modular Strict CLF Designs,” arXiv
Preprint, 2025, https://arxiv.org/abs/2511.15119.

Kim, K. H., Todorovski, V., and Krstic, M., “Nonholonomic Robot
Parking by Feedback—Part II: Nonmodular, Inverse Optimal, Adap-
tive, Prescribed/Fixed-Time and Safe Designs,” arXiv Preprint, 2025,
https://arxiv.org/abs/2511.15219.

Todorovski, V., Kim, K. H., and Krstic, M., “Modular Design of Strict
Control Lyapunov Functions for Global Stabilization of the Unicycle in
Polar Coordinates,” to Appear at 2026 American Control Conference,
arXiv Preprint, 2025, https://arxiv.org/abs/2509.25575.

Kim, K. H., Todorovski, V., and Krsti¢, M., “Inverse Optimal Feedback
and Gain Margins for Unicycle Stabilization,” to Appear at 2026
American Control Conference, arXiv Preprint, 2025, https://arxiv.
org/abs/2509.25563.

Kirstic, M., Todorovski, V., Kim, K. H., and Astolfi, A., “Integrator
Forwading Design for Unicycles with Constant and Actuated Velocity
in Polar Coordinates,” to Appear at 2026 American Control
Conference, arXiv Preprint, 2025, https://arxiv.org/abs/2509.25579.
Exarchos, 1., Tsiotras, P., and Pachter, M., “On the Suicidal Pedestrian
Differential Game,” Dynamic Games and Applications, Vol. 5, No. 3,
Sept. 2015, pp. 297-317.

https://doi.org/10.1007/s13235-014-0130-2

Ryoo, C.-K., Kim, Y.-H., and Tahk, M.-J., “Capturability Analysis of
Pn Laws Using Lyapunov Stability Theory,” AIAA Guidance, Naviga-
tion, and Control Conference and Exhibit, AIAA Paper 2004-4883,
2004.

https://doi.org/10.2514/6.2004-4883

Ryoo, C.-K., Kim, Y.-H., Tahk, M.-J., and Choi, K., “A Missile
Guidance Law Based on Sontag’s Formula to Intercept Maneuvering
Targets,” International Journal of Control, Automation and Systems,
Vol. 5, No. 4, Aug. 2007, pp. 397-409.

Cho, D., Kim, H. J., and Tahk, M.-J., “Nonsingular Sliding Mode
Guidance for Impact Time Control,” IEEE Transactions on Control
Systems Technology, Vol. 14, No. 2, 2006, pp. 260-266.
https://doi.org/10.1109/TCST.2005.863655

Guelman, M., Shinar, J., and Green, A., “Qualitative Study of a Planar
Pursuit Evasion Game in the Atmosphere,” Journal of Guidance,
Control, and Dynamics, Vol. 13, No. 6, 1990, pp. 1136-1142.
https://doi.org/10.2514/3.20589

Green, A., Shinar, J., and Guelman, M., “Game Optimal Guidance Law
Synthesis for Short Range Missiles,” Journal of Guidance, Control,
and Dynamics, Vol. 15, No. 1, 1992, pp. 191-197.
https://doi.org/10.2514/3.20818,

Ben-Asher, J. Z., and Cliff, E. M., “Optimal Evasion against a Propor-
tionally Guided Pursuer,” Journal of Guidance, Control, and Dynam-
ics, Vol. 12, No. 4, 1989, pp. 598-600.
https://doi.org/10.2514/3.20450

Liang, Y., Chen, Q., and Sun, D., “Pursuit-Evasion with Bounded-
Speed and Bounded-Turn-Rate Unicycles: A Hybrid Control Perspec-
tive,” IEEE Robotics and Automation Letters, Inst. of Electrical and
Electronics Engineers, New York, 2019.

Ryoo, C. K., Cho, H., and Tahk, M. J., “Optimal Guidance Laws with
Terminal Impact-Angle Constraint,” Journal of Guidance, Control,
and Dynamics, Vol. 28, No. 4, 2005, pp. 724-732.
https://doi.org/10.2514/1.8392

Ryoo, C.-K., Cho, H., and Tahk, M.-J., “Time-to-Go Weighted Opti-
mal Guidance with Impact Angle Constraints,” IEEE Transactions on
Control Systems Technology, Vol. 14, No. 3, 2006, pp. 483-492.
https://doi.org/10.1109/TCST.2006.872525

Shaferman, V., and Shima, T., “Linear Quadratic Guidance Laws for
Imposing a Terminal Intercept Angle,” Journal of Guidance, Control,
and Dynamics, Vol. 31, No. 5, 2008, pp. 1400-1412.
https://doi.org/10.2514/1.32836

Rusnak, 1., Weiss, H., Eliav, R., and Shima, T., “Missile Guidance with
Constrained Intercept Body Angle,” IEEE Transactions on Aerospace
and Electronic Systems, Vol. 50, No. 2, 2014, pp. 1445-1453.
https://doi.org/10.1109/TAES.2014.120100

Kim, B. S., Lee, J.-G., and Han, H.-S., “Biased PNG Law for Impact
with Angular Constraint,” [EEE Transactions on Aerospace and

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Electronic Systems, Vol. 34, No. 1, 1998, pp. 277-288.
https://doi.org/10.1109/7.640285

Lee, C.-H., Kim, T.-H., and Tahk, M.-J., “Interception Angle Control
Guidance Using Proportional Navigation with Error Feedback,” Jour-
nal of Guidance, Control, and Dynamics, Vol. 36, No. 5, 2013,
pp. 1556-1561.

https://doi.org/10.2514/1.58454

Zhang, Y.-A., Ma, G.-X., and Wu, H.-L., “A Biased Proportional
Navigation Guidance Law with Large Impact Angle Constraint and
the Time-to-Go Estimation,” Proceedings of the Institution of
Mechanical Engineers, Part G: Journal of Aerospace Engineering,
Vol. 228, No. 10, 2014, pp. 1725-1734.
https://doi.org/10.1177/0954410013513754

Gao, F.,, Tang, S.-j., Shi, J., and Guo, J., “A Bias Proportional Navi-
gation Guidance Law Based on Terminal Impact Angle Constraint,”
Transactions of Beijing Institute of Technology, Vol. 34, No. 3, 2014,
pp. 277-282.

Yang, Z., Wang, H., Lin, D., and Zang, L., “A New Impact Time and
Angle Control Guidance Law for Stationary and Nonmaneuvering
Targets,” International Journal of Aerospace Engineering, Vol. 2016,
No. 1, 2016, Paper 6136178.

https://doi.org/10.1155/2016/6136178

Seo, M. G., Lee, C. H., and Kim, T. H., “Trajectory-Shaping Guidance
Law Design Using Constraint-Combining Multiplier,” Proceedings of
the Institution of Mechanical Engineers, Part G: Journal of Aerospace
Engineering, Vol. 235, No. 13, 2021, pp. 1843-1853.
https://doi.org/10.1177/0954410020986371

Song, K.-R., and Jeon, L-S., “Impact-Angle-Control Guidance Law
with Terminal Constraints on Curvature of Trajectory,” Mathematics,
Vol. 11, No. 4, 2023, p. 974.

https://doi.org/10.3390/math 11040974

Li, Q., Zhang, W., Han, G., and Yang, Y., “Adaptive Neuro-Fuzzy Sliding
Mode Control Guidance Law with Impact Angle Constraint,” /ET Con-
trol Theory & Applications, Vol. 9, No. 14, 2015, pp. 2115-2123.
https://doi.org/10.1049/iet-cta.2014.1206

Hu, G., Guo, J., and Zhou, J., “Integrated Guidance and Control of
Interceptors with Impact Angle Constraint against a High-Speed
Maneuvering Target,” Proceedings of the Institution of Mechanical
Engineers, Part G: Journal of Aerospace Engineering, Vol. 233,
No. 14, 2019, pp. 5192-5204.
https://doi.org/10.1177/0954410019841138

Yang, Y., “Time-Varying Biased Proportional Navigation with Seeker
Field-of-View Limit,” International Journal of Aerospace Engineer-
ing, Vol. 2016, No. 1, 2016, pp. 1-11.
https://doi.org/10.1155/2016/9272019

Zhang, H., Tang, S., Guo, J., and Zhang, W., “A Two-Phased Guidance
Law for Impact Angle Control with Seeker’s Field-of-View Limit,”
International Journal of Aerospace Engineering, Vol. 2018, No. 1,
2018, Paper 7403639.

https://doi.org/10.1155/2018/7403639

Lee, S., Ann, S., Cho, N., and Kim, Y., “Capturability of Guidance
Laws for Interception of Nonmaneuvering Target with Field-of-View
Limit,” Journal of Guidance, Control, and Dynamics, Vol. 42, No. 4,
2019, pp. 869-884.

https://doi.org/10.2514/1.G003860

Kim, J., Cho, N., and Kim, Y., “Field-of-View-Constrained Impact
Angle Control Guidance Considering Speed Changes,” Proceedings of
the Institution of Mechanical Engineers, Part G: Journal of Aerospace
Engineering, Vol. 235, No. 2, 2021, pp. 238-256.
https://doi.org/10.1177/0954410020942010

Cho, D. S., and Kim, S. H., “Direct Impact Angle Control Guidance for
Passive Homing Missiles,” Proceedings of the Institution of Mechani-
cal Engineers, Part G: Journal of Aerospace Engineering, Vol. 234,
No. 15, 2020, pp. 2139-2152.
https://doi.org/10.1177/0954410020930488

Cheng, Z., “Fixed-Time Convergent Guidance Law with Impact Angle
Control,” Complexity, Vol. 2020, No. 1, 2020, pp. 1-9.
https://doi.org/10.1155/2020/8854609

Kirsti¢, M., and Tsiotras, P., “Inverse Optimal Stabilization of a Rigid
Body,” IEEE Transactions on Automatic Control, Vol. 44, No. 5, 1999,
pp. 1042-1049.

https://doi.org/10.1109/9.763225

Makkapati, V. R., and Tsiotras, P., “Optimal Evading Strategies and
Task Allocation in Multi-Player Pursuit-Evasion Problems,” Dynamic
Games and Applications, Vol. 9, No. 4, 2019, pp. 1168-1187.
https://doi.org/10.1007/s13235-019-00319-x

K. A. Wise
Associate Editor


https://doi.org/10.1109/9.661589
https://arxiv.org/abs/2509.25571
https://arxiv.org/abs/2511.15119
https://arxiv.org/abs/2511.15219
https://arxiv.org/abs/2509.25575
https://arxiv.org/abs/2509.25563
https://arxiv.org/abs/2509.25563
https://arxiv.org/abs/2509.25579
https://doi.org/10.1007/s13235-014-0130-2
https://doi.org/10.2514/6.2004-4883
https://doi.org/10.1109/TCST.2005.863655
https://doi.org/10.2514/3.20589
https://doi.org/10.2514/3.20818
https://doi.org/10.2514/3.20450
https://doi.org/10.2514/1.8392
https://doi.org/10.1109/TCST.2006.872525
https://doi.org/10.2514/1.32836
https://doi.org/10.1109/TAES.2014.120100
https://doi.org/10.1109/7.640285
https://doi.org/10.2514/1.58454
https://doi.org/10.1177/0954410013513754
https://doi.org/10.1155/2016/6136178
https://doi.org/10.1177/0954410020986371
https://doi.org/10.3390/math11040974
https://doi.org/10.1049/iet-cta.2014.1206
https://doi.org/10.1177/0954410019841138
https://doi.org/10.1155/2016/9272019
https://doi.org/10.1155/2018/7403639
https://doi.org/10.2514/1.G003860
https://doi.org/10.1177/0954410020942010
https://doi.org/10.1177/0954410020930488
https://doi.org/10.1155/2020/8854609
https://doi.org/10.1109/9.763225
https://doi.org/10.1007/s13235-019-00319-x

