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We develop input-to-state stability (ISS) and inverse-optimal formulations for directional pursuit and evasion

between nonholonomic vehicles whose steering acts on angular velocity rather than on heading. In contrast with

classical geometric pursuit–evasion and proportional-navigation guidance, which yield intercepts at unspecified

angles determined by initial conditions, we achieve prescribed-angle outcomes: directional interception (“from

behind the evader”) and directional escape (“behind the pursuer”). Each scenario grants a kinematic advantage to

one player and admits a clear outcome—capture or escape (in a particularly precise format of escape, which we call

“spinaway”). The resulting feedback laws exhibit ISS properties: finite-time with zero asymptotic gain for

interception, polynomially asymptotic with infinite asymptotic gain for escape. Without solving Hamilton–

Jacobi–Isaacs equations, the designs are shown to be inverse optimal with respect to quadratic costs penalizing

steering effort in proportion to range. The work introduces the first unified, provably ISS, and analytically explicit

optimal framework for nonholonomic pursuit–evasion.

I. Introduction

A. Motivation and Results

P URSUIT–EVASION is an application-driven subject with sig-
nificant control-theoretic challenges and opportunities absent in

most other engineering problems. As formulated in the classic book
by Rufus Isaacs [1] and developed since, pursuit–evasion has
largely remained a geometric topic: the velocity is constant and
the steering acts directly on heading rather than on angular velocity.
Here we move to nonholonomic models for both pursuer and

evader. We study, separately, the problems in which the pursuer’s
goal of capture (intercept) and the evader’s goal of escape—of the
form we call spinaway, where the evader ends up behind the pursuer
heading away—are achieved exactly and fully. Each scenario grants
a kinematic advantage to one player and leads to a clear outcome—
either capture or escape.
Our principal results have the mathematical form of input-to-state

stabilization (ISS) with respect to the opponent’s steering input.
Capture corresponds to a strong ISS property with zero asymptotic
gain, meaning that the evader’s maneuvering is ultimately futile.
Because pursuit–evasion is conventionally cast as a game, we go
further and develop inverse-optimal pursuit and evasion strategies—
feedback laws whose structure makes them minimax optimal for
quadratic costs penalizing the steering efforts of both players—
without solving a Hamilton–Jacobi–Isaacs PDE.
While a kinematic advantage is necessary for a decisive outcome,

it is not sufficient by itself. We therefore allow the advantaged
vehicle (the pursuer in the capture case) to vary its speed above a
lower bound exceeding that of its opponent. Under these conditions,
we obtain four main results: one ISS and one inverse-optimal
theorem for each of the two clear situations—pursuer victory and
evader victory.
Classical Isaacs-style pursuit–evasion (where heading is an input)

and proportional-navigation guidance (where heading is a state)
both aim for intercept at an unspecified angle determined by initial

conditions. Yet, in many settings, interception at a specific angle is
desired—for structural or sensing reasons of the vehicles involved.
We therefore solve directional intercept and directional escape

problems, formulating them as canonical cases: interception “from
behind the evader” and escape “directly behind the pursuer.” Gen-
eralizations to arbitrary intercept and escape angles follow by
straightforward changes.
Our approach builds on ISS-gain assignment and inverse-optimal

disturbance attenuation [2] but introduces new design and analysis
methods tailored to pursuit–evasion with constant-velocity vehicles.
Because at least one vehicle moves at a constant nonzero speed,
interception must occur in finite time, making prior asymptotic
designs and analyses inapplicable. The resulting feedback designs
achieve finite-time ISS with zero or infinite asymptotic gain—zero
for intercept (the evader’s maneuvers vanish in effect) and infinite
for escape (the pursuer’s maneuvers have outsized influence)—the
two natural extremes for pursuit–evasion dynamics.

B. Relation with Companion Papers

This paper builds on a companion article [3], currently under
review in Automatica, whose compact conference version is acces-
sible as an arXiv document [4] and will appear at the 2026 American
Control Conference. Those results consider problems with only one
vehicle. The vehicle is either performing an interdiction of a sta-

tionary target (pursuit of a static, nonevading “evader”) or a spin-
away relative to a stationary threat (a nonpursuing “pursuer”). The
results in the present paper build on the foundations introduced in
[4] but solve much more challenging problems, with two vehicles
engaged in a true pursuit–evasion game, in which neither opponent
is static but both are maneuvering.
The present paper, as well as [3,4], has grown out of our recent

breakthroughs [5,6], accessible in abbreviated form in the arXiv
preprints [7–9]. In those papers, a family of solutions is presented
for the problem of feedback design for parking of nonholonomic
mobile robots. Such designs, while significant because they place no
restrictions on the initial conditions, are inapplicable to fixed-wing
aircraft because the ability to move both forward and in reverse is
crucial for their global character.

C. Literature

Classical pursuit–evasion theory originates with Isaacs’ Differ-
ential Games [1], where capture and evasion were posed as geo-
metric contests between idealized point masses with constant speeds
and direct steering on heading. The “Homicidal Chauffeur” and its
“Suicidal Pedestrian” duals offered canonical asymmetric settings—
one player curvature-limited, the other arbitrarily agile—within
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which capture and escape boundaries were solved analytically. A

modern closed-form two-player differential-game solution by
Exarchos et al. [10] retains this Isaacs-type spirit: a fully agile

planar pursuer (unbounded turn rate) confronts a curvature-limited
evader, and both proximity- and point-capture sets are delineated

explicitly. This work remains the most faithful antecedent to the
present Dubins vehicle formulation with unbounded steering agility.
A second intellectual stream arose from missile-guidance theory,

where proportional navigation (PN) became the operational counter-

part of Isaacs’ intercept principles. Rigorous control-theoretic rein-
terpretations appeared in the 1990s–2000s when Lyapunov-based

capturability proofs replaced purely geometric reasoning. Ryoo et al.
[11] introduced an equilibrium-subspace transformation of the

range dynamics that enabled PN-type laws to admit Lyapunov
or Barbalat analyses even though the original line-of-sight (LoS)

kinematics lacked an equilibrium. These analyses established asymp-
totic stability or ultimate boundedness of the LoS-rate dynamics for

stationary or nonmaneuvering targets, thereby furnishing mathemati-
cally transparent capturability results.
Building on these developments, a nonlinear guidance law

derived through Sontag’s universal formula [12] treated LoS-rate

regulation explicitly as a control-Lyapunov stabilization problem.
The resulting controller achieves finite-time arrival to an invariant

“equilibrium subspace,” guaranteeing interception whenever the
pursuer’s speed exceeds the evader’s. Because the design simulta-

neously minimizes an integral cost combining control effort and
weighted-state energy, it offers an inverse-optimal interpretation

without recourse to the full Hamilton–Jacobi–Isaacs formalism.
Complementary sliding-mode guidance formulations [13] intro-

duced nonsingular lead-angle functions and negative-semidefinite
Lyapunov derivatives, ensuring capturability and even impact-time

regulation while maintaining robustness to measurement noise.
Parallel differential-game analyses by Guelman et al. [14,15]

yielded barrier-based capture-set characterizations and analytically
integrated adjoint equations. These studies produced implementable

near-optimal feedback strategies for coplanar atmospheric engage-
ments and quantified how terminal-speed constraints shrink capture

zones. In related work, Ben-Asher and Cliff [16] obtained one-sided
bang–bang evasion strategies against fixed-gain PN laws. Robotics

investigations subsequently introduced explicit unicycle kinematics
with bounded speeds and turn rates [17], often inspired by biological

pursuit–evasion, yet typically without Lyapunov or game-theoretic
rigor. These offered constructive multi-agent behaviors but left open

the question of rigorous capture and escape guarantees under deter-
ministic, full-information assumptions.
A distinct but convergent line of research extends these frame-

works to directional interception—guidance laws that impose a

prescribed terminal or impact angle relative to the target or to the
LoS. Early optimal-control formulations [18–21] incorporated

intercept-angle constraints into quadratic or adjoint-based cost func-
tionals, sometimes with explicit time-to-go weighting or autopilot

dynamics. These provided continuous analogs of the terminal-
constraint differential-game results while remaining analytically

tractable. In parallel, biased proportional-navigation (BPN) and
error-feedback variants [22–25] realized specified terminal angles

through additive bias terms or closed-loop corrections, enabling
large-angle engagements without losing simplicity.
Later contributions generalized directional interception to

trajectory-shaping and impact-time/angle combined guidance.

Profile-based and multiplier-constraint designs [26–28] prescribe
LoS-rate or curvature histories that achieve both time and angle

objectives without explicit time-to-go estimation. These works for-
malize a continuous mapping between impact-angle regulation and

LoS-rate stabilization, conceptually aligning with control-Lyapunov
or sliding-surface constructions already used in pursuit–evasion.

Additional studies define the terminal-angle constraint relative to
the target’s flight path or heading [29,30], integrate seeker field-

of-view limits into the guidance logic [31–34], and extend robust-
ness through adaptive, sliding-mode, and fixed-time convergence

designs [35,36].

Together, these developments trace a coherent progression: from
geometric and differential-game capture laws, through Lyapunov-
based PN generalizations and inverse-optimal CLF constructions, to
modern impact-angle and trajectory-shaping laws unifying intercep-
tion geometry with control-theoretic rigor. Yet across both streams,
explicit input-to-state-stability (ISS) formulations—treating evader or
target maneuvers as exogenous inputs and quantifying zero asymp-
totic gains that distinguish capture from spinaway—remain largely
undeveloped. Likewise, a truly unified inverse-optimal or minimax
derivation for Dubins vehicle models with both heading and impact-
angle constraints is still absent. The present work advances precisely
in this direction, furnishing ISS and inverse-optimal analyses for
Dubins pursuit–evasion with unbounded steering agility and pre-
scribed terminal-angle objectives.

D. Contributions

The present work advances the control-theoretic foundations of
planar pursuit–evasion by reformulating geometric and guidance-
law problems within the framework of input-to-state stability (ISS)
and inverse optimality and by extending these constructions to
engagements with prescribed terminal or impact angles. With the
notation for the main symbols used in the paper listed in Table 1, the
paper’s results are summarized in Table 2.

1. ISS Formulation of Pursuit and Evasion

Classical Lyapunov proofs for proportional-navigation variants
[11–13] established capturability or boundedness but without quan-
tifying the gain from opponent maneuvers. Here the pursuer–evader
interaction is recast as an ISS system with respect to the opponent’s
steering input. Capture corresponds to zero asymptotic gain,
meaning that bounded or oscillatory maneuvers of the opponent
eventually lose influence on the relative geometry. This viewpoint
merges nonlinear-stability and differential-game reasoning, intro-
ducing a robustness metric absent from the geometric or barrier
formulations of [14–16].

2. Inverse-Optimal Synthesis of Nash Strategies

Instead of deriving feedbacks from a Hamilton–Jacobi–Isaacs
equation, the design proceeds by constructing control laws whose
structure implies minimax optimality with respect to explicit quad-
ratic costs. The resulting pursuer and evader strategies are inverse

optimal, each minimizing or maximizing an integral cost that penal-
izes steering effort in proportion to range. This yields closed-form
analytic laws whose optimality is verified rather than postulated,
providing constructive Nash equilibria that parallel the variational
or barrier solutions of [10,14]. The methodology draws conceptual
inspiration from inverse-optimal nonlinear feedback designs for rigid-
body attitude dynamics developed by Krstić and Tsiotras [37], which
established the broader viability of Lyapunov-based inverse optimal-
ity for systems with nontrivial geometry and input nonlinearities. In

Table 1 Key notation summary

Symbol Meaning/definition

�xi; yi; θi� Cartesian coordinates and heading of vehicle i ∈ fp; eg
(pursuer, evader)

ρ
Relative range �xp − xe�2 � �yp − ye�2

δ; γ Relative polar and line-of-sight angles (see Table 3)

vi;ωi Linear and angular velocities of vehicle i (control inputs)

~δ; ~γ Deviations from desired intercept or escape directions

ζ Auxiliary (backstepping) variable coupling δ and γ

c1; c2 Positive gains ensuring c > 2�2� ε�vi for convergence
ε Normalized kinematic advantage; εvi is speed surplus

B2; V Lyapunov-type error measures used in ISS proofs

k�; n� Optimal gains in inverse-optimal (Nash) feedbacks

Capture Pursuit outcome: ρ → 0, δ; γ → 0

Spinaway Evasion outcome: ρ → ∞, δ → 0, γ → π
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contrast to the inverse-optimal disturbance-attenuation framework of
Krstić and Li [2], which guarantees asymptotic input-to-state stability

with finite L2 gain, the present pursuit formulation attains finite-time
disturbance attenuation with zero asymptotic gain, thereby extending
inverse optimality to a setting where the nonlinear dynamics, geom-
etry, and capture condition are all coupled.

3. Directional and Impact-Angle Generalization

Beyond symmetric interception, where the terminal angle is zero,
the paper develops feedbacks that enforce an arbitrary prescribed

direction. The Lyapunov design introduces an additional coordinate
coupling between line-of-sight rate and heading difference, produc-
ing control laws that resemble biased-PN or trajectory-shaping
guidance [22–28] but are derived here from rigorous ISS and

inverse-optimal principles rather than from geometric bias insertion.
This provides, for the first time, a nonlinear feedback realization of
impact-angle control grounded in stability and optimization theory.
Closely related nonlinear control perspectives on directional inter-

ception formulated impact-angle-constrained interception as an
energy-optimal guidance problem with closed-form state-feedback
laws [18]. These analyses prefigured several of the present design
principles—particularly the coupling between line-of-sight rate and

heading-angle dynamics—but without the ISS and inverse-optimal
synthesis pursued here.

4. Unified Treatment of Pursuit and Evasion

Both capture and spinaway are analyzed under a common meth-
odological template in which each side’s feedback is simultaneously
an ISS stabilizer for its objective and an inverse-optimal minimax
strategy. The analysis establishes finite-time decay of the range and

bounded steering effort, with explicit algebraic bounds on the gains
as functions of the vehicle parameters. The symmetry of the two
solutions exposes a duality between directional interception and
directional escape that is absent from earlier Lyapunov or barrier-

set analyses [14–16].

5. Conceptual Synthesis

Where earlier research on missile guidance and pursuit–evasion
divided along application lines—Lyapunov or sliding-mode guid-
ance for capturability [11–13] versus optimal-control formulations
for impact-angle enforcement [18–21,29,30,35,36]—the present

study fuses these traditions into a unified control theory. Its principal
contribution is a provably stable and inverse-optimal feedback
synthesis for nonholonomic pursuit–evasion with directional inter-
ception, in which ISS analysis replaces geometric reasoning and the
terminal-angle constraint enters naturally through the Lyapunov

structure rather than through ad hoc biasing.

II. Three-State Polar Coordinate Model
for Two “Dubins” Vehicles

Consider the two-vehicle “Dubins” system

_xi � vi cos θi (1)

_yi � vi sin θi (2)

_θi � ωi (3)

where the subscript i represents either “p” for the pursuer or “e” for
the evader. Then, the relative system can be written as

d

dt
�xp − xe� � vp cos θp − ve cos θe (4)

d

dt
�yp − ye� � vp sin θp − ve sin θe (5)

_θp � ωp (6)

_θe � ωe (7)

Following Fig. 1, we introduce the pursuer–evader relative sys-

tem by expressing the pursuer orientation �xp; yp; θp� and evader

orientation �xe; ye; θe� in polar coordinates defined in Table 3, with

inverses defined in Table 4. The transformation �xp − xe; yp − ye;
θp; θe� ↦ �ρ; δ; γ� is discontinuous on the set fxp < xeg ∩ fyp � yeg
and not defined on fxp � xeg ∩ fyp � yeg. The transforma-

tions �ρ; δ; γ; θe� ↦ �xp − xe; yp − ye; θp − θe� and �ρ; δ; γ; θp� ↦
�xp − xe; yp − ye; θp − θe� are continuous and, when �ρ; δ; γ� � 0,

it holds that �xp − xe; yp − ye; θp − θe� � 0.

We obtain the three-state relative Dubins model in polar form

_ρ � −vp cos γ � ve cos δ (8a)

_δ � 1

ρ
�vp sin γ − ve sin δ� − ωe (8b)

_γ � 1

ρ
�vp sin γ − ve sin δ� − ωp (8c)

A summary of notation used in the entire article is in Table 1.

Table 2 Summary of the four pursuit–evasion control designs and their properties

Result/theorem Scenario
Objective, terminal

condition Control structure Key property/outcome

Theorem 1
ISS pursuit Pursuer with variable

speed, maneuvering
evader

Directional capture:
ρ → 0, δ; γ → 0

ISS feedback on �δ; γ� using
backstepping variables �ζ;ωp�; gains
c1; c2 assignable

Finite-time intercept; ISS w.r.t. ωe

with zero asymptotic gain; explicit
bounds on range decay and steering
rate

Theorem 2
Inverse-optimal pursuit
(Nash strategy)

Same geometry;
pursuer dominant

Minimax optimization of
quadratic cost penalizing

ρω2
p and ρω2

e

Closed-form ωp minimizing cost; ωe

as worst-case disturbance; parameters
k�; n� derived analytically

Inverse-optimal finite-time capture;
directional intercept guaranteed for
c > 2�2� ε�ve

Theorem 3
ISS evasion (“spinaway”) Evader with variable

speed, maneuvering
pursuer

Directional escape:
ρ → ∞, δ → 0, γ → π

ISS feedback on �γ; δ� using
transformed coordinates �ζ;ωe�

Asymptotic (inf-time) spinaway; ISS
w.r.t. ωp with infinite asymptotic gain;
bounded steering effort

Theorem 4
Inverse-optimal evasion
(Nash strategy)

Same geometry;
evader dominant

Minimax optimization
dual to Theorem 2

Closed-form ωe minimizing quadratic
cost; ωp as worst-case input

Inverse-optimal escape; asymptotic
spinaway with finite steering energy
and directional alignment
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III. Unidirectional Pursuit of Maneuvering Evader

In this section, we present, in the form of a theorem, a controller

for a kinematically advantaged pursuer, which achieves capture of

the evader in spite of the evader’s maneuvering. The capture occurs

for all initial positions and headings “in the forward line-of-sight

(LoS) half-space,” namely, for all initial configurations where the

pursuer’s LoS angle relative to the evader is in the interval

�−π∕2; π∕2�, which is to say, in turn, for all initial configurations

in which the pursuer is not turned “away” from the evader.
Theorem 1: For ve � const > 0, consider Eq. (8). Let the pursuer

velocity control be

vp �
�1� ε�ve
cos γ

(9)

where ε > 0 and εve represent the pursuer’s kinematic advantage,

and let the pursuer’s steering control be

ωp �
ve
ρ

− sin δ� �1� ε� tan γ � cos2�γ� �ωp (10a)

�ωp � δ� 1

�1� ε�ve
c2ζ � �c1 − ve cos δ� tan γ −

sin δ

1� ε

(10b)

ζ � tan γ � c1δ − ve sin δ

�1� ε�ve
(10c)

where c1; c2 ≥ c ≔ minfc1; c2g > 2�2� ε�ve. Denote

B2�δ; γ� � δ2 � tan2 γ (11)

and B0 � B�δ0; γ0�. For all ρ0 > 0, δ0 ∈ R, γ0 ∈ �−π∕2; π∕2�, and
for all t ∈ �0;min ft1; Tg�, where T > 0 is the interval of existence

of the system’s solutions, at which ρ�T� � 0, and

t1 �
ρ0
εve

(12)

the following holds:

ρ�t� ≤ ρ0�1 − t∕t1� (13)

B2�t� ≤ �1 − t∕t1�2M MB2
0�1 − t∕t1�a−2 � g2ρ20 sup

0≤τ≤t
ω2
e�τ� (14)

where

g � 2� ε

ε
g1; g1 �

1∕c1 � �m2∕c2
2�c − 2�2� ε�ve�

(15)

a � c

�2� ε�ve
> 2; c � minfc1; c2g (16)

�m � 1� c1∕ve
1� ε

(17)

and M � M� �m�, where

M�s� ≔ 1� s2

2
� s 1� s2

4
; s ≥ 0 (18)

Additionally, there exists A > 0 such that

jωp�t�j ≤ A M
p

M
p B0

ρ0
�1 − t∕t1�a∕2–1 � g sup

0≤τ≤t
jωe�τ�j (19)

and

lim supt→min ft1;Tgjωp�t�j
lim supt→min ft1 ;Tgjωe�t�j

≤
2� ε

ε
A M
p

g1 (20)

The meaning of the result (13) is guaranteed capture (the range

goes to zero) no later than the finite time t1 in Eq. (12), which is the
ratio of the initial distance and the pursuer’s kinematic advantage.

The meaning of the result (14) is a bit more complex—the LoS and

polar angles go to zero, in spite of the evader’s (arbitrarily vigorous)

maneuvering, which means that the evader is captured “directionally,”

from behind. The result (14) is of the input-to-state stability (ISS)

kind but stronger than ISS, furnishing an asymptotic gain of zerowith

respect to the evader’s angular velocity ωe as a disturbance.
Before proving Theorem 1, we illustrate its performance in an

example missile-interception-type pursuit scenario, where high speed

and aggressive accelerations are expected but still constrained to

physically reasonable levels. Figure 2 presents simulations in which

the pursuer implements the control law of Theorem 1 with ve �
80 m∕s and initial conditions �ρ0; δ0; γ0� � �424.26; π∕4; π∕4�,
using ε � 0.2 and c1 � c2 � 353, while the evader follows the

open-loop maneuvering profiles shown in the three subfigures. Over

the simulation horizon, the pursuer’s peak linear and angular accel-

erations (max j _vpj and max j _ωpj) are, respectively, 93.13 m∕s2 and

2.323 rad∕s2 in case 1, 57.75 m∕s2 and 0.733 rad∕s2 in case 2, and

80.79 m∕s2 and 1.257 rad∕s2 in case 3. Across all cases, these values
lie within a realistic maneuvering envelope for missile-like terminal

interception: they reflect aggressive but plausible guided-flight

Table 3 Polar coordinates and their expressions in terms of
Cartesian coordinates

ρ � �xp − xe�2 � �yp − ye�2 Relative range

δ � atan2�yp − ye; xp − xe� − θe � π Relative polar angle

γ � atan2�yp − ye; xp − xe� − θp � π Relative line-of-sight angle

Fig. 1 Pursuer’s Cartesian state �xp; yp; θp� relative to the evader’s
state �xe; ye; θe�, and the polar relative coordinates �ρ; γ; δ�.

Table 4 Inverse transformation from polar to Cartesian
coordinates

xp − xe � −ρ cos �δ� θe� � −ρ cos �γ � θp� Relative horizontal distance

yp − ye � −ρ sin �δ� θe� � −ρ sin �γ � θp� Relative vertical distance

θp − θe � δ − γ Relative heading error
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accelerations and remain well below the extreme actuation levels

implicitly assumed in idealized instantaneous-turn pursuit models.
Proof of Theorem 1: Substituting Eq. (9) into Eq. (8a), we get

_ρ � −ve�1� ε − cos δ� (21)

where _ρ ∈ �−�2� ε�ve;−εve�. The velocity εve represents the dif-

ferential velocity when the agents are aligned and the evader is

facing away from the pursuer, whereas �2� ε�ve represents the

velocity of approaching each other when the evader and pursuer

are facing each other. From Eq. (21), it follows that Eq. (13) holds.

The first step in the derivation of the bound on B�t� is to rewrite

Eq. (8c) as

d

dt
tan γ � −

�1� ε�ve
ρ

�ωp (22)

Substituting Eq. (10c) into Eq. (8b) and taking the derivative of

Eq. (10c) with the help of Eq. (22), one gets

a) Case 1:ωe = 1.5sin (0.7t) − cos (0.5t)

b) Case 2:ωe = − cos (0.25t)

c) Case 3:ωe = 1.1sin (0.55t)

Fig. 2 Simulation illustrating the pursuer (blue) control law of Theorem 1 against an open-loop evader (red).
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_δ � 1

ρ
�−c1δ� �1� ε�veζ� − ωe (23a)

_ζ � 1

ρ
�c1 − ve cos δ� tan γ −

sin δ

1� ε
− �1� ε�ve �ωp

−
c1∕ve − cos δ

1� ε
ωe (23b)

Taking Eq. (10b), we get the target system

_δ � −
1

ρ
�c1δ − �1� ε�veζ� − ωe (24a)

_ζ � −
1

ρ
��1� ε�veδ� c2ζ� − q�δ�ωe (24b)

where

q�δ� � c1∕ve − cos δ

1� ε
(25)

Now the Lyapunov function

V � 1

2
�δ2 � ζ2� (26)

has the derivative along the solutions of Eq. (24) given by

_V � −
1

ρ
�c1δ2 � c2ζ

2� − �δ� q�δ�ζ�ωe (27)

Dividing Eq. (27) by _ρ, we get

dV

d ln �ρ0∕ρ�
� 1

_ρ
�c1δ2 � c2ζ

2 � ρ�δ� q�δ�ζ�ωe�

≤
1

_ρ
�c1δ2 � c2ζ

2� � ρ

j_ρj �jδj � jq�δ�jjζj�jωej (28)

Recalling that 1
_ρ ≤ − 1

�2�ε�ve and
1
j_ρj ≤

1
εve
, we get

dV

d ln �ρ0∕ρ�
≤ −

1

�2� ε�ve
�c1δ2 � c2ζ

2� � ρ

εve
�jδj � �mjζj�jωej

(29)

With Young’s inequality, we get

dV

d ln �ρ0∕ρ�
≤ −aV � bρ2ω2

e (30)

b � 2� ε

ε
b1; b1 �

1∕c1 � �m2∕c2
2εve

(31)

With the comparison principle and the variation of constants for-
mula, we get

V�ρ� ≤ V�ρ0�
ρ

ρ0

a

� b

a − 2
ρ2 sup

ρ≤s≤ρ0
ω2
e (32)

for ρ ∈ �0; ρ0�. Noting that B2 ≤ MV�ρ� and V�ρ0� ≤ MB2
0, we get

B2�ρ� ≤ M MB2
0

ρ

ρ0

a

� g2ρ2 sup
ρ≤s≤ρ0

ω2
e (33)

where g � b
a−2. Substituting Eq. (13) into Eq. (33), we get

Eq. (14). To complete the proof, we note that, substituting
Eq. (10b) into Eq. (10a), it follows that there exists a constant

A�ve; ε; c1; c2� > 0 independent of initial conditions such that
jωpj ≤ AB∕ρ. Dividing Eq. (33) by ρ we get

B

ρ
≤ M

B0

ρ

ρ

ρ0

a∕2–1
� g M

p
sup

ρ≤s≤ρ0
jωej (34)

Substituting Eq. (13), we get Eq. (19), which then yields Eq. (20).
□

If the objective is to intercept a target in a direction other than
from behind, i.e., in the direction δ � δ� ≠ 0, the steering feedback
is redesigned as

ωp �
ve
ρ

− sin δ� �1� ε� tan γ � cos2�γ� �ωp (35a)

�ωp � ~δ� 1

�1� ε�ve
c2ζ � �c1 − ve cos δ� tan γ −

sin δ

1� ε

(35b)

ζ � tan γ � c1 ~δ − ve sin δ

�1� ε�ve
(35c)

where ~δ � δ − δ�.

IV. Nash Strategy for Pursuer in a Game
with the Evader

The controller in Theorem 1 achieves capture from behind,
guaranteed through the distance going to zero and the ISS property
from the evader’s maneuvering to the angles, with zero asymptotic
gain. Such a result is very strong but not of the “game” kind, which
is the more common formulation for Isaacs-type pursuit–evasion
problems. To provide the reader, more accustomed to pursuit–
evasion as a game, with a result that aligns with game intuition,
we present a new (simpler but more conservative) controller in the
next theorem. This controller for the pursuer solves a minimax
problem relative to a maneuvering evader, with a quadratic penalty
on the steering of both players.
Theorem 2: For ve � const > 0, consider the pursuit–evasion

model (8) with the pursuer’s velocity feedback given by Eq. (9),
where ε > 0. There exist k�; n� > 0 dependent on ve; ε; c1; c2 > 0
such that, for all β ≥ 2, the pursuer’s steering feedback

ωp �
βk�

ρ cos2γ
ζ (36)

with

ζ � tan γ � �mδ; �m � 1� c1∕ve
1� ε

(37)

minimizes

J� sup
ωe

2�δ2�T��ζ2�T���
T

0

l�δ;γ;ρ��ρ
ω2
p

�β∕2�k�−
ω2
e

n�
dt

(38)

where

l�δ; γ; ρ� ≥ c

ρ
�δ2 � ζ2�; c � minfc1; c2g (39)

and T ≤ t1, with t1 defined in Eq. (12). Additionally, the maximiz-
ing (worst-case) steering feedback for evasion is

ωe � −
2n�

ρ
�δ� �mζ� (40)
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If c > 2�2� ε�ve, the evader is directionally captured by the pur-

suer, no later than t1.
The differential game in Theorem 2 does differ from the Isaacs

pursuit–evasion games. The cost (38) with Eq. (39) penalizes both

the deviation of the pursuer from the approach to the evader from

behind and the LoS angle. This game is also more challenging than

the classical Isaacs geometric formulation since, in this game, the

vehicles are not actuated directly through their headings but through

their heading rates.
What makes this result “inferior,” however, relative to the direct

minimax formulations, is that the penalty l�ρ; γ; δ� is not arbitrary
but is only “meaningful” in the sense of Kalman’s inverse-optimal

control (the angle deviations are penalized, and increasingly so the

closer the pursuer gets to the evader).
Proof of Theorem 2: Using Eq. (9), we rewrite Eqs. (8b) and

(8c) as

_δ � ve
ρ

�1� ε� tan γ − sin δ − ωe (41)

_γ � ve
ρ

�1� ε� tan γ − sin δ − ωp (42)

with Eq. (37), we obtain

ρ_δ � −c1δ − ve�δ� sin δ� � ve�1� ε�ζ − ρωe (43)

ρ_ζ � sec2γ −ρωp � ve 1� �mcos2γ

× �1� ε�ζ − 1� c1
ve

δ� sin δ − �mρωe (44)

Next, with a consideration of δ2 and γ2, we obtain, after majorizations,

ρ
d

dt

δ2

2
≤ −c1δ2 � ve�1� ε�ζδ − ρδωe

≤ −
3c1
4

δ2 � �1� ε�2v2e
c1

ζ2 − ρδωe (45)

ρ
d

dt

ζ2

2
≤ sec2γζ −ρωp � ve�2� ε� c1∕ve�ζ
� �1� �m��c1 � 2ve�jδζjsec2γ − �mρζωe

≤ sec2γζ −ρωp � c1 � �2� ε�ve

� �1� �m�2�c1 � 2ve�2
c1

ζ

cos2γ
� c1

4
δ2 − �mρζωe (46)

We now use the same Lyapunov function (26) as in the proof of

Theorem 1 and obtain

ρ _V ≤ −
c1
2
δ2 − c22ζ

2 � sec2 γζ −ρωp � k�
ζ

cos2 γ

− ρ�δ� �mζ�ωe (47)

where

k��c1; c2; ve; ε� � c1 � c2 � �2� ε�ve

� �1� ε�2v2e � �1� �m�2�c1 � 2ve�2
c1

(48)

Next, we examine the last two terms in Eq. (47), with β ≥ 2:

sec2γζ −ρωp � k�
ζ

cos2γ

� −
ρ2

2βk�
ω2
p �

βk�

2
sec2γ

ρ cos γ

βk�
ωp −

ζ

cos γ

2

−
β

2
− 1 k�sec4γζ2

≤ −
ρ2

2βk�
ω2
p �

βk�

2
sec2γ

ρ cos γ

βk�
ωp −

ζ

cos γ

2

(49)

and, with n� > 0,

−ρ�δ� �mζ�ωe � n��δ� �mζ�2 � ρ2

4n�
ω2
e − n�

ρ

2n2
ωe � δ� �mζ

2

(50)

Substituting the last two relations into Eq. (47), one obtains

ρ _V ≤ −
c1
2
δ2 − c22ζ

2 � n��δ� �mζ�2

−
ρ2

2βk�
ω2
p �

ρ2

4n�
ω2
e

� βk�

2
sec2γ

ρ cos γ

βk�
ωp −

ζ

cos γ

2

− n�
ρ

2n�
ωe � δ� �mζ

2

(51)

with

n��c1; c2; ve; ε� �
1

6
min c1;

4c2
�m2

(52)

we get

−
c1
2
δ2 − c22ζ

2 � n��δ� �mζ�2 ≤ −
c

2
V (53)

and hence, after dividing Eq. (51) by ρ,

_V ≤ −
c

2ρ
V −

ρ

2βk�
ω2
p �

ρ

4n�
ω2
e

� βk�ρ
2

sec2γ
cos γ

βk�
ωp −

ζ

ρ cos γ

2

− n�ρ
1

2n�
ωe �

δ� �mζ

ρ

2

(54)

There exists l�δ; ζ; ρ� such that

1

4
l�δ; ζ; ρ� ≥ c

2ρ
V (55)

and

_V � −
1

4
l�δ; ζ;ρ�− ρ

ω2
p

2βk�
−

ω2
e

4n�

� βk�ρ
2

sec2γ
cos γ

βk�
ωp −

ζ

ρ cos γ

2

− n�ρ
1

2n�
ωe �

δ� �mζ

ρ

2

(56)

Integrating Eq. (56), we arrive at
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V0 � V�t� �
t

0

l�δ; ζ; ρ� � ρ
ω2
p

2βk�
−

ω2
e

4n�

−
βk�ρ
2

sec2γ
cos γ

βk�
ωp −

ζ

ρ cos γ

2

� n�ρ
1

2n�
ωe �

δ� �mζ

ρ

2

dτ (57)

The right-hand side of Eq. (57) is maximized by

ωe � −
2n�

ρ
�δ� �mζ� (58)

and minimized by

ωp � βk�
ζ

ρ cos2 γ
(59)

which, after multiplication of Eq. (57) with 4, results in

2�δ20 � ζ20� � 2�δ2�t� � ζ2�t��

�
t

0

l�δ; ζ; ρ� � ρ
ω2
p

�β∕2�k� −
ω2
e

n�
dτ (60)

Using Eq. (8a) (i.e., _ρ � −vp cos γ � ve cos δ), we have

_ρ � −�1� ε�ve � ve cos δ ≤ −εve, which ensures capture no later
than t1. Additionally, from Eq. (54),

_V ≤ −
c

2ρ
V � ρ

4n�
ω2
e (61)

which ensures that δ�t�; γ�t� have converged to zero no later than
t1, provided c > 2�2� ε�ve. This completes the proof of the
theorem. □

A distinguishing feature of the cost (38) is that the quadratic
penalties on both the pursuer’s and the evader’s steering are
weighted in proportion to ρ. This makes sense. There is no point
in steering hard when far apart, since the velocities vp and ve
dominate the motion. But, at close distance, steering is crucial for
completing capture (for the pursuer) and avoiding capture (for the
evader).
The steering feedback (36) has considerable gain-robustness

properties. First, from the expression for �m in Eq. (37), under the
condition c > 2�2� ε�ve, we see that any gain �m > 2� 3∕�1� ε�
can be employed. The conservative choice �m ≥ 5 is sufficient for
arbitrarily small levels ε > 0 of kinematic advantage for the pursuer.
Additionally, β ≥ 2 guarantees an infinite margin of increase on the
gain on ζ in Eq. (36) above 2k�� �m; c2; ε; ve�.
If the pursuit objective is in the direction δ � δ� ≠ 0, the back-

stepping transform (37) is modified to ζ � tan γ � �m�δ − δ��.
Figure 3 presents the planar trajectories together with the

corresponding time histories for the engagement in Theorem 2,
carried out using the Nash strategy for the pursuer given by velocity
feedback (9) and steering feedback (36), and the corresponding
worst-case evader steering feedback (40). The parameters employed
are ve � 40 m∕s, ε � 0.15, β � 2, k� � 16, n� � 13, and �m �
0.5. The Cartesian initial conditions are �xp�0�; yp�0�; θp�0�� �
�−500 m; 0 m; 1.0 rad� and �xe�0�; ye�0�; θe�0�� � �0 m; 0 m;
−0.6 rad�. Capture occurs at t ≈ 46 s. The peak magnitudes
recorded are, for the evader, speed 40 m∕s, angular velocity

0.739 rad∕s, and angular acceleration 1.14 rad∕s2, and for the

pursuer, speed 85.14 m∕s, linear acceleration 14.68 m∕s2 (approx-
imately 1.50g), angular velocity 0.889 rad∕s, and angular acceler-

ation 1.62 rad∕s2. In terms of vehicle capability, the evader’s
requirements are consistent with an agile multirotor or VTOL
UAV, whereas the pursuer’s requirements are consistent with a fast
tactical UAV with high turn-rate authority.
It is particularly interesting to note that ωp�t� and ωe�t� grow

increasingly oscillatory near capture. This “struggle” is reflective of

the fact that not only is the pursuer steering by feedback (36), but the
evader is also “fighting back” to avoid capture by steering using a
highly sophisticated nonlinear Nash feedback strategy (40). The
interaction of these two feedbacks is what one witnesses in the
oscillatory steering, though the trajectory oscillations are indiscern-
ible near capture.

V. Evading a Maneuvering Pursuer by
“Asymptotic Spinaway”

While the pursuer is trying to attain δ � γ � 0, the goal of the
evader, who is conducting an “asymptotic spinaway,” is to get
behind the pursuer, δ � 0, facing the pursuer away, γ � π. With
this in mind, we introduce the error variable

~γ � γ − π (62)

and rewrite Eq. (8) as

_ρ � ve cos δ� vp cos ~γ (63a)

_~γ � −
1

ρ
�ve sin δ� vp sin ~γ� − ωp (63b)

_δ � −
1

ρ
�ve sin δ� vp sin ~γ� − ωe (63c)

with

xe � xp � ρ cos �δ� θe� (64a)

ye � yp � ρ sin �δ� θe� (64b)

θe � θp − δ� ~γ � π (64c)

In this section, we present, in the form of a theorem, a controller for
a kinematically advantaged evader with which the evader succeeds in
escaping the pursuer, in spite of the kinematically disadvantaged
pursuer’s maneuvering. The escape is guaranteed for all initial posi-
tions and headings “in the rear line-of-sight (LoS) half-space” for the

Fig. 3 Minimax game in Theorem 2 between a feedback-controlled
pursuer (blue) and evader (red) steered by worst-case inverse-optimal
feedback.
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evader, namely, for all initial configurations where the evader’s LoS

angle relative to the pursuer is in the interval �−π∕2; π∕2�, i.e., for all
initial configurations in which the evader is turned “away” from the

pursuer.
Theorem 3: For vp � const > 0, consider Eq. (63) with Eq. (64).

Let the evader velocity control be

ve �
�1� ε�vp
cos δ

(65)

where ε > 0 and εvp represents the evader’s kinematic advantage,

and let the evader’s steering control be

ωe �
vp
ρ

− sin ~γ � �1� ε��− tan δ� cos2�δ� �ωe� (66a)

�ωe � −~γ � 1

�1� ε�vp
c2ζ � �c1 − vp cos ~γ� tan δ� sin ~γ

1� ε

(66b)

ζ � tan δ −
c1 ~γ − vp sin ~γ

�1� ε�vp
(66c)

Denote

B2�γ; δ� � �γ − π�2 � tan2 δ (67)

and B0 � B�γ0; δ0�. For all ρ0 > 0, δ0 ∈ �−π∕2; π∕2�, γ0 ∈ R, and
for all t ≥ 0, the following holds:

ρ�t� ≥ ρ0�1� t∕t1� (68)

B2�t� ≤ M MB2
0

1

�1� t∕t1�a
� g2ρ20�1� t∕t2�2 sup

0≤τ≤t
ω2
p�τ� (69)

where

t1 �
ρ0
εvp

(70)

t2 �
ρ0

�2� ε�vp
(71)

g � 2� ε

ε
g1; g1 �

1∕c1 � �m2∕c2
2�c� 2�2� ε�vp�

(72)

a � c

�2� ε�vp
; c � minfc1; c2g (73)

�m � 1� c1∕vp
1� ε

(74)

and M � M� �m�. Additionally, if there exists α > 0 such that

limt→∞t
αωp�t� � 0, then limt→∞B�t� � 0, and there exists A > 0

such that

jωe�t�j ≤ A M
p

M
p B0

ρ0

1

�1 − t∕t1�a∕2�1
� g sup

0≤τ≤t
jωp�τ�j (75)

lim supt→min ft1 ;Tgjωe�t�j
lim supt→min ft1;Tgjωp�t�j

≤
2� ε

ε
A M
p

g1 (76)

The meaning of Theorem 3 is as follows. Inequality (68) guar-

antees that the range grows linearly and, hence, the evader escapes.

Inequality (69) guarantees that, if the pursuer is not maneuvering,

the evader escapes in the direction directly behind the pursuer.

However, if the pursuer is maneuvering, then the evader’s escape

does not fully adjust to the changing directions of the pursuer,

because it becomes increasingly difficult to do so as the evader gets

farther and farther from the pursuer. But, at a large distance, escape

in any “particular direction” is of vanishing relevance.
Before proving the theorem, we illustrate its result in Fig. 4. The

evader implements the control law of Theorem 3 from �ρ0; δ0; γ0� �
�141.42; π∕4; π∕4� with parameters ε � 0.2, c1 � 10, and c2 � 10,
while the pursuer employs the bounded proportional navigation

strategy ωp � 0.2 tanh�γ� with constant speed vp � 10 m∕s. The
evader achieves asymptotic spinaway and escapes the maneuvering

pursuer. Unlike pursuit scenarios, which are often associated with

missile interception and can involve highly aggressive maneuvering,

evasion is typically performed by piloted or surveillance aircraft that

cannot rely on extreme accelerations due to structural limits and,

in many cases, onboard personnel. Over the simulation horizon,

the evader exhibits a maximum linear acceleration of max j _vej �
4.90 m∕s2 and a maximum angular acceleration of max j _ωej �
0.203 rad∕s2. These values correspond to moderate maneuvering

levels that are consistent with a small fixed-wing UAVoperating in

planar flight and remain well below highly aggressive or structurally

demanding maneuvers.
Proof of Theorem 3: Substituting Eq. (65) into Eq. (63a), we get

_ρ � vp�1� ε� cos ~γ� (77)

From Eq. (77), it follows that Eq. (68) holds. The first step in the

derivation of the bound on B�t� is to rewrite Eq. (63b) as

d

dt
tan δ � −

�1� ε�vp
ρ

�ωe (78)

Fig. 4 Evader (red) spinaway control law of Theorem 3 escapes a bounded proportional navigation pursuer (blue).
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Substituting Eq. (66c) into Eq. (63c) and taking the derivative of

Eq. (66c) with the help of Eq. (78), one gets

_~γ � 1

ρ
−c1 ~γ − �1� ε�vpζ − ωp (79a)

_ζ � 1

ρ
�c1 − vp cos ~γ� tan δ� sin ~γ

1� ε
− �1� ε�vp �ωe

−
−c1∕vp � cos ~γ

1� ε
ωp (79b)

Taking Eq. (66b), we get the target system

_~γ � −
1

ρ
c1 ~γ � �1� ε�vpζ − ωp (80a)

_ζ � −
1

ρ
−�1� ε�vp ~γ � c2ζ − q�~γ�ωp (80b)

where

q�~γ� � −c1∕vp � cos ~γ

1� ε
(81)

Now the Lyapunov function

V � 1

2
�~γ2 � ζ2� (82)

has the derivative along the solutions of Eq. (80) given by

_V � −
1

ρ
�c1 ~γ2 � c2ζ

2� − �~γ � q�~γ�ζ�ωp (83)

Dividing Eq. (83) by _ρ, we get

dV

dρ
� −

1

_ρρ
c1 ~γ

2 � c2ζ
2 � ρ�~γ � q�~γ�ζ�ωp

≤ −
1

�2� ε�vpρ
�c1 ~γ2 � c2ζ

2� � 1

εvp
�j~γj � �mjζj�jωpj (84)

With Young’s inequality, we get

dV

dρ
≤ −

a

ρ
V � bρω2

p (85)

b � 2� ε

ε
b1; b1 �

1∕c1 � �m2∕c2
2εvp

(86)

With the comparison principle and the variation of constants for-

mula, we get

V�ρ� ≤ V�ρ0�
ρ0
ρ

a

� b

a� 2
ρ2 sup

ρ0≤s≤ρ
ω2
p (87)

for ρ ∈ �0; ρ0�. Noting that B2 ≤ MV�ρ� and V�ρ0� ≤ MB2
0, we get

B2�ρ� ≤ M MB2
0

ρ0
ρ

a

� g2ρ2 sup
ρ0≤s≤ρ

ω2
p (88)

where g � b
a�2

. While from Eq. (77) it follows that Eq. (68)

holds, it also follows that

ρ�t� ≤ ρ0�1� t∕t2�; t2 �
ρ0

�2� ε�vp
(89)

Substituting Eqs. (68) and (89) into Eq. (88), we get Eq. (69). To
complete the proof, we note that, substituting Eq. (66b) into Eq. (66a),
it follows that there exists a constant A�vp; ε; c1; c2� > 0 indepen-

dent of initial conditions such that jωej ≤ AB∕ρ. Dividing Eq. (88)
by ρ we get

B

ρ
≤ M

B0

ρ

ρ0
ρ

a∕2�1

� g M
p

sup
ρ0≤s≤ρ

jωpj (90)

Substituting Eq. (68), we get Eq. (75), which then yields Eq. (76).
□

If a spinaway in a direction such that γ � γ� ≠ π is desired,
possibly because with such an LoS angle the evader is in a “blind
spot” to the pursuer’s sensing system, the modified steering feed-
back for the evader is

ωe �
vp
ρ

− sin ~γ � �1� ε��− tan δ� cos2�δ� �ωe� (91a)

�ωe �−�γ− γ��� 1

�1� ε�vp
c2ζ��c1 − vp cos ~γ� tanδ� sin ~γ

1� ε

(91b)

ζ � tan δ −
c1�γ − γ�� − vp sin ~γ

�1� ε�vp
(91c)

VI. Nash Strategy for Evader in a Game
with the Pursuer

Just as we sought in Sec. IVa differential-game counterpart of the
scenario where the pursuer succeeds, in this section we seek a
differential-game counterpart of asymptotic spinaway, guaranteed
as a convergence result, 1∕ρ�t� → 0, in Theorem 3. As in the
minimax problem solved by Theorem 2, in the next theorem, the
penalties on both vehicles’ steering are quadratic. However, the next
theorem takes the perspective of the evader—the (inverse) optimal
spinaway, rather than the (inverse) optimal capture.
Theorem 4: For vp � const > 0, consider the pursuit–evasion

models (63) and (64) with the evader’s velocity feedback given by
Eq. (65), where ε > 0.
There exist k�; n� > 0 dependent on vp; ε; c1; c2 > 0 such that,

for all β ≥ 2, the evader’s steering feedback

ωe �
βk�

ρ cos2δ
ζ (92)

with

ζ � tan δ − �m~γ; �m � 1� c1∕vp
1� ε

(93)

minimizes

J � sup
ωp

2�~γ2�∞� � ζ2�∞��

�
∞

0

l�~γ; δ; ρ� � ρ
ω2
e

�β∕2�k� −
ω2
p

n�
dt (94)

where

l�~γ; δ; ρ� ≥ c

ρ
�~γ2 � ζ2�; c � minfc1; c2g (95)

Additionally, the maximizing (worst-case) steering feedback for
evasion is

ωp � −
2n�

ρ
�~γ � �mζ� (96)
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Proof: The proof of this theorem for the most part mirrors the
proof of Theorem 2. We only highlight the differences through a few

“waypoints” of the proof.
Using Eqs. (9) and (93), we obtain

ρ_~γ � −c1 ~γ − vp�~γ � sin ~γ� − vp�1� ε�ζ − ρωp (97)

ρ_ζ � sec2δ −ρωe − vp�1 − �mcos2δ�

× �1� ε�ζ − 1� c1
vp

~γ � sin ~γ − �mρωp (98)

For the Lyapunov function (82), we obtain

ρ _V ≤ −
c1
2
~γ2 − c22ζ

2 � sec2 δζ −ρωe � k�
ζ

cos2 δ

− ρ�~γ � �mζ�ωp (99)

where

k��c1; c2; vp; ε� � c1 � c2 � �2� ε�vp

� �1� ε�2v2p � �1� �m�2�c1 � 2vp�2
c1

(100)

With n��c1; c2; vp; ε� � 1
6
min c1;

4c2
�m2 , we get

_V ≤ −
c

2ρ
V −

ρ

2βk�
ω2
e �

ρ

4n�
ω2
p

� βk�ρ
2

sec2δ
cos δ

βk�
ωp −

ζ

ρ cos δ

2

− n�ρ
1

2n�
ωp �

~γ� �mζ

ρ

2

(101)

The rest of the proof mirrors the proof of Theorem 2. □

Similar to Eq. (38), a distinguishing feature of the cost (94) is
that the quadratic penalties on both the pursuer’s and the evader’s
steering are weighted in proportion to ρ. As the distance grows, even
if the vehicles are a long way off from achieving their angle objectives

(γ � π; δ � 0 for the evader), steering vigorously at a large distance
is recognized by both vehicles as a waste of steering effort.
Figure 5 presents the planar trajectories together with the corre-

sponding time histories for the spinaway engagement in Theorem 4,
carried out using the Nash strategy for the evader given by velocity
feedback (65) and steering feedback (92), and the corresponding
worst-case pursuer steering feedback (96). The parameters
employed are vp � 40 m∕s, ε � 0.13, β � 2, k� � 38, n� � 30,
and �m � 0.7. The Cartesian initial conditions are �xp�0�; yp�0�;
θp�0�� � �0 m; 0 m; 0� and �xe�0�; ye�0�; θe�0�� � �−5 m; 30 m;
π∕2�, corresponding to an initial separation ρ�0� ≈ 30 m. Over the
displayed horizon T � 25 s, the separation grows monotonically to
ρ�T� ≈ 1.2 km, illustrating successful escape by spinaway. The peak
magnitudes recorded are, for the evader, speed 68.51 m∕s, linear
acceleration 14.28 m∕s2 (≈1.46g), angular velocity 2.96 rad∕s, and
angular acceleration 11.58 rad∕s2, and for the pursuer, speed
40.0 m∕s, angular velocity 1.20 rad∕s, and angular acceleration

0.80 rad∕s2. In terms of vehicle capability, the evader employs sub-
stantially higher maneuver authority, with turn rates and accelerations
consistent with highly agile small fixed-wing UAVs, whereas the
pursuer’s requirements remain within the envelope of conventional
small tactical UAVs with moderate turning capability.

VII. Conclusions

This work has formulated pursuit and evasion for Dubins vehicle
models within a unified control-theoretic framework that combines
input-to-state stability and inverse optimality. Capture and spinaway
emerge as dual feedback design problems for imparting 1) finite-
time ISS with zero asymptotic gain for capture and 2) conventional
infinite-time ISS with infinite asymptotic gain for spinaway.
The feedback constructions achieve both robustness and optimal-

ity without recourse to Hamilton–Jacobi–Isaacs equations, yielding
explicit steering laws. The inverse-minimax problems solved in
Theorems 2 and 4 are both games of kind, as they guarantee capture
and escape, respectively, and games of degree in which the
values won are, respectively, 2�δ2�0� � ζ2�0�� for the pursuer and

2�~γ2�0� � ζ2�0�� for the evader.
The four controllers designed in the paper demonstrate that direc-

tional interception and directional escape—traditionally treated
as separate geometric or guidance problems—admit rigorous
Lyapunov-based synthesis under nonholonomic dynamics. Beyond
their conceptual contribution, these laws provide a tractable foun-
dation for extension to bounded-steering, three-dimensional, and
multi-agent settings, as in [38].
The paper’s results are half-global. The pursuer achieves capture

if it initially does not head away from the evader, i.e., if the pursuer’s
initial LoS angle relative to the evader is smaller in absolute value
than π∕2. The evader achieves escape if it initially heads away from
the pursuer, i.e., if the evader’s initial LoS angle of the pursuer is
larger in absolute value than π∕2.
The reason that these results—as provided—are not global is that

the kinematically disadvantaged vehicle always has nonzero con-
stant velocity. Global results, like in [5–9], are also of interest. They
may be realizable for the problem of docking to a moving target,
which is currently open and appears difficult.
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