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Abstract—A new approach to adaptive control of linear systems
abandons the traditional certainty-equivalence concept and treats
the control of linear plants with unknown parameters as a
nonlinear problem. A recursive design procedure introduces at
each step new design parameters and incorporates them in a novel
Lyapunov function. This function encompasses all the states of
the adaptive system and forces them to converge to a manifold of
smallest possible dimension. Only as many controller parameters
are updated as there are unknown plant parameters, and the
dynamic order of the resulting controllers is no higher (and in
most cases is lower) than that of traditional adaptive schemes. A
simulation comparison with a standard indirect linear scheme
shows that the new nonlinear scheme significantly improves
transient performance without an increase in control effort.

1. INTRODUCTION AND PROBLEM STATEMENT

N this paper we present a new approach to adaptive control

of linear systems. We abandon the traditional certainty-
equivalence design, in which a parameter update law tunes a
would-be linear controller [1]}-[3]. Instead, we treat the control
of linear plants with unknown parameters as a nonlinear
problem to which we apply tools of adaptive nonlinear control
[7]-[11]. We develop a recursive procedure to design different
types of adaptive controllers. At each step, this procedure
introduces new design parameters and incorporates them in a
novel Lyapunov function, which is also constructed in a step-
by-step fashion. This function encompasses all the states of the
adaptive system and forces them to converge to a manifold of
smallest possible dimension.

Another advantage of the new design procedure is that it
is uncertainty-specific, with respect to both the number of
unknown parameters and their locations: the closer unknown
parameters are to the control input, the simpler is the adaptive
controller. Only as many controller parameters are updated as
there are unknown plant parameters. As for additional filters,
only two are employed, one at the control » and one at the
output y. Each of these filters is of dimension equal to the
plant order. This means that the dynamic order of the resulting
controllers is no higher (and in most cases is lower) than in
traditional adaptive schemes.
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Different choices of design parameters offer new possibil-
ities for improvement of transient performance and reduction
of control effort. Particularly important are the “nonlinear
damping” terms, which, when compared to update law normal-
izations, lead to faster and better-damped transients without
an increase in control effort.

Problem statement: The control objective is to asymptoti-
cally track a reference signal y,.(t) with the output y of the

plant
B(s)

bpms™ 4 -+ bis+b
¥(s) = 250 = e

s+ ap_18""14+---+a1s+ag

u(s).
(1.D
An adaptive approach to this problem is required because some
or all of the a;’s and b;’s are unknown. We make the following
standard assumptions about the plant and the reference signal.

Assumption 1.1 : The plant is minimum phase, i.e., the
polynomial B(s) = by, 8™+ - -+ by s+ bp is Hurwitz, and the
plant order (n), relative degree (p = n — m), and sign of the
high-frequency gain (sgn (b.,)) are known.

Assumption 1.2 : The reference signal y,(t) and its first p
derivatives are known and bounded, and, in addition, 3" (t) is
piecewise continuous. In particular, y,.(£) may be the output of
a reference model of relative degree p, > p with a piecewise
continuous input 7(t).

The paper is organized as follows. We first select a state
estimation scheme and then present our design procedure
followed by the proof of stability and tracking. Then we
illustrate our procedure on an unstable third-order plant, and,
using simulation results for this plant, we compare the new
nonlinear design with a traditional certainty-equivalence de-
sign. This comparison illustrates the improvements in the
trade-off between transient performance and control effort.

II. STATE ESTIMATION

Since only the output y is available for measurement, we
design a Kreisselmeier observer [4] by first representing the

plant (1.1) as .
Ty =T = Qn-1Y

Ty = T3 — Qn-2Y

ipfl =Ty — Om4+1Y
Ty, = Tpg1 — ¥y + b

Tn = —agy + bou

Y= @.1)

0018-9286/94304.00 © 1994 IEEE




KRSTIC, er al.: ADPATIVE CONTROLLERS FOR LINEAR SYSTEMS

and then rewriting it in the form

z = Aoz + (k—-a)y +bu

y= efx 2.2)
where e; denotes the sth coordinate vector in R® and

—k; , by

AO = : » k= 3
—kn, 0---0] kn

an—1 [ 0
a=| : |, b=|:|, b= { <P-51)X1]. 2.3)
ap bo |

The observer matrix Aq is Hurwitz due to the choice of k. It

is easy to check that
Aéen=en_i, 0<i<n—-1
oen = —k, 2.4)

so that the polynomial functions A(-) and B(-) from (1.1)
satisfy

A(Ao)en =a -k
B(Ao)en = b. 2.5)
By filtering « and y with two n-dimensional filters
7= Aon + €EnlY
A= Ag)+equ (2.6)
the state estimate is formed as
& 2 B(Ao)A — A(Ao)n. Q.7

Using (2.2) and (2.5)-(2.7), it is easy to verify that the
estimation error ¢ = z — & satisfies ¢ = Age. In the
expression (2.7) for £, the vector signals multiplying the
unknown parameters ag,---,an-1 and bg,---,b,, are & =
Ain,0<i<n-—1,and v; = Aj),0 < i < m, respectively.
For convenience we also define {, = — Ajn and rewrite (2.7)
as

€ = Age. (2.8)

n—1 m
z=4E&, — Zai& + Zbivi + €,
i=0 i=0
All the {— and wv-signals and their derivatives are explicitly
available:

&= —AQ fn = Aokn + ky
&= A &= Aok +en_iy,
v; = AgA
It is important to point out that these expressions are im-
plemented as algebraic identities, along with filter equations
2.6).
In the adaptive controller design the unknown parameters
ag, - ,an—1 and by, - - -, by, appearing in the state estimation
equation (2.8), will be replaced by their estimates.

0<21<n-1

’[)i = Ao'l]i -+ €n—_;U, 0 S ) S m. (2.9)
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III. AN INTRODUCTORY EXAMPLE

Our recursive design procedure employs integrator back-
stepping in the observer [8] combined with tuning functions
[10]. In that sense, it removes the overparameterization em-
ployed in [9], where the results of [7] and [8] were combined
to design adaptive output-feedback controllers for nonlinear
systems. For readers unfamiliar with these references, the
procedure is introduced by designing an adaptive controller
for the plant y(s) = (1/s(s — a))u(s), represented as

1 =z2+ ax1
B9 =u G.D
where a is unknown, and y = z; is measured. For simplicity
we let y,=const.

The observer filters (2.6) and the corresponding £ and v
variables are implemented as

7= Aon + ey, & = Aon, bL=-Aln (32
= Aok + eou, v=), Ag = ["ZI 1] .(33)
—ky 0O

From (2.8), using & as an estimate of a, the unmeasured state
z9 is expressed as

o =62+ a1,z + ((Z - ﬁ){l,z + vg + €3. 34

The plant (3.1) is of relative degree p = 2, and the design
is in two steps.

Step 1: The equation for the tracking error 21 = y — ¥, =
z1 — Yy, is (since g, = 0)

Zr=xzgtay=E& o+ vo+a(€1,2+Y)

+(a—a)(&,2+y) +e. (3.5)

The backstepping idea is to treat the filter state v, as a virtual
control, replace it by v = 22+ a1, and design o (y, @, yr, )
to stabilize the z;-equation

2.,'1 =22+a1+6212+€2+&w+(a—d)w,
w=£&,2+ty (G6)

in the absence of 2 and (@ — @)w. This is simply achieved by

Q] = —C121 — dlzl - 52! 9 — aw. (37)
With this stabilizing function, (3.6) reduces to
2= —(cl + dl)zl + 2o + (a - &)w + €9. (3.8)

The reason for using two separate positive coefficients c;
and d; will become obvious at the next step, where ds is
a nonlinear gain. If an update law for @ were to be designed at
this step, a simple choice would be & = 71 = <z w, because
then the derivative of Vi = (1/2)2% + (1/27)(a — @)% +
(1/dy)€T Pye along (3.8) wouldbe V < —cy 22 —(3/4d; )T e+
2129, which is nonpositive when z; = 0. However, 71 = y21w
will not be used to update 4. It only defines our first “tuning
function.”
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Step 2: To step back through the second integrator, we
differentiate 2; = ve — oy and get

22=U—k21)1—0'11
da
=u—kovy — E}(ﬁz,z+aw+v2+€2)

6a1 - 8a1

- —— - —

Now the actual control v is available and for it we design the
control law

8a1
U= —21 —Cr29 — dQ(-'—

Oy
da .
+ 6—;(52,2 + dw + v3)
8(11
on
where u, is yet to be determined. The nonlinear damping
term —dg(8c /8y)?2, was introduced in [8] to counteract

the destablizing effect of (Ja;1/dy)ez. To choose u, and the
update law for & we consider the Lyapunov function

2
) 29 + kv

+ - (Aon + e2y) + uq (3.10)

1 1
V2 = ‘/1 + 52% + d—ZETPOE
1 1

1\ r
— Pge.
dg ) € 0€
Its derivative for the system (3.8), (3.9) with the control (3.10)
is

1 e (1
a(a—-a) +(d_1+

Ve < —clzf - czzg -

3/1 1\
4<d—1+d—2)6 €

rmafli- (- n20)]

O
% ")

Observe that the last two terms in V; are indefinite. To cancel
them, we select the actual update law

; ( e )
a=79|21w— 2g—w
Oy

and let u, = (Oay/0a)rs. The design is completed because
Va < —e122—cpz2—(3/4)((1/d1)+(1/d2))eT e is nonpositive.

This guarantees stability of the origin z; = 2 = 0, ¢ = 0,
@& = a, as well as the regulation of z1, 22, € to zero, which,
in particular, means that asymptotic tracking is achieved;
limg—, oo [y(t) — yr] = 0.

+ 29 (ua -

8
o cdus S SR C R T )

Oy

IV. THE DESIGN PROCEDURE

The general recursive design procedure defines at each step
a new stabilizing function and a new tuning function. In the
final p-th step, these functions determine the actual control
law and the actual update law.

The first two steps of the general procedure are as in the
above relative-degree-two example, except that now the high
frequency gain b, is also unknown. Like in other adaptive
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schemes, an additional parameter p is introduced to estimate
bl

A more substantial change occurs beyond Step 2, that is,
for plants with p > 3. As shown in [10], the stabilizing
functions designed at Steps 3,---,p must also compensate
for the mismatch between the tuning functions and the actual
update law, because only the last tuning function 7, is the
actual update law.

Introducing the positive constants ~, ¢;, d;, 2 = 1,---,p
and the positive definite matrix I’ of dimension (n + m +
1) x (n+ m + 1) as design parameters, we are now ready to
present the design procedure.

Step 1: The derivative of the tracking error 21 = y — ¥, is

21 =122~ an-1Y — Yr- 4.1

If o were measured, we would treat it as a “virtual control”
and use it to stabilize (4.1). Since z, is not measured, we
replace it by its expression from (2.8)

T3 =&n 2 — {0+ V)b + €2 (4.2)
where €, is an exponentially decaying signal and
&2) = [En—1,2," -, &0, 2], v(2) = [Um, 2, 10, 2)-
4.3)
Substituting (4.2) into (4.1), we obtain
21 =&n 2 —E@)a +v2)b — a1y — G + €2 4.4

A choice is now to be made of a measured variable in (4.4)
to replace xo as a virtual control. We choose v,,, 2, because
(2.9) shows that the actual control » appears after only p — 1
differentiations of vy, o, earlier than for any other variable in
(4.4). Then, we denote

0= [_I;a], wl = [{2) + €Ty, vz 4.5)
T(zy = [0, Um—1,2," -, 0,2},
T =€)+ ely, o)) = w' — €l 10m,2 (4.6)

where e, is the (n + 1)st basis vector in R**™+!, and
write (4.4) as

Z = bmvm, 2+ En,? + [6(2) + e’{ya 6(2)]0 - yr + e

= bmUm,2 + &n 2 + @10 — G + €2. 4.7

If v,,, 2 were the actual control input we would design for it a
control law «; to stabilize (4.7). Let z; be the error between
the actual and desired value of vy, 2

22 = Um,2 — Q1 (48)
and rewrite (4.7) as

5 = bm2a 4 by + €n, 2 + T — Yr + 2. 4.9)

Since the parameters are unknown, one would first think
of replacing them with estimates. As «; is multiplied by
the unknown parameter b,,, however, the estimate of b,,
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would have to be bounded away from zero. To avoid this
inconvenience, we introduce an additional parameter p = b;!.
Adding and subtracting {c; + d;)z1,' we rewrite (4.7) as

21 = —c121 — d121 + bp2e
+bm {01 + p(crz1 + diz1 + &, 2 — 9r)

+ p@T 0} + €. 4.10)

We now pause to examine this equation. Although more
complicated than its predecessor (4.1), this equation is more
convenient for backstepping, since z; is a measured variable.
In the design of o the unknown parameters p, 8 will be
replaced by their estimates p, 6. The form of (4.10) suggests
that we define

p=crz1+dizy +bn2— 9o+ 6. (@411)

Then, adding and subtracting the term b,, {fy + pw 6} and
keeping in mind that b,,p = 1, we rewrite (4.10) as

21 = —c121 + bmze + b (a1 + D) + b (p — Ple

E)_T(a - é) +e—diz;. (4.12)

We can now view (4.12) as a first-order system to be stabilized
by a; with respect to the Lyapunov function
1,

Vi= g+ %(o ~&TrY(6 - )

+%{p -p)% + d%eTPoe 4.13)
where P is the positive definite solution of PyAg + Ag'Po =
—1I. To design a; we examine the derivative of V

Vi = —c122 4 bmz122 + b1 (1 + Do)
+lbml(p = §)= (7580 (bm)1 = )
+ (8- 0TI (Twz, - )

1

- dlzf + 2160 — —€le. “4.14)
d

If v, 2 were our actual control, we would have z; = 0 and

we would eliminate p — p, 8 — 8 and b,, from (4.14) with

the choices

a1 = —pp = —plerzy + dizs + €z — e + @70 (4.15)
p= v sgn (b )21 (4.16)

and 0 = 11, where
11 =TWz. 4.17)

With 2o = 0, this would yield the following expression for
the derivative of Vi:

‘ 1\ 1
Vi = —clzf —-d; (zl - ﬁfz) - E‘;Q(E)

I'Two separate positive coefficients ¢; and d; appear here for uniformity
with subsequent steps.
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where
2
s ter. (4.18)

Since v, 2 is not our actual control, we have 2, # 0 and we do

not use § = 7, as the update law for 6, because 9 will reappear
in subsequent steps. However, p will not reappear, so we do
use (4.16) as the actual update law for p. We retain (4.17)
as our first tuning function and (4.15) as our first stabilizing
function. Substituting (4.15) and (4.17) into (4.12) and (4.14),
we obtain

—d121 + bzo + T (0 - 6)
+bmp(p—9) + e
1.5 = ysgn (bm )21
Vl < —612% + bm2z129 + (0 - é)TF'l(‘rl

s =—an

S 1
- 9) - d—lﬂ(é)
4.19)

Step 2: Using (4.5), we express the derivative of 23 =
Um,2 — Q1 as

. (83
23 = Um,3 — k2Um,1 -—1-(§n 2+ wll +e)

-y, -y, - o O (Aot + k)
gi?;;l (Aoki + en—iy)
2 (;%:,1 (’Ui,3 - kz'U-i, 1)
%o? sgn (b, )pz1 — %0—0
=Um,3+ 02— a—;ija
_ % € — %9 (4.20)

where 2 denotes all the known terms except for v, 3. We
now treat v,, 3 as a virtual control, that is, introducing the
new variable z3 = Um, 3 — 2, WE USE @3 to stabilize the
(21, 22, P)-system

—dy21 + by 2z2 + 'LJT(H - é)

z=—-C121
+bmp(p — D) + €2
a A 3(11
Za=z3taz+ B — ayl wTo - (0-—9)T—a—y—w
8(]1 6&1 A
s b ¥
Oy a0
P = vsgn (bm)p21 4.21)
with respect to the Lyapunov function
1,, 17
Vz =i+ =2 + —¢" Pype. “4.22)

2 dy
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The derivative of V; for (4.21) is computed as

Va < —c12f + 22[bmar + 23 + a2 + B2

8&1 T 80{1 ]
- 0
e o0
A o A
+(8-6)Tr! (Tl - l’gy—lwzz - e)
UL WA JUE N T 4.23)
Yoy P 4y 4 :

Using z3b,,21 = zzl;mzl +25(bpm, —5m)zl, we rewrite (4.23) as

. das
Va < —c125 + 2 [23 +oag+ f2 — 21T

dy

+bmzl——9}

: - oo

9 —6H)TT | -7 =2
+( ) l:Tl (ay w
+[0,-+-,0, =21, 0, - O]T)Zz—é]

(9011 1 T
-~ 23— By €3 — a—ze e—-d—ﬂ() 4.24)

with —z; appearing in the (n + 1)st entry of the row vector.
If vmm, 3 were our control, we would have z3 = 0 q.nd we

would eliminate 6 — f from (4.24) with the update law § = 7,
where

)
R —r(aiylwﬂo .0, —z1, 0,---,O]T>z2

a
=Twz — I‘T;;—lwzz + Fen+12122

Oa
~T—=w2 + Dent121(Vm, 2 — @1)

dy

day
= I‘w(z - =1, ) + e, 1002
1 3y 2 +1P9p21

= I‘w,zl

(4.25)

where we have used (4.6), (4.15), and (4.17). Then, examining

the terms in the bracket multiplying 2, in (4.24), we see that,
if z3 = 0 and 6 = T9, the choice

day \? B
Qg = —CgZy — d2(il-) - Bo + —3le0
oy Ay

2 8a1
‘me + —T 4.26
A (4.26)
would yield
. da 1 2
V< —Clz% - szg —ds (Zza—yl + 2_d;£2)
1
- Q
(3 +7 )0

However, since z3 # 0, we do not use § = - as an update law.

Instead, we retain 7o in (4.25) as our second tuning function
and a in (4.26) as our second stabilizing function. Upon the
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substitution into (4.21), and (4.24), we obtain

z21=—cC121 —di121 + bmzo +5T((9 - é)
+ bm‘p(p - ﬁ) +e2

dar\?
22 = —C2Z29 — d2 (—1) 29+ 23 — bm21
9y

- —ao“wT(a —8) + 21(bm — bum)
6&1 6a1

+ —(rp—0) — ¢
T T

p = 7sgn (bm)pz1

Vo < —122 — €322 + 2923 + (8 — 6)TT "} (rp — 0)

6a1 ~ 1 1
+ 22%(7'2 - 0) - (:i; + E;)Q(E) (427)

The mismatch term (Do /88)(r2 — §) will be dealt with in
subsequent steps.

Step i(3 < i < p): We express the derivative of z; =
Um,i — Q;—1 as

. 30[,‘_1 T aa,-_l 80@-1 Py

L 'I: o — —— — — — - 9

Z = Um,i+1+ i 3y w'f 3y € P
(4.28)

where §; encompasses all the known terms except for vp,, i+1.
We now treat v,,, ;41 as a virtual control, that is, introducing
the new variable 2,41 = Um, ;+1 — 0, We Use ; to stabilize
the (Z]_, Tty %y ﬁ)_SYStem

b = —crz1 — diz + bnze + 07 (6 - )
+ bm(/’(p - ﬁ) +e2
F:) 2
29 = —c22g — dz(—a—l) z3+ 23— bm21

Oy
Bal

wWT'(8 = 6) + 21(bm — bm)

Zi=zip1 + o+ Bi —

6ai_1€ - 9
dy T ad
P = vsgn (bn)pz

with respect to the Lyapunov function

1 1
Vi = ‘/i—l + -2-23 + '(L‘CTP()E
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where Vi_l satisfies

=1

Vi1 < —zcjzjz +zizia + (0 — )T (r_y — é)
i=1
+ zz] % L(r, - 0)
S aa da; =1
- ZZ hlpZii- lej - d—Q(e)
j=3k=2 0y =%

4.31)

Let us first analyze (4.29) and (4.31). The form of
23, ,2_1 18 the same as the form of Z, except for
the term Ek zzk(aak 1/96)T(8ex; - 1/0y)w. Likewise,
the form V,_l is the same as that of V; except for
the term —377 E zk(aak 1/60)I‘(6ozJ 1/0y)wz;.
These terms, mcorporated at steps 2,---,2 — 1 by the
stabilizing functions ag, - et would have cancelled

Z,—z 2j(Bej—1/86)(r; — ) in Vi_y, if the relative degree
were ¢ — 1, in which case we would have chosen 9 = T;_1.
We give below a detailed explanation of these cancellations
at step 7.

The derivative of V; for (4.29) is computed as

. i-1

V. < —ZCJ'ZJZ- + 2;

j=1

. [Zz’—l + 21+ o+ G — aai_leé - 91 é:{

Oy EY

Ooy_y 5
3y wzi — 0)

+ (9 - é)TI‘_l (Ti—l -T

(4.32)

If vy, i+1 Were our control, we would have z;,; = 0 and we

would eliminate 8 — 8 from (4.32) with the update law b= Ti,
where

T =Tio1— rdei

‘;; wz; 4.33)
Then, noting that
b : 8ak_1 . .
'rj—9=7'j——‘r,-=1“2 W2k, 2<3<i—-1
k=j+1
4.34)
and making use of the algebraic identities
i ik Bak 1 an 1
ZZ wz;
j=3k=2
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wz; 4.35)

we would rewrite V; as

i—1
Vi< —ZC]'Z? + 2;

=
Bioy ry Oy
oy ah

6(11_1 dag_1

: [zi—l +ai+ i -

i

+Z Z By W2
J=2k=j+1
i1t 6ak_ 8a,~_1 6a¢_1
—Zzzk lp 3 wz; — %; 3 €2
o bt 86 Y Y
i=1
1 r 1
— —€€~— —Q(e
e T
j=
i-1
= —chzf + 2
j=1
da;_ ~ Doy
' [%—1 +a; +5; - c';y 2Th - —= sz]
i
6a 6a
L33 52,
J=2k=j+1
o2 aak 1 aa] 1 30,'_1
- Z Z Zk wz; — z,'a—ez
k=2j=k+1 oy Y
1, < 11
- = - —0
d,-e € j;dj (e)
i—1 a1_1 Ta
= —ZC]Z + 2| Zi-1 +a,+ﬂ1 a—yw [
=1

i—1
aa,’\_l i+ Zz aak 1 Ba,_ w]
k=2 y

Oa 1 it
i1 T
3y ez—d—ie €— E Q(e).

j=t

(4.36)

The last term in the bracket in (4.36) is due to the mismatch
between 7; and 79, - - -, 7;—1. Along with the other terms in the
bracket, this term will be cancelled by the stabilizing function

Bai_l)z dai_y T
a; = —ciz; — d; Zi = Zj— ' 6
( dy —A+ oy
i-1
o1 Oag_1 . 0a;_1
+—7 - 2 —I— 4.37)
25 7T g oy

k=2
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For z;41 = 0 and é = T7;, this a; would yield Using (4.38) with ¢ = p — 1 and (4.39), the derivative of V,
is computed as

. : aai_
Vi < —EC]'.ZJZ- - dl (Zz—ay—l 2d 62> Zd A p—1

V, < —chzf- + 2,

Jj=1
Jj=1
Since z; 41 # 0, however, we do not use § = 7; as an update . [zp_l +u+ 6, - %wT@ - 6a—"fl§]
law. Instead, we retain (4.33) as our sth tuning function and %
(4.37) as our ith stabilizing function. Substituting them into _ H\Tp-1 _ 9 _4
(4.29) and (4.32), we obtain LA (e y
i—1
. a o 5
21 = —c121 — d121 + bp2e -|-UT(9 - 9) + Z aJ 1 G (9)
+ bm‘P(P - 13) + €2 =2
8o\ 2 —4it aakl 8(1]1
Z9 = —cCgzg — dy (-a—l) 2o+ 23 — b2y - ZZ F——uwz;
5 Y j=3k=2
a; A " p—1
- ——w (614 b — b -
gy @ 00t 20bn —bn) L S W P = X N TPt
da P O ay dp . d]'
+ 2 (ra—6) - ™, =t
oy . .
Sous 2 To eliminate 6 — & from (4.41), we choose the update law
7j—1
2§ = G525 dj( P ) Zj + 2541
Y Py c’)a,,_l
- 0=1y=71,_1-T W2p. 4.42)
—RZj-1— I— wT(a 0) ay p
Doy = -1 01 Then, noting that
+ — (,—0)—-Zz———.—1"——w
k= 60 ay P P aak—l
Py - Tj—9=Tj—Tp=PZ W2k,
j_1 o ~ Oy
-— 3Lj<: (4.38) k=j+1

) €2, > .
. v 2<j<p—1 (443)
p= WSgn( m) P21

R . and using the identities (4.35) with ¢ = p, we rewrite V, as
Vi < —chzj + ziziy1 + (8 — )TT Y7, — 6) ?

j=.1 . p—1 , 60(,;_1 -
. . Vo < —ZCJ‘ZJ« + 25| 2p—1 +u+ B — o0 ¥ 6
: . oy
= T; — 9) 7j=1
p~1
L. Bap 1 aak 1 6a,, 1
L3 Bagy aa, 1, wZz oy ¥
=D D s Z
= % da 1 |
-2, ap_l € — d—eTe - zd—ﬂ(e) (4.44)
Step p: We express the derivative of 2, = vy, , — @p—1 as 4 , =17
- _ _ Finally, we choose the control u as
2p=u+ﬂp_%wTa__a:‘P_l aaP 9 (439) y u

dy 3y 2 o8

‘ =—c,z,—d oy
where 3, encompasses all the known terms (including v, p+1) U= TG = ( Ay ) % = %=1~ Py
except u. Finally the actual control u appears in (4.39). We can ) -1
A xp—1 A Ba -1 6ak_1 Ba -1
now design u and and the actual update law 0 to stabilize the —+ 6,;; Wl + 3% To— Y 2 20 F———a; w (445

(21, -, 2,, P)-system with respect to the Lyapunov function k=2
1 which yields?
Vo=Vo1+ 22 + —eTPoe
dp da; -1 1 2 1
Ld = - c; 22 +d(z —i-1 +-——e)+—ﬂe .
B (%z?+%67”°€)+@(p—ﬁ)2 5_:1{ oy Tag) T

=1 g v (4.46)
1 A n
=6 -0)Tr-1(6-4). 4.4

+ 2( ) ( ) (4.40) 2For notational convenience we introduce o CY 0.
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Our design is now complete. The resulting (z1,- - -, 2, B, é)-
system is
21 = —C121 — diz1 + bp2e + ET(B - é)
+bmp(p — P) + €2
Z c2% d(am)zz + 23 — bz
2 = —C222 — v -
2 — d2 3y 2+ 23 — Om21
0
- ﬂWT(O 0) + 21 (b — bm)
6a s Oa
+—;@y—®—zﬁq
Q51 2
zJ——c,z,—dj( :}_ ) Zi + zj41
Ao N
- Zj1— j-1 T(e 0)
Do, 2 da da
+ =22 6= 2 kolpZoict
25 10 :L:; "ol oy
Baj_l .
<ji<p-
By €3, 3<j<p-1 4.47)
, dar,—1\?
Zp = —Cp2p — dp( 6‘; ) Zp — Zp-1
9ap-1 7}
- — -8
)
iy Bak 1 6ap 1 adp_l
—_ Z —_ €2
= 06 9y
p = vsgn (bm)<p21
~ £ Ba-_l
0 =Tw( z — ;zj + Tepr10021.

= %
V. DIRECT STABILITY ANALYSIS

While the design procedure is intricate, its result—the
structure of the z-system—is remarkably simple. Substituting

(443) into (4.47), denoting oy; = (aak_l/aﬁ)r(aai_l/ay),
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and using (4.6) and (4.15) to derive
bm2ze + @7 (0 - 6)
= byp22 + wT(B - é) - €I+1’Um, 2(6 — é)
= b2z + w (0 = 0) — (b — b)) (22 + 1)
= 8m"“"2 + wT(e - é) + (bm - i’m)ﬁ‘ﬂ

the z-system is more comipactly rewritten as (5.1), shown at
the bottom of the page. ’

The stability properties of this system can be deduced
by inspection. Thanks to the skew-symmetry of the off-
dlagonal terms, the stabilizing effects of the diagonal terms

— d;((Bai—1/8y))? dominate. The nonlinear damping
terms —d;((Ba;—1/0y))?z; are significant when (Jo;_1/8y)
is large, which is crucial, because (Oa;—1/0y) are the “non-
linear gains” for the estimation errors 8 — 6 and €2. We shall
see how the nonlinear damping terms are used to improve
transients caused by large initial estimation errors.

The skew-symmetry in (5.1) is achieved by incorporating
the terms (B—1/08)T; — S 4_b zx0kiw in the stabilizing
functions «; and the control law (4.45). These terms directly

compensate for the effect of 6 and thus eliminate the need
for comphcated stabihty arguments dealing with “swapping
terms.”

The stability and tracking properties of the designed adap-
tive system will now be established through a direct Lyapunov
analysis which will demonstrate that the closed-loop states
converge to a manifold of thie smallest possible dimension.
The only variables not guaranteed to converge in our stability
proof are the parameter errors § — 6 and p — p.

From the previous section we know that the partial Lya-
punov function V), defined.in (4.40), is nonincreasing because
of (4.46). This does not immediately establish the boundedness
of all closed-loop signals, since V,, encompasses only 3n + 2
of the 4n'+ m + 2 states of the closed-loop adaptive system,
which consists of the n-dimensional plant (2:1), the two n-
dimensional filters (2.6), and the n+m+2 parameter estimates.

One of the advantages of this approach is that we can readily
augment V, by the remaining n 4 m states, those of the zero
dynamics of the plant (2.1) and of the n-filter (2.6). Using a

——61 - dl bm 2 0 0
2 by —cyg —dg (%‘;l) 1+ 093w O34w
Z'z P 2
23 0 —1— 093w =—c3— da(m‘z) 1+ 034w
24 |T . '
i 0 — 04w -1 — o34w
Zp
0 —0T9pW —03,w

0 -
T2pW 21
22
O3pW 23
24
14+0,-
Palo; P(": 2 Zp
~1=0p1,w —Cp— dp(_éi,_—) i
1 . v
_2a P by
W@ -0 +elt| o | (bm— bt (p—p)
_3_‘%91;-_1 0 0
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similarity transformation we represent (2.1) as

T1 =Ty — Qn_1Y

Ty = T3 — Gn_2y

Ep—1 = Tp — Ami1Y (5.2)
T, = c;;rf — amy + bmu

¢ = ApC + byy

y=m

where T = (21, z3,--+,z,, (T]7,c; € R*,by € R™. The
eigenvalues of the m x m matrix A; are the zeros of the
polynomial B(s), which is Hurwitz by Assumption 1.1. Al-
though the transformation bringing (2.1) into (5.2) depends on
the unknown plant parameters, this is not important because
for our stability analysis we only need to know that such a
transformation exists. Our task is to investigate the stability
of the trajectories along which the tracking error is zero. The
zero dynamics along these trajectories are governed by

C"r- = ApCr + boyr, C’I“(O) = C(O)

For stability analysis we are interested in the deviations f =
¢ = ¢ which are governed by

(5.3)

C=Al+ha, 0)=0. (5.4)

For the 7-variables in (2.6), we analogously define
e = Aoflr + ey, 1,(0) = 7(0) (5.5

so that the deviations 7 = n — 7, are governed by
= Aofi + enz1,  #(0) = 0. (5.6)
In the coordinates 2, ¢, 8 — 4, p— D1, f, the adaptive

system, described by (2.8), (4.47), (5.4), and (5.6), has an
equilibrium at the origin. Its stability will now be investigated
using the augmented Lyapunov function

1. . 1~ I
V=V, + k_"?TPO"? + E‘CTPbC
Y] ¢

(1, T |bm| 2
= ;(Ezj + dje Poe) + W(p—p)
+50 =8I0 ~0) + i Poi+ 1 CT AL
(5.7)
where Py satisfies P, A, + ATP, = —I, and ky, k¢ are

positive constants to be chosen. Since this Lyapnov function
is time-invariant, it will allow us to establish uniform stability
properties. Using (4.46), (5.4), and (5.6), we obtain

p
— _Z{Cjzf + dj (Zj
j=1
IICII2

P p
2

—-__21 E:CJ j_z:

j=1

Jj=

Baj 1 1 2 1
3y +ﬁ62) +d—Q(€)}

—~TP06nZ1 + C Pybyzy

L2
E Il -
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daj, 1\ 1

; — —Q

"{d’<J dy +2de) T (E)}
1o 1 2,

o, Wl = Il

1 2 .. 8 .
- G lexst 4 BN+ B Puen|

1 2
- ¢l + i+

<—%lz1 zp:c]zf Ep:

iCZTI:’bbbh]

=2 7=1
a1 \? 1
X {d](zJ By +ﬁ62) +djﬂ(e)}
1,.s 1 2
a1l = 51K

2
: %(w - APl
P n
-5tz (& —8” el
(et - 2L "”"”ncn)

C1

4
1 8 P[,bb
- W(k‘ S )llcll2 (58)
Thus, if we choose k, and k¢ such that
2 2
(4] C1
the derivative of V' will be nonpositive:
SR 2 1 2
V-G =Y el - Z4d el = 1l
Jj=2 =1
1 702
- . (5.10
o I (5:10)

The nonpositivity of 14 proves the uniform stability
of the origin. This fact, together with the boundedness
of the reference signals yr, gr,---, »¥  implies that
21,7, 2p, B, 0, €, 7, ¢ are uniformly bounded.

Next we establish the boundedness of A and u. The bound-
edness of Aj,:-+, App41 follows from the boundedness of y

and (2.6), which gives:’_
sl 4 k'lsi_z + oo+ kiog A(s) .
— 1<3<
A I40) B LSism
(5.11)

where the polynomials K (s) =det (s] — Ag) = 5™+ k18"~ 1 +
-+ + ky, and B(s) are Hurwitz. To establish boundedness of

Am+2, -, An, We note that since v, = AF'A, we have
A1
myi = Amti + G, i ) 2<i<p (5.12)
Amtia1

. . A
3For notational convenience we define ko = 1.
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for some g, ; € R™*~1. By substituting into

2 = vm,i+ai—1(ya Yry e _’yﬁi—l)’ ﬁa éa s /\17 e 7/\m+i—1)7
2<1<p (5.13)

we get
A
Amti = —gg,,i : +z
Am+i—1
- ai—l(yv Yprye o vy7(~l_1)a ﬁa 0) B )‘1’ Y Am-f-i—l)y
2<i<p (5.14)
This recursively proves that Ap42,---,A, are bounded.

Therefore, the control u is bounded, and it follows from
(2.8) that z is bounded.

To prove the convergence of the tracking error to zero, we
note that the boundedness of z, 1, A, §, 0, and u, together
with (2.6), (2.8), (4.47), (5.4), (5.6), (5.7), and (5.8) implies
that V' is bounded and integrable on [0, 00), and moreover,
V is bounded. Hence, V~—+ 0 as ¢ — oo, which proves that
21,+,2p — 0and e, 7, { — 0as ¢t — oo. Since 21 = y—yr,
asymptotic tracking is achieved.

The above results are now summarized as follows.

Theorem 5.1 : The closed-loop adaptive system, which
consists of (2.8), (4.47), (54), and (5.6), has a globally
uniformly stable equilibrium at the origin. All the solutions
of this (4n + m + 2)-dimensional dynamical system converge
to the (n 4+ m 4+ 2)-dimensional equilibrium manifold
M={za1=2=-=2=0¢e¢=017=0¢=0}L
This means, in particular, that global asymptotic tracking is
achieved

Jim [y(t) — 5 (8)] = 0. (5.15)

VI. A DESIGN EXAMPLE

This section is a continuation of Section III. We illustrate
the new design procedure on an unstable relative-degree-three
plant

u(s) = 5 ——u(s)

P ry (6.1)

where a = 3 is considered to be unknown. The relative-degree-
three design contains all the features of the general design
procedure. The control objective is to asymptotically track the
output of the reference model

1

To derive the adaptive controller resulting from our nonlin-
ear design, the plant (6.1) is first rewritten in the state-space
form (2.1)

(6.3)
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The filters (2.6) and the corresponding { and v variables are
implemented as

n=Aon+esy, &=Alm &=-An (64
A= Ag) + esu, =M\, 6.5)
-k 1 0
Ag= |-k 0 11}.

—k; 0 O

The signals yr, Ur, Ur, y.@) are implemented from the refer-
ence model (6.2) as follows:

Yr =71, Ur = 72, Gr = 73, Yt = —3rg —3ra—r1 +7 (6.6)

where 71 =79, 7o = T3, 3 = —3rg — 3ra —r1 + 7.

Since in this example the high-frequency gain is known, in
the first step we can directly treat vy as a virtual control and
do not need the additional parameter p. The virtual estimate
(2.8) is €3 + a&y + v, and by defining w = &2, 2 + y the results
of the three steps of our design procedure are as follows.

Step I

21=Y—Yr 6.7
T| = Ywzy 6.8
oy = —c121 — daz1 — &3,2 + Y — WG (6.9)
Step 2:
B9 = U7 — Q1 (6.10)
Tg =Ty — 'ygg—lwz.g (6.11)
Oy
a 2
Qg = —C229 — dg(ﬂ) 29 — 21 + k‘g’ul
oy
6a1 6011 . 3(11 ..
+ Fy“(?)z +63,2) + oy, + a5,
6&1 Bal
+ —(Aoés + ky) + —(Aol2 + ¢
863 ( 063 y) 862 ( 062 ly)
0oy . Om
—_— —To. 6.12
+ By Wi + =T (6.12)
Step 3:
23 = U3 — Q3 (6.13)
75 = 75— 7220z (6.14)
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Bag 2
U = —c3z3 — ds (-——) 23 — 22 + kavy
oy
da day
+ 73/2_(“2 +&3,2) + B;ijr
Baz - 6a2 (3)
+ ==Y+ =
T Y. ET Yr
aaz 6042
+ %, (Ao€s + ky) + '@(Aoéz + e1y)
da Ja
+ 5512(’02 —_ ’Gl’Ul) + 8—1122(U3 e ’Cz’vl)
8a2 N 6a2 801 3&2
Tyt e T g gy 619

Because in this example the high-frequency gain b, = 1
is known, the matrix form of the (21, 22, 23, 4)-system is
simpler than (5.1)

3 —C1 — dl 1 . 0
1
wle] -1 —e- 42(%%) 1+ow
. 2
23 0 -1 —-ow ~c3 — d3(%z)
21 ;
A {3
X |z2 | +[(a — d)w + €] —70;“
z3 _Fyz
I 6a1 6(12
=~1, ———, —— 6.16
a '7[ By By ]wz (6.16)
where 0 = ~(day/0d)(0az/0y). Note again the skew-

symmetry of the off-diagonal entries and the stabilizing role
of the diagonal entries.

The block diagram in Fig. 1 shows that the overall structure
of the new adaptive system has the familiar form of the input
and output filters feeding into an estimator/controller block.
The fundamental difference, is however, that this block is
now a nonlinear controller. Whereas in traditional schemes
this block would be a “certainty-equivalence” linear controller,
the new three-step procedure produces the control law (6.15)
in which both parameter estimates and filter signals enter
nonlinearly.

VII. IMPROVEMENT OF TRANSIENT PERFORMANCE

The new adaptive scheme is now compared with a standard
certainty-equivalence scheme on the basis of transient perfor-
mance and control effort. The comparison with a direct MRAC
scheme is not pursued because such a scheme updates at leas?
three parameters. This is clear from its control law

6952 + 015 + 02
s24+mys+ mg

f3s + 64
82+ m1s+mo

u=r+[ ]u (7.1)

where 52 + mys + mg is a Hurwitz polynomial. A calculation
using the Bzout identity gives

35 + 34[m1 - 03 - a] + 83[m2 - 94 - a(m1 - 93)]
- 32[90 + (m2 - 04)(1]

= (s + D32 + mis +mg) + 015+ 6, (7.2
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Plant
u 1 ¥y
8%(s - a)
v & & (v |vnindn®

Nonlinear controller

Parameter update

Fig. 1. The distinguishing feature of the new adaptive system is the “nonlin-
ear controller” block. In contrast to certainty-equivalence designs which result
in linear-like control laws, the new three-step procedure produces a control
law in which both parameter estimates and filter signals enter nonlinearly.

which shows that 6y, 3 and 64 have to be updated, while
9, and 6y can be fixed at 6, = —my — 3mg, 2 = —ma.
Simulations showed that the update of three parameters results
in transient performance inferior to indirect linear schemes
which update only one parameter estimate. Therefore, we
compare our new controller to a standard indirect scheme [5],
[6], in which the plant equation s2(s—a)y(s) = u(s) is filtered
by a Hurwitz observer polynomial s® + kjs? + ks + k3 to
obtain the estimation equation

¢ =va
3
S
¢= 83+ k152 + kas + kgy(s)
- : u(s)
83+k182+k23+ ks )
52
P y(s) 7.3)

s + k182 4+ kos + k3
and the parameter update law is a normalized gradient*

Pe
gy

a= e= ¢~ va. (7.4)
The control law (7.1) is implemented by replacing a with
@ in (7.2) and then solving it for the controller parameters:
0; = —(3 + a), 04 = —[3 + 3my + &(ml - 33)], b =
—[1+3m1+3m2+(m2-04)&], 8, = —my—3ms, 82 = —may.

The above indirect adaptive linear scheme and our new
nonlinear scheme were applied to the plant (6.1) with the true
parameter ¢ = 3. In all tests the initial parameter estimate
was @(0) = 0, so that, with the adaptation switched off, both
closed-loop systems were unstable. The reference input was
r(t) = sint.

4The simulation results with a least-squares update law were virtually
identical and are therefore omitted.
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Tracking error y —y,

El/\ :
(] 2 4 6 8 10

Parameter estimate —&

o z 4 6 8 10

Control u

104
-1 s
o -1
0 2 4 6 8 10

y(0) =0 y0) =1

Fig. 2. Simulation results for the indirect adaptive linear scheme with
v = 500 for y(0) = 0 (left) and y(0) = 1 (right). The nonzero initial
condition is misinterpreted as a parameter error by the parameter estimator,
leading to the deterioration of both transient performance and control effort.

w

a 1 2 3 4

Adjustment of the indirect linear scheme : For a fair com-
parison, our first task was to adjust the design parameters of the
indirect scheme to achieve the best transient performance with
a prescribed control effort. The trade-off between transient
performance and control effort was examined for various initial
conditions. To reduce the transients due to the mismatch of
initial conditions, the initial condition of the reference model
output was set in all tests to be equal to the initial value of
the plant output. In spite of numerous attempts, no conclusive
guidelines were found for initialization of filters in the indirect
linear scheme. The simulation results shown in Figs. 2—4 for
y(0) = 0 and y(0) = 1 are representative. The available design
constants were the adaptation gain +y and the coefficients of the
observer polynomial s% + k1 5% + ko s+ k3 and of the controller
polynomial s? + mys + my. After several attempts, all the
roots of the observer polynomial were placed at s = —2 with
ky = 6, ko = 12, k3 = 8, while the roots of the controller
polynomial were placed in a Butterworth configuration of
radius 3 with m; = 4.2426, my = 9. These were judged
to yield the best trade-off between transient performance and
control effort for different initial conditions. A final choice to
be made was that of the adaptation gain. Figs. 2—4 present
simulations resuits for three different values of that gain:
v = 500 (Fig. 2), v = 1000 (Fig. 3), and ~ = 2000
(Fig. 4). In each of these figures we show two simulation
runs, one with y(0) = r1(0) = 0 (left) and one with
y(0) = 71(0) = 1 (right), and for each run we show the
tracking error y — y, (top), the parameter estimate 4 (middle),
and the control effort u (bottom). From these three figures, it is
evident that the effect of the adaptation gain on the transient
performance and the control effort is very different for the
two sets of initial conditions. For y(0) = r1(0) = 0, both the
performance and the control effort improve with increasing
adaptation gain, while for y(0) = 7,(0) = 1 they both
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Tracking error y — y,

0 2 4 6 8 10 0 2 4 6 8 10

Parameter estimate —&

Control u

10 200,
100
-1 ~1
-2
e 2 4 6 8 10 o 1 2 3 4

y(0)=0 ¥0)=1

Fig. 3. The adaptation gain here is increased to v = 1000. For y(0) = 0,
this leads to faster parameter convergence, which results in better transient
performance and smaller control compared to Fig. 2. This beneficial effect,
however, is reversed for y(0) = 1, where both performance and control
deteriorate further.

Tracking error y — 3

1
0o 2 4 6 8 10 6 2 4 6 B 10

Parameter estimate —&

_,| _j i
0 2 4 6 B 10 0 1 2 3 L

Control u

200-
-2
-1
0 2 4 6 & 10 o 1 2 3 4

¥(0)=0

y(0) =1

Fig. 4. A further increase of the adaptation gain to v = 2000 confirms the
trend detected in Figs. 1 and 2. The improvements obtained for y(0) = 0
are more than offset by the deterioration observed when y(0) = 1. The best
compromise was judged to be achieved for ¥ = 1000 (Fig. 3).

deteriorate. This difference can be explained by examining
the behavior of the parameter estimate 4. The parameter
estimator interprets the nonzero initial condition y(0) as a
parameter error and tries to adjust the parameter estimate to
reduce it. This results in the simultaneous deterioration of
both transient performance and control effort. An increase in
the adaptation gain, while improving parameter convergence

for y(0) = 0, increases the sensitivity of the estimator to
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Tracking error y — ¥,

Indirect linear

Tracking error y — y,

Indirect linear

2 4 & B

Fig. 5. Transient performance comparison of indirect linear scheme with new
nonlinear scheme when %(0) = 0 (top) and when y(0) = 1 (bottom). In both
cases, the nonlinear scheme achieves a dramatic performance improvement
without any increase in control effort (see Figs. 6 and 7).

1

initial conditions, thus causing both transient performance and
control to deteriorate even more for y(0) = 1. The best
compromise was judged to be v = 1000 (Fig. 3). The resuits
in this figure were used for our comparison with the new
nonlinear scheme.

Comparison with the nonlinear scheme : For a compar-
ison of transient performance, the nonlinear scheme was
adjusted to employ about the same control effort as that
of the indirect linear scheme in Fig. 3. This was achieved
with k] =6,k2 = 12,]{:3 = 8,61 = C2 = C3 = l,dl =
da = d3 = 0.1, and the adaptation gain « 0.5. The

_plots in Fig. 5 show that the transient performance of the
nonlinear scheme was far superior for both sets of initial
conditions. Measured by any norm, the tracking error with
the nonlinear scheme is only a fraction of the indirect linear
scheme error.

We now proceed to discuss the three most important factors
which contributed to the superior performance of our nonlinear
scheme: nonlinear damping, incorporation of d in the control
law, and filter initialization.

Nonlinear damping: The nonlinear damping terms
—di((8ai—1/8y))?2; contributed to a significant reduction of
the effect of initial conditions on the new adaptive system.
Their role is interpreted using Figs. 6 and 7. In Fig. 6,
for y(0) = 0, the parameter convergence is slower in the
nonlinear scheme. Fig. 5 shows that, in spite of this, the
transient performance is much better without an increase in
control effort. This was achieved by nonlinear damping, which
attenuated the effect of initial parameter errors, so that fast
parameter convergence was not required for good transient
performance. The main benefit is the reduced sensitivity to
initial conditions, as illustrated in Fig. 7. In contrast to the
multiswing transient of the indirect linear scheme, the transient
of the nonlinear scheme is nonoscillatory. The attenuating
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Parameter estimate i

-1. -1

1

o d

Control u

6 o 2 4 6

Indirect linear Nonlinear

Fig. 6. The nonlinear damping terms provide better transient performance
with a lower “effective adaptation gain.” Here we see that for y(0) = 0, the
improvement shown in Fig. 5 is achieved in spite of the slower parameter
convergence of the nonlinear scheme.

Parameter estimate —a

Control u
200 200-
100- 100-
-100 ~1i
-200:

T T T 1 F T T T

0 1 2 3 4 0 1 2 3 4

Indirect linear Nonlinear

Fig. 7. The lower effective adaptation gain of the nonlinear scheme makes
its parameter estimator less erratic when ¥(0) = 1. The benefits are evident
not only in the transient performance (Fig. 5), but also in the control effort.

effect of nonlinear damping is particularly evident in Fig. 8. If
the damping is increased over an optimum rate, the tracking
error continues to decrease, but the control effort increases.

Incorporation of G in v : Another important property of
the nonlinear scheme is that the update law 4 = 73 is
contained explicitly in the control (6.15). This is not the
case with certainty-equivalence schemes. The presence of ¢ in
u indicates that some form of differential action is employed.
The effect of this additional information about & is that the
settling time of the tracking error is much shorter for the
nonlinear scheme. Figs. 5-7 show that the settling time of
the tracking error is closely coupled to that of the parameter
error. In contrast, the tracking error of the indirect linear
scheme continues to grow even after the parameter estimate
has converged to its true value.
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Fig. 8. The effect of nonlinear damping for y(0) = 1.

Filter initialization : In contrast to the indirect scheme, the
new nonlinear scheme provides clear guidelines for filter and
reference model initialization, which follow from the design
objective of driving the z-variables to zero. According to (6.7),
(6.10), and (6.13), the initial values of z-variables are set
to zero by choosing r1(0) = y(0), v2(0) = @;(0), v3(0) =
a3(0). In general, it is always possible to set 21 (0) = 2z2(0) =
-++ = 2,(0) = 0 by either one of the two methods:

1) Setting 2(0) = O by initializing the )-filter. Choos-
ing y.(0) = y(0), we set z;(0) = 0. Now, we
perform the initialization using (5.14). For given
y(0)7 y,»(()), :l)r(O),ﬁ(O), 9(0)7 77(0), /\1(0)7 o Am +1i-1
(0) weset z(0) = O by choosing A,4s(0) =
—gZ (M(0), - Amgic1(0)] T+ a1 )imo, for i =
2,500, p.

2) Setting z(0) = O by initializing the reference model.
Again, by choosing y,(0) = y(0), we set 2,(0) = 0.
Now, examining the expressions for «;, we note that
(81 /04,)= -+ =(Bap_1/0y* V)= p and 2=
Um, itoi— =§i(y7 Yry-o oy y1('1_2)7ﬁ1 é: m ’\)+ﬁy7(',—1)
It is reasonable to take H(0) # 0, because it reflects
the fact that the high-frequency gain by, is finite. Now,
for a given y(0), y,(0), $(0), 6(0), n(0), A(0), we set
2i(0) = 0 by choosing 3"~ (0) = —(1/5(0))7:le=o,
fori = 2,---,p.

One simple way of setting 2(0) = 0, which fits both cases
a) and b) above, is to set y,(0) = y(0) and all remaining filter
initial conditions to zero: yﬁ’)(o) =0,i=1,---,p—1, \0) =
n(0) = 0.

In all tests, filter initialization was found to significantly
improve both the transisent performance and the control effort.
A typical example is Fig. 9, where y,.(0) = y(0), %,.(0) =
#-(0) = 0, A(0) = n(0) = 0 have set z(0) = 0.

An explanation for the improvement of performances due
to initialization is that by setting z1(0) = 22(0) = --- =
2,(0) = 0, we reduce the initial value of the Lyapunov
function (5.7), that is, we reduce the initial deviation from
the globally attractive manifold M. Recall from (5.4)—(5.6)
that 7(0) = 0 and {(0) = 0. Thus, the only variables in

1
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Fig. 9. Filter initialization for y(0) = 1.

the Lyapunov function which are not initialized to zero are
6 — 6, p— p and ¢, that is, only those which are not known
or not measured.

VIII. CONCLUDING REMARKS

The results of this paper show that recently developed
tools for adaptive nonlinear control [7]-[11] can be used to
design adaptive controllers for linear systems, which promise
to outperform existing schemes. A particularly significant new
property is the possibility to improve transient performance
without an increase in control effort. This is achieved by non-
linear damping, which attenuates the effect of initial parameter
errors so that fast parameter convergence is not required for
good transient performance. The proof of stability is direct
and reveals that the states of the adaptive system converge
to a manifold whose dimension is the smallest possible. The
robustness of the new class of adaptive controllers is a topic
of current research.
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