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Neural Operator Feedback for a First-Order PIDE With Spatially Varying
State Delay

Jie Qi , Member, IEEE, Jiaqi Hu , Jing Zhang , and Miroslav Krstic , Fellow, IEEE

Abstract—A transport PDE with a spatial integral and recircula-
tion with constant delay has been a benchmark for neural operator
(NO) approximations of PDE backstepping controllers. Introducing
a spatially varying delay into the model gives rise to a gain operator
defined through integral equations which the operator’s input—the
varying delay function—enters in previously unencountered man-
ners, including in the limits of integration and as the inverse of
the “delayED time” function. This, in turn, introduces novel mathe-
matical challenges in estimating the operator’s Lipschitz constant.
The backstepping kernel function having two branches endows the
feedback law with a two-branch structure, where only one of the
two feedback branches depends on both of the kernel branches.
For this rich feedback structure, we propose a NO approximation
of such a two-branch feedback law and prove the approximator to
be semiglobally practically stabilizing. With numerical results we
illustrate the training of the NO and its stabilizing capability.

Index Terms—DeepONet, first-order hyperbolic partial integro-
differential equation, learning-based control, PDE backstepping,
spatially varying delay.

I. INTRODUCTION

This article considers the first-order partial integro-differential equa-
tion system

∂tx(s, t) = − ∂sx(s, t) +

∫ 1

s

f(s, q)x(q, t)dq

+ c(s)x(1, t− τ(s)), s ∈ (0, 1), t > 0 (1)

x(0, t) = U(t) (2)

x(s, 0) = x0(s) (3)

x(s, h) = 0, h ∈ [−τ̄ , 0) (4)

where ∂s = ∂
∂s
, ∂t =

∂
∂t

, τ̄ = sups∈[0,1] τ(s), and extends the result
from [1] and [2]. Zhang and Qi [1] solved the problem by the PDE
backstepping method, and Qi et al. [2] proposed neural operators (NOs)
to learn the control gain functions (kernel functions) and the observer
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Fig. 1. Sketch of plug-flow tubular reactor with recycle.

gain functions for systems with a constant delay. The extension is both
challenging and meaningful.

First, we employ a single DeepONet directly to learn the backstep-
ping control operator, which consists of two distinct branches depend-
ing on the delay profile, each containing kernel functions with their
own piecewise definitions. This unified NO scheme completes “once
and for all” [3] once trained, the NO can quickly generate controllers for
new delay function without recalculating kernels or complex integrals
in the feedback, enhancing real-time applicability. Importantly, we the-
oretically establish that the delay-dependent, two-branch backstepping
control operator can be approximated by a single NO by proving its
Lipschitz continuity.

Spatially varying delays specially arise in physical systems where
transport dynamics depend on position. For instance, in tokamak fusion
devices for plasma temperature regulation, the control input modulates
electron heating via neutral-beam injectors and RF antennas, induce
delays that vary along magnetic field lines due to position-dependent
transport speeds [4], [5]. Another example of spatially varying delay
occurs in recycled tubular reactors [6] (Fig. 1). In this setup, recycled
heat returned to the jacket for counter-current exchange causes transport
delays that vary with position. Although many studies address delayed
PDE control [7], [8], [9], research on spatially varying delayed PDEs
is limited due to difficulty of compensating different delays across
space. Robust predictor feedback for parabolic PDEs, assuming small
delay deviations from nominal values, was developed in [10], while
backstepping methods are applied to account for delays without a
nominal setting [1], [11], [12].

Nevertheless, controllers for spatially varying delays, such as those
using the backstepping method, involve complex structures with state
and historical delayed variable feedback in form of piecewise integra-
tion and require to solve intricate kernel functions. Any change in the
delay profile necessitates recomputation of the controller, leading to
high computational costs and limited real-time applicability.

In this context, NOs [13], [14], particularly DeepONet, offer a
compelling alternative. DeepONet learns mappings between function
spaces and generates PDE solutions in real time once trained. Its
adaptability to new input functions and its theoretical guarantee for
approximating continuous operators with arbitrary accuracy [15] make
it highly effective for real-time control of PDEs [16], [17], [18]. Starting
from [3], a transport PDE with recirculation and a spatial integral has
proven a valuable benchmark for nonlinear operator approximations of
backstepping. Our extension [2] with a constant delay in recirculation
introduced a two-branch structure in the operator analysis. Krstic
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et al. [19] extended the method to parabolic PDEs. Further studies
have applied DeepONet to accelerate kernel equation computations in
adaptive control frameworks [20], [21], [22] enhancing the real-time
performance of delay-compensated PDE controllers. In addition, Lee
et al. [23] integrated DeepONet with physical information to solve
Hamilton–Jacobi–Bellman equations for optimal control.

In this article, with a spatially varying delay, we raise significantly
the mathematical challenges in estimating the operator’s Lipschitz
constant, as the gain operator defined through integral equations has
the operator’s input (the spatially varying delay function) entering
in previously unencountered ways, including within the integration
limits and as the inverse of a “delayed time” function. In addition, the
two-branched kernel function endows the feedback law also with a two-
branch structure, with only one branch depending on both of the kernel
branches. To address these difficulties, we train a single DeepONet to
approximate this rich feedback structure, offering implementation sim-
plicity and the ability to automatically realize branch-specific control
adapted to different delay function. We prove the Lipschitz continuity of
the control operator across distinct delay-dependent regions, ensuring
the trained DeepONet approximates the feedback law. We also establish
semiglobal practical stability of the closed-loop system. Numerical
results demonstrate that the DeepONet-based controller achieves an
approximation loss on the order of 10−4 while reducing computation
time by at least an order of magnitude. We also evaluate the controller
under noisy delay inputs, confirming its robust performance.

The rest of this article is organized as follows: Section II re-
views delay-compensated controllers using the backstepping method.
Section III proves the control operator’s Lipschitz continuity, ensuring
NO approximation. Section IV establishes semiglobal practical sta-
bility. Section V presents numerical experiments. Finally, Section VI
concludes this article.

Notation: Define sets T1 = {(s, q) ∈ R2 : 0 ≤ s ≤ q ≤ 1} and
T2 = {(s, q) ∈ R2 : 0 ≤ s, q ≤ 1}. For z(s) ∈ L∞[0, 1], f1(s, q) ∈
L∞(T1) and f2(s, q) ∈ L∞(T2), define the norms

‖z‖∞ := sup
s∈[0,1]

|z(s)|, ‖f1‖∞ := sup
(s,q)∈T1

|f1(s, q)|

‖f2‖∞ := sup
(s,q)∈T2

|f2(s, q)|.

II. BACKSTEPPING CONTROL FOR SPATIALLY VARYING STATE

DELAY SYSTEMS

We consider system (1)–(4) with spatially varying state delay τ(s) >
0 andU(t) is the control input, which will be determined subsequently.

Assumption 1: Assume the delay function τ(s) ∈ D, where

D =
{
τ ∈ C2[0, 1] : τ(s) > 0 for s ∈ [0, 1]

and if τ(s) < s, τ ′(s) < 1} . (5)

Assumption 2: Assume the coefficient functions c ∈ C1[0, 1] with
c(1) = 0, and f ∈ C1(T1).

From the above two assumptions, we can specify the following
bounds.
1) τ̄ = ‖τ(s)‖∞, τ̄ ′ = ‖τ ′(s)‖∞.
2) c̄ = ‖c(s)‖∞, f̄ = ‖f(s, q)‖∞.

Remark 1: 1) Given τ ∈ C2[0, 1], there existLτ , Lτ ′ > 0 such that
τ(s) and τ ′(s) are Lipschitz continuous

|τ(s1)− τ(s2)| ≤ Lτ |s1 − s2| (6)

|τ ′(s1)− τ ′(s2)| ≤ Lτ ′ |s1 − s2| (7)

where Lτ , Lτ ′ > 0 are Lipschitz constants.

2) Defining an auxiliary function for the case τ(s) < s

g(s) := s− τ(s), 0 ≤ s ≤ 1 (8)

and let ḡ := ‖g(s)‖∞. Since τ ′(s) < 1, we have g′(s) = 1− τ ′(s) >
0, hence g is monotonically increasing on [0,1] and admit the in-
verse g−1 defined on [g(0), g(1)]. Denote ḡ′ = ‖g′(s)‖∞ and g′ =

infs∈[0,1] g
′(s) > 0. Then, |(g−1)′(σ)| = 1

g′(g−1(σ))
≤ 1

g′ , which gives

g−1(σ) is Lipschitz with constant Lg = 1/g′

|g−1(σ1)− g−1(σ2)| ≤ Lg|σ1 − σ2|. (9)

Remark 2: Based on Assumption 2, we know c and f are Lipschitz
continuous with

|c(s1)− c(s2)| ≤ Lc|s1 − s2| (10)

|f(s1, ·)− f(s2, ·)| ≤ Lf |s1 − s2| (11)

where Lc, Lf > 0 are Lipschitz constants.
We introduce a 2-D transport PDE with spatially varying transport

speed to hide the delay, which gives

∂tx(s, t) = − ∂sx(s, t) + c(s)u(s, 0, t)

+

∫ 1

s

f(s, q)x(q, t)dq (12)

x(0, t) = U(t) (13)

τ(s)∂tu(s, r, t) = ∂ru(s, r, t), (s, r) ∈ T2 (14)

u(s, 1, t) = x(1, t) (15)

with the initial conditions x(s, 0) = x0(s) and u(s, r, 0) = u0(s, r).
We sketch the backstepping design with state feedback for system (12)–
(15). The backstepping transformation splits into two cases, for ḡ ≤ s ≤
1

z(s, t) = x(s, t)−
∫ 1

s

K(s, q)x(q, t)dq

−
∫ 1

s

∫ q−s
τ(q)

0

c(q)τ(q)K(s+ τ(q)p, q)u(q, p, t)dpdq

+

∫ 1

s

c(q)u

(
q,
q − s

τ(q)
, t

)
dq (16)

and for 0 ≤ s < ḡ

z(s, t) = x(s, t)−
∫ 1

s

K(s, q)x(q, t)dq

−
∫ 1

g−1(s)

∫ 1

0

c(q)τ(q)K(s+ τ(q)p, q)u(q, p, t)dpdq

−
∫ g−1(s)

s

∫ q−s
τ(q)

0

c(q)τ(q)K(s+ τ(q)p, q)u(q, p, t)dpdq

+

∫ g−1(s)

s

c(q)u

(
q,
q − s

τ(q)
, t

)
dq. (17)

Applying the transformation, we get the following stable target
system:

∂tz(s, t) = −∂sz(s, t) (18)

z(0, t) = 0 (19)

τ(s)∂tu(s, r, t) = ∂ru(s, r, t) (20)

u(s, 1, t) = z(1, t) (21)
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To map (12)–(15) to (18)–(21), the kernel function should be

K(s, q) =

{
K1(s, q), if q − s ≤ τ(1)

K2(s, q) if q − s > τ(1)
(22)

K1(p, q) = Ψ1(K1)− Ξ1 (23)

K2(s, q) = Ψ1(K)− Ξ1 − Ξ2 +Ψ21(K1) + Ψ22(K2) (24)

and by letting σ(s, q) = s+ 1− q and ψ(s, q, ḡ) = g−1(min{ḡ, σ +
τ(1)})

Ψ1(K)(s, q) =

∫ σ

s

∫ θ−s+q

θ

K(θ, r)f(r, θ − s+ q)drdθ

Ψ21(K1)(s, q) =

∫ ψ(s,q,ḡ)

g−1(σ)

c(p)K1(σ + τ(p), p)dp

Ψ22(K2)(s, q) =

∫ 1

ψ(s,q,ḡ)

c(p)K2(σ + τ(p), p)dp

Ξ1(s, q) =

∫ 1

q

f(θ + s− q, θ)dθ,Ξ2(σ) =
c(g−1(σ))

g′(g−1(σ))
.

The existence and boundedness of the kernel function have been
proved in [1] and [24]. Specifically, we represent its upper bound by
K̄ := ‖K(s, q)‖∞. Based on boundary conditions (13) and (19), along
with transformation (16) and (17), the controller is derived as

U(t) =

∫ 1

0

K(0, q)x(q, t)dq −
∫ 1

0

c(q)u

(
q,

q

τ(q)
, t

)
dq

+

∫ 1

0

∫ q

0

c(q)K(p, q)u

(
q,

p

τ(q)
, t

)
dpdq

for˜τ ∈ D1 (25)

U(t) =

∫ 1

0

K(0, q)x(q, t)dq −
∫ g−1(0)

0

c(q)u

(
q,

q

τ(q)
, t

)
dq

+

∫ 1

0

∫ min{τ(q),q}

0

c(q)K(p, q)u

(
q,

p

τ(q)
, t

)
dpdq

for˜τ ∈ D2 (26)

where

D1 = {τ ∈ C2[0, 1]|τ(1) ≥ 1} (27)

D2 = {τ ∈ C2[0, 1]|τ(1) < 1}. (28)

If τ(q) ∈ D1, the kernelK(s, q) is determined by (23). Conversely,
if τ(q) ∈ D2,K(s, q) is governed by both (23) and (24), indicating that
the controller in this case involves two types of kernel gains. Note that
the transformation at s = ḡ and the controllers at ḡ = 0 are continuous
due to g−1(ḡ) = 1.

III. APPROXIMATION OF THE NEURAL OPERATOR CONTROLLER

WITH DEEPONET

The DeepONet approximation theorem [13] provides the theoretical
basis for using DeepONet-based controllers. This theorem stipulates
the operator approximated by the DeepONet must be continuous, with
Lipschitz continuity specially enabling the estimation of approximation
errors based on the network’s parameters.

Definition 1: The kernel operator K : D �→ C0(T1) with

K(s, q) =: K(τ)(s, q) (29)

is defined by (22). Specifically, for q − s > τ(1), define the operator

K2(s, q) =: K2(τ)(s, q) (30)

with K2(s, q) defined in (24).
Note that this article focuses exclusively on operators dependent on

τ , as the operator depending on f and c has been addressed in [2]
and including them here adds no technical difficulty. Focusing on τ
highlights its role in the kernel and control operators, as it not only
enters the kernel function and integration limits but also delineates the
spatial regions where the kernel takes different forms. Appendix IV
in [25] demonstrates that the closed-loop system is stable in the C1

norm when using the controller (25) and (26). Thus, x ∈ C1[0, 1] and
u ∈ C1([0, 1]2) with x̄ := ‖x‖∞ and ū := ‖u‖∞.

Definition 2: The controller operator U : D × C1[0, 1]×
C1([0, 1]2) �→ R with

U = U(τ, x, u) (31)

is defined by expressions (25) and (26).
Lemma 1: Under Assumption 1, the following inequality holds:

‖g−1
1 (s)− g−1

2 (s)‖∞ ≤ ‖τ1 − τ2‖∞
g′

, τ1, τ2 ∈ D2 (32)

‖1− g−1
2 (0)‖∞ ≤ ‖τ1 − τ2‖∞

g′
, τ1 ∈ D1, τ2 ∈ D2 (33)

where g−1
i (s), i = 1, 2 represents the inverse function of gi(q) = q −

τi(q) dependent on τi.
The proof can be found in [25, Appendix II].
Note that K(τ)(s, q) maps τ to K1(p, q) when q − s ≤ τ(1), and

to K2(τ)(s, q) = K2(s, q) when q − s > τ(1). Since K1(p, q) is in-
dependent of τ , we only consider the Lipschitz continuity of K2(τ), as
stated in the following lemma.

Lemma 2: For τ1, τ2 ∈ D2, the operator K2(τ) defined in (1)
exhibits Lipschitz continuity, satisfying

‖K2(τ1)−K2(τ2)‖∞ ≤ LK‖τ1 − τ2‖∞ (34)

where

LK = LΦ0
emax{f̄ ,c̄} (35)

LΦ0
= LF + 2K̄f̄ +

3c̄K̄

g′
+ c̄(L1 + L2) + 4Lg c̄K̄ (36)

LF =
c̄LB + c̄Lτ ′ + Lc(1− τ̄ ′)

(1− τ̄ ′)2
(37)

L1 = 3f̄ K̄ + Lf (1 + K̄) (38)

L2 = g′ec̄/g
′ (
3c̄K̄Lg + Lf (1 + K̄)(1 + c̄) + 3̄f̄ K̄(1 + c̄)

+
Lg

(1− τ̄ ′)2
(c̄Lτ ′ + Lcḡ

′)

)
. (39)

Here,Lτ ,Lτ ′ ,Lg ,Lc, andLf are Lipschitz constants of τ(q), τ ′(q),
g−1, c(s), and f(s, ·), whose Lipschitz inequalities are defined in (6),
(7), (9), (10), and (11), respectively.

The proof is detailed in [25, Appendix II].
Lemma 3: (Lipschitzness of the control operator). The control oper-

ator U : D × C1[0, 1]× C1([0, 1]2) �→ R in Definition 2 is Lipschitz
continuous and satisfies

|U(τ1, x1, u1)− U(τ2, x2, u2)|

≤ LU max{‖τ1 − τ2‖∞, ‖x1 − x2‖∞, ‖u1 − u2‖∞} (40)
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with the Lipschitz constant

LU = max
{
K̄, c̄(1 + K̄), 6c̄ūK̄ + 2K̄x̄+ c̄Lu(1 + K̄)

+LK(x̄+ c̄ū) +
c̄ū

g′

}
. (41)

Proof: To facilitate our analysis of the Lipschitz continuity of u
with respect to τ , we simplify the notations of both u(q, p

τ(q)
) and

u(q, q
τ(q)

) to u(τ). Given u ∈ C1([0, 1]2), it is evident that

|u(s, r1)− u(s, r2)| ≤ Lŭ|r1 − r2|, Lŭ > 0. (42)

Given τ 
= 0, we have

‖u(τ1)− u(τ2)‖∞ ≤ Lu‖τ1 − τ2‖∞, Lu > 0. (43)

We discuss the Liptchitz continuity in three cases. Let U1 =
U(τ1, x1, u1) and U2 = U(τ2, x2, u2).

Case 1: τ1, τ2 ∈ D1. Since the kernel function is not directly depen-
dent on τ , in this case, we can easily prove

|U1 − U2| ≤ K̄‖x1 − x2‖∞ + c̄(1 + K̄)‖u1 − u2‖∞
+ c̄Lu(1 + K̄)‖τ1 − τ2‖∞. (44)

Case 2: τ1 ∈ D1, τ2 ∈ D2, indicating that the delay functions spans
different branches of the control operator. Denote g−1(τ2) simply as
g−1 and let

|U1 − U2| = |Δ1 +Δ2 +Δ3| (45)

where

Δ1 =

∫ 1

0

(K(τ1)(0, q)x1(q)−K(τ2)(0, q)x2(q))dq (46)

Δ2 = −
∫ 1

0

c(q)u1(τ1)dq +

∫ g−1(0)

0

c(q)u2(τ2)dq (47)

Δ3 =

∫ 1

0

∫ q

0

c(q)K(τ1)(p, q)u1(τ1)dpdq

−
∫ 1

0

∫ min{τ2(q),q}

0

c(q)K(τ2)(p, q)u2(τ2)dpdq. (48)

Note that K(τ1)(s, q) = K1(s, q) due to τ1 > 1. We start with the
first term

|Δ1| ≤
∣∣∣∣
∫ 1

0

K1(0, q)(x1 − x2)dq

∣∣∣∣
+

∣∣∣∣
∫ 1

τ2(1)

(K1(0, q)−K2(0, q))x2(q)dq

∣∣∣∣
≤ 2K̄x̄

∫ τ1(1)

τ2(1)

dq + K̄‖x1 − x2‖∞

≤ 2K̄x̄‖τ1 − τ2‖∞ + K̄‖x1 − x2‖∞ (49)

where we use τ1(1) ≥ 1 to derive the second line from the first line of
(49)

|Δ2| ≤
∣∣∣∣∣−
∫ 1

0

c(q)u1(τ1)dq +

∫ g−1(0)

0

c(q)u1(τ1)dq

∣∣∣∣∣
+

∣∣∣∣∣−
∫ g−1(0)

0

c(q)u1(τ1)dq +

∫ g−1(0)

0

c(q)u2(τ1)dq

∣∣∣∣∣
+

∣∣∣∣∣−
∫ g−1(0)

0

c(q)u2(τ1)dq +

∫ g−1(0)

0

c(q)u2(τ2)dq

∣∣∣∣∣

≤
(
c̄ū

g′
+ c̄Lu

)
‖τ1 − τ2‖∞ + c̄‖u1 − u2‖∞

where we use the second inequality of Lemma 1.

Δ3 =

∫ 1

0

∫ q

0

c(q)K1(p, q)(u1(τ1)− u2(τ2))dpdq

+

∫ 1

g−1(0)

∫ q

τ2(q)

c(q)K1(p, q)u2(τ2)dpdq

+

∫ 1

τ2(1)

∫ φ(q)

0

c(q)(K1 −K2)(p, q)u2(τ2)dpdq (50)

where φ(q) = min{q − τ2(1), τ2(q)}. Therefore,

|Δ3| ≤ c̄K̄Lu‖τ1 − τ2‖∞ + c̄K̄‖u1 − u2‖∞

+
c̄K̄ū

g′
‖τ1 − τ2‖∞ + 2c̄K̄ū‖τ1 − τ2‖∞

≤ c̄K̄

(
Lu + 2ū+

ū

g′

)
‖τ1 − τ2‖∞

+ c̄K̄‖u1 − u2‖∞
where we use 1− τ2(1) ≤ τ1(1)− τ2(1) ≤ ‖τ1 − τ2‖∞. Finally, we
reach

|U1 − U2| ≤ K̄‖x1 − x2‖∞ + c̄(1 + K̄)‖u1 − u2‖∞
+
[
c̄(1 + K̄)

(
ū/g′ + Lu

)
+ 2K̄(x̄+ c̄ū)

]
‖τ1 − τ2‖∞. (51)

Case 3: τ1, τ2 ∈ D2. First, we simplify the notations by letting
g−1(τi) = g−1

i for i = 1, 2. Let

U1 − U2 = Δ1 +Δ2 +Δ3 (52)

where

Δ1 =

∫ 1

0

K(τ1)(0, q)x1(q)−K(τ2)(0, q)x2(q)dq (53)

Δ2 = −
∫ g−1

1
(0)

0

c(q)u1(τ1)dq +

∫ g−1
2

(0)

0

c(q)u2(τ2)dq (54)

Δ3 =

∫ 1

0

∫ min{τ1(q),q}

0

cK(τ1)u1(τ1)dpdq

−
∫ 1

0

∫ min{τ2(q),q}

0

cK(τ2)u2(τ2)dpdq. (55)

Recalling that K(τ) maps τ to K2(p, q) for p < q − τ(1), and to
K1(p, q) for p ≥ q − τ(1), we rewrite the integration region of Δ1 as

Δ1 =

∫ τ1(1)

0

K1(0, q)x1(q)dq −
∫ 1

τ1(1)

K2(τ1)(0, q)x1(q)dq

−
∫ τ2(1)

0

K1(0, q)x2(q)dq +

∫ 1

τ2(1)

K2(τ2)(0, q)x2(q)dq

which gives

|Δ1| ≤ 2K̄x̄‖τ1 − τ2‖∞ + x̄‖K2(τ1)−K2(τ2)‖∞
+ K̄‖x1 − x2‖∞

≤
(
2K̄x̄+ x̄LK

)
‖τ1 − τ2‖∞ + K̄‖x1 − x2‖∞ (56)

where we use Lemma 2 on the Lipschitz continuity of the operator K2.
Consider u(q, q

τ(q)
) defined on [0, 1]2 with the condition q ≤ τ(q). To
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ensure that u integrates within this domain, we derive

|Δ2| ≤
∣∣∣∣∣
∫ mini=1,2{g−1

i
(0)}

0

c(u1(τ1)− u2(τ2))dq

∣∣∣∣∣
+ c̄ū

∣∣∣∣max
i=1,2

{g−1
i (0)} − min

i=1,2
{g−1
i (0)}

∣∣∣∣
≤ c̄

(
Lu +

ū

g′

)
‖τ1 − τ2‖∞ + c̄‖u1 − u2‖∞.

Similarly, for u(q, p
τ(q)

) defined on [0, 1]2 with p ≤ τ(q), we have

|Δ3| ≤
∣∣∣∣∣
∫ 1

0

∫ min{τ1(q),q}

ψ1(q)

cK(τ1)u1(τ1)dpdq

+

∫ 1

0

∫ ψ1(q)

0

c(K(τ1)u1(τ1)−K(τ2)u2(τ2))dpdq

∫ 1

0

∫ min{τ2(q),q}

ψ1(q)

cK(τ2)u2(τ2)dpdq

∣∣∣∣∣
≤ 2c̄K̄ū‖τ1 − τ2‖∞ + c̄ū‖K2(τ1)−K2(τ2)‖∞

+ c̄K̄‖u1 − u2‖∞ + (c̄K̄Lu + 4c̄K̄ū)‖τ1 − τ2‖∞
≤ c̄(ūLK + K̄Lu + 6K̄ū)‖τ1 − τ2‖∞ + c̄K̄‖u1 − u2‖∞

where ψ1(q) = min{τ1(q), τ2(q), q}.
Consequently,

|U1 − U2| ≤ K̄‖x1 − x2‖∞ + c̄(1 + K̄)‖u1 − u2‖∞
+
[
6c̄ūK̄ + 2K̄x̄+ c̄Lu(1 + K̄) + LK(x̄+ c̄ū)

+c̄ū/g′
]
‖τ1 − τ2‖∞.

Combining the three cases, we obtain the Lipschitz constant LU and
reach inequality (43). �

According to the DeepONet approximation theorem from [26, Th.
2.7, Remark 2.8, and Lemma 3], we obtain the following result by
instantiating with d = 2 and α = 1 . Let (τ, x, u) with ‖τ‖∞ ≤ Bτ ,
‖x‖∞ ≤ Bx, and ‖u‖∞ ≤ Bu be the inputs of the control operator (2),
discretized as (τ ,x,u)m = [(τ, x, u)1, . . . , (τ, x, u)m]T on [0, 1]2

with grid size m.
Theorem 1: (DeepONet approximation theorem) For any approx-

imation error ε > 0, there exists p∗(ε),m∗(ε) ∈ N such that for all
p > p∗(ε) andm > m∗(ε), there exist neural networks fN (·; θ(k)) and
gN (·;ϑ(k)), k = 1, . . . , p satisfying the approximation bound∣∣∣U(τ, x, u)− Û((τ ,x,u)m)

∣∣∣ < ε (57)

Û =

p∑
k=1

gN ((τ ,x,u)m;ϑ(k))fN ((s, r); θ(k)), (s, r) ∈ [0, 1]2.

(58)

Remark 3: Based on the Lipchitz continuity of the control operator
established in Lemma 3, the DeepONet (58) admits the following
parameter settings with respect to the approximation error ε:
1) Discretization grid size: m = O(ε−2);
2) Number of basis components: p = O(ε−1);
3) Trunk network size: |θ(k)| = O([2 ln(1/ε)]3) for each k =

1, . . . , p;
4) The product of the depth (number of layers) and the width (neurons

per layer) for the branch network: LgN ×NgN = O(ε−2/ε);
where O(·) denotes the asymptotic order.

IV. SEMIGLOBAL STABILITY UNDER DEEPONET

As DeepONet controller (2) is applied, the resulting target sys-
tem becomes (18), (20), and (21) with boundary condition z(0, t) =
Û(τ, x, u)− U(τ, x, u).

Denote Bτ ≤ τ ≤ Bτ for each τ ∈ D. Before presenting the main
result, we first define the following Lyapunov functions:

V (t) = AV1(t) + V2(t) (59)

V1(t) =

∫ 1

0

e−b1s|z(s, t)|2ds (60)

V2(t) =

∫ 1

0

∫ 1

0

τ(s)eb2r|u(s, r, t)|2drds (61)

where b1, b2, and A are positive constants.
Theorem 2: (Semiglobal practical stability under NO approxima-

tion) For any Bx, Bu > 0, if ε < ε∗, where

ε∗(c̄, f̄ , Bτ , Bτ , K̄, Bx, Bu) :=

√
B2
x +B2

u

M2

(62)

and for all initial conditions that satisfy ‖x0‖2L2 + ‖u0‖2L2 < B0 with

B0 :=
β1
k1

(
B2
x +B2

u

k2β2
−Aε2

)
(63)

then the closed-loop system (12)–(15) under the NO-based controller
Û(τ, x, u)(t) is semiglobally practically exponentially stable, satisfy-
ing the following estimate for ∀t > 0:

‖x(t)‖2L2 + ‖u(t)‖2L2 ≤M1e
−at(‖x0‖2L2 + ‖u0‖2L2) +M2ε

2 (64)

where

A = eb1b2 , foranyb1, b2 > 0, a = min

{
b1,

b2
Bτ

}
(65)

β1 =
1

A
min

{
1,

e−b2

Bτ

}
, β2 = max

{
eb1 ,

1

Bτ

}
(66)

k1 = max{4(1 + K̄), 4c̄2(1 +B2
τ K̄

2) + 1} (67)

k2 = max
{
4
(
1 + L̄2

1

)
, 1 + 4c̄2(1 +B2

τe
2f̄Bτ )

}
(68)

M1 =
k1
β1
k2β2,M2 = k2β2A. (69)

Proof: First, we consider the stability of the target system. Let
Ũ = U − Û and from Theorem 1, we know there exists an error ε, such
that |z(0)| = |Ũ | ≤ ε. Take the time derivative,

V̇ (t) ≤ − (Ae−b1 − eb2)z2(1, t) +AŨ2 −Ab1V1 −
b2
Bτ

V2.

Let Ae−b1 = eb2 , that is A = eb1b2 , which gives

V̇ (t) ≤ AŨ2 −Ab1V1 −
b2
Bτ

V2 ≤ −aV +AŨ2 (70)

where a = min{b1, b2Bτ
}. Using the Gronwall lemma, we have

V (t) ≤ V (0)e−at +A

∫ t

0

e−a(t−t̆)Ũ2(t̆)dt̆

≤ V (0)e−at +
A

a
ε2. (71)

Second, we establish the norm equivalence between the target system
and the original system with control. From transformation (16) and (17),
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we get

‖z‖2L2 ≤ 4(1 + K̄2)‖x‖2L2 + 4c̄2(1 +B2
τ K̄

2)‖u‖2L2 (72)

which gives

‖z‖2L2 + ‖u‖2L2 ≤ k1
(
‖x‖2L2 + ‖u‖2L2

)
(73)

with k1 = max{4(1 + K̄), 4c̄2(1 +B2
τ K̄

2) + 1}. Since V1 ≤
‖z‖2

L2 ≤ eb1V1 and e−b2

Bτ
V2 ≤ ‖u‖2

L2 ≤ 1
Bτ
V2, we have

β1V ≤ ‖z‖2L2 + ‖u‖2L2 ≤ β2V (74)

where β1 and β2 are defined in (66). From the inverse transformation
(25) presented in [1], we get

‖x‖2L2 ≤ 4
(
1 + L̄2

1

)
‖z‖2L2 + 4c̄2(1 +B2

τe
2f̄Bτ )‖u‖2L2 (75)

where L̄1 = sup(s,q)∈T1 |L1(s, q)| and L1 is the first kernel function
of the inverse transformation, whose boundedness is established in [1,
(54) of Theorem 2]. Note that the Dirac delta function in the second
kernel does not affect the boundedness of x, as it is integrated out;
see [1] for details. Therefore,

‖x‖2L2 + ‖u‖2L2 ≤ k2
(
‖z‖2L2 + ‖u‖2L2

)
. (76)

Therefore, the norm equivalence between ‖x‖2
L2 + ‖u‖2

L2 and V (t)
can be expressed as

β1
k1
V ≤ ‖x‖2L2 + ‖u‖2L2 ≤ k2β2V. (77)

Combining (71) and (77), we finally arrive at (64).
For given Bx, Bu > 0, boundedness of ‖x(t)‖2

L2 + ‖u(t)‖2
L2 as

t→ ∞ requires

lim
t→∞

‖x(t)‖2L2 + ‖u(t)‖2L2 ≤M2ε
2 ≤ B2

x +B2
u (78)

which leads to (62). From stability estimate (64), the decaying term
takes its maximum at t = 0, so to remain within the prescribed bounds,
the following condition must be satisfied:

k1
β1
k2β2(‖x0‖2L2 + ‖u0‖2L2) + k2β2Aε

2 ≤ B2
x +B2

u (79)

which yields

‖x0‖2L2 + ‖u0‖2L2 ≤ β1
k1

(
B2
x +B2

u

k2β2
−Aε2

)
= B0. (80)

Hence, the theorem is proved. �
It is noteworthy that increasing the bounds on x and u or reducing

the approximation error ε can enlarge the stability region B0.

V. NUMERICAL RESULTS

We employ a single DeepONet to approximate controllers (25) and
(26) with two branches and one of branch involving two types of kernel
gains, providing a unified neural-based controller for PDE systems. The
simulation code is available on GitHub.

Since the data generation method in [3] cannot be applied due to
correlations between x and u, we instead numerically solve (12)–(15)
with controllers (25) and -(26) via finite differences on t ∈ [0, 15], under
various initial conditions x0(s) and delay functions τ(s).

The initial conditions and delay profiles are sampled from the
Chebyshev-type functions [27] as follows:

x0(s) ∼ A1 cos(Γ1 cos
−1(s− κ)) (81)

τ(s) ∼ 3 +A2 cos(Γ2 cos
−1(s)), for τ ∈ D1 (82)

τ(s) ∼ A3e
Γ3s, for τ ∈ D2 (83)

Fig. 2. NO training framework for the delay compensated controller.

where the coefficients are drawn from uniform distributions: A1 ∼
U [0.5, 8],Γ1 ∼ U [0, 8],κ ∼ U [0, 0.5],A2 ∼ U [−1, 1],Γ2 ∼ U [0, 8],
A3 ∼ U [0.4, 0.8], and Γ3 ∼ U [0.8, 2.4]. Other parameters in the
PDE plant are fixed as follows: c(s) = 20(1− s), and f(s, q) =
5 cos(2πq) + 5 sin(2πs). The initial condition for u is set to zero.

For τ ∈ D1, we use a temporal step of 0.025, producing 9.6× 105

instances of (τ, x, u) from 1600 different pairs (x0(s), τ(s)). For τ ∈
D2, a finer step of 0.005 yields another 9.6× 105 samples from 320
different different pairs (x0(s), τ(s)). In total, the dataset comprises
1.92× 106 instances of τ(·, ti), x(·, ti), u(·, ·, ti) for all s, r ∈ [0, 1].

In this article, we adopt the DeepONet architecture proposed in [13],
comprising a branch network and a trunk network. The branch network
includes two convolutional layers (with kernel size 5× 5 and stride
2), followed by a fully connected layer of size 1152× 256. The trunk
network consists of two fully connected layers, whose input dimensions
are determined by the spatial discretization of (s, r) over the domain
[0, 1]2.

We discretize the spatial domain for each training instance
(τ, x, u, U) with step size 0.05 on [0,1], yielding 21 grid points for
τ(s) and x(s), and 21× 21 grid points for u(s, r) at each time step.
To align the domain of τ(s) and x(s) with that of u(s, r), their 1-D
representations are expanded to [0, 1]2, forming a 3× 21× 21 tensor
as input to the branch network. In the trunk network, 21× 21 grid
are reshaped into a 441× 2 array and processed through two fully
connected layers, producing intermediate and final outputs of size
441× 128 and 441× 256, respectively.

We employ the smoothL1 loss function introduced in [28]. Training
the network, which contains approximately 3 million parameters, takes
around 3 h on an NVIDIA RTX 4090 GPU and achieves a final
approximation loss of 5.89× 10−4 after 250 epochs.

Fig. 3 illustrates the closed-loop system states under both the
backstepping controller and the DeepONet-based controller for two
representative delay types: 1) τ ∈ D1; and 2) τ ∈ D2. When applied
to a system with noisy delay (Gaussian noise with standard deviation
σ = 0.05), the DeepONet-based controller demonstrates robust perfor-
mance.

To benchmark DeepONet against other NO architectures, we also
apply the Fourier NO (FNO) [29] to learn the backstepping controller.
As shown in Fig. 4, the DeepONet controller exhibits lower overshoot,
faster convergence, and consistently smaller state errors under both
deterministic and noisy delays. The state error in the simulation is
defined as

e(t) =

(
n∑
i=1

Δs |x(si, t)− xNO(si, t)|2
) 1

2

(84)

where n = 21 is the number of discretized spatial points, si is the ith
position, and Δs = 1

n−1
is the spatial step size.
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Fig. 3. Closed-loop state x(s, t) with initial condition x0 =
5cos (4 cos−1(s− 0.2)). Left: τ(s) = 3 + 0.5 cos (5 cos−1(s)) ∈ D1.
Right: τ(s) = 0.5e−1.6s ∈ D2. Top to bottom: states with the
backstepping controller, NO-based controller, and NO-based controller
for the delay with measurement noise (Gaussian noise N (0, σ2)).

Fig. 4. From top to bottom: control input U(t), state x(s, t), and state
error between NO controllers and the backstepping controller. Results
are shown for DeepONet (‘DN’), FNO (‘FN’), DeepONet with noisy
delay (‘DNd’), and FNO with noisy delay (‘FNd’). Left and right panels
correspond to τ ∈ D1 and τ ∈ D2, respectively.

Table I represents a comparisons of computation time between the
backstepping controller and the trained NO-based controller, averaged
over 30 independent runs. It is evident that the DeepONet achieves at
least an 11× speedup compared to the backstepping controller, which
involves solving the backstepping kernel equations and performing
numerical integration of the product of the kernel gain and the states.

TABLE I
COMPARISON BETWEEN THE NUMERICAL CONTROLLER SOLVED BY THE

FINITE DIFFERENCE METHOD AND NO-BASED CONTROLLER OVER
t ∈ [0, 16] FOR VARIOUS SPATIAL STEP SIZES

VI. CONCLUSION

This article extends the NO-based control framework to handle
spatially varying delays, simplifying traditional methods that required
separate training for each kernel function and control branch. We train
a single NO to approximate the control law, covering both branches
and eliminating the need for kernel function selection. We prove the
Lipschitz continuity of the control operator with respect to the delay and
states, and thus establish the semiglobal practical stability of the closed-
loop system. Simulations show the NO-based controller effectively
compensates for spatially varying delays, with a computational speedup
of 11× over numerical methods, and robustness to small noisy delays.
Future work could extend the NO-based controller to delay-adaptive
systems.
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