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lassical extremum seeking

(ES) deals with model-free

online optimization prob-

lems in which, regardless

of whether there is a sin-
gle input or multiple inputs, only a
single payoff is maximized (or cost
minimized). Optimization problems
become more interesting when there
are multiple payoffs being maxi-
mized by the respective multiple in-
puts/actors/players. When the dif-
ferent payoffs are distinct functions
of the inputs of different players, it
is clear that conflicting objectives
may arise among the players. This
scenario leads to what is called a
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Strong motivation exists for designs that ensure convergence to Nash
equilibria in the presence of delays and PDEs.

noncooperative game. A game is noncooperative if play-
ers cannot form alliances or if all agreements need to be
self-enforcing (for example, through credible threats), fo-
cusing on predicting individual players” actions and pay-
offs and analyzing Nash equilibria [50]. A Nash equilib-
rium is an outcome that, once achieved or reached, means
no player can increase its payoff by changing decisions
unilaterally [9].

The realization that ES is applicable not only to single-
player optimization (possibly with a vector of inputs max-
imizing a single payoff), in an online model-free setting,
but also to multiple competing players in the noncoopera-
tive game setting emerged in [21]. Each player employing
an ES algorithm maximizes its own payoff, irrespective of
the other players’ actions. It is shown in [21] that, if all
players employ ES algorithms, they collectively converge
to a Nash equilibrium. In other words, each of the players
finds an optimal strategy in an online fashion, even
though they do not know the analytical forms of the
payoff functions (neither the other players’ nor their own)

Summary

he development of ES has progressed over the past

100 years, from static maps to finite-dimensional dy-
namic systems to networks of static and dynamic agents.
Extensions from ordinary differential equation dynamics
to maps and agents that incorporate delays or even PDEs
are the next natural step in that progression through as-
cending research challenges. This article provides an
overview of results on the algorithm design and theory
of ES for such infinite-dimensional systems. Both hy-
perbolic and parabolic dynamics are presented: delays
or transport equations, heat-dominated equations, wave
equations, and reaction—advection—diffusion equations.
NES methods are introduced for noncooperative game
scenarios of the model-free kind and then specialized
to single-agent optimization. Even heterogeneous PDE
games, such as a duopoly with one parabolic and one
hyperbolic agent, are considered. Several engineering
applications are touched upon for illustration, including
flow-traffic control for urban mobility, oil-drilling systems,
deep-sea cable-actuated source seeking, additive manu-
facturing modeled by the Stefan PDE, biological reactors,
light-source seeking with flexible-beam structures, and
neuromuscular electrical stimulation.
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and neither have access to the actions applied by the other
players nor to the payoffs achieved by the other players.
Recent versions of the Nash equilibrium-seeking (NES)
algorithm originally proposed in [21] can be found in [66],
where fixed-time convergence is incorporated into time-
varying networks.

Delays and partial differential equations (PDEs) [40],
[41] in a game context arise in applications like network
virtualization, software-defined networks, cloud com-
puting, the Internet of Things, context-aware networks,
green communications, and security [4], [5], [26]. In par-
ticular, differential games with delays are dealt with (in a
partly or fully model-based fashion) in [12], [13], [17], [24],
[34], [49], and [64]. PDE dynamics arise in the Black-Scho-
les model of behavior in financial markets [45], [68].
Hence, strong motivation exists for designs that ensure
convergence to Nash equilibria in the presence of delays
and PDEs.

The development of ES has progressed from static maps
to finite-dimensional dynamic systems to networks of
static and dynamic players (see “Summary”). Extensions
from ordinary differential equation (ODE) dynamics to
maps and players that incorporate delays, or even PDEs,
were the next natural step in that progression, driven by
increasing research challenges [58]. In [59] and in [19] and
[53], we dealt with classical ES with single payoff func-
tions, where the actuation dynamics is governed by hyper-
bolic and parabolic PDEs, respectively. In [60], we have
considered noncooperative games in which players act
through arbitrarily long delays or transport hyperbolic
PDEs. The delays may be distinct, and, in general, each
player knows only the length of its own delay. To compen-
sate for distinct delays at the inputs of the players, we have
employed predictor feedback.

In the first half of this article, we consider noncoopera-
tive games where players act through a more complex and
complete scenario of PDE dynamics.

First, following a natural transition from the NES design
through delays to design through parabolic PDEs, we prog-
ress to developing a nonmodel-based strategy for locally
stable convergence to Nash equilibria in quadratic noncoop-
erative games with player actions subject to diffusion (heat)
PDE dynamics with distinct diffusion coefficients and each
player having access only to its own payoff value. The pro-
posed approach employs ES with sinusoidal perturbation
signals employed to estimate the gradient (first derivative)
and Hessian (second derivative) of unknown quadratic func-
tions. To compensate for distinct diffusion processes in the
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The applications featured in the article are selected not only for their
physical variety but also for their mathematical typicality.

inputs of the N players, we employ boundary control with
averaging-based estimates.

Second, when players are competing in a noncoopera-
tive game, there is no reason to assume that players are
pursuing even remotely related objectives. One could be
maximizing its profit, while another could maximize
some social good. Likewise, there is no reason to assume
that different players are subject to the same type of phys-
ics. One might be propagating an input through some
social opinion dynamics, while another may be propagat-
ing it through some epidemiological dynamics. This
means that, while first we provide useful designs and
guarantees of Nash equilibrium attainment in the pres-
ence of hyperbolic and parabolic PDE dynamics (exam-
ples of which are delays or heat dynamics), it is of interest
to see when different players who—unaware of the com-
peting optimization pursuits in different physical
domains, are employing ES algorithms with compensa-
tion of their own specific PDEs—will be able to achieve
Nash optimality under the interference of other players
who are compensating their own PDE dynamics, which
are from different classes.

In this sense, one could formulate the problem of a
noncooperative game with dynamics from different
PDE classes (hyperbolic, parabolic, Korteweg-De Vries,
Schrodinger, Kuramoto-Sivashinsky, etc.), but we do not
pursue all such possibilities here. We only demonstrate the
achievement of convergence to a Nash equilibrium in a
game with two “heterogeneous” players (a duopoly), where
one player compensates a transport PDE and the other one
a heat PDE. While not coupled directly, the coupling of the
players in the payoff functions and the coupling that results
from the ES algorithms acting at the boundary conditions
of the PDEs result in a coupled heterogeneous pair of PDEs
in the closed-loop system, which also happens to be time
varying and nonlinear.

In both scenarios (homogeneous or heterogeneous
games), we apply an adequate small-gain analysis for the
resulting input-to-state stable (ISS) parabolic PDE-ODE
loop as well as averaging theory in infinite dimensions,
because of the infinite-dimensional state of the heat PDEs
and delays, to obtain local convergence to a small neigh-
borhood of the Nash equilibrium. We quantify the size of
these residual sets for this distinct class of parabolic-
hyperbolic PDEs.

The material in this article and the related results [61],
[62], [63], presented only in conferences but not published
in journals, constitute the first instance of noncooperative

games being tackled in a model-free fashion with ES in
the presence of PDE dynamics, represented by heat PDEs
and delays. The employment of PDE motion planning (for
obtaining the probing signals) combined with the PDE-
ISS formulation, the distributed boundary control feed-
back design, and the closed-loop analysis via small-gain
theorems for PDEs are the main bits of new knowledge
that a reader already acquainted with ES will gain from
this article.

We start the second part of the article by highlighting the
relation between NES and classical ES for infinite-dimen-
sional systems. In this discussion, classes of PDEs more gen-
eral than transport and heat equations are addressed.

The second half of the article is dedicated to a number of
engineering applications, presenting traffic control, oil-
drilling control, deep-sea cable-actuated control, additive
manufacturing, bioreactors, light-source seeking with can-
tilever beams, and neuromuscular electrical stimulation
(NMES) under delays. These applications may attract inter-
est on the basis of either their physical nature or their math-
ematical nature.

Physically, the applications selected to introduce the
reader to some of the technological possibilities of ES are
grouped as follows. First, we present an application rep-
resentative of flow: traffic. Next, we show applications
entailing mechanical vibrations: drill-string instabilities
in oil drilling and cable oscillations in undersea manipu-
lation and construction. Third, we turn to thermal diffu-
sion in additive manufacturing and the diffusion of
chemical or biological matter in tubular reactors. Fourth,
in a light-seeking application, we consider cantilever
beams (vibrating systems qualitatively different from the
torsional vibrations in drill strings and translational
vibrations in cables). Fifth, we consider NMES in patient
rehabilitation.

The applications featured in the article are selected not
only for their physical variety but also for their mathemati-
cal typicality. The traffic and NMES applications feature a
pure transport PDE or delay. The drilling and cable appli-
cations feature second-order hyperbolic PDEs. The additive
manufacturing and bioreactor applications feature para-
bolic PDEs. Through these applications, the reader is
exposed to the full spectrum of basic PDE types in which
ES can be successfully pursued.

Another key motivation for this article is for it to serve
as a tutorial-style guide to ES and NES in the context of
systems with delays and PDEs—an area that has seen rapid
development but remains technically challenging and
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fragmented across various subdomains. In this sense, the
article is also constructed to

» integrate and systematize the core theoretical tools
and results from recent developments, including our
own [58]

» provide intuitive explanations, design guidelines,
and application examples to lower the entry barrier
for students and researchers new to this topic

» clarify the interplay between finite- and infinite-
dimensional systems as well as delay effects in ES
and NES algorithms

» motivate future research by outlining open problems
and application domains in which these techniques
can have a strong impact.

The article is organized as follows. The section
“N-Player Game With Quadratic Payoffs for NES” intro-
duces the standard assumptions (such as diagonal domi-
nance for the Hessian matrix) for noncooperative games
with N players and quadratic payoff functions. The setup
taking delays into account is shown in the section “Nonco-
operative Scenario With Delays,” and we consider the
inclusion of heat PDEs in noncooperative games in the sec-
tion “Noncooperative Games With Heat PDEs.” In these
two sections, we consider delays and heat PDEs separately,
each player handling a distinct heat PDE or transport PDE.
The extension from homogeneous noncooperative games
to heterogeneous ones is carried out in the section “Nonco-
operative Duopoly With Heterogeneous Transport-Heat
PDE Dynamics.” In that section, we seek Nash equilibria
in a quadratic noncooperative duopoly game (N = 2) with
player actions concomitantly subject to transport-heat
PDE dynamics—one player compensating for a delay
(transport PDE) and the other one for a heat (diffusion)

Extensions and Synthesis
e provide a consolidated and generalized treatment of
both ES and NES in the presence of delays and heteroge-
neous PDE dynamics. We introduce a unified controller design
framework that accommodates both transport and diffusion as
well as expanded settings to other classes of PDEs.

The article also introduces new convergence proofs tai-
lored to the integrated framework and general convergence
results for (N)ES under mixed-type PDE dynamics, which were
not presented in earlier articles.

Beyond such a more complete and modular treatment of
delay and PDE compensation in both ES and NES interactions,
application domains and numerical simulations are developed,
highlighting the broad applicability of the proposed methods.

In summary, the article extends ES results in several key
directions, as follows:

e Multiplayer generalization: This work develops a general-
ized framework for N-player games, possibly accommo-

42 |EEE CONTROL SYSTEMS » APRIL 2026

PDE—and each player having access only to its own
payoff value. Stability analyses for each specific case are
conducted in the corresponding sections “Heat PDEs
Case,” “Delay Case,” and “Stability Analysis,” with the
proofs of the main theorems made available. We illustrate
the theoretical results numerically on an example com-
bining hyperbolic and parabolic dynamics in a two-
player setting, given in the section “Simulations.” The
section “From Nash Equilibrium to ES” brings further
results on ES for infinite-dimensional systems governed
by a wider class of PDE systems. A series of application
sections follows, covering traffic control, oil-drilling con-
trol, deep-sea cable-actuated control, additive manufac-
turing, bioreactors, light-source seeking with cantilever
beams, and NMES under delays, showing the vast space
of possibilities of designing ES algorithms for real-world
applications. Concluding remarks are included in the sec-
tion “Conclusions.”

An outline of the article’s extension of ES results is pro-
vided in “Extensions and Synthesis.” The notation and ter-
minology used in the article are listed in “Notation,
Norms, and Terminology.”

N-PLAYER GAME WITH QUADRATIC

PAYOFFS FOR NES

Game theory provides an important framework for the
mathematical modeling and analysis of scenarios involving
different players where there is coupling in their actions, in
the sense that their respective outcomes (outputs) yi(t) € R
do not depend exclusively on their own actions/strategies
(input signals) 6;(t) € R, with i=1,..., N, but at least on a
subset of others’. Moreover, defining 6 :=[6;, ..., 6n] T each
player’s payoff function Ji(6):RY —~R depends on the

dating heterogeneous dynamics and delay profiles. This
requires extending the controller structure and conver-
gence analysis beyond what was previously established
in the existing literature.

e Heterogeneous infinite-dimensional dynamics: The ar-
ticle deals with mixed-type PDE dynamics (for example,
combinations of transport and diffusion equations) across
different agents.

e Unified design and analysis: We provide a systematic
controller design methodology, applicable to a wide range
of PDE-governed agents, and a unified convergence
analysis that covers both homogeneous and heteroge-
neous systems. This allows the reader to understand the
underlying structure behind various NES schemes and
apply them in broader contexts.

* Tutorial exposition: We integrate previously scattered results,
enhance accessibility, and motivate future developments.
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action 6; of at least one other Player j, j # i. An N-tuple of
actions, 6°, is said to be in Nash equilibrium if no Player i can
improve its payoff by unilaterally deviating from 6i, this
being so for all i [9].

Consider games where the payoff function of each
player is quadratic, expressed as a strictly concave' combi-
nation of their actions

0) =5 2 X ko, (0) + Lo+ ()

j=1 j=1

where 60;(t) € R is the decision variable (action) of Player j,
H}k, h}, and ¢;€ R are constants, H: <0, H§k=Hij, and
ex=¢€i; >0, Vi, j, k.

!By strict concavity, we mean that Ji(6) is strictly concave in ; for all 6,
this being so foreach i =1, ...,

Notation, Norms, and Terminology

he 2-norm of the state vector X(t) for a finite-dimensional

system described by an ODE is denoted by single bars
|X(t)|. By contrast, norms of functions (of x) are denoted by
double bars. By default, |-| denotes the spatial L2[0, D}-norm,
that is, || =|-|L.0,0;, Where we drop the index Lz([0, D]) if not
otherwise specified. Since the state variable u(x,t) of the in-
finite-dimensional system governed by a PDE is a function of
two arguments, we should emphasize that taking a norm in one
of the variables makes the norm a function of the other variable,
as adopted in [40] and [41]. For example, the L2[0, D}-norm of
u(x,t)in x €[0, D] is [u @)= ([7u?(x, t)dx)", while the L..[0, D}-
norm is defined by |u(t)|c.i0.01=]U ()]~ = SUpxepo,o|U(X,1)].
Moreover, the Hi-norm is given by |u (t)[5; = |u ()|, + | ux (t) ]2

We denote the partial derivatives of a function u(x,t) as
xU(x,t)=0u(x,t)/ox, dwu(x,t)=0u(x,t)/ot. We conveniently
use the compact form ux(x, t) and u:(x, t) for the former and the
latter, respectively.

Consider a generic nonlinear system described by x =
f(t, x, €), where x e R", and f(t, x, €) is periodic in t with period T;
thatis, f(t +T, x,€) =f(t, x, €). Thus, for € > 0 sufficiently small,
we can obtain its average model given by Xa =fw(X), with
fav (X) = 1/Tjgf(r, x,0)dt, where xa (t) denotes the average ver-
sion of the state x(t) [S1].

As defined in [S1], a vector function f(t,€) € R" is said to
be of order O(€) over an interval [ti,t2] if 3k, €:|f(t, €)| < ke,
Ve €[0, €]and vVt €[ty, t2]. In most cases, we do not provide ex-
plicit values for the constants k and €, in which case O(€) can
be interpreted as an order-of-magnitude relation for sufficiently
small €.

The term “s” stands for either the Laplace variable or the
differential operator d/dt, depending on the context. For a
transfer function Ho(s) with a generic input u, the pure convolu-
tion ho(t) = u (t), with ho(t) being the impulse response of Ho(s),

Quadratic payoff functions of the previous type are of par-
ticular interest in game theory, first because they constitute
second-order approximations to other types of nonquadratic
payoff functions, and second because they are analytically
tractable, leading in general to closed-form equilibrium solu-
tions that provide insight into the properties and features of
the equilibrium solution concept under consideration [9].

For the sake of completeness, we provide here, in math-
ematical terms, the definition of a Nash equilibrium
6" =1[6i,...,0n]" in an N-player game:

Ji(67,0%) = Ji(6;,0%), voieU;, ie{l,..., N} 2

where J; is the payoff function of Player i, and the variable 6;
corresponds to its action, while ; is its action set, and 6-;
denotes the actions of the other players. Hence, no player has
an incentive to unilaterally deviate its action from 6°. In a

is also denoted by Ho(S)u, as done in [S2]. The maximum and
minimum eigenvalues of a square matrix A are denoted by
Amax(A) and Amin(A), respectively.

The definitions of the ISS for ODE-based as well as PDE-
based systems are assumed to be as provided in [S3] and [32],
respectively.

Let AC R" be an open set. By C°(A; Q), we denote the class
of continuous functions on A, which take values in Q € R™. By
C*(A; Q), where k >1, is an integer, we denote the class of func-
tions on ACR" with continuous derivatives of order k, which
take values in Q CR™. In addition, C([a, b]; R") is the Banach
space of continuous functions mapping the interval [a, b] into
R"; see [S4, Chapter 2]. Alternatively, C"(X) denotes an n-times
continuously differentiable function on the domain X. In addition,
R+ stands for the domain of positive real numbers, including 0.

In line with [S5] and [S4], we assume the usual definitions for
any delayed-system x(f)=f(t, x), t=t, and x(to +0)=£(0),
© € [-Dmax, 0], where to is an arbitrary initial time instant t, > 0,
x(t) € R is the state vector, Dmax > 0 is the maximum time de-
lay allowed, the history function of the delayed state is given
by x:(8) = x(t + ©) € C ([—Dmax, 0]; R"), and the functional initial
condition & is also assumed to be continuous on [—Dmax,0].
Without loss of generality, we take to = 0 throughout the article.
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duopoly example (N = 2) tobe considered later, U1 = U> = R,
where R denotes the set of real numbers.

To determine the Nash equilibrium solution in strictly
concave quadratic games with N players, where each action
set is the entire real line, one should differentiate J; with
respect to 0:(t), Vi=1,..., N, setting the resulting expres-
sions equal to zero and solving the set of equations thus
obtained.

This set of equations, which also provides a sufficient
condition due to the strict concavity, is

N . .
> eiHjo; +hi=0, i=1,..,N )
j=1

which can be written in compact form as

1 771 1 771 1 1 x 1
enHi enHn eivHin [ 61 h
2 172 2 1712 2 112 x 2
enHzn enHxn exwHan || 62 _ h3 (4)
N 1N _N 7N N 1N i N
entHni enaHyz -+ ennHNw[LON N

The Basic Idea of NES in a Two-Player Game
et players P1 and P2 represent two firms that produce the
same good, have dominant control over a market, and com-

pete for profit by setting their prices ui and u., respectively.

The profit of each firm is the product of the number of units sold

and the profit per unit, which is the difference between the sale

price and the marginal or manufacturing cost of the product. In
mathematical terms, the profits are modeled by

Ji(t) = si(t) (ui(t) — mj) (S1)
where s; is the number of sales, m; the marginal cost, and
ie{1,2} for P1 and P2. Intuitively, the profit of each firm will
be low if it either sets the price very low since the profit per unit
sold will be low, or if it sets the price too high since then con-
sumers will buy the other firm’s product. The maximum profit
is expected to lie somewhere in the middle of the price range,
and it crucially depends on the price level set by the other firm.

(See Figure S1).

To model the market behavior, we assume a simple, but
quite realistic model, where for whatever reason, the consumer
prefers the product of P1 but is willing to buy the product of P2
if its price uz is sufficiently lower than the price ui. Hence, we
model the sales for each firm as

81(t)=Sa—s2(t), sa2(t)= %(th (t) = u=(t) (82)
where the total consumer demand Sy is held fixed for simplici-

ty, the preference of the consumer for P1 is quantified by p > 0,

and the inequalities vy > u2 and (u1 —u2)/p < Sy are assumed

to hold.

44 |EEE CONTROL SYSTEMS > APRIL 2026

Defining the Hessian matrix H and vectors 6* and h by

1 17l 1 771 1 771
enHn enHn ewwHin
2 172 2 1712 2 112
. exnHn exnH» eoxnHon

H= . . .
N 17N _N 7N N 1IN
exntHNt enaHNe -+ envHiw
B 1
01 hi
. 2

. 02 h3

6 = h=|. )
" N
oN hN

there exists a unique Nash equilibrium at ' =—H 'h if H
is invertible:

. 1 17l 1 771 1 771 JI[g,1
01 enHi e€nHn ewHiv| |[In
. 2 172 2 172 2 112 2
62 _ enHn enHxn eanHan h3 (6)
" N 1N _N 7N N 1N N
On enxtHNt enaHNe -+ exvHin hn

For more details, see [9, Chapter 4].

Substituting (S2) into (S1) yields expressions for the profits
J1(u1, u2) and Jz(us, u2) that are both quadratic functions of the
prices us and uz, namely

_ —U% +u1Uz + (M1 + Sap)us — myuz — Sapm
p

o= — U3 + U1Uz + MaUs + MaUz
p

Ji (S3)

(S4)

and thus, the Nash equilibrium is easily determined to be

Ui =—(2my + mz2 + 2Sq4p) (S5)

Uz =—(m1+2mz + Sqgp). (S6)

W= W)=

To make sure the constraints u1 > u2, (U1 —u2)/p <Sq are
satisfied by the Nash equilibrium, we assume that m1 — m. lies
in the interval (—Sap,2Suop). If m1 = m2, this condition is auto-
matically satisfied.

For completeness, we provide here the definition of a Nash
equilibrium u* =[u3,u3]" in a two-player game:

Jiui,ut) = Jiu,u),  vuieU,ie{1,2} (S7)
where J; is the payoff function of Player i, u; its action, U;
its action set, and u-; denotes the action of the other player.
Hence, no player has an incentive to unilaterally deviate its ac-
tion from u”. In the duopoly example, Ui = Uz =R+, where R.
denotes the set of positive real numbers.

(Continued)
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The Basic Idea of NES in a Two-Player Game (Continued)

To attain the Nash strategies (S5) and (S6) without any knowl-
edge of modeling information, such as the consumer’s prefer-
ence p, the total demand Sq, or the other firm’s marginal cost
or price, the firms implement a nonmodel-based real-time opti-
mization strategy, for example, deterministic ES with sinusoidal
perturbations, to set their price levels. Specifically, P1 and P2
set their prices, u1 and us, respectively, according to the time-
varying strategy (Figure S1):

Gi(t) = kipei(t) Ji(t)
ui(t) = 0i(®) + ()

ay Sin((l)1t+ (p1)
Uy | k
-4l
S

Uy J1
Market
U J2

k.
4%“2_2
S

a, sin(wot + @,

(S8)
(S9)

FIGURE S1 Deterministic Nash-seeking schemes applied by
players in a duopoly market structure.

In addition to the following Assumption 1 (formulated
in [21]), we further assume/formalize the subsequent
Assumption 2 for noncooperative games.

Assumption 1
The Hessian matrix H given by (5) is strictly diagonal dom-
inant, that is,

i‘€§/H§/| <|eiH}|, ie{1,...N). )

j#i

Assumption 2
The parameters € and ¢j; that appear in the Hessian
matrix H given by (5) satisfy the following conditions:

ei=1, ex=¢€li=¢ Vj#k ®)

with 0 < e <1 in the payoff functions (1).
By Assumption 1, the Nash equilibrium 6" exists and is
unique since strictly diagonally dominant matrices are

where u;(t) = ajsin(wit + @i), ki, ai, ;>0 and ie{1,2}. Fur-
ther, the frequencies are of the form

W= 00| (S10)

where @ is a positive real number and @; is a positive rational
number.

By contrast, the firms are also guaranteed to converge to
the Nash equilibrium when employing the standard parallel ac-
tion update scheme [9, Proposition 4.1]

et = %(ugk’ +mi + Sap) (S11)
i — %(u(f‘) +m2) (S12)

which requires each firm to know both its own marginal cost and
the other firm’s price at the previous step of the iteration, and
also requires P1 to know the total demand Sy and the consumer
preference parameter p. In essence, P1 must know nearly all of
the relevant modeling information. When using the ES algorithm
(S8) and (S9), the firms only need to measure the value of their
own payoff functions, J1 and J2. The convergence of (S11) and
(S12) is global, whereas the convergence of the Nash-seeking
strategy for this example can be proved to be semiglobal, follow-
ing [S6], or local, by applying the theory of averaging [S1].

REFERENCE

[S6] Y. Tan, D. Nesic, and I. Mareels, “On non-local stability properties
of extremum seeking control,” Automatica, vol. 42, no. 6, pp. 889-903,
2006, doi: 10.1016/j.automatica.2006.01.014.

nonsingular by the Levy-Desplanques theorem [29].
Assumption 2 could be relaxed to consider different values
of the coupling parameters €; for each Player i. However,
without loss of generality, we have assumed the same
weights for the interconnection channels among the

PLAYER 1
NES
04(f) yi(9
|| e—D‘s l
MARKET
|I e—Dzs l
0,(1) ¥o(?)
PLAYER 2
NES

FIGURE 1 NES schemes applied by two players (N =2) in a duo-
poly market structure with delayed players’ actions.
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0] yi(®)
M;(f)
.~y

I
Predictor | Ni(D

FIGURE 2 Block diagram illustrating the NES strategy performed for
each player. In red is shown the predictor feedback used to com-
pensate the individual delay D; for the noncooperative case. With
some abuse of notation, the constants c¢; were chosen to denote
the parameters of the filters ci/(s + ¢;), but they are not necessarily
the same constants that appear in the payoff functions given in (1).

players to facilitate the proofs of our theorems and also to
guarantee that the considered noncooperative game is not
favoring any specific player. See also “The Basic Idea of
NES in a Two-Player Game.” In what follows, we introduce

Motion Planning for PDEs

he field of boundary control of PDEs is almost entirely de-

voted to stabilization problems for PDEs, dealing with the
design of feedback laws. However, since the PDEs we address
in this article are linear, the same feedback laws designed for
stabilization of zero equilibria are capable of also stabilizing
any other feasible trajectories of these PDEs. To accomplish
such tasks, we need to be able to first generate such trajecto-
ries as functions of t and x. In other words, we need to be able
to generate not only the necessary feedback controls but also
the feedforward controls.

In “Trajectory Generation Examples (Part 1)’ and “Trajec-
tory Generation Examples (Part Il),” we provide an introduction
to some recently emerging ideas in trajectory generation [42,
Chapter 12], motion planning [44], or, simply put, open-loop
control for PDEs.

As we shall see, once we are able to generate a ref-
erence trajectory for the state of the PDE, we can easily
combine our feedforward and feedback controls to stabilize
this trajectory. For example, if the control input to the PDE
is of Dirichlet type u(1,t) and we have designed a feed-
back control

u(t,0 = ["k(1, Yuly,tdy (S13)
and if we have generated a state reference trajectory u'(1,t),
then the overall “feedback + feedforward” control law

(.0 =u 0+ [ kAU -uy.0dy (619
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NES in noncooperative games with model-free ES in the
presence of PDE dynamics.

NONCOOPERATIVE SCENARIO WITH DELAYS

For the sake of completeness and to keep the material self-
contained, we briefly review the case of noncooperative
games subject to multiple and distinct delays originally
addressed in [60]. In this scenario, the purpose of the ES is
still to estimate the Nash equilibrium vector 6° but without
allowing any sharing of information among the players. As
mentioned earlier, each player only needs to measure the
value of its own payoff function described by

N
Z EJkHlkel

yi(®) =Ji(0(t D)) = % ~D))ou(t~ D))

MZ i Mz

+ > hiej(t—D))+ci )

1

j

with Ji given by (1). In this sense, we are able to formulate
the closed-loop system in a decentralized fashion, where no
knowledge about the payoffs y-; or actions 6-; of the other
players is required, as illustrated in Figure 1.

will (exponentially) stabilize the trajectory; namely, it will en-
sure that u(x,t) —u"(x,t) — 0 as t — o (for all x, in an appropri-
ate sense).

While trajectory tracking for a state reference is a relevant
problem, a truly important engineering problem is that of track-
ing an output reference. To solve such a problem, one starts
from an output reference trajectory, for example, u'(0,t), as
the desired temporal waveform of the system output u(0,t) at
x = 0; then generates the state trajectory u’(x,t) for all x (in-
cluding x = 1, which produces the control reference); and then
combines this result with a feedback control law to stabilize
the trajectory u’(x,t) and to force the output u(0,t) to track the
output trajectory u’(0,t).

“Trajectory Generation Examples (Part I)” and “Trajectory
Generation Examples (Part 1l)” focus on the generation of
the state trajectory u’(x,t) given the output trajectory u’(0,1),
which is often referred to as motion planning. Our coverage is
driven not by a desire to achieve generality but by a desire to
achieve clarity. Instead of trying to find a state trajectory for an
arbitrary output trajectory, we go through a series of examples
with reference outputs common in practice—polynomial and
sinusoidal signals (the latter being crucial for the generation
of the additive dither signals S;i(f) in NES and ES control prob-
lems)—for a series of different PDEs, including the heat equa-
tion, the wave equation (including Kelvin—Voigt damping), and
a first-order hyperbolic PDE. We also consider different types
of outputs, including the “Dirichlet” outputs u(0,t) and “Neu-
mann” outputs ux(0,1).
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Trajectory Generation Examples (Part I)

S is an effective real-time optimization method for PDE sys-

tems in cascade with nonlinear quadratic maps. To address
PDEs in the feedback loop, a boundary control law and a re-
design of the additive probing signal are mandatory. The latter,
commonly called “trajectory generation” or “motion planning,”
involves designing perturbation signals that anticipate their prop-
agation through PDEs. Specifically, this requires solving mo-
tion-planning problems for systems governed by parabolic and
hyperbolic PDEs. In this first part, we address the former cases.

EXAMPLE S-A
As our first example, we consider the plant
Ut = Usx (S15)
ux(0) =0 (S16)
with reference output
u (0,8 =1+2t—¢t2. (817)

In a physical sense, we want to generate a temperature tra-
jectory at x = 1 such that the temperature evolution at x =0 is
given by (S17). To find the reference input u’(1,t), we first need
to construct the full-state trajectory u'(x,t), which simultane-
ously satisfies (S15), (S16), and (S17). Let us search for the
state trajectory in the following form:

< k
u(x,t) = kzo ak(t)%. (S18)
This is a Taylor series in x with time-varying coefficients
ax(t) that need to be determined from (S15)—(S17). From (S17)
and (S18), we see that

ao(t) =u'(0,t)=1+2t—t2. (S19)
The boundary condition (S16) gives
ai(t) = ux(0,t) = (S20)

The next step is to substitute (S18) into (S15) as follows:

P t)k.

agzak(t T
k-2

= Z ak(t)¢
= (s21)

ak(t) oy (k 2)|

i Mg TTM@ i

ak+2 (t) k'

We get the recursive relationship
ak+2(t) = ax(t)-
Using (S20) and (S19) with (S22) results in

(S22)

a=1+2t—t), a=0
a=2-2t, az3=0
as=—2, as=0

as =0, ai=0, for i>6.

This gives the reference state trajectory

*t)XZ*iX

r — 2
uxt)=1+2t+t°+(1 15

and the input signal
u'(1,t) _—+t t2. 0

Note that the output matches the reference output trajec-
tory only if the initial condition of the plant is satisfied by the
state trajectory, that is, if u(x,0) = 1 +x2— ] 15 —x* To asymptoti-
cally track the reference signal as t — o« for an arbitrary initial
condition, we need to apply feedback.

The basic idea introduced in Example S-A is to use the “spa-
tial Taylor series” representation (S18) and to find the temporal
coefficients ax(t) using a recursion such as (S22). This idea will
permeate our developments in the subsequent examples. How-
ever, while in Example S-A the Taylor series was finite, in the
subsequent examples, the series will be infinite and will have to
be summed.

The subsequent examples, Examples S-B through S-E, will
deal with sinusoidal reference functions. The following formu-
las are useful when calculating the trajectories for sinusoidal
reference outputs:

_ (=] =) aZk+1
cosh(a) = g (2k i sinh(a) = Z k)T
cosh(ja) = cos(a), sinh(ja) =/sm(a)
cos(ja) = cosh(a), sin(ja) =jsinh(a).
EXAMPLE S-B
Consider the plant
Ut = Uxx (S23)
ux(0) = (S24)
with reference output
u’(0,t) = sin(wt). (S25)

Since sin(wt) = Im{e’}, we can get the reference trajectory
by setting A = 0 and o = jw in [47, Example 12.2]. We have

u" (x,t) = Im{cosh (yjw x)e™1}. (S26)
Using the identity j = (1+/)/2, we get
u'(x1) =Im{cosh((1+j) /Q )e’}

—Im {e« 2x+/(mt+/ )+e Jax+iet—/F )}
B 2

or
u'(x,1) :%e/%xsin(wt-s- %x)
1 Qx).

e,
+peVe sm(a)t— >

Finally, the reference input is

u'(1 ,t):%w% sin(wt+g)+%e’¢% sin(at—,/2). (s27)

O
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Without loss of generality, we assume that the inputs have
distinct known (constant) delays that are ordered so that

D = diag{D1, Ds,...,Dn}, 0<D; <. <Dy, (10)

Further, given any R"-valued signal f, we introduce

fPty=ft—D)=[fi(t—D1) f(t—D2) ... fu(t—Dn)]".
(11)

Figure 2 presents a schematic diagram that summa-
rizes the proposed Nash equilibrium policy for each ith
player, where its output is given by (2), where the vector
6-i(t — D-) in Figure 2 represents the delayed actions of
all other players.

The additive-multiplicative dithers S;(f), Mi(t) are

Si(t) = aisin(wi(t + Dy)) (12)

Mxo:%mnmﬁ) (13)
with nonzero constant amplitudes a; > 0 at frequencies
w; # wj. The additive dither signals Si(t) that anticipate
propagation through delays and PDEs are obtained by
solving PDE motion-planning problems, as discussed in
“Motion Planning for PDEs,” “Trajectory Generation Exam-
ples (Part I),” and “Trajectory Generation Examples (Part

II).” Such probing frequencies w; can be selected as
wi=wiw=0Ww), i€l,2,.. N (14)

where w is a positive constant and  is a rational number.
One possible choice is given in [23] as

w; & {w}, %(a)} + wk), 0f + 2wk, 0+ ok + co}} (15)

for all distinct 7, j, k, and .
Considering 6;(t) as an estimate of 6;, one can define the

estimation error:
:(f) = 6:(t) — 0;. (16)

The estimate G; of the unknown gradient of each payoff
Ji is given by
Gi(t) = Mi(t)yi(t). 17)

Computing the average of the resulting signal leads us to

~ N i Fav
GI(h) = X €;H};6}" (t— D)) (18)
i=1
with IT defined as
n:zﬂxLCM{%% (19)

and LCM standing for the least common multiple.

At this point, if we ignore the prediction loop and the
low-pass filter (both indicated in red) in Figure 2, the con-
trol law U, (t) = k:Gi(t) could be obtained as in the classical
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ES approach. In this case, from (16) and (18), we could write
the average version of

i) = Ui() (20)

as )
0 (H) = kG (1)
N

=ki ) €;H};6Y (t—D)). 1)
j=1

Therefore, by defining
6 (t):=[61"(1), 63" (1), ..., 0N ()] " € R
and taking into account all players, one has

6" (t) = KH6™ (t — D) 2)

with K:=diag{ki,..., kn} and H given by (5). Equation (22)
means that, even if KH were a Hurwitz matrix, the equilib-
rium 62" =0 of the closed-loop average system would not
necessarily be stable for arbitrary values of the time delays
D;. This reinforces the demand to employ the prediction
feedback U;(t) = k;iGi(t + D;)—or even its filtered version—
for each player to collectively stabilize the closed-loop
system, as illustrated in red in Figure 2.

In such a decentralized scenario, the dither frequencies
w-;, the excitation amplitudes a-;, and consequently the
individual control laws U-i(t) are not available to Player i.
Recalling that the models of the payoffs (1) and (2) are also
assumed to be unknown, it becomes impossible to recon-
struct individually or estimate the Hessian matrix H given
in (5) by using demodulating signals, such as those in [59].

Following the nonsharing information paradigm, the ith
player is only able to estimate the element H; of the H matrix
(5) by itself, this being so for all players. Therefore, only the
diagonal of H can be properly recovered in the average sense.
In this way, the signal N(t) is now simply defined as

Nﬁy=Mﬁy>§@m%@ﬂ—%) 23)
according to [59]. Then, the average version of
Hi(t) = Ni(t)yi(t) (24)
is given by
H () = [Ny (0], = Hi 25)

To compensate for the time delays, the following predic-
tor-based update law was proposed in [60]:
6i(t) = Ui(t) (26)

Uit =—cilli(t) +eki( G + i) [ wi@dr) - @7)
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Trajectory Generation Examples (Part ll)
Il of the examples in “Trajectory Generation Examples
(Part 1)” have dealt with Dirichlet-type outputs u(0,t). The
next example deals with a Neumann-type output, ux(0,1). In
addition, only parabolic PDEs so far have been considered.
The remaining examples deal with hyperbolic PDEs.

Example S-C
Consider the wave equation
Ut = Uxx (S28)
u(0)=0 (S29)
with the reference output
u%(0,t) = sin(wt). (S30)

Searching for u’(x,t) in the form of u’(x,t) = Zi-oax(t) (x*/k!),
we get

ao=0, ai(t)=sin(wt) = Im{e™"
air2 = &i(t)
which gives
ax =0
azcr1(t) = (jw)* Im{e™}.

The state reference becomes

W & 2%+1
sl S 55

—1m! € sinh (i
— Im{ o smh(/a)x)}
joot
- Im{%sin(a)x)}
= %sin(a)x)sin(a)t)
and the reference input is

u'(1,t) =

sin (wt). (S31)

sin(w)
1)
Note that, for the same desired reference output trajectory,
the reference input for the heat equation—Example S-B in
“Trajectory Generation Examples (Part I)>—has a much more
complicated form. o

Example S-D
Consider the more complex case of a wave equation with Kel-
vin—Voigt damping:

€ur = (1 + dor) uxx (S32)

for positive constants k; and c; (see also “Basic Idea of Predic-
tor Feedback Design for ODE Systems With Actuator Delay”
and “Backstepping Boundary Control of Transport PDEs”).

NONCOOPERATIVE GAMES WITH HEAT PDEs
Recapitulating, the optimality of the respective outcomes
(outputs) of Players i and j, respectively, yi(f)€R and

ux(0)=0 (833)
and with the reference output
u’'(0,t) = sin(wt). (S34)

Following the procedure in the previous examples, one can
obtain the following reference state trajectory:

/»w"/H 2021

: [ o A1+ 0?d? +1
u (X t) T2dtata? < X sm( <t+ C(me»
/S L 1102d® 1 . 4//1+ 242 41
Ve X / »?d®+
+e v2y1+0%d? ><S|n(w<t— Ea)mx))]
¢
Example S-E

Consider the first-order hyperbolic PDE

Ut = ux+gu(0) (S35)
with the reference output
u’(0,t) = sin(wt). (S36)

Searching for the reference trajectory in the form of
u'(x,b) = Zi-oax(t) (x“/k!), we get

ao = sin(wt) = Im{e’*}
a1 = & —gu(0) = Im{(jw — g)e'}
a1 = ak = Im{(jo — g) (jw) e}

= Im{<1 7%>(/a))"+‘e"”‘}.

The reference trajectory becomes

u'(x,t) =Im{e™ +(1 - iﬁ,) i _(/'wx)" et
=Im{Z+(1-L)e /wX]e/w'}
—2 [cos (wt) — cos (@ (t + x))] + sin (@ (t + x))

which gives the reference input

U1, = (837)

¢

%[cos(w(t-t— 1)) — cos (@ ()] + sin (@ (t + 1)).

In the particular case of classical transport PDEs (or pure
delays), when g =0, the reference input becomes simply a
phase-shifted sinusoidal function, thatis, u"(1,t) = sin (@ (t + 1)).

yi(f) €R, does not depend exclusively on their own strate-
gies (input signals) ©;(f)eR and ©;(t) € R. Moreover,
defining ©:=[0y,..., Ox]", each player’s payoff function J;
also depends on ©; of the other player j, j #i. An N-tuple of
© =[01,...,04]" is said to be in Nash equilibrium if no
Player i can improve its payoff by unilaterally deviating
from O, this being so for all i €{1,..., N} [9].
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Basic Idea of Predictor Feedback Design for ODE Systems With Actuator Delay

ere we consider the linear infinite-dimensional system

X(t) = AX(t) + BU(t — D) (S38)
where X € R" (A, B) is a controllable pair, and the input signal
U(t) is delayed by D units of time.

Given a stabilizing gain vector K for the undelayed system,
namely, given a vector K such that the matrix A +BK is Hur-
witz, our wish is to have a control that achieves

U(t— D) = KX(f). (S39)
This control can be alternatively written as
U(t) = KX(t+ D) (S40)

and it appears to be nonimplementable since it requires future
values of the state. However, with the variation-of-constants
formula, treating the current state X(t) as the initial condition,
we have

X(t+D)=e*x()+ [ e""BU(O)de, vt=0. (S41)
I
This yields a feedback law
Ut) = K[eADX(t) + [ e*BUO)de] viz0  (842)

which is implementable, but it is infinite dimensional since it
contains the distributed delay term involving past controls,

As shown in Figures 3 and 4, distinct heat equations (with
Dirichlet actuation) are assumed in the vector of player actions
6(t) € R?, in the particular duopoly game with N =2.

In the N-player game, the propagated actuator vector
O(t) e RY is given by

0i(t)=:(0,1), Vie(l,...,N} 28)

PLAYER 1
NES

04(d 210

Heat PDE 1
Heat PDE 2

NONCOOPERATIVE
GAME

65(1) ya()

PLAYER 2
NES

FIGURE 3 NES in a duopoly (N =2) noncooperative game with
players acting through heat PDE dynamics.
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[;_,e*“"?BU(6)d6. The closed-loop system is delay compen-
sated:
X(H) = (A+BK)X(t), t>D (S43)

but this is true only after the control “kicks in” at ¢ = D. During
the interval t € [0, D], the system state is governed by

X(t) = e*X(0) + fo ‘eAt-IBY(r — D)dr, Vte[0, D] (S44)

The feedback law (S42) was introduced within the frame-
work of “finite spectrum assignment” [S7], [S8] and the “re-
duction approach” [7]. In the section “Backstepping Boundary
Control of Transport PDEs” we derive the same control law,
but in a considerably more complicated way, which will pay
dividends by providing us with an explicit Lyapunov—Krasovskii
function and the ability to conduct stability analysis in the time
domain, as discussed in [44]. (See also “Boundary Control and
Backstepping for PDEs” and “Backstepping Boundary Control
of Transport PDEs.”)
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drai(x, t) =0xai(x, 1), x€(0,D)) (29)
3,00, )=0 (30)
ai(D;, t)=6i(t) (€10

where ;:[0, Di] X R+ - R, and each domain length D; is
known. The solution of (28)—(31) is given by [40, Chapter 15]

cosh (x+v's)

=L cosh(DiVs)

* 0i(t) (32

where £7!(:) denotes the inverse Laplace transformation,
and # is the convolution operator.

Given this relation, we define the diffusion operator for
the PDE (28)—(31) with boundary input and measurement
given by D =diag{Dx, ..., Dn} with

Dilpt)]=L™" [m] + o(t), subject to ©()=D[6(t)].

33)

As in (1), we consider games in which the payoff func-

tion yi(t) = Ji(D[6(H)]) = ]:(©(t)) of each player is quadratic

[9], expressed as a strictly concave combination of their
actions propagated through distinct heat PDE dynamics
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HCIOEEDY 2 O, (00:(0) + L O () e (34
j=lk=1 j=1

where Ji(0): RY — R, obtained by replacing 6 for © in (1).
Equations (2)-(6) can be repeated here simply replacing
6" RN for @ € RY, where O represents the Nash equilib-
rium defined in (2).

The objective is to design an ES-based strategy to reach the
Nash equilibrium in noncooperative games subjected to heat
PDEs in the decision variables of the players (input signals).

Since our goal is to find the unknown optimal inputs 0
(and 6"), we define the estimation errors

o=6(—-0, v(H=001-0" (35)
where the vectors 6(t) and ©(t) are estimates of 0" and
©’. To make (35) coherent with the optimizer of the static
map O, we apply the diffusion operator (33) to é; in (35)
and get

:(t):=ai(0,1), Viell,..., N} (36)
9:di(x, 1) = dxai(x, 1), x€(0,D)) (37)
9:¢i(0,£)=0 (38)
ai(Di, t) = 6i(t) 39

where @;:[0, Di] x R+ — R and 9(t):= D[6()]=O () — O is
the propagated estimation error 6(t) through the diffusion
domain. For lim;-.0(t) = 6., we have lim;...0(f)=0.=6,,
where the index c indicates a constant signal. Indeed, from
(32), for a constant input 6 =6, one has L{6}=6./s, and
applying the Laplace limit theorem, we get lim; . D;[6.] =
lim;—o{(6ci/ (cosh(v's D))} =6. In the particular case
6=6.=6", one has

0'=0". (40)

Figure 4 depicts a schematic diagram that summarizes
the proposed Nash equilibrium policy for each player,
where their outputs are given by

yi()=]:(O()). 41

From the solution of the trajectory generation prob-
lem [42, Chapter 12] (see “Trajectory Generation Exam-
ples (Part I), Example S-B”), the additive dither signals in

the presence of heat PDE dynamics [19] are defined
according to

S,-(t):%a,-e*/%[)'sin(a),-t—i- %Di)
1 p &Dl 1 P S & .
+oaie /5 sm(a),t 5 D,) 42)

and the multiplicative demodulation signals are given by

Mi(t) = %sin (@it) 43)

with nonzero constant amplitudes a; >0 at frequencies

w; # w;. Such probing frequencies w; can be selected as

wi=wio=0(w), Vie(l,...,N} 44)

where o is a positive constant and w; is a rational number—
one possible choice is given in [23].

Following the nonsharing information paradigm, only

the diagonal elements of H can be properly recovered in the

average sense by players. In this sense, the signals N;(t) are
simply defined by [23]

(=10 (cin2 (0 — L
Ni(t) = 2 (sin®(@it) > )- 45)
Then, the average version of
Hi(t)=Ni(t)yi(t) (46)
is given by
H (0= [Ni(yi(h)],, = Hi. @7)

Taking into account 6:(t) as estimates of 6i, one can
define from (35) the individual estimation errors
0:(t)=0:(t) — 0, 0:(t)=0:(t)—6;. (48)

The estimates of the unknown gradients of the payoff
functions are given by

Gi(t) =M:(t)yi(t) 49)

S(8 .
é MU Player 1 ()‘_
= (H— sl — Heat PDE .
95 Compensator Gy ®<_
t t
s o0 oo m(
< —'l 9,04(X,1) = d, 04(X, 1) I SO 'm 0
N
Yo(D)
= 2 =905l § oo H R OF—
d ’ My(D
3 o |
1} >
= 5 U Player 2 ‘—®‘—
® O—=]1 L Heat PDE
O/ Ls| 2
f Compensator Hy @4_

%
N
=
—

Na(f)

FIGURE 4 Block diagram illustrating the NES strategy performed
for each player (N = 2). In magenta are shown the boundary con-
trollers used to compensate the individual heat PDEs for the non-
cooperative game.
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Boundary Control and Backstepping for PDEs

wo PDE control settings exist:

e “in domain” control (actuation penetrates inside the do-
main of the PDE system or is evenly distributed every-
where in the domain, likewise with sensing)

* “boundary” control (actuation and sensing are only
through the boundary conditions).

In this sense, boundary control is physically more realistic
because actuation and sensing are nonintrusive (think fluid flow
where actuation is from the walls). For instance, a “body force”
actuation of electromagnetic type is also possible, but it has low
control authority, and its spatial distribution typically has a pat-
tern that favors the near-wall region. Moreover, boundary control
is a harder problem because the “input operator” (the analog of
the B matrix in the linear time-invariant finite-dimensional model
X = Ax + Bu) and the output operator (the analog of the C matrix
in y = Cx) are unbounded operators.

Many feedback designs for PDEs are inapplicable by
boundary control. This article is devoted exclusively to bound-
ary control, using backstepping for PDEs [42], with which de-
stabilizing effects that appear throughout the spatial domain [0,
D] can be eliminated. We illustrate the idea of PDE backstep-
ping for the parabolic class. One seeks a change of variables
and feedback that transform the PDE system with boundary
control (at x = D):

U (X, 1) = Use (X, ) + fo “fx,y)u(y.h, xel0,D] (S45)
u(D,t) = U(t) (S46)
into a target system
We(x,t) = wa(X,1), X €[0,D] (S47)
w(D,t) =0 (S48)

and computing the average of the resulting signal leads us to

G¥ (1) = Ho™ (t) (50)
where the Hessian H is given in (5).

Additionally, from the block diagram in Figure 4, for
arbitrary N, one has

6:(h=Ui(t), Vie(l,... N} 1)
and consequently
6:()=Ui(t), Yiell,..., N} 2)

since é(t) = é(t), once 6’ is constant. Taking the time deriva-
tive of (36)—(39) and with the help of (35) and (52), the propa-
gated error dynamics are written as

52 |EEE CONTROL SYSTEMS » APRIL 2026

that has to be exponentially stable. The spatial kernel function
f(x,y) in the integral operator in (S45) may contain delta func-
tions like & (x —y) and & (y). The coordinate transformation

wx,t) = u(x,t)— fo “k(x,y)u(y,Hdy (S49)

is proposed in [42] and preceding publications by Krsti¢ and
his coauthors, where k(x,y) is the gain kernel and the integral
in (S49) is a Volterra integral transformation. Since the coordi-
nate transformation (S49) is invertible [42], the stability of the
target system translates into stability of the original system.
Hence, with the boundary controller chosen as

U =u®,0= [ kD.yuly.ndy (850)
the original system (S45) and (S46) with the controller (S50)
is exponentially stable. The gain kernel k(x,y) has to satisfy
Goursat PDE conditions that arise from substituting the trans-
formation (S49) into the target system (S47) and (S48) along
with the original system equations (S45) and (S46).

Remark S1
There also exists ODE backstepping, especially integrator
backstepping [S9], where the feedback law is propagated
“backward” through a chain of integrators. The name back-
stepping for PDEs is caused by the triangular structure of the
Volterra integral transformation, similar to ODE backstepping.
Detailed backstepping boundary control methods for trans-
port and heat PDEs are presented in “Backstepping Boundary
Control of Transport PDEs” and “Backstepping Boundary Con-
trol of Heat PDEs,” respectively.

REFERENCE
[S9] M. Krstic, I. Kanellakopoulos, and P. V. Kokotovic, Nonlinear and
Adaptive Control Design. New York, NY, USA: Wiley, 1995.

3i(H)=ui(0,t), Viell,...,,N} (53)
oui(x, t)=dxui(x, ), x€(0,D)) (54)
3:1i(0,£)=0 (35)

ui(D;, t)=Ui(t) (56)

where u;:[0, Di] X Ry — R and ui(x, t):=9:ai(x, t).

Hence, from (50) and (53)—(56), it is possible to find a
compact form for the overall average estimated gradient
according to

é‘“’(t) = Ho™ ()= HD[U™ (1] (57)
where 9 (5):=[03(1),..., 0¥ (D]T €RY, G (D) :=[G (), ...,
GYM]TeRY, and U™ (1) :=[U' (1), ..., U¥ ()] € R are the
average versions of 9(t):=[01(t), ..., O0n(H)]", G()=[G(b),...,
Gu()]", and U (t):=[Ui(t),..., Un(t)]" respectively.
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Backstepping Boundary Control of Transport PDEs

he delay in the system (S38) of “Basic Idea of Predictor

Feedback Design for ODE Systems With Actuator Delay”
can be modeled by the following first-order hyperbolic PDE,
also referred to as the “transport PDE”:

ur(x, t) = ux(x, t) (S51)

u(D, ) = U(). (S52)

The solution to this equation is
ux,ty=U(t+x—-D) (S53)
and, therefore, the output
u(, ty=U(t—-D) (S54)
gives the delayed input. The system (S51) can now be written as
X(t) = AX(t) + Bu(0, t). (S55)

Equations (S51)—(S55) form an ODE—-PDE cascade that is
driven by the input U from the boundary of the PDE (Figure S2).

Suppose a static state feedback control has been designed
for a system with no delay (that is, with D = 0) such that

U(t) = KX(t) (S56)

is a stabilizing controller; that is, the matrix (A + BK) is Hurwitz.
Consider the backstepping transformation

w(x, ) =u(x, )= f gly)uly, Hdy—y()'X(t)  (857)

with which we want to map the system (S51)—(S55) into the
target system

X(t) = (A+ BK)X(t) + Bw(0, t) (S58)
wi(X, t) = wx(x, t) (S59)

u(t) U(t-D) . X(t)
— 7 S —sD = —
uD, ) € 70, 1) X=AX+BU(t-D) [——=>
. —> | Direction of Convection
D 0

FIGURE $2 Linear system X(t) = AX(t) + BU(t — D) with actuator
delay D.

Now, we use an ES strategy based on boundary con-
trol to compensate for the diffusion operator D[] in
(57) due to the multiple and distinct heat PDEs in
the players’” actions. Basically, control laws must be able
to ensure exponential stabilization of G¥(t) and

w(D, t) =0 (S60)

from the ODE-PDE system

X(t) = AX(t) + Bu(0, ?) (S61)
ut(x,t) = ux(x, t) (S62)
u(D, t) = U(). (S63)

The transformation (S57) applied to (S58)—(S63) yields

ax(x, )+ qy(x, y) =0 (S64)
qx,0=r(x'B (S65)
Y () =ATy(x) (S66)
and
7(0)=K". (S67)

The solution to the ODE (S66) is
y(x)" = Ke™. (S68)
A general solution to (S64) is
qx, y) = o(x —y) (569)
where the function ¢ is determined from (S65). We get
q(x, y) = Ke?* B, (S70)

We can now plug the gains y(x) and q(x, y) into the trans-
formation (S57) and set x = D to get the control law

u(D, t) = fo ° Ke"®NBu(y, t)dy + Ke*°X(t). (S71)

The controller (S71) is expressed in terms of the transport
delay state u(y, t). Using (S53), one can also derive the repre-
sentation in terms of the input signal U (f):

ut) = K[eADX(t) + [! e*9BU(B)de (S72)

which is identical to the controller (S42) in “Basic Idea of
Predictor Feedback Design for ODE Systems With Actuator
Delay.”

consequently of ¥*(t) =(:)a"(t)— ©". From (50), it is clear
that, if H is invertible, 9 (t) - 0 as G* () - 0. Hence, the
convergence of 9% (t) to the origin results in the conver-
gence of O(t) to a small neighborhood of the Nash equi-
librium point ©"=6"—see (40)—via averaging theory
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[25], without allowing sharing of any information
among the players.

Decentralized PDE Boundary Control Using Only the
Known Diagonal Terms of the Hessian

In this sense, we can formulate the closed-loop system in a
decentralized manner, where no knowledge of the payoff or
actions of any other player is required.

Inspired by [61], where ES was considered for PDE
compensation but not in the context of games, we propose
the following boundary-based update laws 6;(t)=Ui(t),
ief{l,..., N}

Ui(t) =—cilUi(t)
+ ak;-(@;-(t) +Hi() fo YD - T)ui(r,t)d'L') (58)

for positive constants k; >0 and ¢; >0, to compensate for
the heat PDEs in (53)-(56). Again, with some abuse of nota-
tion, constants c; were chosen to denote the parameters of
the control laws, but they are not related to those that
appear in the payoff functions given in (34).

As discussed in [19, Remark 2], the boundary control
law (58) could be rewritten as

Ui(t) =—ciUi(t)
+ciki[Gi(t) + Hi(H)(8:(f) — Oi(t) + aisin(wit))]  (59)

using the diffusion equations 9:ai(x, t) =9nai(x, t), Vie
{1,...,N} and the integration by parts associated with
(28)-(31) and (35), and recalling that ®; + a;sin(wit) = ©:(t) —
0, analogously to [19, Equation (25)].

ISS-Like Properties for Parabolic

PDE Representation

For the sake of simplicity, let us assume that c; —+ o in
(58), resulting in the following general expression (see
“Backstepping Boundary Control of Heat PDEs”):

u;(t) = ki(G,»(t) +Hi(t) fo o (Di— 1) ui(z, t)dr). (60)

Recalling (53)—(56), the infinite-dimensional closed-loop
system (57) and (60) in its average version can be written in
the corresponding PDE representation form as

G (£) = Hu™ (0, 1) 61)
™ (x, ) =D wu™(x, 1), x€(0,1) (62)
3™ (0,4)=0 (63)
u™ (1, £) = U™ () (64)

with D= diag{Dl,..., Dn}.
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In the reduction-like approach [7] (or finite-spectrum
assignment), we use the transformation (for i €{1,..., N}):

_ ~ N . . rD; )
G =GO+ XL Hy [ (D= uf (x, v
j=1
Aav N i [T av
=G+ L eH) [ DIA-Ou' € nde  (69)
j=1
where [{/(D;—1)ui* (¢, )dr = [} D} (1 — &)ul (&, t)dE. With
some mathematical manipulations, it is not difficult to see
that G satisfies
G™ ()= HU™ (¢). (66)

Now, after adding and subtracting the next terms in
blue and red in (60), it is rewritten as

Ui(h) = k;(Ci(t) + Hi(t)[OD‘ (D: — 7)ui(t, t)de

+> e:{,-Hiiij/ (D; —7)uj(z, t)dr)
j#i 0
~k X eiHy [ (D= Dz, e (67)
j#i
whose average compact form is
U™ (t)= KG™ (t) + eK¢™ (D, t) (68)

where the matrix K = diag{ki, ..., kn} with entries k; >0, and
the auxiliary variable ¢(D,t):=[¢1(D,1),...,¢n(D,t)]" € RY is
defined as

#:(D, ==Y Hj [ (D; = 7)u(0)de

jri 70

¢:(1, )= =X Hj [ D}1=u;(€, t)de.

j#i

©9)

Then, it is possible to find a compact form for the overall
average game from (66) and (68), such as

G™(t)= HKG™(H) + eHK¢™ (1, 1) 70
™ (x, ) =D ?9uu™ (x, 1), x€(0,1) @1
0:u™(0,£)=0 72

W (1,6)= KG™ (1) + kg™ (1, 1). 7

From (70), if HK is Hurwitz, it is clear that the dynam-
ics of the ODE state variable G*(f) is exponentially 1SS
[32] with respect to the PDE state u(x, t) by means of the
function ¢*(1, t). Moreover, the PDE subsystem (71) is ISS
[32] with respect to G™(f) in the boundary condition
u™(1,t).

Authorized licensed use limited to: IEEE Editors-in-Chief. Downloaded on April 13,2026 at 22:37:56 UTC from IEEE Xplore. Restrictions apply.



Backstepping Boundary Control of Heat PDEs
ext, we consider the cascade of a heat equation and a lin-
ear time-invariant finite-dimensional system given by

X(t) = AX(t) + Bu(0, ?) (S73)
ur(x, t) = uxx(x, t) (S74)
ux(0,t) =0 (S75)
uD, t) = U(t) (S76)

where X € R" is the ODE state, U is the scalar input to the
entire system, and u(x, t) is the state of the PDE dynamics
of the diffusive actuator. The cascade system is depicted in
Figure S3.

The length of the PDE domain D is arbitrary. Thus, we take
the diffusion coefficient to be unity without loss of generality.
We assume that the pair (A, B) is stabilizable and take K to be
a known vector such that A + BK is Hurwitz.

Next, we state a controller that compensates for the diffu-
sive actuator dynamics and guarantees the exponential stabil-
ity of the resulting closed-loop system (see Figure S4).

We start by formulating an infinite-dimensional transforma-
tion of the form

w(x, t) = u(x, l‘)—fOXQ(X, yuly, idy —y ()X  (S77)

with kernels g (x, y) and y(x) to be derived, which should
transform the plant (S73)—(S76) along with the control law

U(t) = K[I 0]{6? Q]D[g]xa)

" foo[ e o él‘fdf][g]Bu(y, t)dy} (S78)

into the “target system”

X(t) = (A + BK)X(t) + Bw(0, t) (S79)
wi(x, 1) = Wi (X, t) (S80)
wx(0, ) = 0 (s81)
w(D, t) = 0. (S82)

Combining (S73)—(S82), y(x) and q(x, y) satisfy

Y (X)) =v(x)A (S83)
7(0) =K (S84)
Y’ (0)=0 (S85)

which happens to represent a second-order ODE in x, and

Qu (X, ¥) = qu (X, ¥) (S86)
q(x, x)=0 (S87)
ay(x, 0) =-y(x)B (S88)

which is a second-order hyperbolic PDE of the Goursat type.
We then proceed to solve this cascade system explicitly. The
explicit solution to the ODE (S83)—(S85) is readily found as

Y(0) = [K O]e(I? 3'*)[8] (S89)
and the explicit solution to the PDE (S86)—(S88) is

qx y) = [ v(0)Bdo. (S90)

In a manner similar to finding the kernels g (x, y) and y (x)
of the direct transformation, the inverse transformation (S77)
can be found. To summarize, the direct and inverse backstep-
ping transformations are given by

u(x,1) X(®) wix, ) = u(xt) — [*m(x — yu(y.Hdy - KMx)X(@®) (S91)
u(D, 1) Heat Eq. PDE | u(0,1) ODE g
Ult) ——— — x
(Actuator) (Plant) u(x, ) = wix, t) + fo n(x — yyw(y, Hdy + KN(x)X(t) (S92)
FIGURE S3 The cascade of the heat equation PDE dynamics of  where
the actuator with the ODE dynamics of the plant.
m(s) = fo ° KM (&) Bdé (S93)
Actuation _ Diffusion Process n(s) = [°KN(€)Bdg (594)
____________________________________ M) =1 olel oF lo] (S95)
x=D x=0
I? A+OBKIE I
FIGURE S4 An arbitrary ODE controlled through a diffusion process. W =10 Bl [0] (S5ele)
STABILITY ANALYSES they are chosen sufficiently small. To attain 6 in real time,

We will now show that the ODE-PDE loops [for example, without any model information (except for the delays or dif-
(70)—(73)], for the corresponding delay and heat case, contain ~ fusion domains D;), each Player i employs the noncoopera-
small parameters € that can lead to closed-loop stability if  tive ES strategy (27) or (58) via boundary control feedback.
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Heat PDEs Case

The next theorem provides the stability/convergence prop-
erties of the closed-loop ES feedback for the N-player non-
cooperative game with heat PDEs.

Theorem 1

Consider the closed-loop system (61)-(64) under Assump-
tions 1 and 2, and multiple heat PDEs (28)—(31) with distinct
diffusion coefficients D; for the N-player quadratic nonco-
operative game with payoff functions given in (34) and (41)
and control laws U;(t) defined in (58). There exist ¢; > 0 and
@ > 0 sufficiently large as well as € > 0 sufficiently small,
such that the closed-loop system with state 0:(t), wui(x, f),
vie{l,...,N}, has a unique locally exponentially stable
periodic solution in t of period II in (19), with w; in (44) of
order O(w) according to (14), denoted by o/ (t), u{'(x,1),
that satisfies vVt = 0:

P Dir 1 2\ 1
<i=1[ﬂi ®OF + [ Tul 0] dx> <0()- (74)
In particular,
lir[rl+slc1p|®(t)—®*|=0<|a|+%) (75)
. oo — max(Di)vw/2 l
limsup |6(t)—6 |—O< la]e + a)> (76)

t—+oo

where a =[a1 a:]", and 6°=0" is the unique (unknown)
Nash equilibrium given by (6).

Proof
See “Proof of Theorem 1.” [ |

Delay Case
On the other hand, the derivative of (18) is

2 Noooo
G(h) = Z €iiH;i67"(t — D)).

j=1

(77)

By delaying by D; units the time argument of both sides
of the average version of (20), we obtain

62(t— D) = U(t — D). (78)
Thus, (77) can be rewritten as
; Noooo
GM(h =2 e HyUT(t - D)). (79)

j=1

Taking into account all players, from (18) and (79), it is pos-
sible to find a compact form for the overall average estimated
gradient G (t):=[G(t), ..., GV () ]' € RV according to
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G™(t)= H6™ (t — D) (80)

G™(H) = HU™ (t — D) @81)

where H is given in (5), and
us()=[use), us'e), ..., ud ()l e RY.

The next theorem provides the stability/convergence
properties of the closed-loop ES feedback for the N-player
noncooperative game with delays and nonsharing of
information.

Theorem 2

Consider the closed-loop system (78) or (79), under Assump-
tions 1 and 2, and multiple and distinct input delays D; for
the N-player quadratic noncooperative game without infor-
mation sharing, with payoff functions given in (9) and con-
trol laws U;(t) defined in (27). There exist ¢;>0 and @ >0
sufficiently large as well as € >0 sufficiently small such
that the closed-loop system with state 6:(t—D;), Ui(7),
vre[t—D;t], and Viel,2,..., N has a unique locally
exponentially stable periodic solution in ¢ of period II in
(19), denoted by 6'(t — D)), U (t), VT €[t — D, t] satisfying
Vt=0:

N ) . 1 |2 1
i:l[ei (t—D))] +fth,[u" @] dr) < 0(5). 82)
In particular,
limsup|9(t)—6*|=0(|a|+%> (83)

t—+oo

where a = [a142...an]", and 6" is the unique Nash equilib-
rium given by (6).

Proof
See “Proof of Theorem 2.” |

NONCOOPERATIVE DUOPOLY WITH
HETEROGENEOUS TRANSPORT-HEAT

PDE DYNAMICS

Here, we propose a nonmodel-based strategy for locally
stable convergence to a Nash equilibrium in a quadratic
noncooperative game with player actions 0;(t) € R subject
to heterogeneous PDE dynamics. For simplicity, we con-
sider the duopoly scenario (N = 2), where different players
use different types of PDEs, one player compensating for a
delay (transport PDE) and the other a heat (diffusion) PDE,
with each player having access only to its own payoff value,
yi() eR, for ie{1,2}. Heretofore, we solved NES prob-
lems with homogeneous games, where the PDE dynamics
of distinct nature were not allowed.
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Quadratic Payoffs and Heterogeneous PDEs

As shown in Figures 5 and 6, now distinct (transport and
heat) PDE equations (with Dirichlet actuation) are assumed
in the vector of player actions @(t) € R*. Thus, the propa-
gated actuator vector O(f):=[01(t), 02(t)]" € R? is given by
the following transport PDE for player Pi:

01(t)=61(t — D1)=a1(0, t) (84
drai(x, t)=0xa1(x, t), x€(0,Dn) (85)

Proof of Theorem 1

he proof of Theorem 1 follows steps similar to those used

to prove the results about ES under diffusion PDEs in [19,
Theorem 1] or even [59, Theorem 1] for pure delays (transport
PDEs). In this sense, we will simply point out the main differ-
ences for the case of games (not classical ES), instead of giv-
ing a full independent proof.

While in [19, Theorem 1] and [59, Theorem 1] it was pos-
sible to prove local exponential stability of the average closed-
loop system using a Lyapunov functional, a different approach
is adopted here for NES in noncooperative games. We will
show that it is possible to guarantee the local exponential sta-
bility for the average closed-loop system (70)—(73) by means
of a small-gain analysis.

First, consider the equivalent parabolic PDE-ODE repre-
sentation (70)—(73) rewritten for each Player i, Vie {1,...,N}:

32 (t) = Hiki G2 (1) + eHiki 62 (1,1) (S97)
AUl (x,t) = Di*awui (x,t), x € (0,1) (S98)
xui’(0,6)=0 (S99)

U (1,t) = KGR () + ek (1,1). (8100)

Hence, the average closed-loop system (S97)—(S100)
satisfies all of the assumptions (A1) to (A7) of the Small-
Gain Theorem [32, Theorem 8.2, p. 205] for the para-
bolic PDE-ODE loops with p(z)=1, r(z)=D?, q(z)=0
F(G® u®,0=HikG™ +eHikip® (1), g(x,G¥,.u®)=0, f(x,t)= 0
0o(0,u?,G™) = b1u(0,t), b1 <0, b2=1, @:1(0,u®,G¥)=
kiG™ +ekip(1), ar=1, az=0, L=max(IHjlk,1/V/3¢elHjl
kikuD?), Ko=1, Bo=Co=0, yo of order O(e), Ki=1/v/3
€kikHD,2-, Bi=ki, C1=0, y1 of order O(1), K2=B2=0, and
i #j. The constant kn > 0 is defined just after inequality (S101).
Assumption (A6) of [32, Theorem 8.2, p. 205] holds with M = 1,
vs = 1/¥/3 € |Hjl kikyD?, and o =|Hj| ki, as can be readily veri-
fied by means of the variation-of-constants formula

57(t) = exp (—| Hjl kit) G (0)
+f exp (—| Hil kit + s)) eHiki o2 (1,5) ds

axal (O, t) =0 (86)
O(1(D1, t):91 (t) (87)

and the next heat PDE for player P»

O2(t) = a2(0, £) (88)
draz(x,t) =0waz2(x, t), x€(0,D>) 89)
9x02(0,)=0 90)
az2(D2, t) = 02(t) 1)

and from the application of the Cauchy—Schwarz inequality to
the term ¢{'(1,1) in (69):

210 <S|H) |D2(f01 (1—17)2dr> ([ [ (&, 0] d.f)

j#i

1 & 1. av 2
< —SkH§0%<f0 U2 (§,t)]2d§>2 (S101)

since |Hjjl < ky < %IHF,-I according to Assumptions 1 and 2,
where ki is a positive constant of order O(1). It follows that
the small-gain condition [32, Inequality (8.3.24)]

max (yoKo,v1K1) + o 'K <1

yamax(yoBo,y1B1) + yso ' By < 1 (5102)

holds, provided 0 < € <1 is sufficiently small. Therefore, if such
a small-gain condition holds, then [32, Theorem 8.2, p. 205] al-
lows us to conclude that there exist constants &, A > 0 such that
for every u§’ € C°([0,1]), G§' € R", the unique generalized so-
lution of this initial-boundary value problem, with u®'(x,0) = ug"
and G*(0) = G¥", satisfies the following estimate:

|G |+ [u> @l < A(|G8|+]|ug"]..)exp(=81).  (S108)

Therefore, we conclude that the origin of the average
closed-loop system (70)—(73) is exponentially stable under the
assumption of 0<e <1 being sufficiently small. Then, from
(50) and (65), we conclude the same results in the norm

(Z [02 )P+ / u? (x, )] dx)vz (S104)

since H is nonsingular, that is, 192 (t)| <IH ' IIG¥ (t)I.

As developed in [19, Theorem 1], the next steps of the
proof would be the application of the local averaging theory for
infinite-dimensional systems in [25, Section 2] (see also “Av-
eraging Theorem for General Infinite-Dimensional Systems”),
showing that the periodic solutions satisfy (74) for @ sufficient-
ly large and then the conclusion of the attractiveness of the
Nash equilibrium ®" according to (75). The final residual set for
the error 6(t) — 6" in (76) depends on lale™®"®2 dye to the
amplitude of Si(f) in (42).
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where o;:[0,D;]xR+—R, Vvie{1,2}, and each domain
length D; is known.
The solution of (84)—(87) [40, Chapter 2] is simply

a1(x, t)=01(t+x— D) 92)

which represents a delayed action for player Pi at
x =0, whereas the solution of (88)-(91) is given by [40,
Chapter 15]

cosh(x+v's)

oarlx =L cosh (D> x/g)

*02(t) 93)

where £7'() denotes the inverse Laplace transforma-
tion, and * is the convolution operator. Given these rela-
tions, we define the heterogeneous transport-diffusion
operator H = diag{H:, H>} for the PDEs (84)-(87) and
(88)-(91) with boundary inputs and measurements
given by

Hi[p(t)|=@(t+x—D1), suchthat O:(t)=Hi[0:(t)]
Helo @)=L qipivey | 0O

such that 0, (t) = H[62(1)]. 94)

Averaging Theorem for General Infinite-Dimensional Systems [25]

onsider the infinite-dimensional system, defined in the
Banach space X

z=HAz+J(wtz) (5105)

where z(0) = zo € X, and the operator A: D(A) — X generates
an analytic semigroup. Moreover, the nonlinearity J: R+ x X — X
with t — J(wt, z) is Fréchet differentiable in z and strongly con-
tinuous and periodic in t uniformly with respect to z in a compact
subset of X. Along with (S105), the average system

2av =Aza+ Jo (Zav) (S1 06)

with Jo(zav) = Iimram1/ngJ('c, Zay)dT is considered. Suppose
that za=0e€ D c X is an exponentially stable equilibrium

Proof of Theorem 2
he proof of Theorem 2 follows the same structure of that of
Theorem 1, but now considering the equivalent hyperbolic
PDE-ODE representation for each Playeri, Vie {1,...,N}:

G () = Hiki G (1) + eHikip2 (1, 1) (S109)
A (x, ) = D 'axu® (x, 1), xe (0,1) (S110)
u? (1,8 = kG2 (t) + 1kip? (1,1) (S111)
where Hj <0, k>0, 0<e<1, D;'>0, and
i 1
¢i(1,0:==3 Hy [ Dyuy(&,)aE. (S112)

j#i

In this case, the average closed-loop system (S109)—(S111)
satisfies both assumptions (H1) and (H2) of the Small-Gain
Theorem [32, Theorem 8.1, p. 198] for the hyperbolic PDE-
ODE loops rather than [32, Theorem 8.2, p. 205] employed in
the proof of Theorem 1; this latter oriented for parabolic PDE—
ODE interconnections—see “Small-Gain Theorem for ODE
and Hyperbolic PDE Loops.”
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point of the average system (S106). Then, for some @ > 0 and

o > @, we have the following:

1) There exists a unique exponentially stable periodic
solution t — z(t, 1/w), continuous in t and 1/w, with
|z(t, 1/w)] < O(1/w) for t > 0.

2) With | zo — za (0) |< O(1/w), the solution estimate of (S105)
is given by

1Z(t) = zav |< O(1w), t> 0. (S107)

3) For |zo| <O(1/w), and the stable manifold theorem, it
holds that

lz(t) —z(t,1/w) |[<Ce™", t>0 (S108)

for some C,y > 0.

It follows that the small-gain condition in [32, Theorem 8.1,
p. 198] holds, provided 0<e <1 is sufficiently small. There-
fore, if such a small-gain condition holds, then [32, Theorem
8.1, p. 198] allows us to conclude that the origin of the aver-
age closed-loop system (S109)—(S111) is exponentially stable.
Then, from (80) and the following transformation [7]:

=

GO =GMO+ X eHy [ UM (@dr
1 U

p (8113)
Aav igi (P av
=GM(O)+ X €y [ uf (. dE
j=1
we can conclude the same results in the norm
N 5 D 1/2
(Z[e?v(t—D,-)]2+/o [u,-a"(r)]zdr) . (S114)
i=1

The application of the local averaging theory for functional
differential equations in [25] (see also “Averaging Theorem for
Functional Differential Equations”) shows that the periodic so-
lutions satisfy inequality (82) and leads to the conclusion of
the attractiveness of the Nash equilibrium 6" according to (83).
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We consider games where the payoff function y:(t)=
Ji(©(t), Vvie{l,2}, of each player is quadratic [9],
expressed as a strictly concave combination of their actions
propagated through distinct transport-heat PDE dynamics

n©e®)=etn+ B2 63 + ci6:0:0)

+hi0:1(t) + 302 (t) + c1 (95)
J2(0(t) = HT%lG)%(t) + HT%Z(%%(t) +€H301(H)0(f)
+ 1301 (H) + W30, (F) + c2 (96)

where J1(0), J2(0):R*~R, Hj, hi, c;€R are constants,
H}; <0, Vi, j, k€{1,2}, and € >0 without loss of generality.

For the sake of completeness, we provide here, in math-
ematical terms, the definition of a Nash equilibrium ©" =
[0, ©3]" in a two-player game:

J1(01,05) = J1(01,05) and ]2(01,03) = ]»(01,02). (97)

Hence, no player has any incentive to unilaterally devi-
ate its action from 0.

As done before to determine (6) in the general case,
the Nash equilibrium solution 0" = —H™h for the duo-
poly is simply

87]
G}

1 1. 1714,1
[ ) -

- _LH%l H3

The objective is to design an ES-based strategy to reach
the Nash equilibrium in heterogeneous noncooperative
games subjected to transport-heat PDEs in the decision
variables of the players (input signals).

Since our goal is to find the unknown optimal inputs 0"
(and 67), we define the estimation errors

o =6(—0, vt)=0()-6" (99)
where the vectors 6(t) and @(t) are estimates of 6" and O".
To make (99) coherent with the optimizer of the static map
07, we apply the heterogeneous transport-diffusion opera-
tor (94) to 6; in (99), arriving at

91(t)=61(t — D1):=a1(0, t) (100)

drar(x, t)=09:a1(x,t), x&(0,D1) (101)
3.a1(0,£)=0 (102)

a1(D1, t)=61(t) (103)

and

B2(t) = G2(0, £) (104)

did2(x, 1) = w2 (x, 1), x€(0, D2) (105)
9:a2(0,1)=0 (106)

G2(D2, t) = 6a(t) (107)

where @;:[0, Di]x R+ — R, Vie{1,2}, and o(t) = H[6(t)]=
é)(t) — @’ is the propagated estimation error é(t) through
the transport-diffusion domain. For lim:..6(t)=06, we
have limi-.0(t)= O, = 6, where the index ¢ indicates a
constant signal. Indeed, from (94), for a constant input
=0, we have lim;..Hi[0a]=6a for Player Pi. For
Player P>, we have L{6.}=0~/s, and applying the
Laplace limit theorem, we get lim;_.H>[0]=lim._o
{62/cosh(v's D2)} =62. Thus, in the particular case

60=06.=0", one has
0 =0 (108)

Figure 6 depicts a schematic diagram that summarizes
the proposed Nash equilibrium policy for each player.

PLAYER 1
NES

04(1) y1(f)

Transport PDE [ |eTEROGENEOUS [
NONCOOPERATIVE
Heat PDE

GAME

0,(1) ¥o(1)

PLAYER 2
NES

FIGURE 5 NES in a heterogeneous noncooperative game with play-
ers acting through transport—heat PDE dynamics.

Si(9
l 5 Player 1
[?] U.
= @ L B d Transport PDE
i s
g Compensator
-3 t
< 0 =040, ) o
3,0 (%, 0 = 90,0, ) e LTI )
y4(0)
= 9405 (X, B) = dyy05(x, ) I I () v20
& 0,(1) = 05(0, 1)
Q My(f)
S
1l
5 i Player 2
s (D= 1], L Heat PDE
Ls|
T Compensator

®
=

No(f)

FIGURE 6 Block diagram illustrating the NES strategy performed
for each player. In magenta are shown the boundary controllers
used to compensate for the individual transport—heat PDEs for the
heterogeneous noncooperative game.
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Small-Gain Theorem for ODE and Hyperbolic PDE Loops [32, Theorem 8.1, p. 198]

onsider generalized solutions of the following initial-bound-
ary value problem:

X(t) = F(x(t),u(z,t),v(t)), Vt=0 (S115)
ut(z,t) + cuz(z,t) = a(@)u(z,t) + g(z,x(t),u(z,t)) +

f(z,t), V(z,t)€[0,1] xR+ (S116)
u(0,t) = @(d(t),u(z,t),x(t), vt=0, u(z,0)=uo,

X(0) = Xo. (s117)

The state of the system (S115)—(S117) is (u(z,t),x(t))
C°([0,1] X R+) x R", while the other variables d € C°(R+;RY),
fe C°([0,11x R+) and v € C°(R+;R™) are external inputs. We
assume that (0,0) € C°([0,1]) x R is an equilibrium point for
the input-free system; that is, F(0,0,0) =0, g(z,0,0) =0, and
¢(0,0,0) = 0. Now, we assume that the ODE subsystem satis-
fies the ISS property:

(H1) There exist constants M,o > 0, bs,y3= 0, such that
for every xo € R", u € C°([0,1] x R+), and v € C°(R+;R™), the
unique solution x € C'(R+;R") of (S115) with x(0) = xo satis-
fies the following estimate, vVt > 0:

|x(8)| < M| xo|exp (—ot) + max(vs|lu(s) ..+ bs|v(s)]). (S118)

0=s=t
We next need to estimate the static gain of the interconnec-
tions. To this purpose, we employ the following further assumption:
(H2) There exist constants bz,y1,72,A,B =0 such that
the following growth conditions hold for every x € C'(R+;R"),
u € C°([0,1]1x Ry), and d € C°(R+;RY):

lg@xu)|<Alul.+rilx], vze[0,1]
lo(d,u,x)| < Bllull. +vz| x|+ b2|d|.

(S119)
(5120)

Let ¢ > 0 ®be a given constantand a € C°([0, 1]) be a given
function. Considerthe mappingsas F:R" x C°([0,1]) x R™ — R”,

While the signals M;(t), Ni(t), Hi(t), and Gi(t), Vie{1,2},
are the same as in the sections “Noncooperative Scenario
With Delays” and “Noncooperative Games With Heat
PDEs,” the additive dither signals in the presence of trans-
port-heat PDE dynamics [19], [67] are redefined according
to

S1(t) = arsin(w1 (t + D1))
S2(t) = %aze\ %Dzsin(a)zt + /%Dz)

+ %aze"s %DZSiI‘I(a)zt - @Dz)

(109)

Hence, computing the average of Gi(t) and Ga(t) leads
us to

(110)

{(:;?V(t) = Hh o' (t) + eHL o3 (t)
G3'(t) = eH5n 05" (t) + HR95'(t)”
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g:[0,11xR"x C°([0,1]) = R, @:RIXC°([0,1]) xR"—~ R be-
ing continuous mappings with F(0,0,0) =0 for which there
exist constants L>0, N€[0,1[ such that the inequalities
maxo<z<1(lg (z,x,u)—g (z,y, W)I)+IF (x,u,v)—F (y,w, V)| < L Ix =yl
+LIlu—wllwand lg(d,u,x)—@(d,w,y)I<Nix—yl+Nllu—w i
hold for all u,w € C°([0,1]), x,y€R", veR™, and decR".
Suppose that assumptions (H1) and (H2) hold and that the fol-
lowing small-gain condition is satisfied:

(rr7s+A)e™" max(p(@) [ 5irdl )+ (r2s+B) max(p (@)

+2,/ 1170+ Ao (y2y2+ B) max (@) max (p(2) [ o !
<Af, (S121)

with p(z):= exp(c™’ Oza(w)dw for z € [0, 1] [recall (8.2.11) and
(8.2.14)]in [32, Section 8.2]. Then, there exist constants 6,0,y > 0
such that, for every uo € C°([0,1]), xo € R", d € C°(R+; R with
Uo(0) = ¢(d(0),uo,x0), f€C°([0,1]xR+), and v e C°(R+;R™),
the unique generalized solution of the initial-boundary value prob-
lem (S115), (S116), (S117) satisfies the following estimate:

Ix (@) [+l u@®) .. < O(xo|+]uoll..)exp(—5t)
+y[max(v(s)))+ max(|#(s)[L.)+ max(|d(s)

)}

vt > 0. (S122)

Analogous small-gain results for parabolic PDE—ODE
loops and parabolic—hyperbolic PDE loops can be found in
[32, Theorem 8.2, p. 205] and [32, Theorem 11.2 (11.5), p. 269
(277)], respectively. Such theorems are used in “Proof of Theo-
rem 1,” “Proof of Theorem 2,” and “Proof of Theorem 3.”

8f the scalar ¢ < 0 is considered, the direction of convection must be reversed
such that the boundary u (0,1) is replaced by u(1,f) and vice versa.

Additionally, from the block diagram in Figure 6,
one has

0:(H)=Ui(t), 6:(t)=Ui(t), Vie{l, 2} a11)

since é(t):é(t), once 6" is constant. Taking the time

derivative of (100)—(103) and (104)-(107), with the help

of (99) and (111), the propagated error dynamics can be
written as

S () =u1(0, ) =U(t — D) (112)
oiu1(x, t)=0xu1(x,t), x€(0,D1) (113)
9:11(0,£)=0 (114)

u1(Dy, t) =U(t) (115)

and
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Averaging Theorem for Functional Differential Equations [25]

onsider the delay system

X(t) = f(tle,x), vt=0 (S123)

where € is a real parameter, x:(0) = x(t + ©) for
—r<0 =<0, and f:R+xQ - R" is a continuous functional
from a neighborhood Q of 0 of the supremum-normed Ban-
ach space X = C([-r, 0]; R") of continuous functions from
[-r, 0] to R". Assume that f(t,p) is periodic in t uniformly
with respect to ¢ in compact subsets of Q and that f has
a continuous Fréchet derivative 9f(t, ¢)/op in @ on R:xQ.

%2 () =u2(0,1) (116)
Atz (x, 1) =dwu2(x, t), x€(0,D>) (117)
9:u2(0,£)=0 (118)

u2(D2, t) =Ua(t) (119)

where u;:[0, Di]xR+—R, ui(x, t):=0:ai(x,t), vie{l, 2},
and ai(x, f) = ai(x, ) — Bi(x, t) — ©;. The term Si(x,t) is the
PDE state of the trajectory generation problem [42, Chapter 12]
solved to obtain Si(t)=pB1(D1,t) and Sz(f) = B2(D2, ) in
(109)—for more details, see [53, Equations (19)—(22)].

Hence, from (110), (112)—(115), and (116)—(119), it is possi-
ble to find a compact form for the overall average estimated
gradient according to

G™(t) = HO™(#) (120)

G(f) = HO™(t) = HH[U™(8)] (121)
where the Hessian H is given in (98), and 9*(t):==[97"(¥),
93'()]"eR?, G(H)=[GI(), G¥(H)]' €R? and U™(t)=[U3"(H),
Us'(t) "€ R? are the average versions of 9(t):=[d1(t),92(t)]",
G(t)=[Gu(t), G2(t)]", and U(t) = [Ui(t), U2(t)], respectively.

Decentralized PDE Boundary Control Using Only

the Known Diagonal Terms of the Hessian

The control laws must be able to ensure the exponential sta-
bilization of G™(f) by compensating the heterogeneous
transport-diffusion operator H[ -] in (121). Following [19]
and [59], we propose the following boundary-based update
laws 6:(t)=U:(t), i€ {1,2}:

U](t) =—c1Ui(t) + Clk](cl(t) + I:h(t)fODl ui(t, t)d‘[)
Ua(f) = —calla(t) + Czkz(éz(t) + Fa(h) fo P (D2 — 7)ua(, t)dr)
(122)

for positive constants k1 >0, k2>0, c1>0, and c2>0 to
compensate for the transport-heat PDEs in (112)-(115) and
(116)—(119). As before in the sections “Noncooperative

If y =y0 € Q is an exponentially stable equilibrium for the
average system

y(®) =h(y), vt=0 (S124)

where fo(p) = Iimrm1/Tj0Tf(s,qo)ds, then, for some €0 >0
and 0 < € < €, there is a unique periodic solution t — x (t,€) of
(S123) with the properties of being continuous in tand €, satisfying
|X'(t,€) — yo|< O(e), for t € R+, and such that there is p > 0 so
thatif x(-; @) is a solution of (S123) with x(s) = ¢ and |@ — yo|< p,
then | x () — x'(t, €)|< Ce 7“9, for C > 0 and y > 0.

Scenario with Delays” and “Noncooperative Games with
Heat PDEs,” and with some abuse of notation, the constants
c1 and c2 were chosen to denote the parameters of the con-
trol laws, but they have no relation to those that appear in
the payoffs given by (95) and (96).

The boundary control law (122) could be rewritten as

U1(t) =—ciUq(t) + Clkl(él(t) + I:h(t)fij Ui(z, t)dT)

Uz(t) =—coUx(t) + Czkz[éz(t) + Hz(t) (62(t) —Oa(t)

+ assin(wat))] (123)

using the relation wui(x, t)=Ui(t + x — D1) for the trans-
port PDE and the diffusionequation d:a2(x, t) = 9w a2(x, t)
as well as the integration by parts associated with (88)—
(91) and (99) and recalling that 92 + a2sin (w2t) = @2(f) — O3,
analogously to [19, Equation (25)].

ISS-Like Properties for Hyperbolic—Parabolic

PDE Representation

For simplicity, we assume c1, c2 — +oo in (122), resulting in
the following general expressions:

U](t):k]<él(t)+1:11 (t)](;DlLH(‘L', t)d’r)

Us(t) = kz(cz(t) + Fa(b) fo P (D2 — 1) ua(z, 1) dr). (124)

Recalling (112)—(115) and (116)—(119), the infinite-dimen-
sional closed-loop system (121) and (124) in its average ver-
sion can be written in the corresponding PDE representation
form, given by

GI(t) = Hhud™(0, £) + eHLud (0, £) (125)
i (x, t)=Di'9:ui¥(x,t), x€(0,1) (126)
3:uT(0,£)=0 (127)

ui'(1, ) =UT"(t) (128)

and
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G3(t) = eH3ui™(0, £) + Haus™(0, £) (129)
a3 (x, t) = D33 us'(x, 1), x€(0,1) (130)
3.:u3'(0,)=0 (131)

ud'(1, £) = Us'(b). 132)

In the reduction-like approach [7] (or finite-spectrum
assignment), we use the following transformations to write

e ~av Dr oy
GV®=GNﬂ+dJ&£ ul(z, b dv

+elHb [ (D2 - Dud'(z, (133)
and
~av Aav 2 112 D2 av
GY'(h) = G2'(t) +€zszzf0 (D2— 1) us'(z, t)dr
+ e [ ut'(r, v (134)

where €l =€¢%,=1and e, =€} =e.
With some mathematical manipulations, it is not diffi-
cult to see that G satisfies

G™(t) = HU™(t). (135)

After adding and subtracting the next terms in blue and
red in (124), it can be rewritten as

Un(t) = ks (Gl(t) + FL(h) fo P e, bde
+eH1, /(;Dz (D2 — ) ua(z, t)dr)

—kieHb [ (D2 = Dyua(z, Hdr (136)

U (t) = kz(éz(t) + FLo(t) fo (D2 — T)ua(z, B de

+etth [ iz, tydT — eH, [0 (e, t)dr) (137)

whose average compact form is
U>(t)= KG™(t) + eK¢p™(D, t) (138)

where the matrix K:=diag{ki, ko} with entries ki >0,
k2> 0, and the auxiliary variable ¢ (D, t) is defined as

H fo P (D2 — D)us(z, Hdt

D, t):=— D1
¢(D.1) H%1'£ ui(z, t)dr
Hb: [ D31 - §)ua(, g
(L= " (139)
H21j0. Diur (&, t)d¢

since fOD’(Dj — ) uj(t, tydr = [\ D}(1— E)u; (£ tdE, for je
{1,2}. Then, it is possible to find a compact form for the
overall average game from (135) and (138), such as
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G™(t) = HKG™(t) + eHK¢™(1, £) (140)
i (x, t)=D1'd:ul(x, t), x€(0,1) (141)
a3’ (x, )= D2"dxus'(x, 1), x€(0,1) (142)
9:u™(0,£)=0 (143)

u™(1,t) = KG™(t) + eKp™(1,1). (144)

From (140), if HK is Hurwitz, it is clear that the dynamics
of the ODE state variable G*(t) is exponentially ISS [32]
with respect to the PDE state u™(x, t) =[u$"(x, t), u3*(x, t)|"
using the function ¢*'(1, t). Moreover, the PDE subsystem
(141) and (142) is ISS [32] with respect to G*(t) in the bound-
ary condition u™(1,t).

Stability Analysis

Next, we will show here that this hyperbolic—parabolic
PDE-ODE loop (140)—(144) contains a small parameter €
that can lead to closed-loop stability if it is chosen suffi-
ciently small. To this end, we assume the following particu-
lar condition for duopoly games [21], which is equivalent to
Assumptions 1 and 2 when payoff functions of the form of
(95) and (96) are considered.

Assumption 3
The Hessian matrix H given by (98) is strictly diagonal
dominant, that is

1 1
{|5H12|<|H11| (145)

|eH3 | <|Hz|

The next theorem provides the stability/convergence
properties of the closed-loop error system of the proposed
ES feedback for the two-player noncooperative game with
transport-heat PDEs.

Theorem 3

Consider the closed-loop system (112)—(119) under trans-
port-heat PDEs (84)-(91) of distinct transport-diffusion
coefficients D1 and D; for the heterogeneous duopoly qua-
dratic game with payoff functions yi(t) = J:(O (1)), Vi {1, 2},
given in (95) and (96), satisfying Assumption 3 and control
laws U;(t) defined in (122) or (123). Thus, there exist c¢1 >0,
c2>0, and @ >0 sufficiently large as well as € >0 suffi-
ciently small such that the closed-loop error system with
state 0i(t), ui(x, t), Vi €{1, 2}, has a unique locally exponen-
tially stable periodic solution in t of period II in (19), denoted
by o7 (t), ul'(x, t) and satisfying Vt = 0:

2 D 1/2
(Z[a,“(t)]%rfO ’[u}‘(x,t)]zdx> 50(%). (146)
In particular,
T ot 1
imsup |O()— 0 |—O( |a|+ w> (147)

t—+oo
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lim sup |91(t)—91|=0<a1+%> (148)
totoo

limsup |62(t) —63|=0 (azeDN”’/z + %) (149)

t—+oo

where a=[a1 a2]" and 6"=©" is the unique (unknown)
Nash equilibrium given by (98).

Proof
See “Proof of Theorem 3.” [ |

SIMULATIONS

Because of space limitations, we will restrict ourselves to a
unique numerical example considering a heterogeneous
noncooperative game with two players that employ the
proposed ES strategy for PDE compensation of the section
“Noncooperative Duopoly With Heterogeneous Trans-
port-Heat PDE Dynamics.” See also “Derivation of Com-
putational Simulation Models for PDEs.” We revisit the
example in [62] and consider the following payoff functions
from (95) and (96) subject to transport-heat PDEs (84)—(87)
and (88)-(91) with distinct transport-diffusion coefficients
D, =30 and D> = 3 in the players’ decisions, i € {1, 2}:

J1(© (1)) =—5 OF(f) + 5 €B1(t) O(t) + 250 O1(t)

—150 ©,(t) — 3,000 (150)
T2(O () = —5 ©3(t) + 5 €01(1) Oa(t) — 150 O (F)
+150 ©:(t) + 2,500 (151)

which, according to (98), yield the unique Nash equilibrium

60 + 50e

0 — ; — 100+ 30¢ 050

4—e 7 0:=0:=

(152)

To attain (152), the players implement the nonmodel-
based real-time optimization strategy acting through the
transport-heat PDE dynamics (see Figure 6). For comparison
purposes, except for transport-heat PDEs in the input sig-
nals of the players, the plant and the controller parameters
were chosen similarly to those in [21] in the simulation tests:
€=1, a1=0.075, a2=0.05, k1 =2, ko =5, w1 =26.75rad/s,
w>=22rad/s, 6:1(0)=61(0)=50, and 6,(0)=6>(0)=65=110/3.
In addition, the time constants of the boundary control fil-
ters were set to c1 = c2 =100.

We can verify that the ES approach proposed in [21] is
effective when transport-heat PDEs are not present in the
decision variables. However, in the presence of the trans-
port-heat PDEs in the input signals 61 and 6,, but without
considering any kind of PDE compensation, the game col-
lapses with the explosion of its variables (curves not
shown). On the other hand, Figure 7(a) and (b) shows that
the proposed boundary control-based scheme fixes this
with a remarkable evolution in searching the Nash

equilibrium and simultaneously compensating for the
effect of the transport-heat PDEs in our heterogeneous
noncooperative game.

The evolutions of the infinite-dimensional states a1(x, t)
and a»(x, t) modeled by the transport-heat PDEs (84)—(87)
and (88)—(91) are shown in Figure 8(a)—(d). The values of the
boundary inputs 61(f) and 62(t), as well as the boundary
outputs O1(f) and ©x(t), are highlighted in black and red,
respectively. The initial condition is in blue.

This first set of simulations indicates that, even under an
adversarial scenario of strong coupling between the players
with € =1, the proposed approach has behaved successfully.
This suggests that our stability analysis may be conservative,
and the theoretical assumption 0<e <1 may be relaxed,
given the performance of the closed-loop control system. In
Figure 9(a)—(c), the different values of € =0.75, € =0.5, and
€ =0.25 are considered to evaluate the robustness of the pro-
posed scheme under different levels of coupling between the
two players and the corresponding impact on the transient
responses.

FROM NASH EQUILIBRIUM TO EXTREMUM SEEKING

We now present the scalar ES design for distinct families of
PDEs. According to Remark 1, scalar ES is a particular case
of NES with a single agent. See also “Fundamentals of ES.”

Remark 1
Note that the material in the previous sections addressed
the following special cases:
» multivariable static ES [53], [59], as corollaries of The-
orems 1,2 and 3, when i1 ==hy and € =1,
» scalar static ES, when simply N =1
In this case, the ES goal is to optimize in real time an
unknown static map Q(-):
y(H=Q(©O() (153)
with maximum or minimum unknown output y* and opti-
mizer ©°, by measuring the output y(t) and adjusting the
input ©(f). Asillustrated in the block diagram of Figure 10,
the input © of the map is governed by a PDE, which must
be properly compensated for by means of an appropriate
boundary control law.
For maximization problems, the unknown nonlinear
map is assumed to be locally quadratic, such that

QO =y +J©-0Y (154)

where ©°, y" € R, and the Hessian H <0 is also unknown
(when H > 0, we have a minimization problem). Hence, the
output of the static map is given by

=y +H©1)-0). (155)
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Proof of Theorem 3
irst, consider the equivalent hyperbolic/parabolic PDE—
ODE representation (140)—(144) rewritten for each Player
P, ie{1,2}:

G2(t) = Hiki G™ () + eHiki 2 (1,1) (S125)
Uy (x,t)=Di'axu (x,t), x & (0,1) (S126)
AU’ (x,1) = D2°duud’ (x,t), x € (0,1) (S127)

axui(0,5)=0 (S128)
u(1,8) = kG (t) + ekip™ (1,1). (S129)

For Player Pi, the average closed-loop system, given by
(S125) and (S126) and (S128) and (S129), satisfies both as-
sumptions (H1) and (H2) of the Small-Gain Theorem [32, Theo-
rem 8.1, p. 198] for the hyperbolic PDE-ODE loop with n =1,
x(t) = G0, F(G(),uf (xt),v(t) = Hi1ki G () + ev(t) with
v()=Hliki 93 (1,0, c=1/D1, a(x)=0, g(x,G (1),ui" (x,t))=0,
fx, =0, @d®,ui(x1),GY () =k G () +ed(t), where
d(t):k1 Iiw(1,t), N:k1, L:|H11|k1, B = O, ')/2:/(1, b2 =G
and A=y =0. Notice that Assumption (H1) holds with M =1,
y3=0, o =IHi11ki, and bs >0 being an appropriate constant
of order O(1), as can be easily verified using the variation-of-
constants formula (for i =1)

G (t) = exp(~| Hilkit)G (0)
1 I_ i (S130)
+f0 exp(—|Hﬁ|ki(t+S)>6Hﬁki i'(1,s)ds

and from the application of the Cauchy—Schwarz inequality to
the term ¢'(1,t) in (139):

(1,8 5|H12|D§(/0‘ ( —T)Zdr>%x<f01 [uS"(f,t)]zdf)%
1

< %mﬁ( [ [uSV(f,t)]zdf)z (S131)

since |Hjj| < ku < (1/€)|Hj| according to Assumption 3, where
ky is a positive constant of order O(1). Therefore, if 0 <e <1
is sufficiently small, then [32, Theorem 8.1, p. 198] allows us to
conclude that there exist constants &1,A1 > 0 such that, for ev-
ery ui e C°([0,1]), Gi% € R, the unique generalized solution
of this initial-boundary value problem, with u§’(x,0) = u$% and
G$(0) = G%, satisfies the following estimate, vt > 0:

|G|+ [ur @ . < Ar(|Gto|+ ] uts]L. Jexp (=81t +
+71e max([ug’ (s)].)

0ss=<t

(S132)

for some adequate constant 71 > max(IH11 | k1,ki).

For Player P, the average closed-loop system (S125)
and (S127)—(S129) satisfies all of the assumptions (A1) to
(A7) of the Small-Gain Theorem [32, Theorem 8.2, p. 205]
for the parabolic PDE-ODE loop with n=1, p(x)=1,
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r(x)=D3, q(x)=0, F(G3'(t),us(x,1),v(t)) = H3:k2G3' (t) + ev (t),
v(t)=Hbke 3" (1,1), g(x, G (t),ud' (x,1))=0, f(x,)=0, @o(d(t),
ud’(x,1),G3'(t)) = biu?'(0,1), b1<0, b2=1, @1(d(),us (xt),
G3'(t) = koG3' (1) +ed(t), d(t) =hketp3'(1,0), ar=1, a=0,
L =|H3% ks, Ko=Ib1l, Bo=Co=0, Yo of order O(1), Ki=0,
Bi=ks, C1=¢€, y1 of order O(1), and Kz=B>=0. Assump-
tion (A6) of [32, Theorem 8.2, p. 205] holds with M =1, ys =0,
o =|H3: 1 k», and bs > 0 being of order O(e), as can be readily
verified by means of the variation-of-constants formula (S130),
with i =2, and from the application of the Cauchy—Schwarz
inequality to the term ¢35 (1,t) in (139):

$2'(1,1) < |H3, I(fo1 D?dr)%x<fo1 [u?V(f,t)]Zde;)%

"

Trav 2
< knDy ( fo U3 (.f,t)]?df) (S133)
with the same ky > 0 defined just after (S131). Hence, it follows
that the small-gain condition in [32, Inequality (8.3.24)] holds,
provided 0<e <1 is sufficiently small. Thus, [32, Theorem
8.2, p. 205] allows us to conclude that there exist constants
82,A2> 0 such that

|G () |+ ug @) ]|, < Az (] GBY|+[|uss . )exp (—52t) +

+7e€ max(|ur@).) (s134)

vt>0, for some adequate constant 7. > max(IH3:!kz, ko),
ud’ (x,0) = udo, and G'(0)=G2%. Since the inequalities
(5132) and (S134) are similar to those found in [32, Theorem
11.2, p. 269]—see inequalities (11.2.23) and (11.2.24)—we can
finally invoke [32, Theorem 11.5, p. 277], under the condition of
0 < e <1 sufficiently small, to conclude that
[T+l @|+[ur@ . +uol. < S1a5
(1G5 +] 68+ utal. +ugol. Jorp(-et) 1%

vt =0, forsome 6 > 0 and A > 0.

Therefore, we conclude that the origin of the average closed-
loop system (140)—(144) is exponentially stable under the as-
sumption of 0 < e <1 being sufficiently small. Then, from (120),
(133), and (134), we conclude the same results in the norm

1/2
(i [0 P+ [ D'[u}“”(x,t)]zdx>/ : (S136)
i=1
After applying the averaging theory for infinite-dimen-
sional systems in [25, Section 2] (see “Averaging Theorem
for General Infinite-Dimensional Systems”), we can show
that (146) and (147) are indeed satisfied. The final residual
sets for the errors 6;(t) —6; in (148) and (149) depend on a;
and a»,e”'“? due to the amplitude of the additive dithers
Si(t) in (109), for i € {1,2}.
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For the sake of simplicity, we have considered scalar maps

with one single input and one single output, but a more gen-
eral setup of multiple-input, single-output maps (@ € RY and
y € R) could also be addressed, as done in [53] and [59].

While the multiplicative perturbation signals M(t) =

(2/a)sin(wt) and N(t)=—(8/a* cos(wt) follow classical ES

designs [23], [43], the additive dither S(t) must be rede-
signed using the trajectory generation paradigm [42, Chap-
ter 12]. We then show the ES design for the simplest cases of
hyperbolic and parabolic PDEs: transport (delay) and heat
(diffusion) PDEs. While in the case of a delay, it suffices to
advance the sinusoidal perturbation in time, in the case of

Derivation of Computational Simulation Models for PDEs

he boundary control laws in this article are implemented by

using a modal transformation and PDEs by the finite difference
method [S10]. In the following, the simulation model of the diffusion
PDE and the corresponding controller are specifically derived.

SIMULATION OF DIFFUSION PDE VIA FINITE
DIFFERENCES

Consider the diffusion process (28)—(31), which we note here
as a reminder

O(t) = a(0,t) (8137)
ar(x,t) = ax(x,t), x < (0,D) (S138)
ax(0,t) =0 (S139)
a(D,t) =6(t). (S140)

First, we normalize the spatial coordinate and the associ-
ated PDE state, such that

E=7 alEn=al). (S141)

Then, we have the following relation:
o) = B0 (€D, anlx = Pros&d.  (S142)

Thus, the scaled diffusion process is

ai(&,1) = asg(é ), £€(0,1) (5143)
Ge(0,t) = (S144)
a(1,t) =o(t). (S145)

To simulate the normalized diffusion process (S143)—(S145),
we are using the well-known finite difference method [S10].
We discretize the spatial space in N+ 1 elements with width
h = 1/N such that

ait) = a(ih,b, for ie[0,N]. (S146)

The spatial derivative terms are calculated by the (central)
difference quotients

ai+1 () + ai(t)

e

aiv1(t) —2ai(t) + ai-1(t)
h? ’

ae(ih,t) = (S147)

Gee(ih,t) =

(S148)

Hence, the PDE system (S137)—(S140) can be written as N
ODEs and three algebraic equations derived from the bound-
ary conditions

O(t) = dol(t) (S149)
ao(t) = a1(t) (S150)
(I)— 1 aiv1(t) — 20;(1/2(1‘)-4-5(/71(1‘)‘ ic[M,N=1] (S151)
Gn = o(t) (S152)
an(t) = 6(t) (S153)

where (S150) results from the Neumann boundary condition.

SIMULATION OF THE CONTROLLER VIA MODAL
TRANSFORMATION

In the modal transformation, we rewrite the infinite-dimension-
al closed-loop system as

2(t) =Tz () + J(@t, z (1) (S154)

where I' generates an analytic semigroup, J(wt,z(t)) satis-
fies the smoothness properties, and z(t) =[0 () V) U®)]" is
an infinite-dimensional state vector. Now, we only consider the
states V(t) and U(t). Since V/(t) is the infinite-dimensional part
of the state vector, we approximate this with a finite-dimension-
al state vector V(t), by considering only the first L states/modes
V(t) =[vi,v3,...,vi]. Hence, we arrive at the simulation model
for the controller

) A1 0 - —cBi
[\7(1‘)}_ 0 . 0 V(t)]
Uyl |} 0 AL —cBL|U)
0 0 —-c

—cﬁ1K[G(t +H(t)( D2U(H) + Z Vit )]
k=1

+—C,BLK[G(t)+H(t)< DZU(t zLj avilt )] (k)
—cK|G(t) +F/(t)(2 i )]

with the eigenvalues

Ae=— T @k—1)% k=1,2,... L (S156)

4D2
axk=v2/D(4D?/n%(2k—1)?),  Bk=—+2/D(2D/n(2k —1))(— 1),
and k=1,2,.... The ODE system (S155) with L + 1 states can
be simply implemented in Matlab/Simulink.

REFERENCE
[S10] G. D. Smith, Numerical Solution of Partial Differential Equations:
Finite Difference Methods. Oxford, U.K.: Oxford Univ. Press, 1985.
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FIGURE 7 (a) Action time histories and (b) payoff time histories for P; and P, for € = 1. The dashed lines denote the values at the Nash
equilibrium, ©1=43.33 and ©2=36.67 (with J1(0*) =889 and J2(0") = 2,722).
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FIGURE 8 Evolution of the infinite-dimensional states «1(x, f) and az(x, t) of the transport—heat PDEs in a heterogeneous duopoly game
with boundary Dirichlet actuation, according to (147)—(149): from a1 (D1,t) = 6+(t) to a1(0,t) = ©1(t), with Dy =30 for Player P; and from
a2(Da,t) = 02(1) to a2(0,t) = O(t), with D» =3 for Player P.. (a) Parameter 0+ (f)(red) converges to a O(|a|+ 1/w)-neighborhood of ©;
(dashed green). (b) Parameter 6+(t) (black) converges to a O (a1 + 1/w)-neighborhood of 67 (dashed green). (c) Parameter O:(t)(red)

converges to a O(|a|+ 1/w)-neighborhood of © (dashed green). (d) Parameter 6»(t) (black) converges to a O(aze[’”“”2 + 1/w)-neigh-
borhood of 02 (dashed green).
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the heat dynamics, one has to employ a solution to the
motion-planning problem, where the output of the heat
PDE system is a sinusoid at one of its boundaries, and the
input is the signal that must be applied on the other bound-
ary to generate a sinusoid at the output. This input signal
happens to consist of sinusoidal and exponential functions.

ES for Transport Hyperbolic PDE

In this case, the following infinite-dimensional and averag-
ing-based predictor feedback is introduced to compensate
for the delay [40]:

u(h=—5 {k[c(t) Ao [ U(r)dt]} (156)
60 |
— 04()
—_— 0,
. 0] |
40
30+
20 ‘ ‘ ‘ ‘
0 100 200 300 400 500
Time (s)
(a)
60 |
— @1“)
- @2(1‘) |

50

200 300
Time (s)

(b)
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400
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FIGURE 9 Action time histories for Py and P for distinct values of
the coupling coefficient. (a) € =0.75. The dashed lines denote
©7 = 35.64 and Oz = 28.36. (b) € = 0.5. The dashed lines denote
07 =30.67 and 0z = 22.67. (c) € = 0.25. The dashed lines denote
07 =27.3 and 03 = 18.41.

where k>0 and ¢ > 0 are sufficiently large; that is, the pre-
dictor feedback is of the form of a low-pass filtered nonav-
erage version of

Ua(t) = kGav(t + D)

= K[Ga(t) + H f, _’D Ua(0)do]- (157)

The signal
H()=N(@®)y ()

in (156) is used to obtain an estimate of the unknown Hes-
sian H, and the additive dither is given by

(158)

S(t)=asin(w(t + D)). (159)
ES for Diffusion-Dominated Parabolic PDE

In the case of a diffusion process in the actuation dynamics,
the trajectory generation problem to be solved for motion-
planning design [47, Chapter 12] is

S5#)=B(D,1) (160)
2:B(x, t)=0xpB(x, 1), x€(0,D) (161)
9:8(0,£)=0 (162)

B(0, t) = asin(wt) (163)

where B:[0, D] xR+ — R. The explicit solution of (160) is
given by

St = %aex %Dsin(a)t + \/%) + %ae’\ %Dsin<a)t - \/%)
(164)

On the other hand, we write the average-based infinite-
dimensional control law to compensate for the diffusion
process by

u()=

{K[G(t) +H [ O-nut, t)dr]} (165)

C
s+c

where c >0 is sufficiently large.

6 (S]
(®) [Foc] (®) W o
M(t)
’ G(D) ,i\
_ 0 [A], uvo PDE b A=<
T s Compensator H A~
S(f) T
N

FIGURE 10 A general block diagram for implementation of ES con-
trol design for PDE connections (in red) at the input of nonlinear
convex maps Q(-). Although the multiplicative perturbation sig-
nals M(t) and N(t) are the same as in the classical ES designs
[23], [43], the additive dither S(f) (in blue) must be redesigned
using the trajectory generation paradigm [42, Chapter 12], and the
application of an adequate boundary control law (in blue) for PDE
compensation is necessary.
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ES for Distinct Families of PDEs

To show that the proposed ES approach for infinite-dimen-
sional systems is general and applicable to a wider class of
PDEs, we have formulated in Table 1 the stabilizing boundary
control law U(t) and given the explicit solutions to the trajec-
tory generation problem of S(t) for five other classes of

Fundamentals of ES

S is a method for real-time nonmodel-based optimization.

Though ES was introduced more than a century ago, in
1922, the “turn of the 21st century” has been its golden age,
both in terms of the development of theory and in terms of its
adoption in industry and in fields outside of control engineer-
ing. We provide an overview of the basic gradient-based ver-
sion of ES with periodic signals for static maps (free of infinite-
dimensional dynamics).

Many versions of ES exist, with various approaches to their
study of stability [43], [S11], [S6]. The most common version
employs perturbation signals for the purpose of estimating the
gradient of the unknown map that is being optimized. To under-
stand the basic idea of ES, it is best to first consider the case of
a static single-input map of the quadratic form

£(6) = f*+%”(9—9*)2 (S157)

where f, f” and 6" are all unknown, as shown in Figure S5.
Three different 6’s appear in Figure S5: 6" is the unknown
optimizer of the map, 6(t) is the real-time estimate of 6, and
6(t) is the actual input into the map. The actual input 6(t)
is based on the estimate (t) but is perturbed by the signal
asin(wt) for the purpose of estimating the unknown gradient
f”-(6—067) of the map () in (S157). The sinusoid is only one
choice for a perturbation signal—many other perturbations,
from square waves to stochastic noise, can be used in lieu of
sinusoids, provided that they are of zero mean. The estimate

£(0)

« f X
ff+—(0-6)°
+ 2( )

0

0| x

a sin(ot)

FIGURE S5 The simplest perturbation-based ES scheme for a
quadratic single-input map f(0) in (S1). The user only needs to
know the sign of f”, namely, whether the quadratic map has a
maximum or a minimum, and has to choose the adaptation gain
k such that sgn (k) =—sgn(f”). The user has to also choose the
frequency w as relatively large compared to a, k, and f”.
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distributed parameter systems [42]: 1) reaction—advection—dif-
fusion (RAD) PDEs [52], [54], 2) wave equations [55], [56], 3)
hyperbolic transport PDEs —for constant delays [59], 4) time-
varying delays [69], and 5) distributed delays [76], [77].
Regarding the transport and diffusion cases explored
in the NES sections, the term u(x, t) that appears in U(f)

6(t) is generated with the integrator k/s with the adaptation
gain k controlling the speed of estimation.

The ES algorithm is successful if the error between the es-
timate 6(f) and the unknown 6°, namely the signal

6(t)=6(t)— 6’ (S158)

converges toward zero or some small neighborhood of zero
as t —+oo. Based on Figure S5, the estimate 6(t) is governed
by the differential equation 6 = k sin(wt)f(6), which means that
the estimation error is governed by

%:kasin(a)t) f'+%”(é+asin(wt))2. (S159)

Expanding the right-hand side, one obtains

do) . af’ i3
—dt =kaf sin(wt)+ka 5 Sin (wt)

mean = 0 mean = 0

+ka's sin(wt) 6(t)? (S160)
2 ——
fast, mean = 0 slow
+k a?f” sin®(wt) 6(t).
fast, mean = 1/2 slow

A theoretically rigorous time-averaging procedure [S1, Sec-

tion 10.4] allows one to replace the previous sinusoidal signals
by their means, yielding the “average system” [S1, p. 404]:

<0
A Z
B K24, (s161)

which is exponentially stable. The averaging theory guarantees
that there exists a sufficiently large @ such that, if the initial
estimate 6(0) is sufficiently close to the unknown 6°, one has

kf”a?

lo@) -6 <|6(0) -6 ’+O<%)+O(a), Vt=>0. (S162)

For the user, the inequality (S162) guarantees that, if a is
chosen small and w is chosen large, the input 6(f) exponen-
tially converges to a small interval—of order O((1/w) +a)—
around the unknown 6° and, consequently, the output f(6(t))
converges to the vicinity of the optimal output f°.

REFERENCE
[S11] S.-J. Liu and M. Krstic, Stochastic Averaging and Stochastic
Extremum Seeking. London, U.K.: Springer-Verlag, 2012.
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of Table 1 is the state of the infinite-dimensional system
corresponding to a copy of the PDE model of actuator
dynamics.

In [57], differently from what has been done that has
dealt with PDEs at the input into an unknown map, and in
which we have already advanced from transport PDEs to
RAD PDEs to wave PDEs according to Table 1, the authors
consider one last configuration in which the input path-
way to the map contains a cascade of PDEs from distinct
classes. There, we deal with PDEs with input delays, such
as the notorious problem of a wave PDE with an input
delay, where, if the delay is left uncompensated, an

ES for distinct classes of PDE systems.

RAD equation PDE: 9:a(x,t) = €edx (X,

BC (Dirichlet): U(t) =

t) + baxo(x,t) + Ao (x,1),

arbitrarily short delay destroys the closed-loop stability.
Then, we move forward to an even more challenging class
of problems for parabolic-hyperbolic cascades of PDEs,
focusing on a heat equation at the input of a wave PDE. The
treatment of such systems with PDE-PDE cascades is
again performed by means of boundary control. Local
exponential stability and convergence to a small neighbor-
hood of the unknown extremum point are guaranteed by
using a backstepping transformation and averaging in
infinite dimensions.

PDE-PDE cascades have a great deal in common with
PDE-ODE cascades. For instance, a cascade of a delay into a

x e [0,1]

Cc{ke’zbe[ MGo+A0 [ e2°m 1—o)u(o,t)da]},

y(x)—cosh(\/? )+é’€£sinh<\/§x>, E:=b?/(4€)—1>0,k >0
m(x—o) 1\/7$|nh<\/7x o)) €>0,b>0,A=0

b

Trajectory generation: S(t) = e 2e

n=0

Wave dynamics PDE: 9x0(x,t) = 9 (X,1),

BC (Neumann): U(f) = s+c

H(t)f (D- o)aruat)do} p(s) =k[0 Ne*[0 N7, A

i ax(t) b

= (2k)!

k—2n  2n k
azk—eksm(wt)Z( )f @*" + ,(cosa;t)Z(ZH+1

ax(t)
2¢ @k + )1

>§k—2n—1w2n+1

x €[0,D]
{c[kH®)u(D,t) — dw (D, )]+ p(D) G (t) +

- o)

Trajectory generation: S(t) = acos(wD)sin(wt)

Constant delay PDE: 9:0(x,t) = 9xa(x,t), x €[0,D]

BC (Dirichlet): U(t) =

s+c{ [G(t)+H(t)[ U(cr,t)da]}

Trajectory generation: S(t) = asin(w(t+ D))

Variable delay

PDE: 9:a/(x,t) = m(x,t)oxa(x,t), x €[0,1],

BC (Dirichlet): U(t) =

Trajectory generation: S(t) = asin(wt), ¢ (f):=

Demodulation: M(t) =

Distributed delay

BC (Dirichlet): U(f) = { [G(t)

Trajectory generation: S(t

BC: boundary control.

Sln( t—D()), N@ :_%

PDE: 9:0(x,t) = 9xa(x,t), x<[0,D], y=

o LGl

PO =Ty -t

{ [G(t) +A [ ue.n( 0 —t)do]}

-D(@®)

cos (2w (t —

D)

O(fODG(t—a)d,B(a))
H( )f”(1 fﬁ(c))u(DfG,t)da]}

Sy ) sin@(t+£)dp(@)
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We show how to properly sequence the steps of averaging, backstepping, and
Lyapunov functional analysis to prove stability.

PDE is a much more generalized version of an integrator
with an input delay. However, in a delay—integrator cascade,
the design can be pursued within the predictor feedback
framework, with backstepping just employed for an inter-
pretation and for analysis; whereas, in delay—PDE cascades,
a predictor for a PDE is too complicated a mathematical
object to be of value. Instead, the design is pursued entirely
by the backstepping approach. Similarly, while the heat-
integrator cascade became familiar and was dealt with
through the backstepping design, a more general backstep-
ping design is applied to a heat-wave PDE cascade in a part
of the reference [57].

Although our goal in this article is to avoid numbing the
reader with lengthy proofs, it is worth providing a general
picture of how we carry out the steps to prove the stability
results of the ES feedback loop in the presence of PDEs in
Figure 10. Figure 11 shows the structure of the proof,
divided into six main steps. We take advantage of this
opportunity to highlight that our analysis presents a care-
fully constructed sequence of analytical steps, a predictor-
based infinite-dimensional backstepping transformation, a
synthesis of a Lyapunov functional (rather than small-gain
analysis), and the computation of a Lyapunov estimate, for
the overall infinite-dimensional system with nonlineari-
ties, stochastic perturbations, and distributed delays. This
analysis process, involving so many steps, has a large
number of possible permutations—all but one would be
wrong. We show how to properly sequence the steps of

averaging, backstepping, and Lyapunov functional

Practical Convergence to the Extremum

Through Averaging Theorem

analysis to prove stability. This “analysis pathway” will
serve the needs of future researchers who deal with sto-
chastic ES under delays. The complete details can be found
in the authors’ book [66].

APPLICATIONS

For the distinct cases involving ES plus PDEs in Table 1,
we dedicated the remainder of the article to some select
applications:

1) traffic control for linearized Lighthill-Whitham-
Richards (LWR) macroscopic PDE models trans-
formed into constant delays [59], [84]

2) optimal oil-drilling control with ES for wave models [1]

3) deep-sea cable-actuated source seeking modeled by wave
PDEs with Kelvin—Voigt damping [72]

4) additive manufacturing modeled by the Stefan PDE
[22], [36]

5) bioreactors considering ES for models described by
parabolic PDEs (reaction—diffusion equations), see
[14] and [30]

6) light-source seeking with infinite-dimensional models
represented by Euler—Bernoulli beam equations [42,
Chapter §]

7) NMES problem for ES with time-varying delays
[65], [69].

We offer a tutorial-style guide that synthesizes existing

results for ES while presenting new insights and practical
examples in engineering applications.

TRAFFIC CONGESTION
CONTROL WITH A
DOWNSTREAM BOTTLENECK
This section develops boundary con-
trol for freeway traffic with a down-

Original Closed-Loop System . (Step 6)
(Step 1)
Local Stability of the Original
Average System
Average Closed-Loop System i (Step 5)

stream bottleneck [84]. Traffic on a
freeway segment with a capacity
drop at the outlet of the segment is a
common phenomenon that leads to a

traffic bottleneck problem. The capac-

(Step 2)

ity drop can be caused by lane drops,
hills, tunnels, bridges, or curvature

Lyapunov- on the road. If the incoming traffic
jon i Krasovskii . .
Transformation into Ve Exponential Stability of the flow remains unchanged, traffic con-
Target System Method Target Syst )
With Backstepping Method ar?Setepyj)em gestion forms upstream of the bottle-
(Step 3) neck because the upstream traffic

FIGURE 11 Structure of the stability proof for the closed-loop system. We provide theoretical

stability guarantees for PDE systems in real-time optimization.
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demand exceeds its capacity. There-
fore, it is important to regulate the
flow of traffic in the segment to avoid
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We offer a tutorial-style guide that synthesizes existing results for ES while
presenting new insights and practical examples in engineering applications.

overloading the bottleneck area. Traffic densities on the free-
way segment are described with the LWR macroscopic PDE
model. To mitigate traffic congestion upstream of the bottle-
neck, the incoming flow at the inlet of the freeway segment
is controlled so that an optimal density is reached that maxi-
mizes the outgoing flow. The density and traffic flow rela-
tion at the bottleneck area, described with a fundamental
diagram, is considered to be unknown. We tackle this prob-
lem using ES control with delay compensation for LWR
PDEs [84]. ES control, a nonmodel-based approach for real-
time optimization, is adopted to find the optimal density for
the unknown fundamental diagram. A predictor feedback
control design is proposed to compensate for the delay effect
of traffic dynamics in the freeway segment.

Problem Statement

We consider a traffic congestion problem on a freeway seg-
ment with a lane-drop bottleneck downstream of the seg-
ment. The freeway segment upstream of the bottleneck and
the lane-drop area are shown in Figure 12, which illustrates
the clear “Zone C” and the bottleneck “Zone B.” The flow is
conserved through the clear Zone C to the bottleneck Zone
B. Local road capacity changes are due to the lane drop in
Zone B, which could be caused by working zones, accidents,
or lane closures. To prevent the traffic in Zone B from over-
flowing its capacity and then causing congestion in the free-
way segment, we aim to find the optimal density ahead of
Zone C that maximizes the outgoing flux of Zone B, given
the unknown density—flow relation. The traffic dynamics in
Zone C is described with the macroscopic LWR traffic
model for the aggregated values of traffic density.

Because of the reduction in lanes in Zone B, the fundamen-
tal diagram of the flow and density relation usually changes,
leading to a capacity drop in Zone B. The control objective is
to find the optimal input density at the inlet of Zone C that
drives the measurable output flux of Zone B to its unknown
optimal value in an unknown fundamental diagram.

LWR Traffic Model

The traffic dynamics in Zone C, upstream of Zone B, is
described with a first-order hyperbolic LWR model. The
traffic density p(x,t) in Zone C is governed by the follow-
ing nonlinear hyperbolic PDE, where x € [0, L], t € [0, 0):

9tp +9x(Qc(p)) = 0. (166)

The fundamental diagram of the traffic flow and density
function Qc(p) is given by Qc(p) = pV (p), where the traffic

velocity follows an equilibrium velocity—density relation V (p).
There are different models that describe the flux and density
relationship. A basic and popular choice is Greenshield’s
model for V(p), which is given by V(p) =vs(1—(p/pm)),
where vy € R" is defined as the maximum velocity and
pm € R" is the maximum density for Zone C [84]. Then the
fundamental diagram of the flow and density function
Qc(p) is in a quadratic form of density

0
Qe(p)==",Lp*+osp. (167)

A critical value of density segregates traffic into a free-
flow regime, whose density is smaller than the critical
value, and a congested regime, whose density is greater
than the critical value. The critical density may be assumed
as pc=pwm/2 for (167) [84]. For the fundamental diagram
calibrated with the freeway empirical data, the critical den-
sity usually appears at 20% of the maximum value of the
density [15], [18].

In practice, the quadratic fundamental diagram some-
times does not fit well with traffic density—flow field data.
There are several other equilibrium models, for example,
the Greenberg model, the Underwood model, and the dif-
fusion model, for which the fundamental diagrams are
nonlinear functions; see [84] and the references therein.
However, by Taylor expansion, a second-order differentia-
ble nonlinear function can be approximated by a quadratic
function in the neighborhood of its extremum. The follow-
ing assumption is made for the nonlinear fundamental dia-
gram. The stability results derived here are valid locally for
the general form of the fundamental diagram Q(p) that
satisfies the following assumption. Here we can adopt
other density—flow relations for the fundamental diagram
Q(p), but we require Assumption 4 to be satisfied.

Assumption 4
The fundamental diagram Q(p) is a smooth function, and
it holds that Q (p.) =0, Q" (p.) < 0.

Gin
—=>

Ve

FIGURE 12 Traffic on a freeway segment with lane drop.
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We provide theoretical stability guarantees for PDE systems
in real-time optimization.

Under Assumption 4, the fundamental diagram can
be approximated around the critical density p. as fol-
lows: Q(p) =q.+(Q"(p)/2)(p(t) = p)*, where g.=Q(p:)
is defined as the road capacity or the maximum flow,
with Q" (p) < 0.

Lane-Drop Bottleneck Control Problem

Because of the reduction in the number of lanes from Zone
C to Zone B, we consider the equilibrium density—flow rela-
tion of Zone B as shown in Figure 13, as pointed out in [75].
There is a capacity drop AC of Qs in Zone B compared to
Qc in Zone C after congestion has formed upstream of the
lane-drop area. The capacity drop caused by a sudden lane
drop is hard to measure in real time, and the traffic dynam-
ics of Zone B is affected by the lane-changing and merging
activities. Therefore, we assume that the fundamental dia-
gram Qg (p) of Zone B is unknown.

In Figure 13, the capacity is

AC = Qc(po) — Qs((1 +8)p")
9" =Qc(p) = Qs((1+8)p")

(168)
(169)

where AC is unknown. p* € R" represents the optimal den-
sity that keeps Zone C in the free regime, while (1 +68)p"
reaches the critical density of Zone B so that the discharging
flow rate reaches its maximum value 4" € R*. The ratio §
accounts for the density discontinuity before the outlet in
Zone C and after the outlet in Zone B. We assume that AC
and & are unknown, and therefore the optimal density and
flow rate (p°, q°) are unknown.

When there is a lane-drop bottleneck presenting down-
stream, the density at the outlet of Zone C is p(L, t), gov-
erned by the PDE in (166) for x € [0, L], t € [0,00). The inlet
boundary flow is gin(t) = Qc(p (0, t)). The output measure-
ment of traffic flow in Zone B, gout(t), is given by Q(p) with
outlet density p(L, 1), gou(t)=Q(o(L,t)), where the

QAp)

P Po Pm

FIGURE 13 Quadratic fundamental diagram for the clear Zone C
and the bottleneck Zone B.
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function Q(p) of the outlet boundary x =L connecting
Zone C and Zone B is defined as follows:

Qc(p(L,1), p(L,H) < p
Qp(L, 1)) =1Qc(p) =9 =Qs((1+)p), p(Lt)=p" (170)
Qs((1+98)p(L,1), p(L,H)>p

so that the flow is conserved through the boundary, enter-
ing from Zone C to Zone B. Note that, when the optimal
density p° is reached, the flow rate at the outlet of Zone C
and the input of Zone C reaches equilibrium and its maxi-
mum value g°.

The control objective is to design the traffic flow input
gin(t) so that the outgoing flow in the lane-drop area Zone B,
Jout(t), is maximized. We aim to find the optimal outlet
density p(L,t) = p° that maximizes gout(f) of Zone B and
then use the PDE that describes the dynamics of traffic in
Zone C to obtain the desirable flow input gin(t) from the
inlet of Zone C. Here we approximate gou (t) with a function
that satisfies Assumption 4, and gout(f) can be written as

qou() =4+ 5oL, 1) =) a7y

where H < 0 is the unknown Hessian of the approximated
static map gout (t).

Note that we use a static fundamental diagram to model
traffic in the bottleneck Zone B. Therefore, our model
cannot capture the propagating traffic waves upstream
from Zone B to Zone C when Zone B is very congested.
Since this result is focused on maximizing the discharging
flow rate at the bottleneck area, the ES control seeks the
optimal traffic density value in its neighborhood. In bottle-
neck Zone B, the closer the outlet traffic density p(L, t) is to
the optimal value p°, where Q'(p) =0 is satisfied, the
smaller is the propagating characteristic speed of the traffic
waves Q' (p). Therefore, the spillback traffic from Zone B to
Zone C is negligible in our model.

To find the unknown optimal density at the bottleneck
area, we design ES control for the unknown static map
Q(p) with actuation dynamics governed by a nonlinear
hyperbolic PDE in (166). Next, we linearize the nonlinear
PDE, and the traffic dynamics can be represented by the
delay effect for the control input design.

Linearized Reference Error System
We linearize the nonlinear LWR model around a constant
reference density p, € R*, which is assumed to be close to
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the optimal density p". Note that the reference density p; is
in the free regime of Q(p) of Zone C and thus is smaller
than the critical density p.; therefore, the following is satis-
fied: p, < pc. Define the reference error density as

p(x, b)) =p(x,t) = pr 172)
and the reference flux g, to be g, = Q(p,) > 0. By the gov-

erning equation (166) along with (167), the linearized refer-
ence error model is derived as

9ip(x, 1) +udp(x, t) =0
ﬁ(O, t) = p(O, t)_pf

(173)
(174)

where the constant transport speed u is given by u=
Q (0=, =V(e)+p: V' (p)|,-, The equilibrium velocity-
ensity relation V(p) is a strictly decreasing function. The ref-
erence density p, is in the left half plane of the fundamental
diagram Q.(p), which yields the following inequality for the
propagation speed: u > 0. We define the input density as
o(t) = p(0,t) and the linearized input at the inlet to be

ot)=p(t)—pr (175)

The linearized error dynamics in (173) and (174) is a
transport PDE with an explicit solution for ¢ > x/u and
thusis represented with inputdensity 5(x, t) = o(t — (x/u)).
The density variation at the outlet is

p(L,t)=0(t=D)

where the time delay is D = L/u. Therefore, the density at
the outlet is given by a delayed input density variation and
the reference

(176)

p(L/ t) = pVJ’_ﬁ(L/ t) (177)

Finally, substituting (176) and (177) into the static map
(171), we arrive at the following;:

gou(t) =g+ E@(t—D)+ p. - p)?

metering and a variable speed limit (VSL) at the inlet,
which is widely used in freeway traffic management [11],
[27], [33], [47], [83], [85], [86]. The controlled density at the
inlet is implemented by 0(t) = gin(t) /v, where v, is the
speed limit implemented by the VSL, and gi(t) is actuated
by an on-ramp metering upstream of the inlet. Note that
the linearized model is valid at the optimal density p" since
the reference density is assumed to be chosen near the opti-
mal value.

Online Optimization by ES Control
Here, we present the design of ES control with delay by fol-
lowing the procedure in [67]. The block diagram of the
delay-compensated ES algorithm applied to the LWR PDE
model is depicted in Figure 14.
Let 0(t) be the estimate of p’, and e(t) be the estimation
error defined as
e() =0 —p 179)
where Q(t) is an integrator of the predictor-based feedback
signal U(t) as 0 (t) = U(t). From Figure 14, the error dynam-
ics can be written as
e(t—D)=U(t—-D) (180)
given the delayed estimation error dynamics modeled by
€(x, 1) = Ut — (x/u)).
We introduce the additive perturbation S(t)
S(t) =asin(w(t+ D)) (181)
and the multiplicative demodulation signals (M(t), N(t))
given by

M(t) = 2sin(wt), N(f)=— %cos(Zcot)

- (182)

where a and @ are, respectively, the amplitude and fre-

mum of the unknown map.

_ . H oy ey quency of a slow periodic perturbation signal asin(wt)
7+ 2 (o(t=D)=p). (178) introduced later. Using the demodulation signals, we
The control objective is to regulate
the input gi(f) so that o(t—D) (0, = ot LWR PDE Model (L D oD
reaches an unknown optimal p°, and || 9p +IpV(p)) =0 — Qp(.)
the maximum of the uncertain qua- |
. . o(f) r : : . . ‘
dratic flux—density map qout(t) can be i Predictor Feedback With Hessian Estimate }
. | | M(t)
achieved. We can apply the method o U !
: : [1]. @ 1 PSRN
of ES for static maps with delays, I 15] i G { k| & —
originally developed in [59]. The ES S T i 00U | ()
control is designed to find the extre- i Y=ty de + Ude=0 H, D=
| S [

In practice, control of the density
at the inlet can be realized with the

coordinated operation of a ramp PDE model.

FIGURE 14 Block diagram for implementation of ES control design for the nonlinear LWR
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calculate estimates of the gradient and Hessian of the cost
function, denoted as (G (t), H(t)):

G(t) = M(B)qou(t), H(E) = N(t)qou(t) (183)
where F (t) is the estimate of the unknown Hessian H. The
averaging of G(t) and H(t) yields

Gav(t) = Heay(t = D), Hay = (Nqou)aw = H. (184)
Taking the average of (180), we have éav(t —D)=Uav (t—D),
where U.y(t) is the averaged value for U(t) to be designed
later. Substituting this equation into (184) yields
Gav (t) = HU (t — D). (185)

The motivation for the predictor feedback design is to
compensate for the delay by feeding back future states in
the equivalent averaged system Gay(t + D). Given an arbi-
trary control gain k > 0, we aim to design
Uay (f) = kGay(t + D), V=0 (186)

which requires knowledge of future states. Therefore, we
obtain the following by plugging (186) into (180):
Cav(f) = Uav(t) = kHeay(t), Vt=D. (187)

Recalling that k > 0, H < 0, the equilibrium of the aver-
age system ea(t) =0 is exponentially stable. Applying

the variation-of-constants formula, Gay(t+ D) = Gav(t) +
Ha (1) ft tD Uav (7)dr, and from (186), one has

Drill Lines

Traveling Block +

Top Drive

Drill String

Drill Floor

FIGURE 15 The topside of a drilling rig.
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Uy (t) = k(Ga () + Hav (t) [ jD U (7)dr) (188)

which represents the future state Gay(t+D) in (185) in
terms of the average control signal U..(7) for 7 € [t — D, t].
The control input is infinite dimensional by its use of his-
tory over the past D time units.

For the stability analysis in which the averaging the-
orem for infinite-dimensional systems is used, we
employ a low-pass filter for the previous basic predictor
feedback controller and then derive an infinite-dimen-
sional and averaging-based predictor feedback given by

U() = T{k(G(t) +H(® ft jD U(T)dr)} (189)

where k > 0 is an arbitrary control gain, and the Hessian
estimate H(t) is updated according to (183), satisfying the
average property in (184). 77{-} is the low-pass filter opera-
tor defined by

Tlo}y =L Lo} e®)

(190)

where ¢ € R* is the corner frequency, £ ' is the inverse
Laplace transformation, and * represents convolution
in time.

Hence, according to [49, Theorem 1], we can conclude that

limsup|o(t) = p'|= O(a+1/0) (191)
tljgrlosup| Jout(H) = q'| = O@* +1/0?). (192)

OPTIMAL OIL-DRILLING CONTROL

A common type of instability in oil drilling is a friction-
induced stick-slip oscillation (see [10] and the references
therein), which results in torsional vibrations of the drill
string and can severely damage the drilling facilities (see
Figure 2 from [1]).

Figure 15 shows a modern land-based drilling rig. The
tower operates like the derrick of a crane: the traveling
block is connected by several steel drill lines with one
attached to the deadline anchor and the other being spooled
on a drum controlled by ac induction motors. Another elec-
tric motor, called the top drive, is connected to the traveling
block. The top drive is used to rotate the drill string, a set of
hundreds of drill pipes (each about 30 ft long) that conducts
the bore hole assembly (BHA). The BHA contains several
sensors (for pressure, temperature, and vibration, among
others) and the drill bit itself. There are several different
types of drill bit designs and materials for drilling different
geological formations.

In analogy, the rig operates similarly to a drill press,
but with a drill bit that is several inches wide (4-36 in. is a
common range) and up to several miles long (an onshore
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well can be as shallow as 200 yards
or as deep as 2 miles). By rotating
this drill string and using its weight

Wave Process

Static Map Q(0©)
CN)

to generate an axial force, the BHA o
mills the rocks, drilling the well.
Because of the small diameter when

()

compared to its length, the drill

string is subject to axial and tor- [——————
¢ Mechanical (Water, Sound,

Seismic) and Light Waves
» Acoustics, Electromagnetics
and Fluid Dynamics

sional effects, much like a flexible :
rod. Because of this elasticity, the :
force and velocity propagation can :
be modeled by wave equations. '

In this particular model, the actu-
ation is the velocity of the traveling
block, that is, the axial velocity of the
drill string on the surface. Although
not considered here, the rotational
velocity also influences the rate of
penetration (ROP) in a real scenario. The model output is
the weight on hook, which somewhat models the weight
on bit (WOB). The WOB estimates the contact between the
drill bit and the rock formation, and it is the downhole
boundary condition to be controlled. In [1], the authors
have discussed the feasibility of controlling the hook load
to optimize the ROP while drilling.

The key point that enables such an approach is the
concept of bit foundering [1], that is, the fact that the ROP
tapers off (and sometimes starts decreasing) with increas-
ing weight on the bit past the foundering point. This makes
the static mapping between the ROP and the WOB upward
convex in an interval around the foundering point. This
transfers to an upward convex static mapping between the
equilibrium hook load setpoint and feed rate. Conse-
quently, these signals can be used as the plant input and
output for the design of a drilling control system. Hence,
this physical application motivates our ES scheme for static
maps with actuation dynamics described by wave PDEs,
as depicted in Figure 16.

processes.

DEEP-SEA CABLE-ACTUATED SOURCE SEEKING
This application involving deep-sea cable-actuated source
seeking is illustrated in Figure 17. In this scenario, a sensor
is suspended on a cable and moved from the sea surface
using a surface vessel. The sensor operates without posi-
tion awareness, primarily because of the challenging
undersea environment. The task at hand is to locate the
source signal as closely as possible. No external fluid flow
(for example, water current) is considered, and the dynam-
ics of the boat is ignored for simplicity [20].

The algorithm proposed here is designed to be appli-
cable to such a source-seeking scenario. The objective of
source seeking is to find the source of a signal of an
unknown concentration field, which can be chemical,
acoustic, electromagnetic, etc. The sensor captures this
field, and its strength decays with distance, reaching a

FIGURE 16 Cascade of wave PDE with a static map y(0(t)) = Q(O(t)). The extremum
y(t) =y" is achieved for O(t) = ©". Wave PDEs are used generally to model different
sorts of processes, such as mechanical, acoustic, electromagnetic, and fluid dynamics

maximum at position x. (relative to the coordinate system
of the surface vessel). Beyond finding the source signal, it
also ensures the stabilization of the cable’s motion. As the
signal source becomes deeper or the cable length increases,
the task becomes less demanding for the surface vessel
because of the high natural frequency of the longer cable,
which reduces the need for rapid vessel motion. Neverthe-
less, achieving stability in the PDE-compensating ES algo-
rithm may require more extensive memory.

Surface Vessel

Sensor

A
Source Signal n

FIGURE 17 Motivating example of underwater search: x. repre-
sents the relative linear position of the source signal with respect
to the sensor. The control task aims to drive the sensor to the
source signal, meaning that xe(t) -~ 0 (or to a small neighborhood
of zero) as t —+oo.
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The cable of this application is represented by a string
described by the following PDE model over an interval
x €[0,D]:

eay = (1+doy) ot (193)
ax(0,) =0 (194)
a(0, t) = measured (195)
a(D, t) = controlled. (196)

Equations (193)—(196) represent the dynamics of a string
controlled at the end x = D, pinned to the surface vessel,
and with a free end at x = 0, where the sensor is located. The
solution a(x, t) of (193) represents the state variable of the
PDE dynamics governing the motion of the cable. Equations
(194)—(196) serve as boundary conditions. The constants ¢, d,
and D are positive. The constant D physically corresponds to
the length of the cable. The value 1/¢ represents the “stiff-
ness” of the string, which can be expressed as E/p, where E
denotes Young’s modulus and p the density of the material.
The term do: models the “Kelvin-Voigt” damping, repre-
senting the internal material damping, not the damping that
arises from the viscous interaction of the string with the sur-
rounding medium. We assume that this model takes into
account a small amount of damping (d), which is a realistic
consideration in any material. We do not rely on the Kelvin—
Voigt term as a source of energy dissipation; instead, we use
it as a means of enhancing the controllability of the model
(193)—(196).

Scalar Maps With Actuation PDE Dynamics

Now, we consider the actuation dynamics described by a
wave equation containing Kelvin-Voigt damping with
e=1, 6(t) € R, and the sensor ©(t) € R given by

o) =a(0,t) (197)
duar(x, 1) = duxat(x, t) + ddxxrct(x, t) (198)
3.a(0,£) =0 (199)

a(D, ) =o(t) (200)

where «:[0,D]xX R+ - R, and D is the known domain
length, as mentioned before. The output signal measured
with the sensor is represented by the unknown static map

y(t) =Q(O®)

with input O (t) in (197).

We assume that the unknown nonlinear map is locally
quadratic, as in (154), resulting in (155). Adopting the pro-
posed scheme in [59] and combining (197)—(200) with the ES
approach, the closed-loop ES with actuation dynamics gov-
erned by the Kelvin-Voigt PDE is illustrated in Figure 18.

(201)

Trajectory Generation for the Probing Signal

The perturbation S (t) is adapted from the basic ES scheme to
accommodate actuation dynamics. The trajectory generation
problem, as described in [42, Chapter 12], is outlined as follows:

Sit)=8(D,t) (202)
uB(x, 1) = 9 B(x, t) + d0rxut B(x, 1) (203)
9:8(0,t)=0 (204)

B(0,t) = asin(wt) (205)

where B:[0, D] X R+ — R. The explicit solution of (202) is
derived for the reference trajectory

B(D,t)y=p"(D,t)=5(), B, t)=p(0,t)=asin(wt). (206)

This solution is found by postulating the reference solu-
tion B'(x,t) as a power series of the spatial variable with
time-dependent coefficients: g (x,t) = I#oai(t)x' /i!, as in
[44]. The string reference solution is given by [73]

B'(x,t) :—a%[cosh (jox)e™ — cosh (jox)e ] (207)
with o0 =w//1+jwd and ¢ being its complex conjugate.
Equation (207) can be written as the purely real function

B (x, 1) = %[eﬁwsin(wt + B(w)x)

+ e PO in (ot — B(w)%)] (208)

where the real functions B(w) and
B(w) are defined as

a(D, 1) =6(h |

I O()=a0, ) —— ¥

dpa(X, 1) =, a(x, 1) + dd,,.o(x, 1) | Q) |
_ 2 32
@ b E Lt { Kelvin—Voigt Compensator|<i®<- —
: (@)= o 7%;)&%;)1 . Q)

FIGURE 18 Gradient ES control loop.
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H(f) @
t

N(?) On the other hand, the demodula-
tion signals M(t) and N(t), used for
estimating the gradient and Hessian,
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respectively, of the static map by multiplying them by the
output y(t), are defined in [23] as

H(H) = N(t)y(t) with N(b) :—%Cos(Zwt) (211)

G(t) = M(Hy(t) with M(t) = 2 sin (o).

p (12)

Estimation Errors and Error Dynamics

Since our objective is to find ©°, which corresponds to the
optimal unknown actuator 6(t), we introduce the follow-
ing estimates and estimation errors:

6(t)=0() —S(t), O(t)=0(t)—asin(wt)
6(t):=6() -0, d(t):=0(r -0

(213)
(214)
Let a:[0,D] xRy — R be defined as a(x,t):=oa(x, ) —

B(x, t) — ©°. Manipulating (197)-(200) and (202)—(205) with
the help of (213) and (214), we get

d() = a(0, f) (215)
Ana(x, t) = duwa(x, ) + ddxna(x, t) (216)
3:a(0,t) =0 (217)

a(D,t) =6(b). (218)

The error dynamics is obtajned by taking the time deriv-

ative of (215)—(218) and using 6 = U () and u(x, t) = & (x, t):
3@t =u(0,1) (219)
Auut(x, t) = dwti(x, t) +douu(x, t) (220)
oxu(0,t) = (221)
u(D,t) = U({). (222)

Boundary ES Control Law
We consider the PDE-ODE cascade shown in Figure 19 and
use the backstepping transformation

w(x, 1) = Uav(x, ) — f(fox k(x, 0)uav(o, t)do — Kda(f)  (223)

to transform the original (219)-(222) into the target system

Bay(t) = Koy () +w(0,4), K<O0 (224)
wy = (1 +doy) (W —cw), ¢>0 (225)
wx(0,£) =0 (226)
w(D,t)=0. (227)

The gain kernel PDE k(x, o) comes from the solution of
(see [42, Section 4.2])

kxx = koo + Ck, ko(x, 0) = 0, k(x, x) =5 (228)

The solution to the PDE in (228) is obtained through a sum-
mation of successive approximation series [42, Section 4.4]:

L(Jc(x®—6?))
Jo(x?—o?)

and, from (223) and (227), the average control law is given by

k(x,0)=—cx (229)

Uav (0, t)do
(230)

- _ 2 (P nh(/c(D*=c%)
tar (D, £) = Kow (1) =K [ 7 eD Je(D = o?)

where I1(z):=Xn-0(z/2)""*" /m!(m+1)! is the modified
Bessel function [42, Appendix A.2]. Thus, introducing a
result of [23], the averaged versions of the gradient and
Hessian estimate are calculated as

Gav(t)

From (222) and (230), choosing K = KH with K > 0 and
plugging in the average gradient and Hessian estimates
(231), we obtain

Ua () = KGay(t) — KH fo 7D I]%)

= Hou(t), Ha()=H (231)

Hav o, t)d
(232)

We introduce a low-pass filter to obtain the nonaverage
controller

(233)

U(t)=

1(Ye(D?—0?))

co(D*=0?)

u(o,t)do

{ [G(t) H(t)f ph

with ¢ —+ oo sufficiently large.

MATERIALS PHASE CHANGE PDE ES CONTROL:
FROM FIXED DOMAIN TO MOVING BOUNDARY

We next present the design and analysis of the ES for static
maps, with input governed by a PDE of the diffusion type
defined on a time-varying spatial domain described by an
ODE. We compensate for the average-based actuation
dynamics by a controller via backstepping transformation
for the moving boundary, which is utilized to transform the
original coupled PDE-ODE into a target system whose expo-
nential stability of the average equilibrium of the average
system is proved.

One-Phase Stefan Problem
The physical model that describes the 1D Stefan prob-
lem in a pure one-component material of length L is

()
Uty 22D gulx, 8 = duu(x, § + ddyquix, )[40 0] oDE | |
Y (Actuator) (Integrator)

FIGURE 19 The cascade of the PDE dynamics and the ODE integrator.
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described in Figure 20. The domain [0, L] is divided into
two subdomains [0,5(t)] and [s(f),L], which represent
the liquid phase and the solid phase, respectively. The
system is controlled by the heat flux g.(t) at x=0
because we are dealing with a Neumann boundary
actuation, as shown here:

Tix, B) = oTw(x, 1), x€(0,5(), a=—K—  (234)
PCyp
Liquid Solid
L 1 g
0 s(t) L
Tix 1

T, Ly x

0 s(t) L

FIGURE 20 Schematic of one-phase Stefan problem [37], [38]. The
temperature profile in the solid phase is assumed to be a uniform
melting temperature.

a0 = L [ ooe stt)
et o D] s = prgsto,
1

FIGURE 21 The cascade of the PDE dynamics and the ODE
system.

Liquid Solid Liquid Solid
T Ty —
q.(1) ——

0 s() L 0 s L

FIGURE 22 Control objective of the Stefan problem. We aim to
design a heat flux input q¢(t) such that the interface position s (f)
is driven to the setpoint position s”.

9(1’) Ott(X, t) = OlXX(X, t)

o

O(t) = s(t
_» (t) S()EY(T)

o(s(t), )=0
ol 1) T s(t) M(2)
a(t) = U(t ' Stefan < aa) fi\
M Compensation ) I:I(t) ~
T Control N )+
S(t)
N(t)

FIGURE 23 ES control loop applied to the one-phase Stefan problem.
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—kT.(0, ) = g (b) (235)
T(s(t), t) = T (236)
S0)=- L0, 0, =y (37)

where T(x,t), Tu, qc(t), k, p, Cp, and AH" are the distrib-
uted temperature of the liquid phase, melting tempera-
ture, manipulated heat flux, liquid heat conductivity,
liquid density, liquid heat capacity, and latent heat of
fusion, respectively. Equations (235) and (236) are the
boundary conditions of the system, and (237) is the
Stefan condition, which describes the dynamics of the
moving boundary. Figure 21 shows the block diagram
of the PDE-ODE cascade represented by equations
(234)—-(237).

Actuation Dynamics and Output Signal

For simplicity, we consider actuation dynamics described
by a heat equation with o, 8, k=1, 6(t) € R, and the propa-
gated actuator ©(t) € R given by

O(t) =5(H)=—ax(s(t), 1), xe(0,s(t) (238)
dra(x, t) = I (x, t) (239)
a(s(), 1) =0 (240)

—0:0(0,1) =0(t) (241)

where «:[0,s()] xRy - R is a(x,t)=T(x,t)—Tw, and
s(t) = O(f) is the unknown interface represented as the
moving boundary. The output is measured by the
unknown static map with input (238), according to (153).
The ES goal is to optimize an unknown static map Q(:)
using a real-time optimization control with optimal
unknown output y* and optimizer ©° as well as measur-
able output y and input 6. Consequently, the control
objectives of the Stefan problem are achieved, that is,
limi~ws(t) =s" and limi~T(x,f)=Tu Vx€[0,s], as
illustrated in Figure 22.

On the other hand, the unknown nonlinear map is
locally quadratic, given by (154), such that the output of
the static map is simply (155). Adapting the proposed
scheme in [59] and combining (238)—(241) with the ES
approach, the closed-loop ES with actuation dynamics is
shown in Figure 23.

The demodulation signal N(t), which is used to
estimate the Hessian of the static map by multiplying
it with the output y(t) of the static map, is defined in
[23] as

H(t) = N(t)y(t) with N(t) =—%cos(2wt) (242)
whereas the signal M(t) is used to estimate the gradient of
the static map as follows:

G(t) = My (H) with M() = %sin(cot). (243)
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Additive Probing Signal

The perturbation S(t) is adapted from the basic ES to the
case of PDE actuation dynamics. The trajectory generation
problem, as in [42], is described as follows:

S(t):=—09:8(0,t), x€(0,s(t)) (244)
3B(x, t) = 0upP(x, ) (245)
Bs(t),H)=0 (246)

Bx(s(t), t) = —aw cos (wt) (247)

where B:[0, s(t)] X R+ — R. The explicit solution of (244) is
found, respectively, for the reference trajectory and the ref-
erence solution postulated by a power series [16]:

s(t) = asin(wt) (248)
Bty =3 D =y (249
i—o b

We can calculate the first coefficients of the power series,
replacing the boundary conditions (246) and (247) at (249),
such that

ac() =0, a1=-5(). (250)

The general expression ai(t)=ai-2(t) —ai-1(t)s(t) is
obtained by substituting (249) in (245). We provide here the
analytic expression of the first four coefficients of the series
(249) so that one can see how the successive derivatives of

s(t) appear:

ax(t) = §(t)? (251)
as(t) =§(t) —5(t)° (252)
as(t) =52 +5H)s() + 50 (253)

The trajectory generation solution that provides all
terms of the power series (249) is given by [28]

Bl )= 3 Gyl —s(O)”. 259

Although (254) is not an explicit expression, by choosing
suitable values for 2 and @ in (248), the series converges
with few iterations of the infinite sum, getting the desirable
sinusoidal signal s(t) in the output of the integrator.

According to (244), we take the spatial derivative of (254)
and substitute x = 0, thus arriving at the final expression of

S0 ==% Gripraresn@® . @5

i=0

Estimation Errors and PDE Error Dynamics

Since our objective is to find ©°, which corresponds to the
optimal unknown actuator 6(t), we introduce the follow-
ing estimation errors:

6(t) =0(H) - S(t), O(t)=0(t)—asin(wt) (256)

6(H):=6(H—-0", d(t)=0( -6 (257)

recalling that O(f):=s(t). Combining O(t) in (256) and
(257), we obtain the relation between the propagated esti-
mation error 9(t), the propagated input O(t), and the opti-
mizer of the static map 0"

O(t) — 0" =3(t) +asin(wt). (258)

Let us define
u(x, t)y=alx,t)—pBx,t) (259)
o(t) = U(t). (260)

By (238)—(241) and (244)—(247), with the help of (256) and
(257), we have our original system:

3(t) =—ux(s(), 1), x€(0,s(t)) (261)
ur(x, t) = tx(x, t) (262)
u(s(t), ) =0 (263)
—1:(0,£) = U(t). (264)

Stefan Compensation Control Law
We consider the PDE-ODE cascade (261)-(264) and use the
backstepping transformation

w(x, t) =u(x,t) —fos(t) (x—o)u(o, Hdy
—K(x—s(t)o(h)

(265)

G 106
=104

= 102

FIGURE 24 The initial states T(x,0) (green curve) and the conver-
gence of T(s(t), ) (blue curve) to T, =100 °C in a 3D space for the
PDE state T(x,t). The blue curve shows the expansion of the
domain of the Stefan PDE.
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of s(t) around s" = 0.75 would vio-

o(t) = xg _ late the usual conditions for the
Static Map Stefan problem that the temperature
Tubular Yo (g y) remains above or below the melting

Bioreactor

x || / i ()
AN

temperature on the whole interval
(0, 5(t)), forming a periodic chain of
liquid and solid. However, it is well

ES
with Actuation

known in physics that the phase tran-
sition is not sharp but gradual. For a

Compensation Controller

FIGURE 25 ES scheme for tubular bioreactors.

with K > 0 as an arbitrary controller gain. Equation (265)
transforms (261)—(264) into the target system

D) =— Ko (t) — wx(s(b), £), x € (0, s (t)) (266)
we(x, 1) = i (x, t) + K& (t) 0 (2) (267)
w,(0,) =0 (268)

w(s(t),t) = 0. (269)

The compensation controller can be obtained by taking
the derivative of (265) with respect to t and x, respectively,
along the solution (261)-(264), and substituting x = 0:

U@ =— K<ﬂ(t) +f e dx). 270)

Since we have no measurement on 9(t), (270) is not
applicable directly. Thus, introducing a result of [23], the
average versions of the gradient and Hessian estimates are
calculated by

Gav(t) = Hdur (t), Hav(t) = H. (271)

Averaging (270), choosing K=KH with K <0, and
plugging in the average gradient and Hessian estimates
(271), we obtain

sav(t)
U () = — KGay (t) — KH fo av (x, ) dx. 272)

We introduce a low-pass filter to the controller with the
purpose of applying the average theorem for infinite-
dimensional systems [25], such that

Ut) =~ iC{K[G(t) +H@) [ e t)dx]}

273)

for c > 0 sufficiently large.

Figure 24 corresponds to the numerical plot of the tem-
perature profile for the closed-loop system, with the con-
trol law (273), converging in a 3D space (taking into
account the domain L =09 and the time t) to a close
neighborhood of T, =100 °C. The sinusoidal movement
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small perturbation amplitude, the

system will be operating in the “phase

transition range” when it reaches the

periodic steady state at the extremum.

A more detailed model is needed to
capture the system dynamics in that narrow phase transi-
tion range. In addition, we could redesign the algorithm
to introduce vanishing probing signals and tapering
off the perturbation after the extremum neighbor-
hood is achieved, as studied in [39] to obtain unbiased
[81] and safe [78] ES designs for a Stefan PDE with con-
trol barrier functions.

BIOREACTORS

Next, we present an application idea for this novel control
concept: a tubular bioreactor. We consider the optimiza-
tion problem in Figure 25 of a tubular bioreactor, where
the goal is to operate the bioreactor at an unknown opti-
mal product rate, for example, the growth of biomass, by
determining the optimal input and hence the substrate
concentration, for example, the glucose concentration. The
product concentration xp is generally not measurable,
unlike the product rate.

Since the static map, which determines the product rate
depending on the product concentration x3, is not known
or only approximately known, we can apply our intro-
duced control concept. A simple model of a tubular biore-
actor is presented by Winkin et al. [79], where the chemical
reaction of a reactant R and a product P is givenby R — AP,
where the stoichiometric coefficient A of the reaction is
considered. In its simplest form, the model is linear, since
the nonlinear reaction term is simplified to a linear kinetic
model depending only on the reactant concentration. The
control-loop structure to reach and operate the tubular
bioreactor at the optimal (highest product rate) is shown
in Figure 26.

The boundary operators of the tubular reactor in Figure 26
are defined as

c0.an(D, ) —bor (D, £)] [~ (H)
Roe = [eSxaz(D, ) — bas(D, t)] = [o ]
Roa =[S oo ] =[ol @7

In a first step, the average-based infinite-dimensional
controller used to compensate the tubular reactor process,
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which is the actuator dynamics in

this case, has to be derived. Note that
the dynamics of the reactor has to be
known to apply this control concept.
Baccoli et al. [8] consider similar

9,014 = €d 01 — bd, oty — Kyt

bbb

dynamics, that is, coupled linear par-
abolic PDEs, especially reaction—dif-
fusion equations, with boundary
input in one variable.

We additionally have an ODE cas-
cade arising from the integrator in the
control loop, which has to be stabi-
lized. There seems to be no work that
considers a coupled parabolic PDE-
ODE cascade with two parabolic
PDEs coupled in domain plus bound-
ary input in one variable and boundary measurement in the
other variable. The controller derivation and their deriva-
tions, like the perturbation signal S(t) for this application,
would go beyond the scope of this article. We emphasize
that invoking the averaging theorem for infinite-dimen-
sional systems in “Averaging Theorem for General Infinite-
Dimensional Systems [25]” would work since the publication
[79] showed the analytic semigroup property of the operator,
which describes the coupled parabolic PDE system in
Figure 26. Furthermore, the exponential stability proof of
the average system will follow the same steps but with an
extended Lyapunov-Krasovskii functional and more calcu-
lation steps. There may be restrictions on the system param-
eters €, b, ko, and A.

INFINITE-DIMENSIONAL LIGHT-SOURCE SEEKING
While the wave equation is the most appropriate “point of
entry” into the realm of hyperbolic PDEs, beam equations
are considered a physically relevant benchmark for control
of hyperbolic PDEs and structural systems in general.

The simplest beam model is the Euler-Bernoulli model

O+ Axr = 0 (275)
ax(0, 1) = ax (0, ) = a2 (0,£) =0 (free-end condition) (276)
a(0, t) = clamped-end condition. (277)

The obvious difference between the PDEs (193)—(196)
and (275)—(277) is in the number of spatial derivatives—the
wave equation is second order in x, whereas the Euler—
Bernoulli beam model is fourth order in x. One conse-
quence of this difference is that a wave equation requires
one boundary condition per endpoint [see (195) or (196)],
whereas the Euler-Bernoulli beam model requires two
boundary conditions per endpoint; see (276) or (277).

A more important difference is in the eigenvalues. Both
the beam and the string models have all of their eigenval-
ues on the imaginary axis. However, while the string eigen-
values are equidistant, the beam eigenvalues get further

Ror=0 w(t)
940y = €0y, 0 — bty + Koty Q)
M(t)
: G() )\
o(t) (t) ut) Actuation )
® @ Compensation FI( )
T Controller

FIGURE 26 Basic gradient ES scheme for tubular bioreactors modeled by RAD PDEs.

and further apart as they go up the imaginary axis. This
difference in the eigenvalue pattern is a consequence of the
difference in the number of derivatives in x.

The reader might wonder how these differences translate
into control. Is it obvious that a beam is more difficult to con-
trol than a string? The answer is not clear and is not necessar-
ily “yes.” While the presence of higher derivatives clearly
generates some additional issues to deal with in the control
design, the wave equation has its own peculiarities that
should not be underestimated. For example, controllability
results for beams are valid on arbitrarily short time intervals,
whereas for strings such results hold only over time intervals
that are lower bounded in proportion to the “wave propaga-
tion speed” of the string (which physically corresponds to the
“string tension”). Also, it is almost intuitively evident that
keeping a string from vibrating may not be easier than keep-
ing a beam from vibrating.

Fortunately, both the backstepping design and the trajec-
tory generation problem for the Euler-Bernoulli model were
already studied in [42, Section 8.2 and Example 12.8], respec-
tively. As before, in the source-seeking context, we can
assume «(0,¢) =0 and a(D, f) = 6, where D would be the

Position 2
O
Flexible Beam
_ao° Position 0
—e®
oo Sensor OSource
Position 1
O

FIGURE 27 Light-source seeking with a coupled flexible beam.
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length of the flexible beam. The illustrated system in
Figure 27 is composed of a flexible and inextensible Euler—
Bernoulli beam clamped to a rotating actuator hub with a
light sensor mass at its free end. The control task aims to
control the rotating actuator to drive the sensor to the
moving light-source signal, while compensating the vibra-
tion generated during the beam displacement. Unlike the
standard output regulation perspective, the paradigm here

(b)

FIGURE 28 Mechanical apparatus for NMES experimental tests. In
(b), the point A in the image indicates a goniometer (a simple
potentiometer) linked to a steel axis B allowing angular displace-
ment readings. Letter C shows that the wrist has an attachment
with linear freedom of movement along the aluminum square rod,
while D points out that there is an adjustment for the lateral dis-
tance of the elbows. In (a), the controlled joint angle, denoted by y,
and the NMES equipment are presented.

is the maximization of the signal perceived by the light
sensor, while position regulation of the end effector is also
indirectly achieved.

NMES

The recent article [65] on NMES presents a promising appli-
cation of ES under nonconstant delays. The authors have
proposed a stochastic proportional-integral-derivative
(PID) automatic tuner via ES and applied it to precise track-
ing of a flexion-extension reference for NMES and motor
relearning for rehabilitation. Photos of the mechanical
apparatus, as well as the electrical stimulation device for
NMES experimental tests, are shown in Figure 28. The
experimental results are innovative since, unlike for the
referred literature, stroke patients rather than only healthy
subjects were recruited for the successful tests. Remarkably,
the patients are using such a device at the Public Hospital
Universitario Clementino Fraga in Rio de Janeiro, Brazil.

In general, NMES devices are applied to clinical work in an
open-loop fashion, and their parameters must be set at the
beginning of therapy, not to facilitate clinical practice. The
levels of electrical stimulation follow precalibrated profiles,
requiring the presence of a practitioner to modify the stimu-
lation parameters. This requires protocols aimed at enhanc-
ing muscle contraction together with the execution of the
intended contractions. The downside of this procedure is that
the device always returns the same portion of electrical assis-
tance to the patient if there is no therapist intervention. In addi-
tion, the open-loop devices are not prepared to promote a
proper association by means of some feedback error between
the subject’s intended movement and the artificial activation
provided by the NMES system.

In this sense, closed-loop strategies are adequate to gener-
ate the NMES electrical current amplitudes based on the
angular displacement (or the measure-
ment of some other variable) related to
the upper limbs. Although PID con-

[—17mA ——18mA ——19mA ——21mA ——22mA —— 23 mA

trollers have been explored in differ-

T T T T T

20

0.307

155507

0.276

‘ ent engineering applications, the true

limitation is that a PID controller is
designed for linear systems, but the
neuromuscular plant, which is being
controlled, is nonlinear, time-varying,
and subject to delays. For instance, it is

1015576

possible to note a time delay in the

Angle (°)

subject responses shown in Figure 29.
The electromechanical-neuromuscu-

lar delay is in general of a time-vary-
ing nature and distinct for each
subject. Moreover, it is worth mention-

0.215 0. 1 1.5 2
Time (s)

FIGURE 29 Open-loop responses for different step-current inputs of a stroke patient with

delays of order 300 ms. (Extracted from [65].)
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ing that clinicians” knowledge of con-
trol systems is limited. Therefore, their
expertise in tuning controllers is lim-
ited as well. Furthermore, in NMES
applications, each patient is unique
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FIGURE 30 Block diagram of the closed-loop system for NMES
using discrete-time stochastic ES, where v (k) is the stochastic
perturbation vector modeled by Gaussian white-noise signals,
and the cost function J(6):=1/T —to[; (¢, 6) dt is defined over a
period between two time instants & and T. The PID control law
is u(t) = Koe(t) + Kif;e (r)dt + Ka(de (t)/dt), with 6 :=[Kp,Ki,Kd]”
being the PID parameters (gains) to be adapted by means of the
ES algorithm.

and requires a particular set of PID parameters. Since it may
be difficult to find the proper parameters for each patient, it is
well motivated to have better procedures or a more intelligent
adaptive controller [51].

On the other hand, manual tuning is a time-consuming
task, and analytical methods are based on an exaggerated
knowledge of the plant, requiring particular experimental
validations to the identification of an acceptable plant model.
However, a precise plant model in NMES is not known, and
very long identification procedures are not desirable for the
patients. This adverse environment of modeling inspires the
application of adaptive and robust control methodologies
[51] and automatic tuning techniques.

In this context, the model-free PID tuner via multipa-
rameter stochastic ES in [65], inspired by its earlier deter-
ministic version [35], is shown to be importantly fruitful.
The proposed PID tuner eliminates

vector signals of multiparameter deterministic ESimposes
additional obstacles in adjusting the frequencies of the
sinusoidal perturbations. Finally, deterministic ES may
restrict the region of convergence of the algorithm, and
adaptation using a periodic deterministic perturbation for
learning may be rather poor and unusual in some model-
free optimization frameworks. Stochastic perturbations
overcome those obstacles as well.

Specifically, ES minimizes a cost function that quanti-
fies the performance of the PID controller and iteratively
modifies the arguments of the cost function (the PID
parameters) so that its output reaches a local minimum.
According to the block diagram in Figure 30, the time-
domain implementation of the discrete-time stochastic ES
algorithm is given by

Bi(k+1) = 6:i(k) — ,B%sin(vi(k))](é(k) +asin(v(k))) (278)

where k is the discrete iteration number, the step size
B > 0 is sufficiently small, the subscript i=1,2,3 indi-
cates the ith entry of a vector, v(k) =[vi(k) v2(k) vs(k)]",
and sin (v (k)) = [sin(v1(k)) sin(v2(k)) sin(vs(k))]". The ele-
ments of the stochastic Gaussian perturbation vector v (k)
are sequentially and mutually independent such that
E{v(k)} =0, E{vi(h} =07, and E{vi(k)v;k)} =0, Vi#],
with E{-} denoting the expectation of a signal. In addition,
it is assumed that the probability density function of the
perturbation vector is symmetric about its mean.

Figures 31-33 show the advantages for the closed-loop
responses for a stroke patient, originally presented in [65]. In
the clinical scenario, Figure 31 illustrates that, even if the
patients know the trajectory of the movement to be per-
formed, they cannot execute it by themselves. Figure 32 also
highlights that a fixed-gain PID scheme is not able to ade-
quately control the stroke patient as the number of cycles/
iterations increases, because of the time-varying nature of
the neuromuscular system under delays. Indeed, PID

the initial offline tests for patients
since the control gains are automati-

| —— Elbow Angle y(f)

---- Reference r(t) |

60
cally computed to minimize a cost

function according to the tracking
error e(t):=y(t)—r(t) between the
elbow’s angle of the patient’s arm
y(t) and the reference trajectory
r(t). This research is highly success-
ful since the stochastic algorithm
provides faster (better transient)
responses, which is perfect for a

40

Angle (°)

C T ——

20

!

T

self-tuning, fatigue-resistant con-
trol method for neuromuscular-
based therapies. Moreover, the
parameters of the stochastic ES are
simpler to tune since the orthogo-
nality assumption on the dither

120
Time (s)

160 240

FIGURE 31 The graphic portrays the angular elbow joint movement performed by a stroke
patient without the help of the proposed NMES controller. It can be seen that the stroke
subject is not able to actively contract his arm to the final flexion position.
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control with fixed gains is not able to bring satisfactory
results in long-running tests. Moreover, a unique fixed-gain
tuning is not applicable for different individuals.

On the other hand, the ES adaptive approach for simple
adaptation of PID controller parameters is model free,
having the interesting ability of controlling multiple sub-
jects without tediously tuning by the designer or practi-
tioner. The response curves in Figure 33 ratify the
improved behavior of the adaptive PID control scheme

over a fixed-gain PID controller even in this adversarial
scenario for NMES.

Although the delay discussion was not the focus in [65],
it was evidenced there and in previous publications [2], [48],
[71] that it may represent a significant challenge in NMES.
It motivates the application of predictor feedback devel-
oped here for delay compensation in ES algorithms plus
PID control or even other techniques [2], [3].

CONCLUSIONS
This article has generalized the ES
results obtained in [21] to a wider

class of infinite-dimensional systems

governed by homogeneous and het-
erogeneous PDEs, rather than being
restricted to noncooperative games
governed by ODEs. We have intro-
duced a nonmodel-based approach
via ES and boundary control to find,
in a distributed way, the Nash equi-
1 libria of noncooperative games with
unknown quadratic payoff functions
and the players acting through PDE
dynamics. A player could stably
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FIGURE 32 Output responses for a stroke patient: PID with fixed gains (K, =1,Ki=1,Ka=1)

not guaranteeing an acceptable trajectory tracking after 120 s.

attain its Nash equilibrium by mea-
suring only the value of its payoff (no
other information about the game is
needed).

We did not consider just one kind
of PDE dynamics in the players’
decision variables. The challenge of
PDE dynamics comes from mixed
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PDE classes since games are decen-
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tralized and heterogeneous—each
player has its own particular
dynamics, possibly of a different
nature.
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develop a result for heterogeneous

games with distinct transport and diffu-

sion (heat) PDEs to be simultaneously
7 compensated—or  homogeneous

Current (mA)

games with PDEs of different trans-

40 : ‘
L “ I L
% 40 80

120
Time (s)

160 200 port and diffusion coefficients—in

|—0—Kp -o-K;

Ky the action paths of each player,

Cost Function Evolution

Parameter Evolution

where the players estimate only the

200 6

150 4
100

J(6(k)

50

AT ."~~~.____.q|

diagonal entries of the Hessian
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offs. We were able to dominate suf-
ficiently small off-diagonal terms
using a small-gain argument for the
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FIGURE 33 Stochastic ES-based PID control for NMES of a stroke patient.
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Iterations (k)

average system. Convergence to a
small neighborhood of the Nash
equilibrium is achieved, even in the

2 3 4

presence of transport-heat PDEs.
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In this article, the introduction to boundary control
for noncooperative games was presented for both hyper-
bolic-transport and parabolic-heat types of PDEs. There is
no strong reason why the exposition provided could not have
been conducted on some of the other classes of PDEs. How-
ever, transport and heat PDEs are particularly convenient
because they are sufficiently simple and general to serve as a
design template that the reader can use to pursue extensions
of the NES design to other classes of PDEs [42], [53] and its
integration to other real-world applications described by a
game-theoretic framework [31], [46], [87], [88].

We have explored a variety of potential engineering
applications in which these advanced strategies could be
effectively implemented. These applications included areas
such as fluid dynamics, structural mechanics, and advanced
energy and transportation systems. The aim was to demon-
strate how the theoretical foundations can lead to innova-
tive solutions to real-world engineering challenges, paving
the way for new developments.

Future research involves extending these NES results
for agents with delays and PDEs to distinct contexts, such
as other delay compensation strategies and modern PDE-
based frameworks under prescribed-time convergence
[82], sampled-data implementation (with uncertainties in
sampling or delay) [80], [89], and event-triggered control
[67]. Relaxation of the modeling assumptions, particularly
regarding the structure of the quadratic payoff functions
and the choice of known and constant delays or diffusion
coefficients, as well as the use of particular PDE types (for
example, parabolic versus hyperbolic) in player dynamics,
provides fertile territories for investigation. For instance,
noncooperative games, free of PDEs but considering non-
quadratic payoff functions and stubborn players, have
already been considered in [21]. On the other hand, delay
mismatches and uncertain diffusion coefficients have
been gracefully addressed in the context of ES [70] and the
adaptive control of parabolic or hyperbolic PDEs [6], [74],
respectively.
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