Automatica 188 (2026) 112930

Contents lists available at ScienceDirect
automatica

Automatica

journal homepage: www.elsevier.com/locate/automatica

l.)

Check for
updates

Partial-state DADS control for matched unmodeled dynamics™

lasson Karafyllis **, Miroslav Krstic®

2 Department of Mathematics, National Technical University of Athens, Zografou Campus, 15780, Athens, Greece
b Department of Mechanical and Aerospace Eng., University of California, San Diego, La Jolla, CA 92093-0411, USA

ARTICLE INFO ABSTRACT

Article history:

Received 24 July 2025

Received in revised form 4 November 2025
Accepted 18 January 2026

We extend the Deadzone-Adapted Disturbance Suppression (DADS) control to time-invariant systems
with dynamic uncertainties that satisfy the matching condition and for which no bounds for the
disturbance and the unknown parameters are known. This problem is equivalent to partial-state
adaptive feedback, where the states modeling the dynamic uncertainty are unmeasured. We show
that the DADS controller can bypass small-gain conditions and achieve robust regulation for systems
in spite of the fact that the strength of the interconnections has no known bound. Moreover, no gain
and state drift arise, regardless of the size of the disturbances and unknown parameters. Finally, the
paper provides the detailed analysis of a control system where the unmeasured state (or the dynamic
uncertainty) is infinite-dimensional and described by a reaction-diffusion Partial Differential Equation,
where the diffusion coefficient and the reaction term are unknown. It is shown that even in the infinite-
dimensional case, a DADS controller can be designed and guarantees robust regulation of the plant

Keywords:

Robust adaptive control
Feedback stabilization
Partial-state feedback
Matching condition

state.

© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and

similar technologies.

1. Introduction

The issue of robustness in adaptive control is very important
and has been studied by many researchers in control/stability
theory. When dealing with time-invariant nonlinear control sys-
tems and no persistence of excitation condition is assumed, nu-
merous approaches have been proposed in the literature: leakage
(see Ioannou and Fidan (2006), loannou and Sun (1996), Narendra
and Annaswamy (2005) and Sastry and Bodson (2011)), nonlin-
ear damping (see Karafyllis et al. (2024), Karafyllis and Chaillet
(2021), Krstic and Kokotovic (1996) and Krstic et al. (1995)),
dynamic (high) gains or gain adjustment (see Jiang and Praly
(1998), Krishnamurthy and Khorrami (2004), Lopez and Slotine
(2022), Marino and Tomei (1993) and Praly and Jiang (2004)),
projection methodologies (see loannou and Sun (1996) and Ap-
pendix E in Krstic et al. (1995)), supervision for direct adaptive
schemes (see Hespanha et al. (2002)) and deadzone in the update
law (introduced in the paper Peterson & Narendra, 1982 and well
explained in the book Ioannou & Sun, 1996).

Recently, a new approach was proposed in the literature
(see Karafyllis and Krstic (2024, 2025) and Karafyllis et al.
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(2025)): the Deadzone-Adapted Disturbance Suppression (DADS)
controller. DADS provides a simple, direct, adaptive control
scheme that combines three elements: (a) nonlinear damping
(as in Karafyllis et al. (2024) and Krstic et al. (1995)), (b) single-
gain adjustment (the dynamic feedback has only one state), and
(c) deadzone in the update law. The proposed adaptive control
scheme achieves attenuation of the plant state to an assignable
small level, despite the presence of (time-varying) disturbances
and unknown (time-varying) parameters of arbitrary and un-
known bounds. Moreover, the DADS controller prevents gain and
state drift regardless of the size of the disturbance and unknown
parameter. The latter property is a consequence of the practical
Uniform Bounded-Input-Bounded-State (p-UBIBS) property and
the practical Input-to-Output Stability (p-IOS) property that both
hold for the closed-loop system.

In the present note, we extend the DADS controller to time-
invariant systems with dynamic uncertainties that satisfy the
so-called matching condition (see Krstic et al. (1995) for the
definition of the matching condition) for which no bounds for the
disturbance and the unknown parameters are known. This spe-
cific control problem can equivalently be posed as a partial-state
adaptive feedback design problem, where the states describing
the effect of the dynamic uncertainty are the unmeasured states.
We show that the DADS control can allow the “escape” from
small-gain conditions (proposed in Jiang et al. (1994)) and achieve
robust regulation for systems where the “strength” of the in-
terconnections has no known bound. Moreover, as in Karafyllis
and Krstic (2024, 2025) and Karafyllis et al. (2025), no gain and
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state drift phenomena are present, regardless of the size of the
disturbances and unknown parameters.

The present work goes one step beyond the standard analysis
of dynamic uncertainties for adaptive controllers. Section 3 pro-
vides the detailed analysis of a control system where the unmea-
sured state (or the dynamic uncertainty) is infinite-dimensional.
It is shown that the DADS controller can be applied with no prob-
lem and guarantee robust regulation of the plant state despite
the presence of (time-varying) disturbances and unknown (time-
varying) parameters of arbitrary and unknown bounds. Therefore,
DADS is not limited to the finite-dimensional case and can deal
with certain infinite-dimensional cases as well.

The structure of the paper is as follows. First, we start with a
subsection that provides the notation and all the stability notions
used in the paper (some of them are modifications of well-known
notions presented in Karafyllis and Chaillet (2021), Karafyllis and
Jiang (2011), Karafyllis and Krstic (2025), Khalil (1996) and Sontag
and Wang (1996, 1999)). All the main results are stated and
discussed in Section 2. Section 3 is devoted to the study of the
case where the dynamic uncertainty is infinite-dimensional and
is described by a reaction-diffusion Partial Differential Equation
(PDE), where the diffusion coefficient and the reaction term are
unknown. Section 4 of the paper contains the proofs of all main
results. The concluding remarks of the present work are provided
in Section 5.

Notation and Basic Notions. Throughout this paper, we adopt
the following notation.

* Ry = [0, 400). For a vector x € R", |x| denotes its Euclidean
norm and x” denotes its transpose. We use the notation x*
for the positive part of the real number x € R, ie, x* =
max(x, 0).

* Let D C R" be an open set and let S C R" be a set that satisfies
D C S C cl(D), where cl(D) is the closure of D. By C%(S ; £2),
we denote the class of continuous functions on S, which
take values in £2 € R™. By C¥(S; £2), where k > 1 is an
integer, we denote the class of functions on S C R", which
take values in £2 € R™ and have continuous derivatives of
order k. In other words, the functions of class C¥(S; £2) are
the functions which have continuous derivatives of order
k in D = int(S) that can be continued continuously to all
points in dDNS. When £2 = R then we write C%(S) or CX(S).

A function f € k%OOC k(S ; £2) is called a smooth function.

* By L* (Ry; £2), where £2 C R", we denote the class of essen-
tially bounded, Lebesgue measurable functions d: R, —
2. For d € L* (Ry; £2) we define ||d||o, = sup;~g (|d(£)]),
where sup,.q (|d(t)]) is the essential supremum. When
£ = R then we simply write L*® (R,) instead of L® (R, ;
R).

* By K we denote the class of increasing continuous functions
a:R, — Ry with a(0) = 0. By K., we denote the class of
functions a € K with lims_, , (a(s)) = +oo. By KL we
denote the set of continuous functions o: Ry x Ry —
R, with the properties: (i) for each t > 0 o(-,t) is of
class K; (ii) for each s > 0, o(s, -) is non-increasing with
limy— 400 (0(s, £)) = 0.

% Let S € R" be a non-empty set with 0 € S. We say that
a function V:S — R, is positive definite if V(x) > 0
for all x € S with x # 0 and V(0) = 0. We say that
a continuous function V:S — R, is radially unbounded
if the following property holds: “for every M > 0 the
set {x € S:V(x) < M} is compact”. For V € C!(S; R.) we

define VV(x) = (3" x),..., & (x)).

 \ 0xq > Oxp

Automatica 188 (2026) 112930

x Let a < b be given constants. L?(a, b) is the set of equivalence
classes of Lebesgue measurable functions u:(a,b) — R
1

b 2
(fa |u(x)|2dx)
k > 1, H*(a, b) denotes the Sobolev space of functions in
[%(a, b) with all its weak derivatives up to order k > 1 in
L?(a, b). The closure of the class of functions f € C! ((a, b))
with compact support in H'(a, b) is denoted by H,(a, b).

with |u|| = < +o0. For an integer

We next recall certain notions of output stability that are used
in this work (see also Karafyllis and Krstic (2025) and references
therein). Let D C R be a given closed set with0 € D, f: R"xD —
R" be a locally Lipschitz with respect to x € R" mapping with
f(0,0) = 0 and h:R" — RP be a continuous mapping with
h(0) = 0. Consider the control system

x=f(x,d),xeR", deD (1)
with output
y=hx) )

We assume that system (1) is forward complete, i.e., for every
Xo € R" and for every Lebesgue measurable and locally essentially
bounded input d: R, — D the unique solution x(t) = ¢(t, xo; d)
of the initial-value problem (1) with initial condition x(0) = xq
corresponding to input d exists for all £ > 0. We use the notation

y(t, xo;d) = ~(¢(t,x0; d)) for all t > 0, xo € R" and for every
Lebesgue measurable and locally essentially bounded input d.
We say that system (1), (2) is Input-to-Output Stable (10S) if
there exist a function 8 € KL and a non-decreasing, continuous
function y: R, — R, with (0) = 0 such that the following
estimate holds for all xo € R", t > 0 and for every d € L* (R, ; D):

y(t, xo; d)l < B (IXol, ) + ¥ (Idll0) (3)

We say that system (1), (2) is practically Input-to-Output Stable
(p-10S) if there exist a function 8 € KL, a non-decreasing, contin-
uous function y : Ry — R, with (0) = 0 and a constant & > 0
such that the following estimate holds for all X, € R", t > 0 and
d € L* (R4; D):

y(t, xo: d)l < B (Ixol, ) + ¥ (lldll o) + & (4)

The constant o > 0 is called the residual constant while the
function y is called the gain function of the input d € D to the
output y.

We say that system (1), (2) satisfies the practical Output
Asymptotic Gain (p-OAG) property if there exists a non-decreasing,
continuous function ¥ : R, — R, with (0) = 0 and a constant
a > 0 such that the following estimate holds for all xg € R" and
for every d € L*° (R ; D):

limsup (ly(t, xo; d)) < ¥ (lldlloo) +& (5)

t—+00

The constant @ > 0 is called the asymptotic residual constant
while the non-decreasing, continuous function ¥ is called the
asymptotic gain function of the input d € D to the output y.

When ¥ = 0 we say that system (1), (2) satisfies the zero
practical Qutput Asymptotic Gain (zero p-OAG) property.

When h(x) = x then the word “output” in the above properties
is either replaced by the word “state” (e.g., ISS, p-ISS) or is
omitted (e.g., p-AG, zero p-AG).

We say that system (1) satisfies the practical Uniform Bounded-
Input-Bounded-State (p-UBIBS) property if there exists a function
y € Ky and a constant @ > 0 such that the following estimate
holds for all xo € R" and d € L*® (R; D):

sup (|(t, xo: d)) =¥ (Ixo]) + 7 (ldlloo) +@ (6)

t>0
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The p-UBIBS property with @ = 0 is called the UBIBS property.
The p-UBIBS property is equivalent to the existence of a continu-
ous function B: R" x Ry — R, for which the following estimate
holds for all xg € R" and d € L*° (R, ; D):

S[U0D(|¢(f,xo; d)) = B (%o, lldllo) (7)

2. Main results

In this work we study nonlinear control systems of the form

y=f0) +&W) (u+ "y, w)o +A'(y, w)d) (8)
yeR ueR,deR™ 0 cRP

w = h(y, w, )

weR, S eRY (9)

where f,g:R" — R", ¢:R" x R — RP, A:R" x Rl — R™,
h:R" x R' x RY — R are smooth mappings with f(0) = 0,
©(0,0) =0, h(0,0,0) =0, (y, w) € R" x R is the plant state, u €
R is the control input and # € R?, d € R™, § € RY are unknown
disturbances. The reader should notice the difference between 6
and (d, §) when both are considered to be perturbations: while
6 € RP is a vanishing perturbation (due to the fact that ¢(0, 0) =
0), (d, 8) € R™ x RY is—in general—a non-vanishing perturbation.
Systems of the form (8), (9) are systems that satisfy a sort of a
matching condition, i.e., the effect of both # € RP and d € R™ can
be canceled by the control input u € R if they are known. We
assume that d € [* (Ry; R™), 6 € L*® (R4; RP), § € L*® (R4; RY)
but we assume no bounds for 6 € R?, § € R? and d € R™.

Our aim is to design a partial-state robust adaptive feedback
law that depends only on y € R".

To this purpose we employ the following assumption.

Assumption (A). There exist smooth mappings V,Q :R" — R,
k:R" - R, &,R:R' — Ry, u:R" — (0, +00) with k(0) = 0,
V., Q,R, @ being positive definite and radially unbounded, con-
stants r, A > 0 and a non-decreasing function y € C° (R;; R,)
such that the following inequalities hold for all y € R", w € R!
and § € RY:

V) ) +gWky)) < —rQ(y) (10)

Vo (wh(y, w,8) < —R(w)+ v (18]) +Q¥) (11)
oy, w) = @(y, 0)1* + |AY, w) — Aly, 0)° (12)
< u(y) R(w) + A4)

oy, 01 < n(y) (QW) + A+ (VV(¥)2()?) (13)

Assumption (A) guarantees:

(i) that the feedback law u = k(y) is a global feedback stabilizer
for the subsystem (8) when 8 = 0 and d = O0; this is a
consequence of (10),

(ii) that the feedback law u = k(y) achieves the p-ISS property for
system (8), (9) when 6 = 0 and d = 0 with § € RY as input; this
is a consequence of (10), (11) and the use of a Lyapunov function
of the form U(y, w) = V(y) + %cb(w). Moreover, if ¥(0) = 0 then
system (8), (9) with input § € R? and 6 = 0, d = O satisfies the
ISS property,

(iii) that the subsystem (9) with inputs (y, §) € R" x RY satisfies
the p-ISS property; this is a consequence of (11). Moreover, if
y(0) = 0 then the subsystem (9) with inputs (y,§) € R" x RY
satisfies the ISS property.

However, due to the presence of & € RP and d € R™ we cannot
apply the feedback law u = k(y) without some modification.
Moreover, it should be noticed that since # € RP does not take
values in a compact set, the “strength” of the interconnection
between subsystems (8) and (9) is arbitrarily large and unknown.
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Inequality (12) is automatically satisfied for appropriate A >
0, #:R" — (0,+00) when ¢(y, w) = ¢(y,0) and A(y, w) =
A(y,0) for ally € R", w € R/ ie., when ¢ and A are indepen-
dent of w. Moreover, inequality (13) is automatically satisfied for
appropriate A > 0, u:R" — (0, +00).

Assumption (A) allows us to achieve robust stabilization of (8),
(9) by means of an adaptive feedback law that depends only on
y € R". Consider the DADS feedback law:

b 3
Ligggﬁlmvvwmw»B

b 3
—cOM%mP+uwnﬁi§%¥@f

b 3
—CUﬂ%0W+4)ij%%gQL

z=Texp(—2)(V(y)— )",

u=k(y) — C’(y)
VV(ye®W) (14)

VV(yey)

zeR (15)

where ¢, " > 0,a,8 € (0,1], b,C > 1 are parameters of the
controller (constants) with 2a8 < br.

We call the controller (14), (15) a Deadzone-Adapted Distur-
bance Suppression (DADS) controller. The controller (14), (15)
combines the use of deadzone (in (15)) and dynamic nonlinear
damping (in (14)). The dynamic gain z is being adapted by means
of the update law (15). However, notice that z becomes zero,
i.e., the adaptation stops, when the plant state y enters the region
defined by V(y) < e. The deadzone prevents the dynamic gain
z from growing without bound in the case where a bounded
disturbance is present.

The controller (14), (15) is simple: only one integrator is being
used. The dynamic gain z increases in order to overcome the
effect of & € R? and (d, §) € R™ x RY.

The following theorem clarifies the performance characteris-
tics that the DADS controller (14), (15) can guarantee for the
closed-loop system.

Theorem 1. Suppose that Assumption (A) holds. Let e, I’ > 0,
a,B € (0,1], b,C > 1 with 2a8 < br be given constants. Then
there exist functions w € KL, ¢ € K., a non-decreasing function
¢ € CO(R;Ry) and B € CO(R™HT x R3), such that for every
Vo, wo, 20) € R™H1 d e [® (R4 R™), 6 € L (Ry;RP), § €
L (R, ; RY) the unique solution of the initial-value problem (8), (9),
(14), (15) with initial condition (y(0), w(0),z(0)) = (Yo, wo, 2Zo)
exists for all t > 0 and satisfies the following estimates for all t > 0:

limsup (V(y(¢))) < e, (16)
t—+00
lim sup (@(w(t))) < ¢ (s + lim sup (|8(t)|)> , (17)
t—+4o00 t—>+400
+¢ (O Uldllso > 1810 » 101l o » €XP(20)))
Zo < z(t) < SETOO (z(s)) (19)
=< B (Voa Wo, Zo, ”d“oo ) ”8“00 ) ||9”oo)
where
24+ 2B8A
X (51,52, 53, S4) = gy (s2) +as1b+7ﬁ
2 t S 4 (20)
. st+(3—b—s)") + ((s3—b—s9)7)
a b —+ S4
for all s, s3, 83,54 > 0 and
Uly, w) = V() +rd(w)/2 (21)

for all (y, w) € R™. Moreover, if y(0) = 0 then E(O) = 0. Finally, if
y(0) = A =0 and lim;_, 1 (d(t)) = 0, lim;_, 1o, (6(t)) =0 and O
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is constant then one of the following holds: either lim;_, o (|y(t)|)
= lim, 100 (w(t))) = 0 or |#] > b and limg, 1 (2(s)) <
In (|0] — b).

Estimates (18) and (19) show the p-UBIBS property for system
(8),(9), (14), (15) with (d, §,0) € R™ x R? x RP as input. Indeed,
since V, @ are positive definite and radially unbounded functions,
it follows from definition (21) that there exist functions aq, a; €
Ko such that the following inequalities hold for all y € R",
w e R
a1 (Ity, w)l) = Uy, w) < az (I(y, w)l) (22)
It follows from (22) and estimates (18), (19) that for every
0. wo.20) € R™HL d e L® (R R™), 6 € L™ (Ry;RP),
8 € L* (Ry; RY) the unique solution of the initial-value problem
(8), (9), (14), (15) with initial condition (y(0), w(0),z(0)) =
(¥o, wo, zo) satisfies the following estimates for all t > 0:

ar (J(u(t), w(t))) < o (U(yo, wo), 0)
+¢ (X (1dlloo s 181log > 10110 » €XP(20)))

[z(6)] < |zo| + B (Yo, wo, 2o, [ldllec » 18]l00 5 101l 0) (24)
Combining (23) and (24) we obtain the following estimate for all
t>0:

(), w(t)] + 1z(¢)]
< a;" (@ (U0, wo), 0) + & (x (Idllog » 18llsc » 101l » €XP(20))))
+ 120l + B (Yo, wo, 20, lldllo » 18]l » 1€1100)

(23)

(25)

Estimate (25) shows that the analogue of (7) holds for system (8),
(9), (14), (15). Consequently, the closed-loop system (8), (9), (14),
(15) satisfies p-UBIBS property.

Similarly, estimate (18) shows the p-10S property for system
(8), (9), (14), (15) with constant 0, (d,8) € R™ x RY as input
and (v, w) € R* x R as output. Indeed, using estimate (18) and
definition (20), we obtain that for every (yo, wo,z9) € R"H1
deLl*® Ry R™), 0 € RP, § € L (Ry; RY) the unique solution of
the initial-value problem (8), (9), (14), (15) with initial condition
¥(0), w(0), z(0)) = (yo, wo, 2o) satisfies the following estimate
forall t > 0:

U(t), w(t)) < o (U(yo, wo), 1)

r IdlI3, + lldII%, + 161> +161* + 2.4
+¢ (5)/(||5||oo)+a = = )

(26)

Exploiting (22) and (26) we obtain the following estimate for all
t>0:

ar (J(y(t), w())) < w(022(|(yo,wg)|),t) ) .
d d 0 0 28A
+§(gy(||5||m)+ail I3 + IdIS, + 1617 + 161" + 28 )

b
(27)
Using (repeatedly) the fact that a (s + p) < a(2s)+a(2p) for every

a € K, and for every s, p > 0, we obtain from (27) the following
estimate for all t > O:

v(8), wt)l < a7 Qe (a2 (1Yo, wo)D) , 1))

2+ lldId,
b (28)

. lldl|
+a; |20 (ry (I8llo) + 2a

( ( l6* + |9|4+2/3A)>

Estimate (28) shows that the analogue of (4) holds for the closed-
loop system (8), (9), (14), (15) with constant 6, (d, §) € R™ x RY
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as input, (y,w) € R" x R' as output and residual constant
2 1612+]6]*+284 _
¢ (20— )) Consequently, the closed-loop system
(8),(9), (14), (15) with constant 0, (d, §) € R™ x RY as input and
(v, w) € R" x R! as output satisfies p-I0S property.

Estimates (16)-(20) and definition (21) indicate how the con-
troller parameters affect the behavior of the closed-loop system.
For example, (16) shows that the zero p-OAG property holds for
the closed-loop system and that a smaller ¢ > 0 guarantees
a smaller asymptotic residual constant. The proof of Theorem
1 shows that the function { € K. that appears in (18) is
independent of the controller parameters ¢, I" > 0, a, 8 € (0, 1],
b, C > 1 and depends only on the functions V, Q, R, @ and the
ratio aB/b (see (67) and (70) in the proof of Theorem 1): the
smaller the ratio a8 /b the smaller ¢ is. Therefore, it becomes clear
from (20) —in an almost quantitative way—how the controller
parameters affect the gains of the external inputs d, 6, §. For
example, (20) shows that an increase of b reduces the gains of
d and 6.

It can be shown (see the proof of Theorem 2 below) that
Assumption (A) is automatically satisfied when the following
assumptions are valid:

(B1) Subsystem (9) with inputs (y,§) € R" x RY satisfies the ISS
property,

(B2) There exists a smooth mapping k: R" — R with k(0) = 0
such that 0 € R" is globally asymptotically stable for the closed-loop
system (8) with & = 0, d = 0 and u = k(y).

On the other hand, it should be noticed that assumptions (B1),
(B2) are not equivalent with Assumption (A). For example, the

system y = u+0w?, w = — (w? — 1—y?) w withy, u,w,0 € R
satisfies Assumption (A) with k(y) = —y — ¥, V(y) = y?/2,
W=y +yhr=14 =0 uy = 2 ow) = w?/2,

R(w) = w*/2 and y(s) = 1. However, assumption (B1) is not
valid since the subsystem w = — (w?> —1—y?)w withy € R
as input is not ISS. To see this, notice that 0 € R is not globally
asymptotically stable when y = 0 (because there are the non-zero
equilibrium points w = £1).

Exploiting assumptions (B1), (B2
result.

), we obtain the following

Theorem 2. Suppose that assumptions (B1), (B2) are valid for
system (8), (9). Then Assumption (A) holds.

3. DADS is not limited to finite-dimensional systems

The partial-state DADS controller may be applied even in cases
where the unmeasured state component belongs to an infinite-
dimensional space. To illustrate this point, consider the following
system

we(x) = pww(x) + 1K(x, y)
w(0)=w(1)=0 (29)
y=u+6L(w)+d

where x € [0, 1] is the spatial variable, y € R, w € H? (0, 1) N
H(} (0, 1) are the state components, u € R is the control input,
d € R is the disturbance, & = (01,6,) € R? are unknown
possibly time-varying parameters, p > 0 is an unknown constant
parameter, K: [0,1] x R — R is an unknown function and
L:H? (0, 1)NH} (0, 1) — R is an unknown functional that satisfy
the following inequalities for all x € [0,1], y € R and w €
H? (0, 1) NH} (0, 1)

IK(x, y)I <yl (30)

where ||w]| is the standard norm in L? (0, 1). Of course, it should
be noted that in order to be able to guarantee existence and

IL(w)l < flwll,
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uniqueness of solutions of an initial-boundary value problem for
system (29) additional assumptions are required for the function
K: [0, 1]xR — R and the functional L: H? (0, 1)NH, (0, 1) — R.
However, next we do not study existence/uniqueness issues for
system (29) and we focus only on the control issues.

We seek a robust adaptive controller that depends only on
¥y € R and guarantees robust practical regulation of the state of
system (29). The feedback stabilization problem described above
is highly non-trivial. First of all, almost nothing is known about
the dynamics of the unmeasured state w: 61,6, € R, p > 0 are
unknown constant parameters, K and L are unknown functionals
that satisfy (30). Secondly, it should be emphasized that even
when d = 0 and 6 is constant, the equilibrium (y, w) = (0, 0) of
the open-loop system (29) can have exponentially increasing (in

norm) solutions. For example, when d = 0, L(w) = — fol w(x)dx,
K(x,y) = le’jz’pz”y and 6 (14 2p) = 6,6, then (30) is valid and

y(t) = 6, exp(t)/6, w(t,x) = exp(t)x(x — 1) is an exponentially
increasing (in norm) solution of the open-loop system (29).

System (29) is not a straightforward extension of the finite-
dimensional case (8), (9). Indeed, the reader can notice that (29)
allows the unmeasured state w to be directly affected by the
unknown possibly time-varying parameters 6 = (64, 6,) € R
Moreover, it should be noted that the dynamics of the unmea-
sured state contain an additional unknown parameter, namely
the diffusion coefficient p > 0, which is not denoted in the same
way as the other unknown parameters (e.g., we do not use the
notation 65 for the diffusion coefficient) because it is a constant
parameter. Therefore, the DADS feedback design procedure that
is described below is slightly different from the design described
in the previous section. Moreover, the obtained results are also
slightly different: we obtain stability estimates with different
powers from the powers appearing in (20). Consequently, the
present application shows that partial state DADS feedback may
be possible in cases more demanding than (8), (9).

To design the DADS feedback, we use the functionals

@ (w) = [w|? /2 (31)
V(y) =y*/2 (32)
Using (29), (30), (31), integration by parts and Wirtinger's
inequality (|lwyll> > 72 [|w||* for w € H? (0, 1) N H{ (0, 1)) we
get:
1

& =—plluxll>+6; [ K(x, y)w(x)dx

A (33)
< —p* wl> + 164 Iyl 1wl

We next use repeatedly the inequality ZH < % + %HZ that holds
forallZ,H € R and T > 0 and for each inequality we give what
Z,H and T are. Using the fact |6;| < |@| and the inequalities
161
lwll? + 5,
pm
(obtained for Z = 0] |y| ,H = ||w|| and ¥ = pn2/2)

2

p

7] < —
O]yl lwll < 2

61 »_ 1ot 4
pr?” = aprga Y

2
0]

(obtained for Z = —

s, H=y*and 1 =2)
p

we get from (31), (33) for w € H2 (0, 1) N H& 0,1),yeR:

. 3pm? 4
b <P gy e (34)
2 4p2m4 5 )
Using the inequality |6] Iyl lwl < B3 wl* + $U5y%, (ob-

tained for Z = |64 |y|, H = ||w|| and ¥ = pz?) we also get from
(31), (32), (33):

Automatica 188 (2026) 112930
H 2 |91|2
¢ < —prnd(w)+ PV(;V) (35)
Let b > 1 > a > 0 be given (arbitrary) constants. Using (29),
(30), (32) and the facts |6,] < 18], |16] < (18] — b — exp(z))™ +
(b + exp(z)), we get for all w € H? (0, 1)NH} (0, 1),y € R,z € R,
deR:

V = yu+ 6yL(w) + yd

<yu+ (6] — b —exp(z))” Iyl llw]| (36)
+ (b +exp(2)) Iyl |wll + yd
We also get
yd < ad® b+ exp(z)yzy
b + exp(z) 4a
2
(obtained forZ=y,H=dand T = 70)
b + exp(z)
(b + exp(2))® , - a (b + exp(z))’ ,
apm? ~ p2 (b + exp(z)) 40374 ’
b 3
(obtained for Z = Wyz,
am
H=1/pand T = 2
=P " b+ exp(z)
apr? , (b+exp(z)? ,
b e S— e
(b +exp(2)) Iyl llwll < 2(b+ exp(2)) lwl” + apr?
(obtained for Z = (b + exp(2)) ly|,
apn?
H = and = ———
i 20+ exp(@)
161 — b — exp@)* Wl < P jul?
~ 4(b+ exp(z))

b
CLIED (o1~ b - explz)) )y

(obtained for Z = |w| , H = (|6] — b — exp(z))* |yl

and ¥ = M
apm?
brexse) o0 e, a4
baan (?9' - exp(z)") v < p? (b + exp(z))
+
% (461 —b— exp(z))+)4y4
(obtained for Z = % ((|9| _bh— exp(z))+)2y2,
2a

H=1/pand T = m

(b+ exp(z))

s (01 =b—exp@)*)"y*
8
((16] — b — exp(z))") (b+ exp(z)) 4
b + exp(z) 64a678
(obtained for H = ((|6| — b — exp(z))+)4,
7 (b + exp(2))* 2a )
T 4a3nt b + exp(z)
Thus, we obtain from (31), (36) for all w € H? (0, 1) N H; (0, 1),
yeR zeR, deR:
,_ b+ exp(z))’ ¢ (b+exp(z)’ , b+exp(z) ,
64ab78 4a§’7r4 4a y
+ad2 + (0] — b —exp(z)")" + 2p~2 + pr2P(w)
b + exp(z)

y*and T =

(37)

+yu
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The fact that b > 1 > a > 0 in conjunction with (37) implies
that the following inequality holds for all w € H? (0, 1)NH, (0, 1),
yeR,zeR, deR:

. b + exp(z2))’
nyu+%(y8+y“+y2)

L (0] = b = exp(@)")° + 2 + prd(w) (38)

b+ exp(zg
Let ¢ > 1 be a given (arbitrary) constant. By virtue of (32), (38)

the feedback law

(b + exp(z))’
u=—c <1+T> OV +y+y) (39)

guarantees the following differential inequality for all w € H?
(0,1)NH)(0,1),yeR,zeR, deR:

V<=20V(y)— oyt — o
d? + ((16] — b — exp(z))*)” + 2p~% + prPd(w) (40)
i b+ exp(z)

The sole reason for the appearance of the seventh powers in
(39) and the eight powers in (37), whereas such powers do not
appear in (14), is that the w— system (29) includes a dependency
on the unknown parameter 6, which has to be dominated in
the DADS design, while the w— system (9) has no such 6—
dependency.

Let ¢, I' > 0 be given (arbitrary) constants. The DADS feed-
back law (39) with (15) can guarantee the practical regulation of
the plant state and boundedness of solutions for every bounded
parameter § = (0,6,) € R?, for every bounded disturbance
d € R and for every initial condition. In order to understand how
all these properties are achieved, we provide the following result.

Theorem 3. Lete,I" > 0,c > 1,b > 1 > a > 0 be given
constants. Then every solution

w € C%(Ry; L2 (0, 1)) NCT((0, +00) ; L2 (0, 1))
w € C°((0, 400) ; H2 (0, 1) N H} (0, 1))

)

z € C'(Ry;R), y € CO(Ry;R) being absolutely continuous on
every compact interval of R, of the closed-loop system (29) with
(39), (15) which satisfies w¢(x) = pwx(X) + 01K (X, y), (38), (15) for
allt € (0,400) and y = u + 6,L(w) + d for t € (0, +00) a.e.
for some d € L® (Ry), 6 € C° (Ry; R?) N L™ (Ry; R?) satisfies the
following estimates for all t > 0

lwlt]? + y*(t) < exp (—«t) (Ilw[0]]I* + y*(0))

2 8 ) 4 41
4 2q M0EAIO1E 2 2\1\3% (41)
z(0) < z(t) B (42)
< In (exp(z(0)) + B (J 4+ 2p~2 + [w[0]|I* + y(0)))
. V2 .
limsup ([lw[t]l) = — limsup (|61(t)]) (43)
t—+o00 P t—s4o00
limsup (|y(t)) < v2e (44)
t—+o00
where | = [[dI%, + 1013 + 1015, B = CCEIEL, o =

4p712 (bK +ap712) +2bK[J27[4+b
4pr2bi

min (# 2c) and K =

It should be noticed that (41) shows an infinite-dimensional
version of the p-I0S property of the closed-loop system (29)
with (39), (15) and output (w,y) € [?(0,1) x R. Moreover,
the combination of (41) and (42) shows an infinite-dimensional
version of the p-UBIBS property. On the other hand, when 8 is
constant, the asymptotic estimates (43) and (44) show the zero
p-OAG for the closed-loop system (29) with (39), (15) and output
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(w,y) € I2(0,1) x R. Estimate (44) alone shows the zero p-
OAG property for the closed-loop system (29) with (39), (15) and
output y € R even in the case of time-varying 6.

Again, it should be noted that the difference between (18) and
(41) (different powers in ||d||,, and [|0]|,) is explained by the fact
that (29) allows the unmeasured state w to be directly affected by
the unknown parameters, while this is not the case in (8), (9). Due
to this structural difference, the DADS feedback design procedure
is slightly different here from the design described in Section 2
and the obtained results are slightly different. It should be noticed
that the infinite-dimensional character of the unmeasured state
component w plays no role in this. To understand this point, we
note that for every ¢, I',p > 0,c > 1,b > 1 > a > 0 exactly the
same estimates (41), (42), (43), (44) - with ||lw] replaced by |w|
- are obtained for the finite-dimensional closed-loop system

W = —prw + 01y
y=u+6bw+d (45)
y, w,u,d R, 0 = (64, 0,) € R?

with (38), (15). System (45) is not a system of the form (8), (9)
since 6 appears in the equation for w. That is why we noted
above that the present application shows that partial state DADS
feedback may be possible in cases more demanding than (8), (9).
We also mentioned in the Introduction that the DADS control
can allow the “escape” from small-gain conditions. System (45)
with constant 6 illustrates this fact: if we design a partial-state
feedback law u = —ky based on the methodology proposed
in Jiang et al. (1994), then we realize that the feedback law u =
—ky guarantees the ISS property from the input d only when the
small-gain condition |616,| < kpm? holds. In other words, in order
to be able to achieve robust stabilization by means of partial-
state feedback, we have to use a sufficiently large controller
gain k > 0 which requires knowledge of the “strength of the
interconnection” |616,| and p > 0. The DADS feedback allows us
to avoid such limitations and does not require knowledge of |66, |
and p > 0.

The proof of Theorem 3 is similar to the proof of Theorem 1.
We next give a sketch of the proof of Theorem 3.

Sketch of Proof of Theorem 3. We repeat the steps of Theorem
1.

(1) By utilizing the functional

U@, w) = (lwl®+y?) /2 (46)

defined for all w € I?(0,1), y € R, and exploiting (34), (40)
and the facts that b > 1 > a > 0

, ¢ > 1, we obtain for all
weH?*0,1)NH}(0,1),yeR zeR, deR:
2
U < —min (%JG) Uy, w)
; o/ “7)
b (d2 6] — b)* 2*2)
+b~'a(d* + (161 = b)*)" +2p 4o

Differential inequality (47) and definition (46) show that ev-
ery solution w € C°(Ry:L?(0,1)) N C'((0, +00); L% (0, 1)),
z € C"Ry;R), w € CO((0,400); H* (0, 1) NHy (0, 1)), y €
C% (R4; R) being absolutely continuous of the closed-loop system
(29) with (39), (15) which satisfies w;(x) = pwx(x) + 61K(x, y),
(38), (15) for all t € (0,4o00) and y = u + 6,L(w) + d for
t € (0,400) ae. for some d € L®(R;), 6 € C°(Ry;R?) N
L (R+; RZ) satisfies estimate (41) for all t > 0.

(2) Next we show that z(t) is bounded. Exploiting inequality (40),
definition (31) and estimate (41) we get for t > 0 a.e.:

d
75 VO(O) = =2cV(1(£) + R (b + exp (z(t) ™ (48)
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where R = ak (|ld|12, + 011% + 1011%, +2p~2 + [w[0]]1* + y*(0)).
Therefore, by using Lemma 4.1 in Karafyllis and Krstic (2025) we
can guarantee estimate (42) for all t > 0.

(3) We next show estimate (16). Estimate (42) and the fact that
z(t) is non-decreasing guarantees that the function z(t) has a
finite limit as t — 4-o0. This implies that the function exp(z(t))
has a finite limit as t — +-o00. Moreover, the facts that d €
[®®y), 0 € (R R?), Jwlll,y.u € [®(R;) and (29),
(39) imply that % (V(y(t))) is of class L* (R,). It follows that the

function <4 (exp(z(t))) = I' (V(y(t)) — &) is uniformly continu-

dt
ous, in addition to f0+°° % (exp(z(t))) dt = lim;_, o (exp(z(t))) —
exp(z(0)) < +oo. From Barbdlat’s Lemma (see Karafyllis and

Chaillet (2021) and Khalil (1996)), we have:

d
: hd 0 o) —
Jim ( p (EXP(Z(t)))) = lim_ (rve)—e*)=0  (49)
Therefore, estimate (16) holds.

(4) We finally provide an asymptotic estimate for the unmeasured
state w. Differential inequality (35) in conjunction with (16) show
that

&
lims 01(t)1?
o L+ip(| 1(0)%)

limsup (@ (w(t])) <
t—+o0

The above estimate in conjunction with definitions (31), (32) and
estimate (16) show that the asymptotic estimates (43), (44) are
valid. <

4. Proofs of main results

For the proof of Theorem 1, we use the following technical
lemma.

Lemma 1. Let p € Ky, T,&e > 0 be given. Then there exists a
positive non-increasing function c,: R, — (0, +00) such that for
every absolutely continuous function V: [0, T) — R, and for every
non-increasing function « € C° ([0, T) ; Ry.) for which the following
differential inequality holds for t € [0, T) a.e.

V(t) < —p (V(1)) + a(t) (50)
the following estimate holds for all ty € [0, T) and t € [ty, T)

V(t) < min (Sv sexp (—c, (5) (t — o)) + = + — (m)) (51)
2 cls)

where s = V(0) + p~! («(0)).

Proof of Lemma 1. We first construct the positive, non-increasing
function c.: R, — (0, +00) so that

¢ (1) (r - §)+ <p() forallt >0 (52)

In fact, we can give a formula for c,: R, — (0, +00): the reader
can verify that the function defined by the formula

c.(t) =
2p (1
min { 1, inf L():£<1§r for T >¢/2 (53)
21—¢ 2
1 for t€]0,¢/2]
is a positive, non-increasing function ¢.: Ry — (0, +00) that
satisfies (52).

Define the function for t € [0, T)

10 =3 (VO - @) (54

Then we get from (50), (54) the following differential inequality
fort €[0,T) a.e.:

) < (V(£) = p~ " @(0)) " (—p (V) + a(t))
< — (V(t) = p " (@(0)) " (o (V(t)) — (0)) < O
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Therefore, the function A defined by (54) is non-increasing on
[0,T) and we obtain the estimate for t € [0,T) (recall that
s=V(0)+ p~" (@(0))):

V(t)<s (55)

It follows from (50) and (52) that the following differential
inequality holds for t € [0, T) a.e.

V() =~ o) (Vo - 5) "+ et (56)

Since c,: Ry — (0, +00) is non-increasing we get from (55)
and (56) that the following differential inequality holds for t €
[0,T) ae.

V() <~ (VO - 5) +eo (57)

Consequently, we conclude from (57) and the fact that o €
C%([0,T); R,) is non-increasing that the following inequality
holds for all to € [0, T) and t € [to, T) a.e.

e

V(e) < —c. 9 (V(6) = 5 ) +alto) (58)

Integrating directly (using the integrating factor exp (c. (s) t)) the
differential inequality (58), we obtain for all t; € [0,T) and
t e [to, T)

V(t) < exp (—c. (s) (t — to)) V (to)

+ (8 +2 (t0)> (1 —exp (¢ (5) (t — £o))) 9

2 ce(s)

Combining (59) and (55) we get (51) for t € [tp, T). <

We can now give the proof of Theorem 1. We would like to
emphasize the fact that the proof of Theorem 1 is significantly dif-
ferent from the proofs given in Karafyllis and Krstic (2024, 2025)
and Karafyllis et al. (2025): here the obtained inequalities are very
different and we have to deal with two Lyapunov functions (V
and @).

Proof of Theorem 1. First we show some useful inequalities. We

next use repeatedly the inequality ZH < % + %Hz that holds for
all Z,H € Rand T > 0 and for each inequality we give what
Z,H and T are. Using the inequality

IVV(¥)gW)l loy, w) — ¢(y, 0)] 6]

b
< e 46Xp(z)u(y) (VV(y)g)? 1ol
ap

ap ley, w) — @y, 0)°
(b + exp(2)) n(y)

obtained with Z = [VV(y)g(¥)| 0], H = |¢(y, w) — ¢(y, 0)| and
T 2 we get for (y, w, 0) € R™H?:

_ a,
T (btexpz)u(y)’

VV@IEWe! (v, w) < IVVE)IEW)l le(y, w)l 16
< |IVVEgW)l lely, w) — o(y, 0)] 6]
+IVVYIgW)l ey, 0)] 6]

b
< D20 ) Ty 1o
ap

aﬁ |§0(y’ w) - (p(yv O)|2
(b + exp(2)) u(y)
The inequality |8] < (/6] — b — exp(z))* + b+ exp(z) implies that
161> < 2/((16] — b — exp(z))*)” +2 (b + exp(2))*. Thus, we obtain
from the above inequality for all (y, w, ) € R*THP:
VV(y)g(y)rpT(y; w)f < VW) le(y., 0)l (b + exp(z))
(b + exp(2)) 2, aBle(y, w) — (y, 0)|
_ vV
2ap wy) (VV(yelyD” + b+ exp@) 1)
+|VVy)EW)l le(y. 0)l (16| — b — exp(z))*

b
+%ﬂp(z)u(y) (YVIE0)? ((16] — b — exp(2)*)

+IVVEW)Il le(y. 0) 16|
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Completing the squares and getting
[VV(y)g)l le(y, 0)l (b + exp(2))

ap lp(y, 0)? (b + exp(2))> 5
vV
= b+ exp() 1) 2ap w) (VV(y)ey)
(obtained for Z = |VV(y)g(y)| (b + exp(z)),
2ap
H= .0 dy=—"%2"
oy, ) an (b + exp(2)) 1(y)

IVV»gW)l ey, 0)] (18] — b — exp(z)) ™

_ (081 = b — exp(z)*)”

b + exp(z)

+ L) (Y (y)g(y))? ey, 0)2

(obtained for Z = |VV(y)g()l l¢(y. O)] ,
2a

b+ exp(z))

H= (6| —b—exp(z))" and T =

b
%ﬁpmm (VYR (18] b — exp(z)*)’
(der—b— exp(z)) )"
b + exp(z)
(b + exp(z))’
1642

W) (VVg)?

b + exp(z)
2aB

(obtained for Z = ny) (VV(y)gW)?,

2
H = ((16] — b — exp(z))*)” and T = ﬁzp(z))

we get for all (y, w, 8) € R™P;
VV(y)sw)e' (v, w)e

3(b 3
< 20+ expiz) :eXp(Z)) 1Y) (VV()g)?
aB

(161 — b — expz)*)* + (161 — b — exp(z)*)”
“+a
b + exp(z)
aB (lp(y, w) — o(y, 0)1° + lo(y, 0))
(b + exp( Z(S?)Jr exp(z)) u(y)
+ P2 Qviy)g)? el 0)2

4a
3 Nz(Y) 4
+b+exp)” -3 52 (VV(yleW)

We also have for all (y, w, d) € R*T+m:

VVEWAT(y, w)d < [VV(y)g)I Ay, 0)] |d|
+IVV(g)l 1ALy, w) — Ay, 0)] |d]
Using the facts that

IVV(y)g)l 1A(y. 0)] |d|

b + exp(z) ) 5 ald)?
— Ay, 0)|° (VV —_—
< " Ay, 0)1° (VV(y)g(y))” + b+ exp(2)
(obtained for Z = |VV(y)g(y)| |A(y, 0)| ,
H=|d| and T = 2
b + exp(z)

IVV)g)I ALY, w) — A(y, 0)] |d|
_ WBIAY, w) — AW, 0)?
(b + exp(z2)) n(y)

b
+OEEVEDID) (v )50y a2
ap

(obtained for Z = |A(y, w) — A(y, 0)],

(60)
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b
H = [VV()g)l ld] and 1 = 2T P LO),

2aB8
we get for all (y, w, d) € RMH™:
VV(y)gA' (y, w)d

b
< bFexb@) LY Gy ay)? (P

- 4ap
b
+2 2P 1y o) (VY g
ald)? ap |A(y, w) — Ay, 0)|?
b + exp(z) (b + exp(2)) u(y)
Completing the squares and getting
b
CLEPIDED (Vvyem)? dr
ald/* (b + exp(2))* u?(y) a
= e 640 57 (VV(yleW)
(obtained for Z = (b + exp(2)) uly) (VVEW)?,
4aB
2 _ 2a
H=|d“ and T = P n exp(z))
we obtain:
ald?+ald*

T
VVEWATY. wid < == exp(z)

ap Ay, w) — Ay, 0)1?

(b + exp(z)) u(y)

(b + exp(2))* u2(y) 4
640342 (VV(y)g(y)

b
PO iy 02 (Vi)
Combining (60), (61) and (12), (13), we obtain:

VVEW) (9" (v, w)o + AT (y, w)d)

b
= (1. O0F 100, 00P) “T2PE) gy g5y

(161 — b — exp(z)*)” + (161 — b — exp(z)) )"
b + exp(z)
ap R(w)+Q(y)+24) ap
b + exp(z) b + exp(z)
5u*(y)
64a3p?
3 (b + exp(z))*
+ 4ap

Since b + exp(z) > b and (b+expz))® > b + exp(z) (a

consequence of the fact that b > 1), a, 8 € (0, 1], we get for
all (y, w, d, §) € RMHHm+p;

(61)

+a

(VV(y)g))?

|d|* + |d|*
b + exp(z)

+ (b + exp(z))? (VVy)E)?! +a

) (VV(y)gy)?

di* +|d|*
VVIE) (¢, w)6 + ATy, wid) < @l 1

~ b+ exp(z)
af Rw) + Q) +24)  (b+ exp(z))? )
b+ exp(z) g (VV(y)gy)
(161 — b — exp(z))*)” + ((16] — b — exp(z))*)"
b + exp(z)

+ (AW 0)* + le(y. 0)I* + 1(y))

(b + exp(2))?
e

+a(

(b + exp(2))>

prE (VV(yEW)?

w2y (VV(y)gy)?

(62)
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Using definition (21), (8), (9) and (14) we get for all (y, w, d, 8, §)
e Rn+l+m+p+q;

U = V() (F) + 0K + = Vd(w)h(y. w. 8)
+VV»EW) (0" (v, w)o + AT(y. w)d)

B (b+exp(z)?® , 4
C—spm gz M W (VV(yIeW) (63)

b 3
€ (1. )P + lp(y. O)1) % (V)
(b + exp(2))?

—CE+D

V=vv@y)({f (y)3+ gky))
—c%uzm (VYR
+VV(E)EW) (" (v, w)6 + AT(y, w)d)

b 3
€ (1A, O + le(y. 0)P) w (YY)’
(b + exp(z))’

Sp (VV(yEW)?

Exploiting (10), (11), (62), (63), (64), and the facts that C > 1,
2apB < br, we get for all (y, w, d, 6, §) € RHH+m+p+a;

(VV()g)?

(64)

—Cuy)+1

: roap |dI* + |d|* + 284
U<- <5 — ?) (R(w)+ Q(J/)) +GW
r (161 — b — exp()*)* + (1] — b — exp(z))*)"
+§y(|8|)+a b + exp(z)
(65)
2 4

V< —Log) 4+ o401+ B Rw) +24)

2 , b + exp(z) A (66)
ta ((16] — b — exp(z))*)” + ((10] — b — exp(z))™)

b + exp(z)

Since V,Q,R, @ are positive definite and radially unbounded
functions and since 2aB < br, there exists p € K, 0,0, M,y €
Ko such that

(g - %) Rw)+ Q) = U, w)) (67)
Q) = 20 V(Y), Q) < F (V) (68)
M (@(w)) = Rw) = 5 (S(w) (69)

Combining the above inequalities with (11), (65), we obtain for
all (y, w, d, 0, 8) e RH+m+p+a;
|d|? +1d|* + 284

. _ r
Us<-pUY,w)+ 5y () +a b+ exp(z)

(161 —b—exp(@) ") + (61 —b—expiz)) 7
+a
b + exp(z)
b < =5 (@(w) +7 (18] + V() 1)

where y(s) := y(s) + y(s) for s > 0.

We next notice that there exist functions w € KL, ¢ € K, with
the following property: for every T € (0, +o0], = > 0 and for
every absolutely continuous function Y: [0, T) — R, for which
the following inequality holds for t € [0, T) a.e.:

Y(t) < —p(Y(0) + 7 (72)
the following estimate holds for all t € [0, T):
Y(t) < @ (Y(0), £) + ¢ (1) (73)
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The existence of functions @ € KL, ¢ € K. follows from
Lemma 2.14 on page 82 in Karafyllis and Jiang (2011) and by
noticing that (72) shows that the implication

Y(£) =57 Q) = V() < =5 (Y(1) /2

holds for t € [0, T) a.e.

Similarly, there exist functions @ € KL, { € K, with the
following property: for every T € (0, +o00], = > 0 and for every
absolutely continuous function Y: [0,T) — Ry for which the
following inequality holds for t € [0, T) a.e.:

Y(E) < —p(Y(t) + 12 (74)
the following estimate holds for all t € [0, T):
Y(t) <@ (Y(0), t) + ¢ (%) (75)

Combining (21), (66), (69) we obtain for all (y,w,d,0,8) €
Rn+l+ﬂ1+P+Q:

. di> + |d|* + 284 + BM (2r~'U(y,
V< —pipy 4ot +f +AM (2r'U(y. w))
+ exp(z)

(161 = b — exp(z))*)” + ((16] — b — exp(z))*)"
b + exp(z)

+a

(76)

By virtue of Lemma 1 there exists a non-increasing function
c.: Ry — (0,+00) such that for every absolutely continuous
function V: [0, T) — R, and for every non-increasing function
a € C°([0,T);R,) for which the differential inequality (50)
holds for t € [0, T) a.e., the estimate holds (51) for all t5 € [0, T)

and t € [ty, T).
Moreover, define for s > 0:
~ 2aS
Als) == 1+ max [ exp(s), = — b}, 77)
ec. (5)
~ rs
G(s) .= In | A(s) + — (78)
¢ (S)

where
S:=282 425"+ 284
+BM (2r~'w (s,0) +2r'¢ (x (s, 5,5, 0)))

and S = s+ p~'(ab~'S). Notice that both A and G are non-
decreasing functions.

Let arbitrary (yo, wo,z9) € Rl d e L® (R ;R™), 6 €
L[* (Ry; RP), § € L*® (R4 ; R?) be given. Using standard theory we
conclude that there exists a unique solution (y(t), w(t), z(t)) of
(8), (9), (14), (15) with (y(0), w(0),z(0)) = (Yo, wo, Zo) defined
on a maximal interval [0, tpq), Where t;q.x € (0, 400]. For every
t € [0, tmax), we have from (15) that z(t) > 0. Therefore, z(t)
is non-decreasing on [0, tye) and z(t) > zo for all t € [0, tpex)-
Moreover, the mapping

P +1d1* + (101 = b= 2)*)" + (101 = b= 2)*)" + 284
‘ b+Z

is non-increasing. Using (70), we conclude that the following
inequality holds almost everywhere in [0, tye):

Z—

d
o OO WD) = —p UKD, w(t) (79)
+x (ldlloo s 18lloo s 101l » €XP(20))

Therefore, (72), (73) imply that (18) holds for t € [0, tiqex).

It follows from (76) and estimate (18) that the following
inequality holds for t € [0, tpqy) a.e.:
as

d
a V@) < —p V(1)) + b—i—Tp(z(t)) (80)
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where
s == U(Yo, wo) + |zo] + 10lloe + lIdlloe + 18]l
S =25 +2s*+2B8A
+BM (2r7'w (s,0) + 2r7'¢ (x (s, 5,5, 0)))
It follows from the fact that z(t) is non-decreasing on [0, tyax),
(80), (81), (21) and (51) that the following estimate holds for all
to € [0, tmax) and t € [to, tmax):

V(y(t))

min (5, Sexp (—c (S) (t — to)) + % +

(81)

=<

as
¢ (S) (b + exp(z(to)))
(82)

where S = s+ p~' (ab™'5).
Next, we show that z(t) is bounded on [0, t;gy). Since z(t) is

non-decreasing on [0, tpygy), We have z(t) > zo for all t € [0, tiax).

We distinguish the following cases:

Case 1: exp(z(t)) < A(s) for all t € [0, tyax) It follows from (78)

that z(t) < G(s), for t € [0, timax)- N

Case 2: There exists T € (0, tyqy) such that exp(z(T)) > A(s). Since

exp(z(0)) < exp(s) < A(s), (recall (77), (81)), continuity of z(t)

guarantees that there exist ty € (0, T) such that:

=A(s)

exp(z(to)) (83)

It follows from (77) that exp(z(tp)) >

2aS

ece (S)

— b and conse-

as £ :
quently, B brenpio) < £. Therefore, we obtain from (82) for
all t € [to, tmax):
V(y(t)) < min (S, Sexp (—c; (S) (t — to)) + ¢) (84)
Using (15) and inequality (84), we have for t € [tg, tma):
d _ _
7 (©PE() = I'Sexp (—c: (S) (¢ — o) (85)

Integrating (85) and using (83), we obtain for all t € [tg, tmax):

rs rs
c (S) c (5)

Since z(t) is non-decreasing, inequality (86) holds for all t €

[07 tmax)-
It follows from (77) and (86), (78), (81) that in both cases the
following estimates hold for all t € [0, tpx):

exp(z(t)) < exp (z(to)) + < A(s) + (86)

zp < z(t) < G(s)
|z(6)] = G(s)

Estimate (88) implies that z(t) is bounded on [0, tpgy).

Definition (21), estimate (18) and the fact that V, @ are posi-
tive definite and radially unbounded functions guarantee that the
component (y(t), w(t)) of the solution (y(t), w(t), z(t)) of (8), (9),
(14), (15) with (y(0), w(0),z(0)) = (o, wo, Zo) is bounded on
[07 tmax)-

Consequently, tm = +00. Moreover, estimate (18) holds for
all t > 0. Estimate (18), Eq. (14) and the fact that V, @ are positive
definite and radially unbounded functions allow us to conclude
thaty € [® (R R"), w € [*(R;RY), z € [®(Ry;R) and
ueL®Ry; R).

Since z(t) is non-decreasing and bounded from above, lim,_, ,
(z(t))exists. Thus, we obtain (19) from (87) with

B (yo, wo, 20, ldllo  181lc » 101l00)
= G (UWo, wo) + |2o] + 101loc + lldll oo + 1181l00)

s+1

and 5(5) = J, G(Ddl for s > 0 (notice that E:R+ — Ry isa
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non-decreasing, continuous function that satisfies E(s) > G(s) for
all s > 0).

We next show estimate (16). Estimate (87) and the fact that
z(t) is non-decreasing guarantees that the function z(t) has a
finite limit as t — +oo. This implies that the function exp(z(t))
has a finite limit as t — +o0o. Moreover, the facts that d €
[® (R4 R™), 0 € [® (R11RY), y € L% (R R, u € [ (Ry),
w € L*(R4; R') (boundedness of u comes from (14) and the
fact that y,z are bounded) and (8) imply that % V(L)) is
of class L* (Ry). It follows that the function % (exp(z(t))) =
I (V(y(t)) — &)™ is uniformly continuous, in addition to

+oo d
/ — (exp(z(t)))dt = lim (exp(z(t))) — exp(zo) < +o00.
0 dt t—>+00

From Barbdlat’s Lemma (see Karafyllis and Chaillet (2021) and
Khalil (1996)), we have:

lim
t—+o00

d
<E (eXD(Z(f)))) = lim_ (rvpe)—e*)=0  (89)

Therefore, estimate (16) holds.
Exploiting (71), (74), (75) we get for T > 0and t > T:

D(w(t)) < w (P(w(T)), t —T)

_ (90)
+¢ (7 (supszr (18(S) + V()

Using estimate (18) and definition (21) in conjunction with (90),
we getforallT >0andt >T:

P(w(t)) < ¢ (¥ (sups=r (18(5) + V(¥(s))))

+o (4r~'o (U(yo, wo), 0) , t — T) (91)
+@ (4r7¢ (x (Idllo » 18llog > 16]lo » €XP(20)) , t — T)
Consequently, we obtain from (91) for all T > 0:
li[miup (@) <¢ (7 (Surp (18(s)l + V()f(S))))) (92)

Next, we show estimate (17). Let arbitrary ¢ > 0 be given. Then
there exists T > 0 such that

[8(t)] < limsup (|6(t)]) + € fort > T ae.

T—>+00

V(y(t)) < limsup (V(y(t))) + € forall t > T

T—>+00

Therefore, we get from (92):

lim sup (@ (w(t)))
t—+00

_ 93)
<¢ (y (lim sup (|8(7)]) + lim sup (V(y(z))) + 26))

T—>+00 T—>+00

Estimate (17) with E = ¢ oy follows from (93), (16) and the fact
that € > 0 is arbitrary. Since 7(s) :== y(s)+ y(s) and ¥, { € K
it follows that ¢(0) = 0 when y(0) = 0.
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Combining (70), (73) and the semigroup property we get:

limsup (¢
t—>+00

LU, wt)) < -y <li[miup (|8(t)l))

2 4
<1imsup(|d(t)|)> <hmsup(ld( )I)) +28A

+a t—+400 t—400
b + exp ( lim (z(t)))
t——+o0
+ 2
((litll]fgop (16(6))) — b —exp (tLilpoo (Z(t)))> ) (94)
+a
b+ exp (t—liToo (z(t)))
4
((lim sup (|6(t))) — b — exp ( lim (z(t)))) )
t—400 t—>+o00
+a
b+ exp (tEToo (z(t)))

Estimate (94) shows that if y(0) = A = 0, lim_, ; o, (d(t)) =
lim_, ;o (8(t)) = 0 and 6 is constant then we have:

limsup (¢~ (UO(L), w(t)))

t—+400
+ 2
<<|9| —b—exp < lim (z(t)))) )
t— 400
<a
b + exp <tginoo (z(t))) (95)
4
<<|9| —b—exp < lim (z(t)))) )
t——+o0
+a
b+ exp tlir+n (z(t))

If limsup,_, o (¢ (U(L), w(t)))) > O then lim_, 4o (2(5))
< In (|| — b). Otherwise, limsup,_, o, (¢~ (U/(t), w(t)))) =0
which implies that lim;_, ;o (|y(t)]) = lim;— 1 (Jw(t)]) = 0. <

We finally provide the proof of Theorem 2. The proof of
Theorem 2 is based on three facts:

(i) For every a € K. there exists A € C* (R") being positive
definite and radially unbounded and A > 0 such that a(|x]) <
A + A(x) for all x € R, .

(ii) For every a € K there exists A € C* (Ry;R;) being
non-decreasing such that a (s) < A(s) for all s > 0,

(iii) For every / A e C° (R") with A(O) = 0 there exists @ € Ky, such
that ‘A | <d(|x|) for all x € R".

Proof of Theorem 2. We show that Assumption (A) is valid for
appropriate smooth mappings V,Q:R" — R, ®,R:R — R,
w:R" — (0,400), V, Q, R, ® being positive definite and radially
unbounded, appropriate constants r, A > 0 and an appropriate
non-decreasing function y € C° (R, ; R,). We construct all the
above functions and constants step-by-step.

Step 1: Construction of R:R' — R, and u:R* — (0, +00).
Clearly, there exists a € K., such that

lo(y, w) — ¢y, 0)1* + |AY, w) — AW, O)* < a (I(y, w))) (96)
for (y, w) € R™. Therefore, we get from (96) for (y, w) € R**:

lo(y, w) — ¢y, 0)I* + |A(y, w) — A(y, 0)* < a(lyl + |w])
<alyh+alw) =A+alyD)) A +a2|wl))

Clearly, there exist A € C®(R"), R € C>(R') being positive
definite and radially unbounded and A; > 0 such thata (2 [w]) <
A1+ Rw) forw e Rland a 2 |y|) < A; +A(y) for y € R". Thus,

(97)
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we obtain from (97) for (y, w) € R™

lo(y, w) — (y, 0)1* + Ay, w) — Ay, 0)*
< (14 A1 +AW)) (1+ A; + R(w))
Moreover, there exists a@ € K., such that the following inequality
holds for all y € R™:
lo(y. 0)1*/ (14 A1 +AWy)) <a(y)

Clearly, there exist A € C° (@R being positive definite and
radially unbounded and A, > 0 such that a(ly|) < Ay + A(y)
for all y € R". Therefore, we obtain from (99) for all y € R":

(98)

(99)

2
lp(y, 0)] Ay +A(y) (100)

1+ A4 +A(}’)

By defining for y € R”

1) =1+ A1 +Ay) (101)

we obtain from (98) and (100) that the following inequalities hold
for all (y, w) € R*:

lo(y, 01 < 1 () (Az +AWY))

< 1) (14 A1 4 Rw) l
Step 2: Construction of @:R' — R,. By virtue of Theorem

2.63 in Mironchenko (2023) and since subsystem (9) with inputs
(v, 8) € R" x R satisfies the ISS property, there exist a smooth
mapping &R — R, being positive definite and radially un-
bounded and ¥, @ € K, such that the following implication holds
for all (y, w, §) € R" x R! x RY:

B(w) = 7 (Iy, 8)) = V(wh(y, w, 8) < = (B(w)) (103)

Let A3 > 0 be a given constant. We define the function
g:R' — R, by means of the following formulas:

(102)

g = (Rl —4s

W)=\ <o~
a(d(w))

Definition (104) shows that g is a non-negative, continuous func-

tion. By virtue of Lemma 2.4 in Karafyllis and Jiang (2011) there
exists g € K, such that the following inequality holds for s > 0:

(105)

+
) for w # 0 and g(0) = (104)

max {g(w): P(w) <s, w e R} <Z(s)

Moreover, there exists A € C*®(R;R,) being non-decreasing
such that g (s) < A(s) for all s > 0. Combining (104), (105) we get
for all w € R':

A(P(w))d(P(w)) = Rw) — A3 (106)

Define the functions

b(s):=s+ / A(n)dn, @(w) = b (B(w)) (107)
0

for alls > 0, w € R. Notice that b e K and consequently,
@:R!' — R, defined by (107) is a smooth, radially unbounded,
positive definite function. Furthermore, implication (103) and
(106) imply that the following implication holds for (y, w, 8) €
R" x R! x RY:

®(w) = b ((y, $))) = VO(w)h(y, w, §) < —R(w
Next define for all s > 0:

)+ Az (108)

D(wh(y. w. 8) + Rw): PW) =b & (.8)D), }

(v, 8) <s
(109)
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The fact that V&@(0) = 0 implies that p(s), as defined by (109),
is continuous at s = 0 with p(0) = 0. Consequently, since p(s),
as defined by (109), is non-decreasing, there exists y € K, such
that p(s) <y (s) for all s > 0. Combining (108) and (109) we get
for all (y, w, 8) € R" x R! x RY:

Vo (w)h(y, w, ) < —R(w) + As +¥ (|(y. 8)D)
< —Rw)+ As+y 25D +¥ 2lyD

Clearly, there exist B € C* (R") being positive definite and
radially unbounded and A4 > 0 such that y (2 |y]) < A4 + B(y)
for all y € R". Thus, we obtain for all (y, w, §) € R" x R' x RY:

Vo(w)h(y, w,8) < —R(w)+ A3+ As+¥ (218)) + B(y) (110)

Step 3: Construction of Q,V:R" — Ry and r > 0. Using
the results in Lin et al. (1996) and since 0 € R" is globally
asymptotically stable for system (8) with § = 0, d = 0 and
u = k(y), there exist a smooth mapping V:R" — R, being
positive definite and radially unbounded and b € K., such that
the following inequality holds for y € R™:

V) F0) + k) < —b (V(y) (111)
We also define for all y € R"
Q) ==AW)+B () (112)

Notice that 6: R" — R, is a smooth, radially unbounded,
positive definite function. _

We define the function G: R" — R by means of the following
formulas:

zor_ QW) — 45
b(V(y)
Definition (113) shows that Gisa non-negative, continuous func-

tion. By virtue of Lemma 2.4 in Karafyllis and Jiang (2011) there
exists G € K, such that the following inequality holds:

+
fory # 0 and G(0) = 0 (113)

max{E(y):V(y)ss,yeR”} <G(s) (114)

Moreover, there exists Bec™ (R4; R;) being non-decreasing
such that G (s) < B(s) for all s > 0. Combining (113), (114) we get
for ally € R™:

B(V) b (V) = Q) — 43 (115)
Define the functions
Bls) = s + / Bln)dn. V(y) = B (V7).
0
Qw) = (1+5 (7)) 5 (7)) (116)

Definition (116) shows that V,Q:R" — R, are both smooth,
positive definite and radially unbounded functions for which (10)
holds for all y € R" with r = 1.

Step 4: Construction of y € C° (R;; R,) and A > 0. Using (115),
(116), (102) and (112) we conclude that (12) and (13) hold with
A =14+ Ay + Ay + As. Using (115), (116), (112) and (110) we
conclude that (11) holds with y(s) := 2A3 + A4 + ¥ (25). The
proof is complete. <

5. Concluding remarks

The important (and rarely achieved) combination of robust-
ness properties that are guaranteed by the DADS controller for
the closed-loop system in conjunction with its simplicity justify
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our focus to a special class of systems (systems with matched
unmodeled dynamics). However, a detailed study is needed for
the characterization of the class of nonlinear systems for which
these robustness properties can be guaranteed by adaptive con-
trol schemes.

It is clear that the procedure described in Section 3 can be
applied—in exactly the same way—to different PDEs with differ-
ent boundary conditions. Moreover, nonlinear functions K : [0, 1] x
R — R that satisfy other bounds than (30) can also be studied.
Therefore, the partial-state DADS feedback design is not lim-
ited to finite-dimensional systems and many other systems with
infinite-dimensional uncertain dynamics can be studied.
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