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ABSTRACT
Oneof Zhong-Ping Jiang’s early-career seminal results havebeenon the trajectory tracking feedback
design for chained systems, and for the nonholonomic unicycle in particular. However, for equilib-
rium stabilisation (parking), globally stabilising feedback laws are exceedingly rare. Just as rare are
closed-form optimal controllers for nonlinear systems, which avoid the need to solve – and store
the solutions of – Hamilton-Jacobi-Bellman PDEs. In fact, until our very recent work, for the unicycle
stabilisation problem, closed-form optimal controllers, even of the inverse optimal kind, have been
nonexistent. Another subject in which Zhong-Ping hasmade pioneering contributions, over the last
decade and a half, is adaptive optimal control, also referred to by the moniker reinforcement learn-
ing. An interest from my early career has commuted adjectives – optimal adaptive control, where
optimality holds over the entire infinite time horizon, rather than just as the time approaches infin-
ity. In this short paper I celebrate Zhong-Ping with a result that pulls together his various interests
in nonholonomic, adaptive, and optimal control with my interests in these subjects, spanning three
decades. For unicycles with large parametric uncertainties on both inputs, I present designs that
are both adaptive and infinite-horizon optimal, while also being globally stabilising. This is achieved
by constructing strict control Lyapunov functions, using backstepping, forwarding, or passivity, and
then taking adaptive LgV controllers, which are inverse optimal.
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1. Introduction

To extend tribute to my friend of nearly 35 years,
Zhong-Ping Jiang, I assemble a new result, compact
but fascinating (to me at least), which touches on sev-
eral of his areas of major contribution, while intersect-
ing with my interests across the time period equal to
the period over which we have known each other as
researchers in nonlinear control and adaptive control.

1.1. Optimal adaptive control

For both of us, the entry into research was the prob-
lem of adaptive control of nonlinear systems. The
goal was stabilisation, and in Zhong-Ping’s case also
robustness to certain additional dynamics (Z.-P. Jiang
& Praly, 1998). Optimality, at that time, was absent
from virtually all adaptive control, even for linear sys-
tems, since solving Riccati equations at each time step,
for each new update of the plant’s parameter vec-
tor (in the indirect adaptive control paradigm), was
inconceivable with the computing hardware available
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at that time.Neural network approximations for online
approximations of control gain optimisation, were still
years away.

Since that early period, Zhong-Ping has developed
some of the most important and original results for
adaptive optimal control (Gao & Jiang, 2016; Y. Jiang
& Jiang, 2012). In adaptive optimal control, the goal
is to make optimal control adaptive. Namely, to adapt
the controller’s gains toward the gains that are optimal
for a given cost. Under appropriate conditions (typ-
ically persistency of excitation), Jiang and coauthors
achieve convergence to optimal gains as time advances
towards in!nity. The transient is not optimal, but after
the transient, one has a controller which is optimal.

My interest in making adaptive control optimal was
shaped by exposure to inverse optimality around 1995
(Sepulchre et al., 2012). I was intriguedwhether, under
adaptation, one can also design controllers that hap-
pen to be optimal, for a meaningful cost, during the
entire time of operation, ascertaining that the con-
troller optimally accounts for the online parameter

© 2026 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited. The terms on which this article has been published allow the posting of the Accepted
Manuscript in a repository by the author(s) or with their consent.

http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/00207721.2026.2628322&domain=pdf&date_stamp=2026-02-09
mailto:mkrstic@ucsd.edu
http://creativecommons.org/licenses/by/4.0/


2 M. KRSTIC

estimation. This interest resulted in the paper (Li
& Krstić, 1997), with an extension a decade later to
PDE control (Krstic, 2008). These results deal not with
adaptive optimal control but with optimal adaptive con-
trol. The ordering of the adjectives ‘optimal’ and ‘adap-
tive’ is crucial. Optimal adaptive control – the interest
of mine since 1996 and here as well – is optimal both
in the transient and asymptotically. During the entire
in!nite time horizon.

1.2. Nonholonomic stabilisation

The nonholonomic unicycle is the keystone and pre-
requisite in the study of control of all ground vehicles,
including more complex vehicle models (bicycle kine-
matic model, dynamic unicycle models, tractor-trailer
con!gurations, etc.). And, in a single-vehicle setting,
parking is the most challenging of maneuvers since
controllability is lost only in the linearisation around
the trivial (rest) trajectory. It is for these reasons that
parking of a nonholonomic unicycle is the benchmark
in ground vehicle control, as relevant as ever in the era
of driverless cars.

After his PhD in adaptive and robust nonlinear
stabilisation, Zhong-Ping advanced to the develop-
ment of small-gain theories for nonlinear systems, and
then to control of chained and nonholonomic sys-
tems. Iwas fascinated by his transition into such classes
of systems, for which it was not evident to me that
our techniques of backstepping and control Lyapunov
functions would be well suited.

This invited tribute article will not be reviewing
the vast literature on control of nonholonomic sys-
tems. I will likely miss even some of Zhong-Ping’s
papers on this subject. But let me highlight a few.
As Zhong-Ping indicates (Z.-P. Jiang, 2010), a pecu-
liar feature of nonholonomic feedback control is that
stabilisation and tracking are two fundamentally dif-
ferent problems because the reference trajectory must
satisfy a persistence excitation condition to avoid
the obstruction to equilibrium stabilisation posed by
Brockett’s condition. Zong-Ping proposed a time-
varying state feedback based on backstepping (Z.-
P. Jiang & Nijmeijer, 1997, 1999) and showed local
and global exponential stability properties using a
nonstrict Lyapunov function. Additionally, Z.-P. Jiang
et al. (2001) proposed global time-varying controllers
for both the parking and tracking problems, where the
input signals can be kept within prescribed saturation

limits through an appropriate choice of controller
gains.

My interest in nonholonomic stabilisation was
nearly non-existent for decades because I found the
parking transients of the feedback laws with time-
periodic gains – the principal way to not violate Brock-
ett’s condition – impractical and inferior to the park-
ing maneuvers of human drivers. But, recently, I was
exposed to a 30-year old result from the robotics lit-
erature (Aicardi et al., 1995) which, in the polar coor-
dinate system, achieves global asymptotic stabilisation
using static state feedback, i.e. it completes parking by
feedback without violating Brockett’s condition in the
polar spatial frame. This result, achieved with LaSalle
rather than Lyapunov theory, indicated to me that,
using techniques of design of strict control Lyapunov
functions (CLF), numerous ambitious goal can be pur-
sued: global stabilisation, inverse optimality, adapta-
tion, robustness – and combinations thereof.

In this tribute to Zhong-Ping, I pursue one such
combination: of adaptive global stabilisation, under
large uncertainty on the input coe#cients of the non-
holonomic unicycle, with inverse optimality.

The pursuit of these achievements comes at a sur-
prisingly low price. Inverse optimality, rather than
requiring a complex feedback law, results from the use
of a simple feedback structure – the LgV feedback. The
only ‘price paid’ is that the adaptive gains increase.
However, this is a problem only if the user unjudi-
ciously starts with gains that are large. The presented
approach allows the user to initiate the gains at arbi-
trarily low values. The gains, increased through the
stabilisation transient, then converge to values that are
moderate in size, rather than being large, since stabil-
isation is achievable for the driftless unicycle systems
with arbitrarily lowpositive gains on the LgV feedback.

1.3. Contribution

In recent work, my students Todorovski, Kim, and I
developed strict global CLFs, in the polar coordinates,
for the unicycle model using three methods: passiv-
ity, forwarding, and backstepping (Krstic et al., 2025;
Todorovski et al., 2025). We also designed an adap-
tive stabiliser for unknown coe#cients on the velocity
and angular velocity inputs, as well as inverse optimal
controllers in the absence of such parametric uncer-
tainties (Kim et al., 2025).



INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE 3

One might hope for an extension to simultane-
ous adaptation and inverse optimality not to be too
di#cult. There are signi!cant challenges. The para-
metric uncertainty on the input was never dealt with
in the past inverse optimal adaptive control results
(Krstic, 2008; Li & Krstić, 1997), and it is indeed
nontrivial to achieve meaningful optimality, globally,
under adaptation of input coe#cients for which a
lower positive bound is unavailable. This challenge
results in adaptive CLFs which are positive de!nite
but not radially unbounded in the parameter estima-
tion error. Not only is there a challenge in achieving
a meaningful penalty on the control inputs, but even
in guaranteeing the regulation of the unicycle’s state,
namely, in guaranteeing that parking is completed.

The result achieved is fascinating. The adaptive sta-
biliser optimises a cost which not only penalises larger
deviations of the unicycle’s position and heading rela-
tive to the parking targetmore than smaller deviations,
or larger velocity and angular velocity input values
more than the smaller ones.

The inverse optimal control cost also has a mean-
ingful dependence on the adaptive gains of the con-
troller. Small controller gains are optimal for attaining
slower convergence, while larger adaptive gains are
optimal for faster convergence.

Natural tradeo$s are present. Higher adaptive gains
reduce the penalties on the control inputs and heighten
the penalties on the unicycle’s state – while, if higher
than necessary, being increasingly penalised them-
selves.

2. Unicycle in polar representation

Instead of the the unicycle model in Cartesian coordi-
nates (Figure 1),

ẋ = v cos(θ) (1a)

ẏ = v sin(θ) (1b)

θ̇ = ω, (1c)

where (x, y) ∈ R2 is the position of the unicycle, θ ∈ R
is the heading angle, v is the forward, andω is the angu-
lar velocity input, we use the polar coordinates with the
transformation de!ned in Table 1 and the model given
as

ρ̇ = −v cos γ (2a)

δ̇ = v
sin γ

ρ
(2b)

Figure 1. Unicycle orientation (x, y, θ) relative to the goal state
(0, 0, 0), and the corresponding polar coordinate transformation
(ρ, γ , δ).

Table 1. Polar coordinates and their expressions in terms of
Cartesian coordinates.

Polar Coordinate Description

ρ =
√
x2 + y2 Distance to origin

δ = atan2(y, x) + π = 2 arctan
√

x2+y2−x
y + π Polar angle

γ = δ − θ = atan2(y, x) − θ + π Line-of-sight angle

Notes: The transformation (x, y, θ) $→ (ρ, δ, γ ) is discontinuous on x < 0,
y = 0 and not defined at x = y = 0.

γ̇ = v
sin γ

ρ
− ω. (2c)

3. Control Lyapunov functions for unicycle

We rewrite the unicycle model (2a) in the vector form,
with inputs v/ρ and ω:

'̇ = ḡ1(')
v
ρ

+ g2(')ω (3)

where ' := [ρ, δ, γ ]& and

ḡ1 =




−ρ cos γ
sin γ
sin γ



 , g2 =




0
0

−1



 . (4)

De!nition 3.1 (CLF): A function (ρ, δ, γ ) $→ V
which is C1 on the set S0 = {ρ ≥ 0, δ ∈ R, γ ∈ R} is
said to be a control Lyapunov function (CLF) for (3) if
it is lower- and upper-bounded by classK∞ functions
of |'| and there does not exist' )= 0 in the setS0 such
that Lḡ1V(') = Lg2V(') = 0.

This de!nition is the special case of the de!nition
‘LgV = 0 ⇒ Lf V < 0’ for the driftless case, f (') + 0.
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In our recent work we developed quite a few global
and strict CLFs for the unicycle model. Here we list
only three which are, in certain ways, the simplest.

Passivity-based CLF: Aicardi et al. (1995) intro-
duced a passivity-based quadratic CLF, along with
a globally stabilising feedback law. This CLF, how-
ever, was not strict (the Lyapunov derivative was only
negative semide!nite), preventing the achievement of
inverse optimality.We employ aCLF that is quartic and
strict, given by

V = ρ2 + k3
(
1 + 2q2 + U

2qk2

)
U + (δ + qγ )2, (5)

where

U = δ2 + q2γ 2, q =
√
k1
k3
. (6)

with k1, k2, k3 > 0 that satisfy k2 ≤ √
k1k3.

Forwarding-based CLF (Krstic et al., 2025, Thm.
1): By employing the classical integrator forwarding
approach of Sepulchre et al. (2012) we construct a for-
warding change of the polar angle δ and obtain the
CLF

V = ρ2 + ( 2 + k1
k3

γ 2, ( = δ + k1
k2

)(γ ), (7)

where

)(γ ) = 1
2
Si(2γ ), (8)

Si(a) is the sine integral function de!ned as

Si(a) =
∫ a

0
sinc(α) dα, (9)

and k1, k2, k3 > 0.
Backstepping-based CLF (Todorovski et al., 2025,

Thm. 1): The standard variant of integrator backstep-
ping is not applicable to the polar model of the unicy-
cle (2a) since the δ-subsystem is not a#ne in the virtual
input γ . With the mean value theorem, we employ a
nonstandard backstepping approach to arrive at the
CLF

V = ρ2 + δ2 + k1
k3
z2, (10)

where

z = γ + 1
2
arctan(2k2δ), (11)

and k1, k2, k3 > 0.

Each of the three CLF design approaches has its
own distinct merit. Passivity’s merit is simplicity of the
feedback that leads to theCLF and theCLF’s relation to
the natural potential energy for the unicycle. Forward-
ing’s merit is the elegance of the CLF and the innate
LgV nature of the feedback used in the construction of
the forwarding CLF. Backstepping’s merit is the abil-
ity to shape transient performance and aggressively
regulate the unicycle to its target.

For these three CLFs it is very di#cult to verify by
De!nition 3.1 that at no point other than ρ = δ =
γ = 0 can both Lḡ1V(') and Lg2V(') be equal to
zero. These are complicated functions. The establish-
ment that those three functions V(ρ, δ, γ ) are CLFs
was completed by construction of feedback laws that
ensure that V̇ are negative de!nite.

4. Adaptive control design andmain result of
inverse optimality

Let us now turn our attention from the perfect unicycle
model (2a) to the model

ρ̇ = −b1v cos γ (12a)

δ̇ = b1
v
ρ
sin(γ ) (12b)

γ̇ = b1
v
ρ
sin(γ ) − b2ω, (12c)

where the constants b1, b2 are positive but otherwise
completely unknown. For example, b1, b2 > 0 may
physically represent unknown wheel traction/slippage
coe#cients (on a two-wheeled mobile robot). Accord-
ingly, we shift our attention from the model (3) to

'̇ = b1ḡ1(')
v
ρ

+ b2g2(')ω. (13)

In the !rst theorem statement we introduce our adap-
tive LgV controller and establish its stability.

Theorem 4.1: For the system (12a), the feedback

v = −ρe(̂1Lḡ1V (14a)

ω = −e(̂2Lg2V , (14b)

with any CLF V, where

Lḡ1V = −∂V
∂ρ

ρ cos γ +
(

∂V
∂δ

+ ∂V
∂γ

)
sin γ (15a)
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Lg2V = −∂V
∂γ

(15b)

and the update laws

˙̂(1 = µ1e−(̂1
n′(V)

1 + n(V)
(Lḡ1V)2 (16a)

˙̂(2 = µ2e−(̂2
n′(V)

1 + n(V)
(Lg2V)2, (16b)

with any µ1,µ2 > 0, (̂1(0), (̂2(0) ∈ R, and any nor-
malisation function n ∈ K∞ ∩ C1, guarantees that

V(t) ≤ n−1(Va(0)) (17)

(̂i(0) ≤ (̂i(t) ≤ (̂i(0) + ln
(
1 + µi

pi
e−(̂i(0)Va(0)

)

(18)

for all t ≥ 0 and i = 1, 2, where

Va = (1 + n(V)),((̃ ) − 1 (19)

,((̃ ) = exp
{

p21
b1µ1

(
1 − e−(̃1

)2

+ p22
b2µ2

(
1 − e−(̃2

)2}
≥ 1 (20)

(̃ = ((̃1, (̃2), (̃i = ln
2pi
bi

− (̂i (21)

and p1, p2 > 0 are arbitrary. Additionally,

lim
t→∞

V(t) = lim
t→∞

(ρ(t), δ(t), γ (t)) = 0. (22)

Proof: Section 6.1. !

The LgV/damping/gradient feedback (14a) con-
tains the adaptive gains e(̂i . Because of the exponenti-
ation, these gains are always positive. Such an adaptive
form of LgV control is not found in the literature
because the unknown parameters in adaptive LgV lit-
erature (Li & Krstić, 1997) act only on the drift vector
!eld, rather than on the input vector !eld. In this work,
the unicycle is a driftless system and the unknown
parameters bi a$ect only the input vector !elds gi.
Hence, the adaptive gains e(̂i multiply simply the LgiV
terms.

The update laws (16a) act only in the direction of
increasing the adaptive gains. This is expected, since by
the nature of LgV control, such control has an in!nite
gain margin and tolerates the increase of the gain.

Figure 2. Simulation of the control law (14a) with the update
law (16a), using adaptive gainsµ1 = 1 andµ2 = 4, togetherwith
thenormalisation functionn(V) = V . The LgV control lawuses the
backstepping-based CLF (10) with (k1, k2, k3) = (0.5, 3, 2.5). Two
trajectories are shown, corresponding to different initial adaptive
coefficients: ((̂1(0), (̂2(0)) = (−1, 1) (red) and ((̂1(0), (̂2(0)) =
(1,−1) (blue). The system dynamics follow (12a) with unknown
parameters b1 = 1 and b2 = 0.5 along with the initial condition
(ρ0, δ0, γ0) = (1,−π/2,−π/2). (a) Closed-loop trajectory y(x)
and (b) Norm of ' := (ρ, δ, γ ) for different initial adaptive coef-
ficients. The system stabilises despite the initial coefficients being
negative.

We note that the condition (̂1(0), (̂2(0) ∈ R allows
initialisation of the coe#cients with negative values.
The result nonetheless guarantees stabilisation. Fig-
ures 2 and 3 illustrate two such cases, demonstrating
that the adaptive control law successfully stabilises the
system despite this potential concern.

Next, we state inverse optimality of the adaptive
controller – our main result.

Theorem 4.2: The adaptive controller (14a), (16a)
minimises

J = ,((̃∞) − 1

+
∫ ∞

0
,((̃ )n′(V)

[
p1(Lḡ1V)2 + p2(Lg2V)2

+ b1
2e(̂1

(
v
ρ

)2
+ b2

2e(̂2
ω2

]

dt (23)

for all ρ > 0, δ(0), γ (0) ∈ R.

Proof: Section 6.2. !
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Figure 3. The control inputs and the adaptive coefficient over
time with same conditions as Figure 2. (a) Control input of the
adaptive control law (14a) and (b) The update law (16a) increases
the adaptive coefficients based on the adaptive gainsµ1 = 1 and
µ2 = 4.

The result of Theorem 4.2 is remarkable. It achieves
optimality of adaptive control. It goes far beyond the
idea of adaptive optimal control (adaptive dynamic
programming), which attains optimality only as t →
∞. Instead, this design produced optimal adaptive con-
trol, where optimality holds over the entire in!nite
time horizon, rather than only at its end.

5. Interpretation of Theorem thm4.2 (inverse
optimality)

The inverse optimal LgV control laws (14a) are for-
mulated such that the adaptive gains that a$ect them,
(̂1, (̂2, are unrestricted. They can start either positive
or negative. The result is allowed to be global, while the
exponentiation of these adaptive gains ensures that the
feedback gains e(̂i are always positive, in accordance
with the prior knowledge that the input coe#cients
b1, b2 are positive.

The adaptive coe#cients (̂1, (̂2 are updated by (16a)
only in the upward direction. Their update laws incor-
porate normalisation. The normalisation not only has
a naturally desirable engineering e$ect of updating in
moderation. It has an interesting theoretical conse-
quence that the running cost includes a penalty, for
all time through the weight ,((̃ (t)) and not only
terminally through the cost ,((̃∞), on the values of
(̂1, (̂2.

The heart of the result is the cost functional (23). Let
us examine it.

The cost (23) is not a single cost functional. It is
a parametrised family of costs parametrised by the
positive constants p1 and p2, which penalise the state.

The constants p1, p2 appear nowhere in the con-
trol laws (14a) or the update laws (16a). Unlike in
conventional non-adaptive optimal control where the
weights on the state are set by the user and characterise
the desired convergence rate, in our inverse optimal
adaptive control they can have arbitrary positive val-
ues and correspond to the realised convergence rate,
using gains e(̂i that are adapted to the initial conditions
of both the unicycle state, (ρ(0), δ(0), γ (0)), and of the
gains themselves, (̂1(0), (̂2(0).

The cost under the integral does not only penalise
larger deviations of the unicycle’s position and heading
relative to the parking target more than smaller devia-
tions through the (LgV)2 terms, or larger velocity and
angular velocity input values more than the smaller
ones through the v2 and ω2 terms. The cost also has
a meaningful dependence on the adaptive gains of the
controller.

First, evidently, higher values of adaptive gains (̂i
reduce the penalties on v2 and ω2.

Second, we rewrite (20) as

,((̃ ) = exp

{
b1
4µ1

(
2p1
b1

− e(̂1
)2

+ b2
4µ2

(
2p2
b2

− e(̂2
)2

}

. (24)

The larger the weight coe#cients on the state p1, p2
in (23), namely, the more rapid the convergence of the
unicycle to the target state that is potentially realisable,
the greater the penalty in (24) on the gains e(̂i if they
happen to not be high enough to attenuate the level
of deviations of the unicycle’s state characterised by
p1, p2.

In other words, the update laws (16a) are designed
based on the adaptive Lyapunov function (19) with
(24) in such a manner that, for any potential conver-
gence characterisation p1, p2, in order to realise that
level of convergence, the updates of the gains e(̂i are
penalised if they deviate signi!cantly from 2pi/bi.
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6. Proofs

6.1. Proof of Theorem 4.1

We study stability. Di$erentiating Va = (1 + n(V))
,((̃ ) − 1 gives

V̇a = ,((̃ )n′(V)V̇ + (1 + n(V)),̇((̃ ).

Using V̇ = b1Lḡ1V v
ρ + b2Lg2V ω and the update laws

(16) to evaluate ,̇((̃ ), followed by a completion of
squares in the terms with v and ω, yields

V̇a = ,((̃ ) n′(V) V̇ + (1 + n(V)) ,̇((̃ )

= ,((̃ ) n′(V)

(
b1Lḡ1V

v
ρ

+ b2Lg2V ω

)

+ (1 + n(V)) ,((̃ ) ,̇((̃ )

where

,̇((̃ ) =
2∑

i=1

2p2i
biµi

(
1 − e−(̃i

)
e−(̃i ˙̃(i

= −
2∑

i=1

2p2i
biµi

(
1 − e−(̃i

)
e−(̃i ˙̂(i

Noting that

(1 + n),̇((̃ )

= −(1 + n),((̃ )
2∑

i=1

2p2i
biµi

(
1 − e−(̃i

)
e−(̃i ˙̂(i

e−(̃i = bi
2pi

e(̂i ⇒ 2p2i
biµi

(
1 − e−(̃i

)
e−(̃i

= pi
2µi

e(̂i
(
2pi
bi

− e(̂i
)

with ˙̂(1 = µ1e−(̂1 n′
1+n(Lḡ1V)2, ˙̂(2 = µ2e−(̂2 n′

1+n
(Lg2V)2 we get

(1 + n),̇((̃ )

= −,((̃ ) n′(V)
2∑

i=1

pi
2

(
2pi
bi

− e(̂i
) [

L(·)V
]2

which then yields

V̇a = ,((̃ ) n′(V)

[
b1Lḡ1V

v
ρ

+ b2Lg2V ω

−
2∑

i=1

pi
2

(
2pi
bi

− e(̂i
) [

L(·)V
]2

]

= ,((̃ ) n′(V)

{

− b1
2e(̂1

(
v
ρ

)2

+ b1
2e(̂1

(
v
ρ

+ e(̂1Lḡ1V
)2

−
(
p1 + b1

2e(̂1

)
(Lḡ1V)2

− b2
2e(̂2

ω2 + b2
2e(̂2

(
ω + e(̂2Lg2V

)2

−
(
p2 + b2

2e(̂2

)
(Lg2V)2

+b1
2

(
2p1
b1

− e(̂1
)

[
(Lḡ1V)2 − 1 + n(V)

µ1n′(V)
e(̂1 ˙̂(1

]

+ b2
2

(
2p2
b2

− e(̂2
)

[
(Lg2V)2 − 1 + n(V)

µ2n′(V)
e(̂2 ˙̂(2

]}

resulting in

V̇a = ,((̃ )n′(V)

×
{

−p1(Lḡ1V)2 − b1
2e(̂1

(
v
ρ

)2

+ b1
2e(̂1

(
v
ρ

+ e(̂1Lḡ1V
)2

−p2(Lg2V)2 − b2
2e(̂2

ω2 + b2
2e(̂2

(
ω + e(̂2Lg2V

)2

+b1
2

(
2p1
b1

− e(̂1
) [(

Lḡ1V
)2 − 1 + n(V)

µ1n′(V)
e(̂1 ˙̂(1

]

+b2
2

(
2p2
b2

− e(̂2
)

[(
Lg2V

)2 − 1 + n(V)

µ2n′(V)
e(̂2 ˙̂(2

]}
. (25)

Taking (16a), and then substituting (14a), we get

V̇a = −,((̃ )n′(V)

{(
p1 + b1

2e(̂1

)
(Lḡ1V)2

+
(
p2 + b2

2e(̂2

)
(Lg2V)2

}
≤ 0, (26)
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which guarantees that Va(t) ≤ Va(0) for all t ≥ 0.
Since ,((̃ ) ≥ 1, from (19) we get (17). Next,

V̇a = −,((̃ ) n′(V)

[(
p1 + b1

2e(̂1

) (
Lḡ1V

)2

+
(
p2 + b2

2e(̂2

) (
Lg2V

)2
]

≤ 0 (by(26))

≤ −,((̃ ) n′(V)
[
p1

(
Lḡ1V

)2 + p2
(
Lg2V

)2]

(drop
bi
2e(̂i

≥ 0terms)

≤ − n′(V)
[
p1

(
Lḡ1V

)2 + p2
(
Lg2V

)2]

(since,((̃ ) ≥ 1)

from which it follows that
∫ t

0
n′(V)

[
p1

(
Lḡ1V

)2 + p2
(
Lg2V

)2] dτ

≤ −
∫ t

0
V̇a dτ = Va(0) − Va(t) ≤ Va(0)

and hence
∫ t

0
n′(V)

[
p1(Lḡ1V)2 + p2(Lg2V)2

]
dτ ≤ Va(0).

(27)
From (16a) we get

e(̂1(t) = e(̂1(0) +
∫ t

0
µ1

n′(V)

1 + n(V)
(Lḡ1V)2 dτ

≤ e(̂1(0) + µ1

∫ t

0
n′(V)(Lḡ1V)2 dτ

≤ e(̂1(0) + µ1
p1

Va(0), (28)

which follows from (27). By taking a logarithm of (28),
we obtain (18). In the same fashion we get (18) for
i = 2. With the boundedness of '(t) and (̃ (t), we
return to (27) and, using Barbalat’s lemma, get that
Lḡ1V('(t)), Lg2V('(t)) → 0 as t → ∞. Since V is
a CLF, it !nally follows that V(t) → 0 and hence
(ρ(t), δ(t), γ (t)) → 0.

6.2. Proof of Theorem 4.2

Next, we turn our attention to the optimality of (14a).
By adding and subtracting the square-completion
terms used in the expression for V̇a above, the inte-
grand of J can be rewritten in terms of −V̇a plus two

perfect squares. In particular, we compute

J = ,((̃∞) +
∫ ∞

0
,((̃ ) n′(V)

[
p1(Lḡ1V)2

+p2(Lg2V)2 + b1
2e(̂1

(
v
ρ

)2
+ b2

2e(̂2
ω2

]

dt

= ,((̃∞) +
∫ ∞

0

{
−V̇a + ,((̃ ) n′(V)

[
b1
2e(̂1

(
v
ρ

+ e(̂1Lḡ1V
)2

+ b2
2e(̂2

(
ω + e(̂2Lg2V

)2]}
dt

= ,((̃∞) −
∫ ∞

0
V̇a dt +

∫ ∞

0
,((̃ ) n′(V)

[
b1
2e(̂1

(
v
ρ

+ e(̂1Lḡ1V
)2

+ b2
2e(̂2

(
ω + e(̂2Lg2V

)2]
dt

= ,((̃∞) −
[
Va(t)

]∞

0
+

∫ ∞

0
,((̃ ) n′(V)

[
b1
2e(̂1

(
v
ρ

+ e(̂1Lḡ1V
)2

+ b2
2e(̂2

(
ω + e(̂2Lg2V

)2]
dt

= ,((̃∞) −
(
,((̃∞) − 1

)
+ Va(0)

+
∫ ∞

0
,((̃ ) n′(V)

[
b1
2e(̂1

(
v
ρ

+ e(̂1Lḡ1V
)2

+ b2
2e(̂2

(
ω + e(̂2Lg2V

)2]
dt

and arrive at

J = Va(ρ(0), δ(0), γ (0), (̃ (0))

+
∫ ∞

0
,((̃ )n′(V)

[
b1
2e(̂1

(
v
ρ

+ e(̂1Lḡ1V
)2

(7)

+ b2
2e(̂2

(
ω + e(̂2Lg2V

)2]
dt, (29)

which is minimised with (14a) and results in the opti-
mal value function

J∗ = Va(ρ, δ, γ , (̃ ). (30)
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7. Simulations

Figures 2 and 3 show a pair of simulation results for
the most relevant problem in unicycle stabilisation
– parallel parking. The simulations utilise the LgV
control law (14a) together with the adaptive update
law (16a), using adaptive gainsµ1 = 1 andµ2 = 4 and
normalisation function n(V) = V . The control design
is based on the backstepping-based CLF (10) with the
gains chosen as (k1, k2, k3) = (0.5, 3, 2.5). The closed-
loop system follows the polar unicycle dynamics (12a)
with unknown parameters b1 = 1, b2 = 0.5. Two rep-
resentative trajectories are shown: one initialised with
adaptive coe#cients ((̂1(0), (̂2(0)) = (−1, 1) and the
other with ((̂1(0), (̂2(0)) = (1,−1), both initialised at
(ρ0, δ0, γ0) = (1,−π/2,−π/2). With di$erent initial
conditions for the adaptive gains (̂i, di$erent transients
ensue for the trajectories in the plane, and di$erent
control e$orts result, as expected in an adaptive case.

We refrain from conducting a comprehensive case
study through simulations because that is not the point
of the paper. Simulations, consistent with the use of
adaptation to compensate the completely unknown
input coe#cients, illustrate the theoretical result of
adaptive stabilisation. Optimality (minimisation of an
in!nite-horizon integral cost) is not something that
simulations can illustrate.

8. Conclusions

In this paper we nudge a bit forward a couple sub-
jects from Zhong-Ping Jiang’s illustrious career. We
takeCLFs that arise fromour earlier designs of globally
stabilising controllers for the nonholonomic unicycle,
use these strict CLFs to design alternative controllers
that are inverse optimal and have in!nite gainmargins,
make them adaptive to unknown input coe#cients,
and prove the inverse optimality of such controllers
under gain adaptation.

Even without adaptation, such controllers would
be stabilising for all gains. This is seen by taking any
constant gains (̂i (with ˙̂(i = 0)) in (14a), picking pi =
(bi/2)e(̂i , which yields (̃ = 0, and turns (25) into, sim-
ply,

V̇ = −2
[
p1(Lḡ1V)2 + p2(Lg2V)2

]
, (31)

which guarantees a KL bound on |(ρ, δ, γ )|.
So, why then bother with adaptation?

Adaptation is highly valuable. With constant gains
and the unicycle states far from the desired position
and heading, the control signals (14a) would start large
and then decay, as the unicycle approaches its target.
With adaptation, one can start with gains e(̂i(0) arbi-
trarity close to zero, and therefore with small input
values, and let the adaptation tune the gains up to val-
ues that suit the unicycle’s initial condition. As the
paper shows, this happens not only to be a good idea
heuristically, but is optimal in a formal sense, with
respect to a meaningful cost on the state, input, and
the adapted gains. The gains grow to values no greater
thanneeded for a good regulation performance. Exces-
sive e$ort of the velocity and angular velocity inputs is
avoided.

No prior such results exists in the broad literature
on adaptive control. Even the prior results on opti-
mal adaptive control (Krstic, 2008; Li & Krstić, 1997)
have the control gains above certain minimal values,
since systems with drift require su#cient gains for
stabilisation. Here we consider inverse optimal adap-
tive control for the !rst time for driftless systems and
obtain optimality with input gains that are arbitrarily
small, or arbitrarily large.

For nonholonomic systems, such a capability is
signi!cant. It produces controllers whose inputs can
never be ‘too large’ or ‘too small’, since the controllers’
LgV form makes them always act in the right direc-
tion, independent of the input signal size. And that the
control signal’s magnitude is good is ensured by adap-
tation and the optimality in the sense of a meaningful
cost.
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