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ARTICLE INFO ABSTRACT

Keywords: This paper presents a complete inverse optimality study for a linearized tank-liquid system where the liquid
Saint-Venant is described by the viscous Saint-Venant model with surface tension and possible wall friction. We define an
Inverse optimality appropriate generalized solution notion for which we establish existence/uniqueness results with inputs that do
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not necessarily satisfy any compatibility condition as well as stabilization results with feedback laws that are
constructed with the help of a Control Lyapunov Functional. We show that the proposed family of stabilizing
feedback laws is optimal for a certain meaningful quadratic cost functional. Finally, we show that the optimal
feedback law guarantees additional stronger stability estimates which are similar to those obtained in the case
of classical solutions.

1. Introduction

The concept of inverse optimality, i.e., the study of whether a feedback law is optimal for certain meaningful cost functionals, is crucial in
control theory. Inverse optimality is a property of a feedback law where, instead of seeking a feedback law which is optimal for a given cost
criterion, which is an essentially unsolvable problem for nonlinear systems with more than a few states due to the curse of dimensionality, a
family of feedback laws is explicitly constructed instead, which ensures that some cost functional, which is meaningful though not given a priori,
is minimized in closed loop. In the case of linear control systems, a meaningful cost functional is the sum of two quadratic, coercive functionals:
one for the state and one for the control input. This process is (almost) the opposite process of optimal control, where we first select a specific cost
functional and then try to find the corresponding optimal control — in the form of a feedback law or not (see for instance [1-3]).

Inverse optimal control was invented by Rudolf Kalman in his celebrated paper which poses the question whether every stabilizing feedback
law for a linear system is optimal with respect to a meaningful cost functional [4]. Kalman answers this question in the negative but characterizes
all feedback laws that are inverse optimal: those whose gain matrix is the product of the transpose of the input matrix and the Lyapunov matrix
of the closed-loop stabilized system.

The extensions from Kalman’s work for linear systems to inverse optimal control for nonlinear systems affine in control begins with Moylan and
Anderson [5]. Two decades later, a complete methodology for the design of robust inverse optimal nonlinear controllers for control-affine systems
was developed in [6-9], as well as the extensions in [10,11] to stochastic systems. More recently, inverse optimality has been successfully extended
to delay systems in [12] and has been adapted to the problem of inverse optimal safety filter design in [13].

Despite the importance of inverse optimality in control theory, there are very few works studying global inverse optimality for control systems
described by Partial Differential Equations (PDEs) with boundary control. There are reasons that can explain the scarcity of global inverse optimality
results. The first reason is the fact that inverse optimality requires a Lyapunov-based feedback design procedure (of LgV type; see Chapter 4 in [6]
and Chapter 8 in [14]) which is not frequent in the study of control systems described by PDEs. Indeed, the Control Lyapunov Function (CLF)
methodology (see [14,15] and references therein) is one of the most important methodologies for the construction of stabilizing feedback laws for
systems described by Ordinary Differential Equations (ODEs). When studying systems described by PDEs, the Control Lyapunov Function becomes
a Control Lyapunov Functional (CLF) and the use of CLFs for the solution of global feedback stabilization problems for systems with PDEs has been
presented in detail in [16]. CLFs for PDEs have been used for instance in [17-24], although in most of these works the constructed feedback law
is not of the type that can be shown to be optimal for some meaningful cost functional (it is not of LgV type). However, it was shown in [25]
that certain backstepping procedures can give optimal boundary feedback laws for parabolic PDEs with Neumann actuation. In [26] the inverse
optimal adaptive control problem is studied for a parabolic PDE with an unknown reaction coefficient while in [27] it is proved that the boundary
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control constructed in [17] for the Korteweg—de Vries—Burgers equation is inverse optimal. Other interesting studies are [28], in which the inverse
optimal control problem of a class of linear hyperbolic PDEs is considered, and [29] where an inverse optimal gain assignment problem is solved for
evolution systems in Hilbert spaces. A study concerning the construction of an optimal Lyapunov-based boundary feedback law which maximizes
a meaningful cost functional is [30]. In [30] the feedback controller achieves mixing in a 3D pipe flow described by the Navier-Stokes equations.
Furthermore, studies such as [31] deal with the inverse optimal control problem for PDEs with quadratic convection and counter-convection.

Another reason that can explain the scarcity of global inverse optimality results for control systems described by PDEs with boundary control is
the difficulty of the technical issues that arise in such problems. Usually, feedback stabilization problems are solved for classical solutions of PDEs.
Classical solutions require the so-called compatibility conditions (see [32,33]) which actually — in the case of linear PDEs — mean stabilizability on
a subspace of the state space. This is not really a problem in stabilization problems: the compatibility conditions can be satisfied after an arbitrarily
short transient period during which an input that establishes the validity of the compatibility conditions is applied. However, when studying
optimality this small transient period can destroy the optimality of the control. Consequently, in order to obtain a global inverse optimality result
(even in the linear case) requires an important change: instead of studying classical solutions we have to study generalized solutions. The study of
generalized solutions allows the use of discontinuous inputs which is also required by other aspects of optimal control theory (e.g., the principle of
optimality). On the other hand, the use of generalized solutions comes with a price: the constructed CLFs may not be differentiable for a generalized
solution and the loss of regularity may also imply the loss of some stability properties (in strong norms). Therefore, the regularity properties of
the generalized solution must be selected very carefully: the generalized solution must allow discontinuous inputs and should not involve input-
dependent compatibility conditions but must be regular enough in order to retain differentiability of the CLF and some crucial stability properties.
Here it should also be noted what has been observed in [19,34]: a CLF that provides estimates in weak norms and allows the feedback design on
larger spaces is a feature of the CLF methodology in PDEs. Stronger stability estimates can be obtained by using additional functionals (see [19,34]).

The present paper provides the careful study of inverse optimality for the linearized model of a tank-liquid system. The model was presented
in [35] where a Lyapunov-based feedback design methodology was presented. The model arises from the linearization of the nonlinear model of
a moving tank containing a viscous liquid that satisfies the viscous Saint-Venant equations with surface tension and wall-friction (see [34,36-38]
for results dealing with the nonlinear model). The feedback design is performed in [35] by using a CLF with high-order spatial derivatives and the
obtained stabilization result deals with classical solutions obtained by applying the Hille-Yosida theorem. Feedback control problems involving
various cases of the Saint-Venant equations have been studied extensively in the literature (see [39-52]). Both local and global stabilization results
have been derived. For a 1-D tank, local stabilization and controllability are proved in [44,45]. Exponential stability of the linearized system
is proved in [48]. Most studies address cases where viscosity is considered negligible, primarily by linearizing the system around a steady state.
Notable results pertain to flow applications in open channels (see [39-43,46-48,50,52]). In study [39], the boundary stabilization problem of a star-
shaped water flow network is considered, where a static feedback controller is proposed that guarantees exponential stability of non-uniform steady
states. Stabilization results for the water dynamics of sediment-filled canals are also derived using a backstepping design (see [40]). Furthermore,
stabilization results using backstepping are provided in [41] for the “bi-layer” Saint-Venant model, which describes the evolution of unmixed fluids.
Feedforward controllers are also employed in studies such as [42] to render the output water level insensitive to measured disturbance inputs. A
cascade of n open channels is considered in [52], where appropriate PI controllers that achieve exponential stability of the closed-loop system and
output regulation are designed. Stabilization results for hyperbolic systems are also provided in [53].

As noted above, the results obtained in [35] are unusable for an inverse optimality study. Consequently, in the present work we perform the
following steps:

1. We define a notion of generalized solution of the problem (see Definition 1 below). The notion allows the study of discontinuous (measurable)
inputs and — as expected — coincides with the classical solution when the generalized solution is sufficiently regular (see Proposition 1 below).

2. We show that the generalized solution is unique and exists for all initial conditions and inputs (see Theorem 1 below). The existence/unique-
ness result is obtained by applying the Galerkin method. Moreover, we show that the generalized solution is regular enough to guarantee
the validity of a specific equation for an appropriate Lyapunov functional (see Eq. (13) below). As remarked above, the Lyapunov functional
that we use does not involve high-order spatial derivatives.

3. We exploit the equation for the Lyapunov functional and we construct stabilizing feedback laws which are optimal for meaningful cost
functionals (see Theorems 2 and 3 below). By obtaining accurate estimates, we also manage to show the “infinite gain margin” property
and “gain-reduction margin” property, which are typical for inverse optimality problems.

This is the final step of the inverse optimality study that we perform. But in the present paper we also do more:

4. We employ a methodology similar to the methodology for proving Input-to-State Stability for parabolic PDEs (see for example [54]) and we
show that the optimal feedback laws guarantee stronger stability estimates (similar to the estimates provided in [35] for classical solutions;
see Theorem 4 below).

To our knowledge, this is the first time that such a complete inverse optimality study has been performed for a control system described by
PDEs with boundary control.

The structure of the paper is as follows. In Section 2 we present all main results of the paper. The proofs of the main results are all provided
in Section 3. Finally, Section 4 is devoted to the presentation of the concluding remarks of the paper.
Notation Throughout this paper, we adopt the following notation.

* R, =[0,+o0) denotes the set of non-negative real numbers.

% Let X be a given normed linear space with norm ||-||y, let B C X be a subset of X and let I C R be a non-empty interval. By C° (I; B) we
denote the class of continuous mappings f : I — B, i.e., the class of mappings f : I — B for which the following property holds: for every
1o € I and for every £ > 0 there exists 5 > 0 such that ||f(1) — f(to)||y < & for all 1 € I n(ty — 5,1y + 8). By C°(I; X) we denote the class
of continuous mappings f : I — X with compact support. By C! (I), where I C R is an open interval, we denote the class of continuously
differentiable functions f : I — R with compact support. By C! (I; B) we denote the class of continuous mappings f € C° (I; B) for which the

O
1=ty

following property holds: there exists g € C° (I; X) such for every t, € I and for every & > 0 there exists § > 0 with g(ty)|| < e for

X
all 1 € I n (19 — 8,19) U (g, 1o + 6)). In this case we write f, = g. A mapping f : I — B is of class C>(I; B) if f € C' (I; B) and f, € C' (I; X).
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*

Let S C R” be an open set and let A C R” be a set that satisfies S C A C cI(S). By C%(A ; 2), we denote the class of continuous functions on
A, which take values in 2 C R™. By C*(A ; Q), where k > 1 is an integer, we denote the class of functions on A C R", which take values in
£ C R and have continuous derivatives of order k. In other words, the functions of class C¥(A; Q) are the functions which have continuous
derivatives of order k in S = int(A) that can be continued continuously to all points in 3.5 N A. When 2 = R then we write C%(4 ) or C¥(A).
When I C R is an interval and € C!(I) is a function of a single variable, 1’ (x) denotes the derivative with respect to x € I.

Let I C R be an interval and let a < b be given constants. Let the function u : I X (a,b) — R be given. We use the notation u[f] to denote the
profile at certain ¢ € I, i.e., (u[t])(x) = u(t, x) for all x € (a, b).

+ Let 2 C R" be a given open set given. For p € [1,+), L?(£) is the set of equivalence classes of Lebesgue measurable functions u : 2 - R
with [lull, := ( f!2 Ju(x)|? dx) Ve < +o00. L®(L) is the set of equivalence classes of Lebesgue measurable functions u : 2 — R with
llull, := esssup(Ju(x)|) < +co. The scalar product in L2(0,1) is denoted by (e, ). For a set A C R", y, denotes the characteristic function

Q

*

of ACR", ix.f:., xa(x)=1if x € A and y,(x) =0if x ¢ A. leoc (R+) denotes the class of Lebesgue measurable functions f : (0, +o0) — R with
S 1f0)? dt < +oo for all T > 0.

Let X be a given Banach space with norm ||-||x and let I C R be a given open interval. A function f : I — X is measurable if there exists a
set E C I of measure zero and a sequence {f, € C(I;X) : n> 1} such that lim,_ ., (f,() = f() for all t € I\E. For p € [1, +c0), L’(I; X)
is the set of equivalence classes of measurable functions f : I — X with || f]|, := (/1 ||f(t)||1)’( dx)l/p < 400. L®(I; X) is the set of equivalence
classes of measurable functions f : I — X with || f]l,, := esssup (|| foll X) < +o0o. Weak derivatives of functions f : I — X are defined and
used in [33,55]. !

Let a < b be given constants and k > 1 be an integer. For p € [1,+0], W¥?(a, b) denotes the Sobolev space of functions in L?(a, b) with weak
derivatives up to order k, all in L?(a, b). We set H*(a,b) = W*2(a, b). The closure of C! ((a,b)) in H!(a, b) is denoted by Hé(a, b).

*

*

2. Main results

In this paper we study the following linear PDE-ODE model for ¢t > 0, x € (0, 1)

é=w , w=-f @
Pit = Prx = OPrxxx + HPpx = Ky 2)
0,(1,0) = 9, (1,1) = 0 ©)
Prxx(1,0) = Py (1) = =07 (1) &)
/O 1 ot x)dx = /O 1 @t x)dx = 0. ®

Model (1)-(5) is the dimensionless model of the linearization of a tank-liquid system (waterbed model) where the liquid satisfies the viscous
Saint-Venant model with surface tension and wall friction (see [35]).
We next provide a notion of generalized solution for the problem (1)-(5). The notion allows the study of discontinuous (measurable) inputs.
We define the following spaces:

1
$= {(pEHZ(O’l) : w'(0)=(p'(1)=/ (ﬂ(x)dx=0} (6)
0

1
S:{(pELZ(O,l):/(p(x)dx:O} @
0

LetO: S — H(i (0, 1) be the linear operator defined by the following formula for all ¢ € S:

(Op) (x) = /X @(s)ds,for all x € [0,1] ©))
0

Definition 1. LetT >0, ¢y € S, ¢y € S, (&, wy) € R%, f € L*(0,T) be given. We say that the absolutely continuous functions &,w : [0,T] - R
and ¢ : [0,T] — S constitute a generalized solution on [0, 7] of the initial-boundary value problem (1)-(5) with initial condition

@[0] = g, ,[0] = @y, (£(0), w(0)) = (&, wp) ©)
if (1) holds for t € (0,T) a.e., ¢ € L* ((0,T); H*(©0,1)n §), (9) holds and there exists a function u € C° ([0, T]; H; (0, 1)) n L? ((0,T); H*(0, 1)) with
u; € L* ((0,T); L*(0, 1)) such that

@,[t] = u [t),for t € [0,T] (10)

u,[t] = @, [t] = o@ (1] + pu, [t] — xult] — f(t);([(,‘”,for te(0,T) a.e. an

Definition 2. Let ¢y € S, @) € S, (&,wy) € R?, f € L2 (R,) be given. We say that the functions £,w : R, - R and ¢ : R, — S constitute
a generalized solution on R, of the initial-boundary value problem (1)—(5) with initial condition (9) if for every T > 0, the functions &, w and ¢

constitute a generalized solution on [0, T'] of the initial-boundary value problem (1)—(5) with initial condition (9).

Remark 1.

(i) It should be noticed that Eq. (10), definition (7) and the fact that u € C°([0,TT]; H(}(O, D) n L2 ((0,T); H*(0,1)) implies that ¢, €
C9([0,T1;.8) n L2 ((0,T); H'(0,1)). Consequently, Theorem 4 on pages 287-288 in [33] implies that ¢ is of class C° ([0,7];5). Thus, the
equalities ¢[0] = ¢, ¢;[0] = p, make sense.
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(i) The function u € C° ([0,T7; H(}(O, 1)) L2 ((0,T); H*(0,1)) that satisfies (10), (11) is strongly related to the velocity of the fluid of the original
fluid model (viscous Saint-Venant model) that gives rise to model (2)-(5) (see [35]).

(iii) The reader may wonder what is the inspiration behind Definitions 1 and 2. Indeed, as said above model (1), (10), (11) arises as the linearization
of the Saint-Venant model of an incompressible viscous fluid in a moving tank with surface tension and wall friction (see [35]). In order to
obtain model (1)-(5) from model (1), (10), (11) one needs to assume sufficient regularity and perform additional differentiations with respect
to the time variable 7 and the spatial variable x (and thus eliminate the velocity from the model). Here we avoid the extra differentiations
and consider strong solutions (in the sense of [56]) of model (1), (10), (11). Therefore, the notion of the generalized solution provided by
Definitions 1 and 2 is entirely motivated by the physics of the underlying problem.

The notion of generalized solution which is provided by Definition 1 coincides with the classical solution (which is guaranteed to exist by virtue
of Theorem 1 in [35] under certain compatibility and regularity conditions) when the generalized solution is sufficiently regular. This is shown by
the following proposition whose proof is very simple and is omitted.

Proposition 1. Let T >0, ¢y € S, ¢y € S, (&, wy) € R, f € L?(0,T) be given. Let &,w : [0,T] > R, ¢ € L ((0,7); H*(©0,1)n S) be a generalized
solution on [0,T] of the initial-boundary value problem (1)—(5) with initial condition (9). Suppose that ¢ € C°([0,T];Sn H*(0,1)) n C! ([0,T];5) n
€2 ([0,T]; L*(0,1)). Then Egs. (1)-(5) hold for all 1 € [0, T].

We next show that for all initial conditions and inputs the generalized solution exists and is unique.
Define the following family of functionals for all p € S, u € Hé (0,1) and r € R:

oc(l1+r)

1
el + Z52 9 + 5 lu = el + ko3 (12)

2

1
W, (@) = = llull} +

Theorem 1. LetT > 0, ¢y € S, @y € S, (&.w,) € R%, f € L*0,T) be given. Then there exists a unique generalized solution on [0,T] of the
initial-boundary value problem (1)-(5) with initial condition (9). Moreover, for every r € R the following equation holds for all t € [0,T]:

t
W, (ol ult) + /0 (ru+ ko) oulsllls + ruo oslsl]3 ) ds

t
+ / (KI' ||<p[s]||§ + K ||u[s]||§ +u ||MX[S]||§) ds
0

t 1
=W, ((Po»ﬁfﬂo) + "/ f(s) (/ (KX(p(S, X) — r-: ! u(s, x) + u@, (s, x)) dx> ds (13)
0 0

where
u e C([0.T]; Hy(0.1)) n L* ((0,T); H*0, 1)) with u, € L* ((0.T); L*(0, 1))

is the function that satisfies (10), (11).

Remark 2. The regularity properties of the generalized solution allow the validity of Eq. (13). Eq. (13) is crucial for the construction of a stabilizing
feedback and the inverse optimality study.

We next exploit Eq. (13) and we construct a Control Lyapunov Functional for system (1)—(5) which allows the construction of stabilizing feedback
laws of LgV type.
Define for all € S, u € H}(0, 1), (¢, w) € R? the following functional

1
2k?
where W, (p,u) is defined by (12) and define for all y,r,k,Q0 >0, p € S, @ € S, (£, w) € R? the following linear functional

V(& w p.u) = %:2 + = (W+ k&) + OW, (p,u) a4

r+
r

1
PG =k (kw046 =r0 [ (o0 + L x + /() as)
0

We next define the instantaneous cost functional which is used in our inverse optimality study and we show that it is indeed a meaningful cost.
Let y,r, k,Q > 0 be given constants. We define for all g € S, u € Hé (0, 1), (£, w) € R? the following functional

-2
4G w.p.u) 1=k + T (w+ ke + Ox lull3 + Ou ||

+ Oxr llol2 + Or (ox + w) | @' |13 + Quor||o” |3

2
3,2 1
+ J/k—er (/ (quo(x)— r+ 1u(x)+/4(p'(x)>dx>
2 0 r

r

1
— YkQr (w + kE) / (kxo00 - J;luoc) + ' (0) dx 16)
0

For the constants r, k, Q > 0 we make the following assumption.

(A) The constants r, k, Q > 0 satisfy the following inequality

2
1+om a7)

2
r+ 1D2(1 + o7?)

1+ = +
W< ,[M\/§> ru(k + ur?)

Ko<
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Assumption (A) allows us to define the critical gain

y = 2 as)

2
urk3Q L4 K + (r+ 1D*(1 4 o7?)
1+on? ””\/5 ru(x + ur?)

1-

which is used in what follows.

Theorem 2. Let r,k,Q > 0 be constants for which assumption (A) holds and y > g, where y* is defined by (18). Let T > 0, ¢, € S, @y € S,
(fo, wo) € R? be given. Then there exists a unique generalized solution on [0,T] of the initial-boundary value problem (1)—(5) with initial condition (9)
which satisfies for t € [0,T]

[ = P (E@), w(), pl1], ,11]) 19

where P (¢, w, @, @) is the functional defined by (15). Furthermore, there exists a constant ¢ > 0 that depends only on y,r,k,Q, u,c >0 and k > 0 (ie., is
independent of T > 0, @y € S, @y € S, (&, wy) € R?) such that the following inequality holds for all t € [0, T

V (£(), w(), 1], ult]) < exp (—en) V (&, wy, 9o, OPg) (20)
where

ue C([0.T]; Hy(0.1)) n L* ((0,T); H*0, 1)) with u, € L* ((0.T); L*(0, 1))
is the function that satisfies (10), (11). Finally, the following equation holds for all t € [0,T]

)
2yk3

t
V (@), w(®), @lt], ult]) +/0 <q(é‘(3), w(s), pls],uls]) + > ds =V (&, wo, 9. U@p) (21

where q (&, w, @, u) is the functional defined by (16).
The fact that the instantaneous cost defined by (16) is a quadratic, coercive cost under assumption (A) for sufficiently large y is guaranteed by

the following lemma.

Lemma 1. Suppose that assumption (A) holds and suppose that y > y*, where y* is defined by (18). Then there exists a constant A > 0 such that

4Ew oz A(E+w? +lul,, +Hlels, ), 22)

forall g € 8, ue H)O,1), (¢,w) R

We also provide the following lemma.

Lemma 2. Suppose that assumption (A) holds and that y > % where y* is defined by (18). Then, there exists a constant A > 0 such that

P2 (&, w,@.u)

G w. 0.0+ —— e 2 A (& + P+ 1l o, + 0, ) 23)

forall p € S, ue H)(0,1), (¢,w) € R?, where P (£,w,¢, ) is the functional defined by (15).

P2 (&, w,.u)

The proof of Lemma 2 is a direct consequence of Lemma 1 because the functional g (¢, w, @, u) + o
7k’

of (16) with y replaced by 2y.

is equal to the right-hand side

Remark 3.

(1) The stability estimate (20) guarantees global exponential stabilization in the norm (|.§|2 +lw)? + ||U(p,||§ + ||(,o||2Hl o 1)>1/2 (recall (8), (10),
(12) and (14)). In other words, the stability estimate (20) in conjunction with (12) and (14) guarantees the existence of a constant M > 0
such that for every @) € S, @) € S, (&).w,) € R? the corresponding generalized solution on R, of the initial-boundary value problem (1)-(5)
with initial condition (9) which satisfies (19) for ¢ > 0 also satisfies the following estimate for all ¢ > 0:

IEOP + 10O + [Ber e[ + el < M expi=en) (1] + wol + [5o]; + looly10,1)) 4)

The reader should notice that this is a weaker stabilization result than the stabilization result of Theorem 4 in [35] which guarantees global

1/2
2 . 2 2 . . egs
Hl(o,l)) (a stronger norm since ”(pllHl(O,l) < ||¢||H2(0$|) and since definition

(8) implies the inequality ||Z5(p,||§ < ||(p,||§) for classical solutions of the closed-loop system (1)-(5) with (19). This phenomenon is justified by
the fact that the CLF defined by (14) involves no high-order spatial derivatives of the state. This happens because we require the feedback
law to be of LgV type- a CLF with high-order spatial derivatives would require high-order spatial derivatives to appear in a LgV type feedback
law. Moreover, a CLF containing terms like ||(p,||§ or ||qp||?qz(0 h (see the CLF used in [35]) is not necessarily differentiable with respect to time
for a generalized solution. '

(i) The feedback law (15) is different from the feedback law proposed in [35] because it contains the term x /01 x@(x)dx. Therefore, the feedback
law (15) depends on the friction coefficient k¥ > 0 in contrast with the feedback law proposed in [35]. Thus, the feedback law proposed in [35]
guarantees robustness with respect to the friction coefficient. Of course, the feedback law proposed in [35] is not optimal for a meaningful
cost criterion.

exponential stabilization in the norm <|§|2 +|w|* + ||(p,||§ + lloll
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(iii) The proof of Theorem 2, provided in the following section, shows that every generalized solution of (1)-(5) with (19) satisfies for 1 € (0,T)
a.e. the following equation

%V (€, w(®), plr]. ult]) =E@Mw(®) + k™ (w(t) + k&) w(t) = O [ulA]2 ~ Qp [ [11]|3

— OxrllgltlI2 = Or (ox + w) || @, 115 — Quor || @yl

1
- f@® <k_2 (w(t) + kE)) — QrK/ xq(t, x)dx)
0

1 1
+ f® (Q(r + 1)/ xq,(t, x)dx + Q"M/ @, x)dX>
0 0

Therefore, the feedback law (19) with P (&, w, ¢, p) defined by (15) is a LgV type feedback.

The inverse optimality study is finished by showing that the stabilizing feedback law (19) is optimal for a meaningful cost functional. By the
term “meaningful cost functional” for a linear control system we mean the sum of two quadratic, coercive functionals: one for the state and one
for the control input. For every ¢y € S, @y € S, (&.w,) € R?, f € L (R, ) we define the functional

loc

_ oo ()

J (&> wo. @9, @9 f) = / (q(«f(sx w(s), gls], uls]) + > ds (25)
0 2yk3

where é,w : R, > Rand ¢ : R, — S is the unique generalized solution on R  of the initial-boundary value problem (1)—(5) with initial condition

(9andu: R, — H(} (0, 1) is the function that satisfies (10), (11). When r, k, Q > 0 are constants for which assumption (A) holds and y > y*, Lemma

2 shows that the functional J defined by (25) is a meaningful cost functional.

Theorem 3. Let r,k,Q > 0 be constants for which assumption (A) holds and y > y*, where y* is defined by (18). Then for every @, € S, @, € S,
(&, wy) € R? it holds that

V (&9, wo, 99, 0@g) = inf { J (&g, wo, @9, @0 f) = f € LL (R,) } =T (& wy, 09, . f7) (26)

where
fr@ = P (& @), w @), o*[1], 9} 11]) . for t > 0, 27)

P (& w, @, ) is the functional defined by (15) and &*,w* : R, — R, ¢* : R, — S is the unique generalized solution on R_. of the initial-boundary value
problem (1)-(5) with initial condition (9) that satisfies (27).

Remark 4.

(i) It is important to notice that Eq. (26) is different from the equation

V (&9, wo. 0o, Og) = inf { J (&, wy, 9o, @o. ) : f € F (&, wo, @0, o) } (28)

where F (&), w, @9, @) € L7, (R, ) is the class of inputs for which the corresponding unique generalized solution on R, &,w : R, — R and
@ : R, —> § of the initial-boundary value problem (1)-(5) with initial condition (9) satisfies lim,_, o, (V (£(), w(t), ¢[t],Op,[1])) = 0 (see for
example the analysis in [14]). Therefore, Theorem 3 is a stronger result than the usual results of inverse optimality.

(ii) The fact that Theorem 3 holds for y > y*, while Theorem 2 holds for y > % is typical for inverse optimality problems. The fact that y is
unrestricted shows the “infinite gain margin” property which holds for optimal feedback laws, while the difference between assumptions
y>y*andy > % shows the “gain-reduction margin” property.

(iii) For the tank (1) without liquid (Q = 0) and with feedback f = yk(w + kf)zand arbitrary k > 0, exponential stability holds in ||(&, w)|| for all

y > 1 and the infinite-time integral of y (2(k&)? +(y — 2) (w + k&)*) + (%) is minimized for all y > 2.

As remarked in the Introduction in this work we go one step beyond the inverse optimality study. The following theorem shows that the optimal
feedback law (19) guarantees the same stabilization result as the one obtained for classical solutions in [35]. However, the stability estimates in
stronger norms have to be obtained by exploiting additional functionals or a different procedure. Here we employ a methodology similar to the
methodology for proving Input-to-State Stability for parabolic PDEs (see for example [54]).

Theorem 4. Let r,k,Q > 0 be constants for which assumption (A) holds and y > %, where y* is defined by (18). Then there exist constants G,w > 0 such

that for every ¢y € S, @y € S, (&, w,) € R? the unique generalized solution on R, of the initial-boundary value problem (1)-(5) with initial condition
(9) which satisfies (19) for t > 0 also satisfies the following estimate for all t > O:

EOP + 1w + ] + IollIE ) < Gexp o0 (6] + [wol + [@oll3 + 90l i) 29)

3. Proofs
3.1. Well-posedness results

In this section we provide the proof of Theorem 1 which is based on the Galerkin method as explained in the book [33].
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Proof of Theorem 1. The proof is divided in three parts.

1st Part: Existence. We prove that there exists a unique generalized solution on [0, T] of the initial-boundary value problem (1)-(5) with initial
condition (9).

We construct approximate solutions of the initial-boundary value problem (1)—(5) with initial condition (9) by means of the following formula
form=1,2,....

m

@1, X) = z a,(H)p,(x), for (#,x) € [0,T] X [0, 1] (30)
n=1
where
B (x) = \/Ecos (nzx), for x € [0,1] (31)
and each q, for n=1,...,m is the solution of the following initial value problem
i,(t) = — (/4r1271'2 + K') a,(t) — (6n2ﬂ2 + 1) nzﬂzan(r) + \/Ef(l‘) (=D"=1) (32)
1 1
a,(0) = \/5/ @o(x) cos (nrx) dx, a,(0) = \/5/ Po(x) cos (nmx) dx (33)
0 0
Multiplying (32) by 4,(¢) and completing the squares we get the following differential inequality for a.e. t € (0, T):
d (1., 1/, 22 2 22 R 2 410
T (20”(t)+ 2 (Gi’l 7+ l)n T a”(t)> < 2 (/m b3 +K) a,(n + Y (34
In addition to that we multiply (32) by (a,() + (un’z® + ) a,(t)) and we complete the squares to get for a.e. t € (0,T):
% (% (a,(0) + (un*7® + ) a, ) + % (on’n? +1) nznzaf(t))
<- % (/mzﬂz + K) (an27r2 + 1) nzﬂzaﬁ(t) + % (;mzzrz + K) di(z)
2
(un?? + ) (=D =1y
+ +1 2t 35
< (on2z? + 1) n2z2 un’z? +x Y (35)

Integrating the differential inequality (34) and using the fact that

m

lemdalll; = 3 o,

n=1

|0 l11])5 = X i aa@),
n=1

m m
[@mreltl]ls = X n* 2t @@, (| @pilil]; = D n222d2),
n=1 n=1

which is a consequence of (30) and (31), we get for all t € [0, T]:

t 1
[omdl+ fonsll + 2 omslel + 1 | Homlslas 4 [ opelsl ds

m '
Z#ﬁﬂ) [ rioas 36)
0

n=1

<@ O3 + @05 + 0 [l o[0T + (

Integrating the differential inequality (35) and using the fact that

m

[@milt] = 1Pl + k@112 = D (6,(0) + (P + k) a, (1))
n=1
[@ndel]s = X 2@ |@uiltl]s = X, P 22a20), [ @pultl]s = D ntz*a),
n=1 n=1 n=1

[@mresltlls = D 107020, [ @inltllf = D n222d2(0),
n=1 n=1

as a consequence of (30) and (31), we get for all € [0,T]:
t
1m0 = 10 cl1] + k@A + [ ][5 + 0 [ @13 + 0 /0 lomcoxls1lf3 ds

t t
+ (ko + y)/ ||(pm$xx[s]||§ ds+ K/ ||q;m’x[s]||§ ds
0 0

< ||(pm,t[0] — HPuxx[0] + K‘pm[o]llg + ||¢’m,x[0]||§ to ”(pm,xx[o]”g

’ 2 ' 2 1) v _ 8 ’
[ NonatsiBas+x [ ||(pm’,[s]||2ds+<T+l> Y i [ roas @7

Combining (36) and (37) we obtain for all ¢ € [0,T]:
i1 = 1 1] + @ 1[5 + 2 [ @ 11 + 3 | @ ][5 + 36 [l 1]

t
+ /0 (0 lm sl + k0 + 0 [ ls1IE + K [ alsI + [0 ielsI + ¢ @ ls1]3 ) s

7
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< @msl0] = 11y 1 [0 + K@ [O1][3 + 3 || @ [O1]]3 + 36 || @y [O1]]5 + 2 [| @, [O1]]3

(u+x)? < 8 /’ )
+ <—6 +3> (; TR +,<) A FA(s)ds (38)

1 1
/ @, x)dx = / Pyt x)dx = @, ((1,0) =0
0 0

Since

for all ¢ € [0, T] (recall (30), (31)), it follows that
l@nltllly < ll@mslt1]l;, < @maxlall, and [|@y (1], < [|@m x|l
for all ¢ € [0, T]. Moreover, Egs. (30), (33) imply that
lomstOll, < [[@5]], - 1m0l < 0ol N@mcclO, < [0 ], and fl@ni01], < 20l

Consequently, estimate (38) implies that there exists a constant K > 0 (independent of m) such that the following inequality holds for all ¢ € [0, T]:

t t
lomdah+ honte e+ | ontslion ds+ | omtslng ds < & 39

We define for r € [0, 7] and x € [0, 1]:

m

U (t, x) = '; a:l:)g,,(x) (40)
where

g,(x) = V2sin (nzx) . for x € [0,1]. (41)
Egs. (30), (31), (32), (41) give for t € [0,T] and x € [0,1]

U, (1, x) = /0 ’ Ot 8)ds (42)
and for a.e. t € (0,T):

U (1) = @y [1] = Kt [1] + 1Py [1] = 6Py 1] + \/Efmi1 ('13,—7['1 g (43)

Eq. (42) implies that
Uy (1,0) =ty (1,1) = 0, |u,[A| £ || @, L7]]] -
””m,x[t]“z < “(pm,t[t]“z and ””m,xx[t]nz < ”(pm.tx[t]“z

for all ¢ € [0, T]. This fact in conjunction with (39) implies that there exists a constant K > 0 (independent of m) such that the following inequality
holds for all 7 € [0, T]:

! t
Il +/0 (A PR +/0 e L5113 ds < K 44
Using the Cauchy-Schwarz inequality along with (39) and (44), we obtain for all #,#, € [0, T] with t > ¢, the following estimates
l@nlt = @ultoll], < K'/2|t = 1o]'? (45)
(|21 = w201, < g2 = IO|1/2 ”

Thus, by virtue of (39)

the sequence {g,,}*_ is bounded in L*® ((0,7); H*(0,1)) and in L? ((0.T); H*(0,1)),

the sequence {(pm’,}:;l is bounded in L* ((0,T); L*(0,1)) and in L* ((0,7); H'(0, 1)),
while by virtue of (44)

the sequence {um}:=1 is bounded in L ((0, T);HS(O, D) and in L? ((0,T); H*(0, 1)),

the sequence {”m,t}:ﬂ is bounded in L? ((0,T); L*(0, D).

Finally, by virtue of (39), (44) and (45), (46) the sequences {(pm}:;l, {”m}::=1 are uniformly bounded in H'!(0, 1) and are uniformly equicontinuous
in L2(0, 1).
Consequently, there exist subsequences

© o0 o o0
{on ), < lombma {um ), € umhis
and

@ € L® ((0,T); H*©0,1)) n L2 ((0,T); H3(0,1)) ,u € L™ ((0,T); H}(0, 1)) n L2 ((0,T); H*(0, 1))

8
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with

@, € L™ ((0,T); L*(0, 1)) n L2 ((0,T); H'(0,1)) ,u, € L ((0,T); L*(0, 1))
such that

@, = @ in L* ((0,T); H*(0,1)) weakly,

Uy, = uin L? ((0,T); H*(0,1)) weakly,

Pmps = @, 0 L2 ((0,T); H'(0,1)) weakly,

Uy = U i L7 ((0,T); L*(0, 1)) weakly,

@, ~ @ and u,, — uin C? ([0, T1; L*(0, 1)) strongly.

We show next that

t T t
(&), w(0) = <:o+wot— /0 /0 F(s)dsd, wy — /O f(s)ds>

for r € [0,T] and ¢ constitute a generalized solution on [0, 7] of the initial-boundary value problem (1)-(5) with initial condition (8). The fact that
ue CY([0,T]; H'(0,1)) and ¢ € C°([0,T]; H*(0,1)) follows from Theorem 4 on pages 287-288 in [33]. Since

1 1
/ @p(t,x)dx = / @t x)dx =0, 47)
0 0
1
Pt 1) = / (PP (8, %) + P ()@, 1(1, X)) dx = 0, (48)
0
1
Ons.0 = [ (@000, 4 4 (09030 (0) dx =0 49)
0
for all t € [0,T] and for every p,q € C' ([0, 1]) with p(1) = 1, p(0) = q(1) = 0, g(0) = —1 (recall (30), (31)), we obtain that
T ,l T 1
/ / v(t)(pmk (t,x)dxdt = / / v(t)(pmk',(t, x)dxdt =0, (50)
o Jo o Jo
T /1
/ / 00) (POt X) + D (0P, (1,) ) dxdt = 0, (51)
o Jo
T 1
[ o0 (4090, 00000 + /00, 0.0 ) dnar =0 (52)
o Jo

for all v € L%(0,T). Since @, = @ in L2((0,T); H3(,1)) weakly and Py = @ I0 L% ((0,T); H'(0,1)) weakly we get that

T 1 T 1
/ U(t)/ @(t, x)dxdt = / U(t)/ @,(t,x)dxdt =0, (53)
0 0 0 0

T 1
/ U(t)/ (p(x)(pxx(t, x) + p’(x)(px(t, x)) dxdt =0, (54)
0 0
T 1
/ o(t) / (4@ (1, %) + ¢’ (D)o, (1, %)) dxdt = 0 (55)
0 0
for all v € L2(0,T). Thus,
1 1
/ @, x)dx = / @,(t,x)dx =0, (56)
0 0
1
Py, 1) = /0 (PP (1. %) + P (D), (1, X)) dx = 0, (57)
1
@, (1,0) = /0 (4@ (1, %) + ¢ (), (1, X)) dx = 0 (58)

for a.e. r € (0,T). Consequently, definitions (6) and (7) imply that ¢ € L® ((0,T); ) and ¢, € L* ((0,T); S). Since ¢ € C° ([0, T]; H(0, 1)), which
implies that the mappings

1 1
I / o, x)dx,t = @, (t,1) = / (PP (1, X) + P (D), (1, X)) dx,
0 0

1
10 @.(t,0) =/O ()P (1. %) + ¢' (), (1. %)) dx

are continuous, we get that ¢ € C° ([0,T1]; §). Similarly, we show that u € C° ([0, T]; HOI(O, D).
Since (30), (31) and (33) imply that lim,,_, ., (]l@o — ®.[0]]|,) = 0 and since @, — @ in C0([0,T]; L?(0,1)) strongly we obtain that ¢[0] = g,.
Since u,,(t,x) = fox @, 8)ds for all 1 € [0,T], x € [0,1] (recall (42)), we obtain that

T 1 x
/ / (um(t, x) — / Pt s)ds) v(t,x)dxdt =0 (59)
0 0 0
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for all v € L ((0,7); L*(0,1)). Since ¢, , = @, in L?((0,T); H'(0,1)) weakly and u,, — u in L? ((0,T); H*(0,1)) weakly we get that

T 1 X
/ / <u(t, x) — / @, (1, s)ds> u(t,x)dxdt =0 (60)
0 0 0

for all v € L? ((O, T); L2(0, 1)). Thus u[r] = Ug,[r] holds for t+ € (0,T) a.e. (recall (8)). Consequently, u.[t] = ¢,[t] for + € (0,T) a.e.. Since
u e CO([o, T];HOI(O, 1)), it follows that u, € C° ([0,T]; L%(0,1)). Consequently, possibly by redefining ¢, on a measure zero set, we may assume
that ¢, € C° ([0, T]; L*(0, 1)) and that (10) holds.

Since u,, — u in C° ([0,T1; L*(0, 1)) strongly, we get lim,_ ., (|| ty, [0] —u[0] ll,) = 0. Eq. (40) in conjunction with (33), the fact that the
functions g, defined by (41) constitute an orthonormal basis of L?(0, 1) and Parseval’s identity imply that

[

01 =Bl = Y (B@o.2,)° 61)

n=m+1

Consequently, we get lim,,_, o, (||4,,[0] = O@g]|,) = 0 which gives u[0] = U@,. Using (10) we get that ¢,[0] = @,.
Exploiting (42) and (43) we get for every v € L2 ((0,T); L*(0,1)):
T 1
/ / (Ut %) = @ (1, %) + Kty (8, X) = it (6, X) + 6@, (. %) + f(1)) 0(1, x)d xd1
0 0

T 1 m n
_ / / 10 (1 +V2y e gn(x)) u(t, x)dxdt = 0 (62)
0 0 =l nmw

Taking into account the fact that the functions g, defined by (41) constitute an orthonormal basis of L?(0, 1) and Parseval’s identity, we get

2 (0= d,D) T D (ha(0) — (D)’ >
o~ 2{ i & = 21 2n2 <4 |
n= 2 n=m+ n=m+

which combined with (31) and the Cauchy-Schwarz inequality gives:

T /1 m .
/ / N0 <1 +V2 Y mgn(x)> o(t, x)dxdt
o Jo ~  onr

o : 1/2 T 172
52( Zlm> (/0 If(t)|2d1>

n=m+

1/2

T
( [ o dz) ©3)
0
Therefore, it follows from (63) that

T ,l m n_
lim ( / / f@ (1 +V2 D (_I)—Ig,,(x)> o(t, x)dxdt) =0. (64)
m—+o00 0 0 =l nmw

Due to (62), (64), the fact that ¢,, — ¢ in L2 ((0,T); H3(0,1)) weakly, the fact that Uy, — uin L2((0,T); H?*(0,1)) weakly and the fact that
u 1] = @[] + xult] — pu (1] + 00, [1] + f (D) 10, is of class L2 ((0,T); L*(0,1)) we obtain (11).
2nd Part: Proof of (13). It follows from the regularity properties of the generalized solution that the mapping [0,7T]2t — W, (@[], u[t]), with
W, being defined by (12), is absolutely continuous. The above fact along with (8), (10), (11) (which also imply the equalities (Og[1]), = ulf],
@[] = u [1], (Oplt]), = @[t]) implies for a.e. t € (0,T):
d

=Wl ult)) = = x )l = p @ 111]); = wr oIl = r(ox + ) Lo [1]]3 ~ wor [l 171

1 1
- f® <r'</ Oolt]) ()dx + (r + 1)/ u(t, x)dx —ru (o, 1) - o(t, 0))) (65)
0 0

Integrating Eq. (65) and using (8) (which implies that [01 (Oplt]) (x)dx = — /ol x¢(t,x)dx) and (10) we obtain (13).

3rd Part: Uniqueness. We next exploit (13) in order to prove that the generalized solution on [0, T'] of the initial-boundary value problem (1)—(5)
with initial condition (9) is unique.

The difference of two generalized solutions on [0, 7] of the initial-boundary value problem (1)-(5) with initial condition (9) is a generalized
solution on [0, T] of the initial-boundary value problem (1)-(5) with (50, Wo) =(0,0), f(1) =0, ¢, = @y = 0. We next show that the generalized
solution on [0, T'] of the initial-boundary value problem (1)—(5) with (!;0, wO) =(0,0), f(t) =0, ¢y = oy =0 is necessarily identically zero.

Using (13) and definition (12) with r = 1 we get that W, (@[], u[t]) = 0 for all ¢ € [0, T]. Eq. (12) implies that ¢[r] = 0 for all # € [0, T]. Moreover,
the unique solution of (1) with (éjo, wo) =(0,0), f(r) =0 is the solution (£(r), w(t)) = (0,0) (uniqueness of solutions for linear ODEs). []

3.2. Stability results
In this section we provide the proofs of Theorems 2 and 4.

Proof Theorem 2. Define ¢,, and u,, by means of (30) and (40), respectively, where ¢,, g, are given by (31), (41) and all @, for n=1,...,m are
given by the solution of the following initial value problem (33) with

d, () = — (un*a® + k) a,(t) = (on*a* + 1) n*x%a,(t) + B, frn(®) (66)

En) = w, (1), Wy (0) = ~f,(0) (67)

10
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(£n(0), w, (0)) = (&, wp) (68)
where
=V2(-1" - 1) ©)
o K + un*z?) a,(t) a,(t
Fu(®) =1k (w0,,(®) + k&,(0)) — yK>rQ z ﬂ"% -7+ 1)0 Z /3,, A )
n=1
1
=k (w, (1) + k&, (1) — 7K rQ / (quom(t, x) — um(t, x) + ey, (1, x)) dx (70)
0
Furthermore, define for (¢, x) € [0,T] x [0, 1]:
0,,(t,x) := Z an(t) (x) = / @, (t, 5)ds (71)
n=1 0
_ 1l 1 2
Valt) = S0+ =5 (w0 + k&, (0)” + OW, (1) (72)
1
W@ =2 11 + 2 o 13 + TS5 0 L1 + 5 1 = s 111 + 50, 112
& a2 (1) REY. < 6(1+r)
== Z nzﬂz ,; ai(l) + — Z{ nzﬂzaﬁ(t)

a MOES ;m2n:2 + K) a (t))2

z 2 " (73)

n?x?

Using (72), (66) and (73), (67), (70) as well as definition (16) we obtain for all ¢ € [0, T]:

V) = =q (6,0, w,, (1), 9,11, u,[1]) — ﬁﬁ( ) (74)

Definitions (72), (73) as well as the fact z2 ||9m[t]||§ < ||(pm[t]||§ (Wirtinger’s inequality; recall definition (71)) imply the existence of a constant
¢; > 0 (independent of the particular solution and m, T > 0) for which the following estimate holds for all ¢ € [0, T]:

Vul® < 1 (20 + w20 + 1 + 0nl 1) 75)

Exploiting (74), (23), (75) and the fact that f,, = P (5,,,, Wiys Pprs “m,x) as a consequence of (15), (30), (40) and (70), we conclude that the differential
inequality V(1) < —cl‘lffVm(t) holds for all ¢ € [0, T]. Consequently, we get:

V() < exp (—c;' Ar) V,(0), for all t € [0,T] (76)

Definitions (70), (72), (73) imply the existence of a constant ¢, > 0 (independent of the particular solution and m, T > 0) for which the following
estimate holds for all t € [0,T]:

A < Vi@ 77)

Moreover, Egs. (30), (33) and (40) imply that ||u,,[0]]|, < ||@:[0]]l5 [|@mx[O1]], < ”(po
we obtain from (68) and (75):

s llont0]l> < fl@oll, and [|@n,01]}, < {|@o]|,- Consequently,

V) < 1 (& + g + [[90l13 + 2ol (78)

Working exactly as in the proof of Theorem 1 and using (76), (77), (78) and the facts that ||¢,, ,[0]||, < ”(p6
and ||<,o,,,,,[0]||2 < ||@oll, (recall (30), (33)) we get for ¢ € [0,T]:

0’ ||‘Pm[0]||z < ”(90”2’ ”(pm,xx[o]”z <

1
2 013 + 3 homal1: + 30 [l 1 1 | (& [l + [l + 1) 5

<4 (0' +it K+ 1) ”(p()”iﬂ((),l) +4 ”@0”;

. +x) v 8 _
A e (W_> +3> (2 2_”2> (&2 + w3 + a0l + ool o) )

n=1

Egs. (72), (73) and estimates (76), (77), (78) imply the existence of a constant ¢; > 0 (independent of the particular solution and m, T > 0) for
which the following estimate holds for all t € [0, T]:

£+ w0+ £20 + unl)][3 + @l + [ @ml1]3
<eyexp (—e A1) (& + w2+ [goll3 + lollio) (80)

Consequently, estimates (79), (80) and the facts that ||@,[71||, < [|@u lt]]l, < [|@mxxlA|l, and ||@,, 1], < ||l for all ¢ € [0,T], imply that
there exists a constant K > 0 (independent of m, T > 0) such that the following inequality holds for all r € [0, T]:

t
1) + w20 + 20 + [unl11])5 + | @11 + / FA(s)ds
0

11
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t t
#lonttlzon + [ 1onlon s+ [ Nontsiyiq s < K (81)
Egs. (40), (30), (31), (66), (41) give for a.e. t € (0,T):
Uy 1[1] = @y [1] = Ky [1] + @y 1 [1] = 0@y s [E] + frn (D) Z f—:rg,, (82)
n=1

Egs. (30), (40), (42) imply that
U (t.0) = 1, (1, 1) = 0, [Ju, (11|, < | @ (]| et [, < | @ (]|, @D [Jety 1 [A]]y < (@i 21]],

for all ¢ € [0, T]. These facts in conjunction with (81) and (82) implies that there exists a constant K > 0 (independent of m, T > 0) such that the
following inequality holds for all 7 € [0,T]:

t t
om0+ [ Ty ds+ [ il s < & (83)

Working exactly as in the proof of Theorem 1 we establish inequalities (45), (46).

Thus, by virtue of (81)
_, is bounded in L* ((0,T); H*(0, 1)) and in L* ((0,T); H*(0, 1)),
{@ms} -, is bounded in L*® ((0,T); L*(0,1)) and in L? ((0,T); H'(0,1))

the sequence {g,,}

while by virtue of (83)
*_, is bounded in L® ((0,T); Hy(0,1)) and in L? ((0,T); H*(0, 1)),
the sequence {zt,mt}:=1 is bounded in L? ((0,T); L*(0, D).

the sequence {u, }

By virtue of (81), (45) and (83), (46) the sequences {(pm}:zl, {“m}:=1 are uniformly bounded in H'(0,1) and are uniformly equicontinuous in
L%(0,1).

By virtue of (81) the sequences { f,,,}:’= b {fm}::;l and {wm}:;l are bounded in C ([0, T']). Furthermore, by virtue of (67) and (70) the sequences
{Fubo s {&,}o, and {u,,}>_ are bounded in L2(0,T) which also implies that the sequences {f,}~_, {&,}>_ and {w,} _ are uniformly
equicontinuous.

Consequently, there exist subsequences

{om ) Hontmy {um ), < b
{r )l {an ) clam {wn ) clwai,

and

@ € L ((0,T); H*(0, 1)) n L2 ((0,T); H3(0, 1)),

ue L® ((0,7); H (0, 1)) n L2 ((0,T); H*(0, 1)), £.& w € C° ([0, T])
with

@, € L™ ((0,T); L*(0,1)) n L? ((0,T); H'(0, 1)) ,u, € L* ((0,T); L*(0, 1))
such that

@, — @ in L2 ((0.7); H3(0.1)) weakly,

Uy, = uin L* ((0.T); H*(0.1)) weakly,

Puys = @ i L2 ((0,T); H'(0,1)) weakly,

Uy = Uy i L7 ((0,7); L*(0, 1)) weakly,
@, = @ and u,, — uin C° ([0, T1; L*(0, 1)) strongly,
&, = & Wy, — wand f,, — fin C°([0,T]) strongly.

The fact that u € C° ([0,T]; H'(0,1)) and ¢ € C° ([0,T]; H%(0, 1)) follows from Theorem 4 on pages 287-288 in [33]. Working exactly as in the
proof of Theorem 1 we establish that ¢, € C°([0,T1;.5), ¢ € C° ([0,T]; §), u € C° ([0,T]; Hy(0, 1)), 90 = @9, ¢,[0] = p and that (10) holds.

We show next that (£(7), w(?)) for t € [0,T] and ¢ constitute a generalized solution on [0, 7] of the initial-boundary value problem (1)—(5) with
initial condition (9) that satisfies (19) for ¢ € [0, T].

First, we notice that since

t t
£, =& +/ w,,(s)ds, w,(t) =w, —/ fm(s)ds (84)
0 0
forallm=1,2,...,t €[0,T] and since Sy = & Wy, D W and S, = f in € ([0, T]) strongly we get that
t t
Et) =&+ / w(s)ds, w(t) = wy — / f(s)ds (85)
0 0

for all ¢ € [0, T]. Therefore, &, w € C! ([0, T]) and (1) holds for all 7 € [0,T].
Exploiting (42) and (82) we get for every v € L? ((0,T); L*(0,1)):

T ,l
/ / (U s (8, %) = @ (8, X) + K1ty (8, X) = pthy, (2, X)) 0, X)dxdt
o Jo

12
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T 1
+ / / (6@ mxx (1, %) + f1)) 0(t, X)dxd1
0 0

T 1 T 1 m n_
+ / / (fu® = f@)) v(2, x)dxdt — / / Fn(® <1 +V2 z mg,,(x)) v(t, x)dxdt = 0 (86)
o Jo o Jo = 7

Taking into account the fact that the functions g, defined by (41) constitute an orthonormal basis of L?(0, 1) we use Parseval’s identity along with
(31) and the Cauchy-Schwarz inequality to get

T 1 T /1 m .
/ / (fu® = £®)) 0(t, X)dxdt - / / ful®) <1 2y mgn(x)) o(t, X)dxdt
o Jo o Jo =l nwx

© 1 1/2 T , 12 T
SZ(Z m) </0 | £ dt) (/0 ||um||§dz>

n=m+1
1/2 1/2

T T
+< /0 |fm(t)—f(t)|2dt> ( /0 ||vm||§dr> @7)

Therefore, it follows from (81), (87) and the fact that S = f in C° ([0, T]) strongly that

T 1
kl{{f‘w (/0 /0 (fmk - f(t)> o(t, x)dxdt
T 1 my -1y -1
_/ / S @ 14V2Y, =g, | vt x)dxdr | =0 )
0 0 =l nr

Since ¢,, — ¢ in L2 ((0,T); H3(0,1)) weakly and Uy, — u in L2((0,T); H?(0,1)) weakly, we get from (86):

1/2

T 1
/ / (u,(t, x) = @, (1, x) + Ku(t, x) — pu, (¢, X)) v(t, x)dxdt = 0
0 0

T /1
+ / / (6@ i (1, %) + f(1)) v(t, x)dxdt = 0 (89)
o Jo
Notice that u,[1] — @[] + kult] — pu, [1] + 0@, [1] + f(D) x0, is of class L2 ((0,T); L*(0,1)). Since (89) holds for every v € L? ((0,T); L*0,1)), we

obtain (11).
Moreover, (70) implies that for all m = 1,2, ... the following equation holds for all v € L? (0, T):

T
/ 0@ (7773 () = K72 (W, () + k&, (1)) ) dt
0

r

Tt r+1
=—rQ / / o(0) (quom(t, )= T (1,50 + i (8, x)) dxdt (90)
0 0

Since ,,, — @ in L? ((0,T); H3(0,1)) weakly, u,, — uin L?((0,T); H*(0,1)) weakly and ¢&,, — & w
obtain from (90) that the following equation holds for all v € L? (0, T):

- w, f,, — fin C°([0,T];R) strongly, we

my

T
/ o) (y k3£ () = K72 () + kE®)) di
0

T 1
——r0 / / 0 (qu;(z, 0= "0 + e, x)) dxdt (91)
o Jo r

Consequently, we obtain the following equation for all # € [0,7] (continuity of ¢ € C°([0,71;5) and u € C° ([0,T7; Hé (0,1)) is also exploited at
this point):

r

1
F(©) = 7k (W) + k&®) = 7k*rQ /0 (kxe,x) -

Eq. (19) for t € [0,T] is a direct consequence of (92), (10) and (15).

We next show that every generalized solution on [0, T] of the initial-boundary value problem (1)-(5) with initial condition (9) that satisfies
(19) for 7 € [0, T] also satisfies (20) and (21). Uniqueness of generalized solution follows directly from (20).

Using the fact that the mapping [0, T] 2t — V (£(2), w(r), @lt], u[t]) with V' being defined by (14) is absolutely continuous along with (1), (8), (10),
(11) (which also imply the equalities (Og[r]), = ultl, @, [t] = u. [t], (Oplt]), = @[f]) and using integration by part, (92) and definition (16) we
obtain for a.e. r € (0,T):

-: L u(t, x) + uep, (1, x)) dx (92)

d 1 o
EV(fS(I), w(t), plt], ult]) + q (&), w®), [t], ult]) + %f H=0

for a.e. t € (0,T). Integrating this equation and using (8), (9), (10), we obtain (21). Definitions (12), (14) as well as the fact 2 ||(5<p||§ < ||(p||§
(Wirtinger’s inequality; recall definition (8)) imply the existence of a constant ¢5 > 0 for which the following inequality holds for all ¢ € S,
u€ HY(0,1), (&, w) € R%:

VEw o <es (& +w?+ uld+ ol ) 93)

Exploiting (23), (19), (21) and (93) we conclude that the differential inequality
%V @), w(), @lt], ult]) < —65_1 AV (@), w(t), (1], ult])

holds for all 7 € [0, T]. Consequently, we get estimate (20) with ¢ = CS_IA. O

13
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Proof of Theorem 4. Exploiting (10), (11), (31), (41) and (69) and using integration by parts, we obtain the following equations hold for ¢ > 0
a.e.:

L (gt} ) = nx () 2,)

d
% (u[t],gn) = —nr (1 + anzyrz) (q;[t],¢n) - (;mzﬂz + K) (u[t] g,,) + &f(t) 94)
Define fort >0and n=1,2, ...
2.2 2
P, := %n T (u[l] gn) +n’n? (1 +on’n ) ( [t], P, ) En T ((u[t],g,,) + % ((p[l],(l)")) (95)

Using (94) and (95) we get for ¢ > 0 a.e.:
P,,(t) = (;m p3 +l<)n p3 (u[t] g,,) (1 +on’n ) (;m F.4 +K)l’l m ( [t], qb,,)
+ nxp, (2 (ulrl.g,) + M (pl1). ¢n)) o) 96)

Completing the squares in (96) we obtain the following inequality:

2
P (1) < — % (;m 2+ K) <(u[l],gn)2 + (1 +0'n27r2) ((p[t],qb,,)z)

2.2
+< 2y prmix >ﬂ,%f2<t> ©7)

un?z? +x 2 (1+on?n?) n2zn?

Eq. (95) implies the following inequality:

P,(1) < Cn*n? ((u[l],g,,)2 + (1 + 6”271'2) ((p[t],qin)z) (98)
where C = (” +1)” 2 . It follows from (97) and (98) and integration that the following estimate holds for > 0 a.e.:
(o2
2.2 2 t 2.2
_pnm + K« H+K ﬂ,, _un'm + Kk _ )
P,(1) < exp< c t> P,(0)+ <M %o > g '/0 exp( T (t s)> fe(s)ds (99)

Using (10), (15), (19) and integration by parts we obtain (92) for ¢ > 0. Exploiting (12), (14), (19) and (92) we conclude that there exists a constant
¢; > 0 (independent of the particular solution) such that the following estimate holds for 7 > 0:

A1) < eV (@), w(t), plt], ult]) (100)
Combining (69), (99), (20) and (100) we obtain the following estimate for 7 > 0:

2
P,(1) <exp <—””2C+ Kz) P,(0)

' 2
+ <2 + H+K> 8¢r (/ exp <—Wt +K(t—s)> exp(—cs)ds) V(.fo,wo,(po,ij('po) (101)
20 0 2C

I n2n?

/47[2 + K
2C

Define w = %min <c, > Using (9), (10), (101), (95), (98) and the fact that 7exp (—wt) < ﬁ for all 7 > 0, we get for ¢ > 0:

%n T (u[t] gn) + n?n? (1 +0'n27t2) ((p[t],(]ﬁ,,)2

<Cexp (—wt) nr? ((U(Z)O,g,,)z + (1 + an2n2) (w0,¢n)2)

2 pu+k 8¢y ~
+ <;+ 3 >Mexp(—wr)V(fo,wo,qoo,U(po) (102)

Eq. (8) and (31), (41) imply that n?z? (O, gn)2 (@0- Pn ) Definitions (12), (14) as well as the fact z2 ||U(p||2 < ||(p||2 (Wirtinger’s inequality;
recall definition (8)) imply the existence of a constant ¢ > 0 for which inequality (93) holds for all ¢ € S, u € H (0,1), (¢, w) € R%. Combining
(93) with (102) and using the fact that n* (Uqao,g,,) (@0, q&n) we obtain for ¢ > 0:

) [

% Z nr? (u[l],g,,)2 + 2”27[2 (1 + anzzrz) ((p[l],qb,,)2

n=1 n=1

<Cexp (—wt) <Z @0, P, + Z 1 + on*n?) n*n? (q00,¢,,)2>
n=1

n=1

2  u+xk) 8cse « |1 _
+ <; + T> 22)7 (Z s > exp (—wt) (g“g + w(z) + ||U(p0||§ + ”(p()”iﬂ(al)) (103)

n=1

Due to the fact that

) )

e dn]3 = lucla]ls = Y 22 (ulrl.g,)” Mol = Y, (ol b,)

n=1 n=1

S}

el = 2 2 (@lrl. ) - oddl]; = X n'z* (o101, ,)°.

n=1

14
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as a consequence of (5), (10), (31), (41) and Parseval’s identity where u € C° (R+;H&(0, 1)) is the function that satisfies (10), (11) for ¢ > 0, the
fact that =2 ||(5¢0||§ < ||¢0||§ (Wirtinger’s inequality; recall definition (8)) and Parseval’s identity we get from (103) for all ¢ > 0:

1 ~ 2 2
121 + ot + o ot < exp-on (laall + Joi [+« o )
2 u+rk) 8 w1 1y 2 2
#(2atre) i (21 m)exp(—wn (&+ut+ S 1ol + ool (104

Estimate (29) for certain appropriate constant G > 0 is a consequence of (24), (104) and the fact that z> ||U(,’ao||§ < ||(,‘00||§. O
3.3. Inverse optimality
We give the proofs of Lemma 1 and Theorem 3.

Proof of Lemma 1. Since

+12 (1+022) (1+ ] 1?2 (1+on?
inf 1_ +(r ) ( or )( ? p>0,Gp<1 =1+ K +(r ) ( Mr) (105)
1-Gp pur (k + pn?) a3 ru (k + pr?)

where
- K2r (k + pn?)
. 3um? (r + 1) (1+0x2) '

it follows from the fact that y > y* and definition (18) of y* that there exists p > 0 with Gp < 1 such that

3 r+1)*(1+07%) (1
o A 1 ( Ja+nl|,, (106)
1+ ox2 . x2rp (k + pn?) ur (x + px?) P
3;471:2(r+1)2(1+67r2)
Define
l+or?)r+ 1D2(1+p) 2
5::( ) d+p _k“(+p 107)

p(x+um?)ry 3u?z?
The fact that 3un? (1 + ox?) (r+1)? > k%p (k + un?) r guarantees that § > 0. Eq. (107) and inequality (106) guarantee that the following inequalities
are valid:
Y231+ 6) 0 (364°7% + k2 (1 + p))
> 65un? (1+ox2) +yk3r(1+6)Q (364272 + k2 (1 + p))
Y230+ D201 +8)(1+p)
26p (k + ux?) + yk3(r + 12Q (1 + 6) (1 + p)

4

(108)

y >

Inequalities (108) guarantee the existence of ¢ € (0, 1) such that

K2(1+p)>

3 —
| 4on?s KA =2
2e 35un?

a +5)Q(M+

3 201 _
K+/m2>yk r+ 1)1 -¢)
2e6p

rl—e)>2 (109)

o1 +6)(1+p)

Clearly, we conclude from (109) that there exists 4 € (0, 1) (sufficiently close to 1) such that the following inequalities hold:

yk3r(1 —¢) k2(1+p)
> e 1+460 (/4 + —35Mﬂ2 >
yi3r+ 1)2(1 —¢)
2e6p
y(l—g)>2 (110)

1+ Aor?

K+ Aur® > 01 +d)(1+p)

Let arbitrary p € S, u € Hé (0, 1), (£, w) € R? be given. Using the inequalities

¥

1
kOr(w + kf)/ (Kx(p(x) _r+ ! u(x) + u(p’(x)) dx
0 r

2
3.2 1
Si (w + k&) + %Q2 (/O (Kxco(x) _ r-lr- 1u(X) + y(p/(x)) dx> R (111

r+1
r

1
H(@() = 9(0) / (kxe00 - o) ) dx
0

2
1
<2 (o) - 9O + 5= </0 (ex000 - “luew) dx) : (112)
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along with estimate |¢(1) — ¢(0)| < ||¢’||, (as a consequence of the Cauchy-Schwarz inequality) and definition (16) we get:

l-¢)-2
4(& w00 2k + TEZE=2 oy ke + Op | + Ol

rk*r(l =€)
2e

2
1 1
_ LQZ(l +5)< / r+l u(x)dx> (113)
2e6 0 r 0

Using the inequality

+ Qur< 1+9) QM) o' |2 + Quor ¢

+p

1
(@+b?><(+pd+ b2

r+1

1 1
with a = K/ x@(x)dx and b= — / u(x)dx, and the inequalities
0 0

1 1
/ xp(x)dx / u(x)dx
0 0

(as consequences of the Cauchy-Schwarz inequality), we get from (113):

yd-e-=2 2 2
e WO+ Ou |,

_ yk3r(l —€)
2e

< lull,

1
< — lloll, and
V3

q (& w, @, u) 2kE +

+ Q[H'(]

_ yk3r2(1 —¢€)
6e6

2
+ O« |lull; -

(1+46) Qﬂ) @13 + Quor ||¢" |13

Q*k* (1+6)(1 + p) lloll3

Y3+ 121 —¢)

2 2
2e5p Q" (1L+6)(1+p)llully 114

1
Since u, ¢’ € Hé (0,1) and / @(x)dx =0 (recall definition (6) and the fact that ¢ € ), we obtain from Wirtinger’s inequality the estimates

0
||u’||§ > 7% |ull3, ||(p’||§ > 72 lloll?, ||(p”||§ > 2 ||(p’||§ Consequently, we get from (114):

y(l1—¢g)=2
2k

q(& w, @,u) 2kE + (w+k&* + (=) ou |3
yk’r(l

231
+Q;4r<l+/lwr2 2—(1+6)Q< %))IIMI?

yk3(r+ D21 —¢€)

_ an 2 _
+ (1 - 1) Quor||e ||2+Q<K+l/uz 2250

0(1+6)( +p)) llull? (115)

The gxistence of a constant A > 0 for which (22) holds is a consequence of inequality (115) and inequalities (110) as well as the inequality
/ 2 2
@'l = 7> llell;. O

Proof of Theorem 3. Let arbitrary ¢, € S, @, € S, (£,wy) € R be given. Using (13), (14), (1), (16), (10) and (15) (which implies that

/01 u(s,x)dx = — /01 x¢,(s, x)dx) we conclude that for every f € L,ZM the corresponding unique generalized solution on R, of the initial-boundary
value problem (1)—(5) with initial condition (9) satisfies the following equation for all # > 0:

t
VE®, W(t).(p[t],u[t])+/ q (&(s), w(s), pls], ulsD ds + —/ [ (s)ds

=V (&9, wo, @0, Opy) + 21k3/ (f()= (é(S),W(S),w[S],cﬂ,[S])) ds (116)

where u € C° (fo, T];Hé 0, 1) N L2 ((0,T); H(0,1)) is the function that satisfies (10), (11). We next claim that for every f € leoc the following
inequality holds:

J (&9 wo. 00, @ f) 2 V (€. g, 00, OBy ) 117)

Indeed, (117) holds automatically when J (&), wy. @y, @y, /) = +00. So, we need to prove (117) only for the case where J (&), wy, @y, @o. f) < +oo.
So, next we assume that J (&), wy, @y, @y f) < +o0. Eq. (116) gives for 1 > 0 a.e.:

LV @0, w0, ol ult) = - €0, wo), ol ult) + zﬁzﬂ (&), w(), ol @,11))
1
- y?f(t)P (E@), w(@), @l1], @,111) (118)
Definitions (12), (14) as well as the fact =2 ||(5<p||2 < ||(,o||2 (Wirtinger’s inequality; recall definition (8)) imply the existence of a constant c¢5 > 0

for which estimate (93) holds for all p € S, u € H (0, 1), (¢£,w) € R2. Eq. (15) implies the existence of a constant ¢g > 0 for which the following
estimate holds for all p € S, @ € S, (£, w) € R%:

PG 0.0 <o (840 + 1015 + ol ) (119)
Using the inequality
~ P (60, w0, 011, ¢,[1) < 3P (0, w0, @lt], g,111) + 3 120)
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in conjunction with inequalities (22), (93), (119) and the fact that ””m”i{l(o b > ||(p,[t]||§ (recall Eq. (10)), we obtain from (118) for t > 0 a.e.:

diV &, w@), @lt],ult]) <— CS"IAV E@, w@), elt],ult]) + (C—63 + 1> q (&@), w@), elt], ult])
t Ayk

+ 1 Ce + 1) fz(t) (120)
27k3 \ Ayk3
Integrating the differential inequality (120) and using definition (25) as well as (9) and (10), we get for allt > T > 0:

V (&(t), w(1), @lt], ult]) <exp (—C;IAI) 14 (cfo, Wy, Yo U(]zo)

+exp (—c;1 A —T)) (A:/Gk3 + 1) T (& 00, 00> @0: /)
3 ! 1
+ (_Ayk3 + 1>/T <!I(§(S), w(s), plsl,ulsD) + 2yk3f (S)> ds (121)

Since f0+°° (q (&(s), w(s), p[s], uls]) + 2y%fz(s)) ds < +oo (recall (25)) the above estimate shows that
tligrnoo V €O, w(), pl1], ult]) = 0.

Since (116) in conjunction with (25) gives the inequality
J (&o- w0, @0, Og, ) 2 V (&, o, @0, Oy ) = V (£(1), w(@), @lt), ult])

for all + > 0, we obtain (117) by letting t — +o0. Eq. (116) in conjunction with (20), definition (25) and (117) implies that Eq. (26) holds. [
4. Conclusions

The present paper intends to be a benchmark paper that will be followed by many other works on inverse optimality of PDE systems with
boundary control. In this paper we managed to give a step-by-step procedure that allows the construction of families of optimal feedback laws
without any restrictions coming from compatibility (or other avoidable regularity) conditions. It is clear that the present work provided results
for a specific tank-liquid system. However, the procedure can be extended to various other PDE systems with boundary control. Future work will
address such problems.
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