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ABSTRACT
We construct a robust stabilising feedback law for the viscous Saint-Venant system of Partial Differential
Equationswith surface tension andwithoutwall friction. The Saint-Venant systemdescribes themovement
of a tank which contains a viscous liquid. We assume constant contact angles between the liquid and the
walls of the tank and we achieve a spill-free exponential stabilisation with robustness to surface tension
by using a Control Lyapunov Functional. The proposed Control Lyapunov Functional provides a parame-
terised family of sets which approximate the state space from the interior. Based on the Control Lyapunov
Functional, we construct a nonlinear stabilising feedback law which ensures that the closed-loop system
converges exponentially to the desired equilibrium point in the sense of an appropriate norm.
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1. Introduction

Feedback control of !uid models has been established as
a highly impactful and mathematically challenging research
topic in applied mathematics and theoretical engineering with
an important role in real-world applications (Barbu, 2010;
Coron, 2007; Gunzburger, 1995; Vazquez & Krstic, 2007). Lots
of challenges which appear in industrial and engineering appli-
cations such as the movement of fuel tanks (tank-liquid prob-
lem) and the management of the water !ow in an open channel
can be handled by solving stabilisation problems subject to
physical constraints. The mathematical di"culty of these prob-
lems depends a lot on the ‘nonlinear’ structure of the system
which models the movement of the !uid.

There is a large literature concerning controllability and sta-
bilisation results for linearisations of !uid models around an
equilibrium point.We are concerned with the tank-liquid prob-
lem described by the nonlinear viscous Saint-Venant model, a
signi#cant mathematical model in !uid mechanics which was
derived in Barré de Saint-Venant (1871). It is otherwise referred
as the shallow water model. This is justi#ed by the fact that in
moving tanks #lled with liquid the presence of viscous stresses
cannot be ignored since the liquid velocity is relatively small.
The presence of viscosity changes crucially the structure of the
system and renders the previous control designs inapplicable.
The study of the !ow in a tank is essential as it can be utilised
further for the construction of feedbacks that manipulate the
interaction between a !uid and a material structure. From a
practical point of view this can be bene#cial as in many cases
we can avoid using additional devices to achieve a speci#c task
such as sloshing suppression or avoiding spillage (Karafyllis
& Krstic, 2022b; Karafyllis et al., 2022, 2023).

Recent extensions of the Saint-Venant model take into
account various types of forces such as viscous stresses, surface
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tension and friction forces (Chin-Bing et al., 2011; Gerbeau
&Perthame, 2001; Lannes, 2013;Mascia&Rousset, 2006; Sund-
bye, 1996; Yang & Stern, 2007).

The feedback stabilisation problem of the Saint-Venant
model is a challenging problem. The dominant cases studied
in the literature include the inviscid model – which ignores
forces such as viscous stresses and surface tension – and the
linearised model. In Coron (2002, 2007), Coron et al. (2022),
Petit and Rouchon (2002) and Prieur and de Halleux (2004) the
problem of the movement of an 1-D tank which contains a !uid
is studied. More speci#cally, the studies (Coron, 2002, 2007;
Coron et al., 2022) provide controllability results for the Saint-
Venant model without viscosity, without friction and with-
out surface tension, while Petit and Rouchon (2002) suggests
a new variational formulation of Saint-Venant equations and
proves the steady-state controllability of the linear approxi-
mations of several control con#gurations. In Prieur and de
Halleux (2004) the inviscid Saint-Venant model is studied and
appropriate stabilising full-state feedback and output feedback
control laws are constructed. In Bastin et al. (2009, 2021), Bastin
andCoron (2016), Coron (2007), Coron et al. (2007), deHalleux
and Bastin (2002), Diagne, Diagne et al. (2017), Diagne, Tang
et al. (2017) and Litrico and Fromion (2006) the movement of
a !uid in an open channel is studied. Stabilisation results are
provided in Auriol and Di Meglio (2016), Bastin et al. (2009),
Bastin and Coron (2016), Coron et al. (2007), Diagne, Diagne
et al. (2017) andDiagne, Tang et al. (2017). In Bastin et al. (2009)
a dissipative condition which guarantees the exponential stabil-
ity of the linearised Saint-Venant equations is given. In Coron
et al. (2007) a boundary control is constructed by using a
strict Lyapunov function for hyperbolic systems that can be
diagonalised with Riemann invariants. Exponential stabilisa-
tion is also achieved in Diagne, Diagne et al. (2017) for the
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linearised Saint-Venant-Exner model by using a backstepping
design. Backstepping control of a Saint-Venant-Exner model is
also studied in Diagne, Tang et al. (2017) where the stabilisation
problem of two shallow wave systems is being handled with-
out a dissipativity restriction. In Litrico and Fromion (2006)
a dynamic boundary controller is constructed by utilising a
transfer function approach. The dynamic controller cancels the
water level oscillations. The study (Auriol & Di Meglio, 2016)
deals with a general linear hyperbolic system which appears
in Saint-Venant equations among other linear hyperbolic laws.
The works (Bastin et al., 2021; Coron, 2007; Coron et al., 2007;
de Halleux & Bastin, 2002) study the nonlinear Saint-Venant
model. In Bastin et al. (2021) the feedforward control problem
of general nonlinear hyperbolic systems is studied and an appli-
cation using the Saint-Venant model with friction is provided.
In deHalleux and Bastin (2002) regulation of the water !ow and
level in water-ways is achieved using the inviscid Saint-Venant
model without friction and without surface tension. A recent
result concerning the linearisation of the viscous tank-liquid
system is presented in Karafyllis and Krstic (2024). The lin-
earisedmodel constitutes a combination of awave equationwith
Kelvin-Voigt damping and a Euler-Bernoulli beam equation. It
takes into account both the e$ects of friction and surface ten-
sion. Existence and uniqueness results are provided and appro-
priate feedback stabilisers are constructed. A Control Lyapunov
Functional (CLF) methodology is utilised.

Very few studies in the literature deal with the nonlinear vis-
cous Saint-Venant model. The Saint-Venant model that takes
into account viscosity is utilised for the description of themove-
ment of a tank which contains an incompressible, Newtonian
!uid. The #rst work that studied the nonlinear viscous Saint-
Venant model without wall friction and without surface tension
was (Karafyllis &Krstic, 2022b). InKarafyllis andKrstic (2022b)
an appropriate nonlinear feedback law is constructed which
provides semiglobal stabilisation results by following a CLF
methodology. The work (Karafyllis et al., 2022) extends the
results obtained in Karafyllis and Krstic (2022b) in the case
where wall friction forces are taken into account. In Karafyl-
lis et al. (2022) both the case of a velocity independent friction
coe"cient and the general case of friction coe"cient are stud-
ied. A robust with respect to wall friction stabilising feedback
law is constructed. Another study which deals with the non-
linear viscous Saint-Venant model is Karafyllis et al. (2023).
In Karafyllis et al. (2023) a stabilising output-feedback con-
trol law for the viscous Saint-Venant PDE system without wall
friction and without surface tension is constructed. The output-
feedback control law is utilised through a functional-observer
methodology and a CLF methodology.

The study of the movement of a !uid which interacts with
a gas boundary and a solid boundary is inevitably intertwined
with the notion of the surface tension and the notions of con-
tact angle andwettability (Klitz, 2014;Merchant &Keller, 1992).
Surface tension is crucial as it acts in the interface between liquid
and gas. From a mathematical point of view surface tension is
very important because it changes the order of the Partial Di$er-
ential Equations (PDEs) (it is expressed by a third order term).
Contact angle is the angle at which the !uid surface intersects
with a solid boundary as stated in Merchant and Keller (1992),
and it is a measure of wettability of the solid surface. There is

a wide literature concerning the topic of contact angles (see for
instance Hensel & Marveggio, 2022; Ionescu & Pusateri, 2018;
Klitz, 2014; Lallement et al., 2017; Schweizer, 2000, 2001;Watan-
abe, 2022; Yang & Stern, 2007). The concept of contact angle
is signi#cant in our study because it provides an additional
boundary condition.

In this paper we solve the feedback stabilisation problem for
a tank containing a liquidmodelled by the viscous Saint-Venant
system of PDEs with surface tension and without wall friction.
We consider the case of constant contact angles between the
liquid and the walls of the tank, as in Schweizer (2000, 2001).
We utilise a speci#c form of the feedback law initially presented
in Karafyllis et al. (2022), which constitutes a more general
form of the feedback law in Karafyllis and Krstic (2022b) with
robustness to surface tension. Indeed, we prove that the pro-
posed feedback law guarantees stabilisation no matter what the
value of the surface tension coe!cient is. Therefore, the knowl-
edge of the surface tension coe"cient is not necessary and the
feedback law is independent of the surface tension coe"cient.
We achieve a spill-free exponential stabilisation, with robust-
ness to surface tension. As in Karafyllis and Krstic (2022b) and
Karafyllis et al. (2022, 2023) we follow a CLF methodology and
we design the feedback law based on an appropriate functional,
which is the CLF. The CLF determines a speci#c parameterised
set which approximates the state space of the control problem
from the interior.

Although this work presents some technical similarities
with Karafyllis et al. (2022), there are some crucial di$erences.
Firstly, in contrast with Karafyllis et al. (2022), the system of
PDEs contains an extra term due to surface tension and does
not contain a friction term. This extra term is a third order
term that changes the order of the overall system and conse-
quently plays a crucial role. Moreover, in order for the model
to be complete and for the problem to be well-posed, an addi-
tional boundary condition is used. The additional boundary
condition is provided by the assumption of a constant contact
angle. Here we use only one CLF while in Karafyllis et al. (2022)
two di$erent functionals are proposed. As a consequence this
work does not provide a bound for the sup-norm of the !uid
velocity, as in Karafyllis et al. (2022), due to the absence of
an appropriate functional. Here the CLF is di$erent from the
corresponding one in Karafyllis et al. (2022), as it contains an
additional potential energy term due to the e$ect of the surface
tension.

This paper is organised as follows. In Section 1 the control
problem is described as well as its main objective. In Section 2
we provide the intuitive ideas and the statements of the results of
this work along with some auxiliary lemmas. Section 3 includes
all the proofs of the results presented in Section 2. Finally,
Section 4 points out the conclusions of this work and suggests
topics for future research.

Notation

∗ R+ = [0,+∞) is the set of non-negative real numbers.
∗ Let S ⊆ Rn be an open set and let A ⊆ Rn be a set such that

S ⊆ A ⊆ cl(S). By C0(A;!), we denote the class of con-
tinuous functions on A, which take values in ! ⊆ Rm. By
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Ck(A;!), where k ≥ 1 is an integer, we denote the class of
functions on A ⊆ Rn, which takes values in ! ⊆ Rm and
has continuous derivatives of order k. In other words, the
functions of class Ck(A;!) are the functions which have
continuous derivatives of order k in S = int(A) that can
be continued continuously to all points in ∂S ∩ A. When
! = R then we write C0(A) or Ck(A). When I ⊆ R is an
interval and G ∈ C1(I) is a function of a single variable,
G′(h) denotes the derivative with respect to h ∈ I.

∗ Let I ⊆ R be an interval, let a< b be given constants and
let u : I × [a, b] → R be a given function. We utilise the
notation u[t] to denote the pro#le at certain t ∈ I, i.e.
(u[t])(x) = u(t, x) for all x ∈ [a, b]. When u(t, x) is three
times di$erentiable with respect to x ∈ [a, b], we use the
notation ux(t, x), uxx(t, x) and uxxx(t, x) for the #rst, sec-
ond and third derivative of u with respect to x ∈ [a, b]
respectively, i.e.

ux(t, x) = ∂ u
∂ x

(t, x), uxx(t, x) = ∂2 u
∂ x2

(t, x) and

uxxx(t, x) = ∂3 u
∂ x3

(t, x)

When u(t, x) is di$erentiable with respect to t, we use the
notation ut(t, x) for the derivative of uwith respect to t, i.e.

ut(t, x)=
∂ u
∂ t

(t, x)

∗ Given a set U ⊆ Rn, χU denotes the characteristic function
of U de#ned by

χU(x) :=
{
1 for all x ∈ U
0 for all x /∈ U

The sign function sgn : R → R is the function de#ned by

sgn(x) :=






1 for x > 0
0 for x = 0
−1 for x < 0

∗ Consider given constants a, b such that a< b. For p ∈
[1,+∞), Lp(a, b) denotes the set of equivalence classes of
Lebesgue measurable functions u : (a, b) → R with

+u+p :=
(∫ b

a
|u(x)|p dx

)1/p

< +∞.

L∞(a, b) denotes the set of equivalence classes of Lebesgue
measurable functions u : (a, b) → R with

+u+∞ := ess sup
x∈(a,b)

(|u(x)|) < +∞.

For an integer k ≥ 1, Hk(a, b) denotes the Sobolev space
of functions in L2(a, b) with all its weak derivatives up to
order k ≥ 1 in L2(a, b).

Figure 1. The tank-liquid problem.

2. The control problem

We want to manipulate the motion of a tank which contains a
viscous, Newtonian, incompressible liquid. Viscosity is utilised
as a gain in the controller on the di$erence between the bound-
ary liquid levels and to settle a region of attraction. The tank
is subject to an acceleration which we consider as the control
input and obeys Newton’s second law. The problem is described
by the viscous Saint-Venant equations. We restrict our study to
the one-dimensional (1-D) case of the model. Moreover, con-
trary to prior works, in this work we do not neglect the surface
tension that acts on the free surface (liquid-gas interface) but we
neglect friction with the tank walls.

We intend to drive asymptotically the tank to a speci#ed posi-
tion. The aforementioned goal must be achieved without liquid
spillage and by having both the tank and the liquid within the
tank at rest. Figure 1 shows a picture of the problem.

The equations describing the motion of the liquid in the
tank can be derived by performing mass and momentum bal-
ances (from #rst principles assuming that the liquid pressure
is the combination of hydrostatic pressure and capillary pres-
sure given by the Young-Laplace equation (Defay et al., 1966)
and by ignoring friction with the tank walls). The equations
can also be derived by using approximations of the Navier-
Stokes equations for the incompressible !uid (see Bresch&Des-
jardins, 2003, 2006; Bresch & Noble, 2007; Lallement et al.,
2017; Marche, 2007; Schweizer, 2000, 2001; but see also Ionescu
& Pusateri, 2018; Lannes, 2013 for !uid equations involving
capillary phenomena).

We denote by a(t) the position of the left side of the tank at
time t ≥ 0 and we consider the length of the tank to be L> 0
(a constant). The evolution of the liquid level and of the liquid
velocity is described by the following equations

Ht + (Hu)z = 0, for t > 0, z ∈ [a(t), a(t) + L] (1)

(Hu)t +
(
Hu2 + 1

2
gH2

)

z
− σH

(
Hzz

(
1 + H2

z
)3/2

)

z

= µ (Huz)z for t > 0, z ∈ (a(t), a(t) + L) (2)

where H(t, z) > 0, u(t, z) ∈ R are the liquid level and the
liquid velocity, respectively, at time t ≥ 0 and position z ∈
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[a(t), a(t) + L], while g,µ, σ > 0 (constants) are the acceler-
ation of gravity, the kinematic viscosity of the liquid and the
ratio of the surface tension and liquid density, respectively. In
some papers the term ( Hzz

(1+H2
z )

3/2 )z is replaced by Hzzz (Bresch
&Desjardins, 2003, 2006; Bresch &Noble, 2007;Marche, 2007),
but here we prefer a more accurate description of the surface
tension.

The liquid velocities at the walls of the tank are equal with
the tank velocity. Consequently:

u(t, a(t)) = u(t, a(t) + L) = w(t), for t ≥ 0 (3)

where w(t) = ȧ(t) is the velocity of the tank at time t ≥ 0.
Moreover, we get for the tank

ä(t) = −f (t), for t > 0 (4)

where −f (t), the control input to the problem, is the tank
acceleration. De#ning the quantities

v(t, x) := u(t, a(t) + x) − w(t) (5)

h(t, x) := H(t, a(t) + x) (6)

ξ(t) := a(t) − a∗ (7)

where a∗ ∈ R is the position (a constant) which we want the left
side of the tank to reach, we get the model:

ξ̇ = w, for t ≥ 0 (8)

ẇ = −f , for t ≥ 0 (9)

ht + (hv)x = 0, for t > 0, x ∈ [0, L] (10)

(hv)t +
(
hv2 + 1

2
gh2

)

x
− σh

(
hxx

(
1 + h2x

)3/2

)

x

= µ (hvx)x + hf , for t > 0, x ∈ (0, L) (11)

v(t, 0) = v(t, L) = 0, for t ≥ 0 (12)

Equations (10) and (12) imply that every classical solution
of (8)–(12) satis#es the following

d
d t

(∫ L

0
h(t, x) dx

)
= 0 for all t > 0 (13)

Consequently, the total mass of the liquidm> 0 is constant, and
without loss of generality we can assume that every solution
of (8)–(12) satis#es the equation

∫ L

0
h(t, x) dx ≡ m (14)

Due to the nature of our problem it is important tomention that
the liquid level h(t, x)must be positive for all times, i.e. we must
have:

min
x∈[0,L]

(h(t, x)) > 0, for t ≥ 0 (15)

Contrary to prior works, model (8)–(12), (14) is not a com-
plete mathematical description of the system. This can be seen
directly by studying the linearisation of model (8)–(12), (14)

but also can be seen by studying the literature (Klitz, 2014;
Schweizer, 2000, 2001; Watanabe, 2022; Yang & Stern, 2007).
For a complete mathematical model of the system we need
two additional boundary conditions that describe the interac-
tion between the liquid and the solid walls of the tank. There
are many ways to describe the evolution of the angle of con-
tact of a liquid with a solid boundary (see the detailed pre-
sentation in Klitz, 2014). In Schweizer (2000, 2001), suggested
(based on energy arguments and the fact that there might be a
discrepancy between the actual microscopic and the apparent
macroscopic contact angle) the use of a constant contact angle.
Moreover, the assumption of a constant contact angle allows
the well-posedness of the overall problem (at least for small
data) (Schweizer, 2000, 2001; Watanabe, 2022). The constant
contact angle approach has been used extensively in the litera-
ture (Hensel &Marveggio, 2022;Watanabe, 2022; Yang & Stern,
2007).

In this work, we adopt the constant contact angle approach
by imposing a contact angle equal to π/2. Therefore, the
model (8)–(12), (14) is accompanied by the following boundary
conditions:

hx(t, 0) = hx(t, L) = 0, for t ≥ 0 (16)

In order to avoid liquid spillage the following conditionmust be
satis#ed:

max
x∈[0,L]

(h(t, x)) < Hmax, for t ≥ 0 (17)

where Hmax > 0 is the height of the tank walls. We con-
sider classical solutions for the system (8)–(12), (14), (16),
i.e. we consider ξ ∈ C2(R+), w ∈ C1(R+), h ∈ C1([0,+∞) ×
[0, L]; (0,+∞)) ∩ C3((0,+∞) × (0, L)), v ∈ C0([0,+∞) ×
[0, L]) ∩ C1((0,+∞) × [0, L]) with v[t] ∈ C2((0, L)) for each
t> 0 that satisfy equations (8)–(12), (14), (16) for a given input
f ∈ C0(R+).

For the system (8)–(12), (14), (16) with f (t) ≡ 0 (which is
the open loop system), there exists a continuum of equilibrium
points, i.e. the points

h(x) ≡ h∗, v(x) ≡ 0, for x ∈ [0, L] (18)

ξ ∈ R, w = 0 (19)

where h∗ = m/L. We assume that the equilibrium points satisfy
the condition (17), i.e. h∗ < Hmax.

We intend to construct a robust with respect to surface
tension control law of the form

f (t) = F (h[t], v[t], ξ(t),w(t)) , for t > 0, (20)

which stabilises the equilibrium point with ξ = 0. In addition
to that we impose the condition (17).

It follows from (18), (19) that the desired equilibrium point
is not asymptotically stable for the open-loop system. Conse-
quently the described control problem is not at all trivial.
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3. The feedback law

3.1 The control Lyapunov functional (CLF)

We de#ne the set S ⊂ R2 × (C0([0, L]))2 as follows:

(ξ ,w, h, v) ∈ S ⇔






h ∈ C0 ([0, L]; (0,+∞)) ∩ H1(0, L)
v ∈ C0 ([0, L])∫ L
0 h(x) dx = m

(ξ ,w) ∈ R2, v(0) = v(L) = 0
(21)

The above de#nition guarantees that every (ξ ,w, h, v) ∈ S sat-
is#es (12) and (14). In addition to that, we de#ne the following
functionals for all (ξ ,w, h, v) ∈ S:

V(ξ ,w, h, v) := δE(h, v) + W(h, v)

+ qk2

2
ξ 2 + q

2
(w + kξ)2 (22)

E(h, v) := 1
2

∫ L

0
h(x)v2(x) dx + g

2
∥∥h − h∗χ[0,L]

∥∥2
2

+ σ

∫ L

0

(√
1 + (h′(x))2 − 1

)
dx (23)

W(h, v) := 1
2

∫ L

0
h−1(x)

(
h(x)v(x) + µh′(x)

)2 dx

+ g
2

∥∥h − h∗χ[0,L]
∥∥2
2

+ σ

∫ L

0

(√
1 + (h′(x))2 − 1

)
dx (24)

where k, q> 0 are position error and velocity gains (to be
selected) respectively, δ > 0 and h∗ = m/L. In particular:

• the functional E is themechanical energy of the liquid within
the tank as it is the sum of the potential energy

g
2

∥∥h − h∗χ[0,L]
∥∥2
2 + σ

∫ L

0

(√
1 + (h′(x))2 − 1

)
dx

and the kinetic energy

1
2

∫ L

0
h(x)v2(x) dx

of the liquid. It should be noticed that there is no contribution
to the mechanical energy of the tank-liquid interface which
allows to give the interpretation that the boundary condi-
tion (16) (a constant contact angle) is a result of the absence
of interaction between liquid and solid.

• the functionalW is a kind of mechanical energy of the liquid
within the tank. It has been used extensively in the liter-
ature of isentropic, compressible liquid !ow (see the stud-
ies Karafyllis & Krstic, 2022a; Maity et al., 2017; Shelukhin,
1977; Smoller, 1994 as well as the studies Karafyllis & Krstic,
2022b; Karafyllis et al., 2022, 2023).

The functional V(ξ ,w, h, v) de#ned by (22) will be utilised
as a CLF for the system, and for the derivation of useful bounds
for the function h as guaranteed by the following lemma.

Lemma 3.1: Let constants q, k, δ > 0 be given, and de"ne
the increasing function G ∈ C0(R) ∩ C1((−∞, 0) ∪ (0,+∞))
as follows

G(h) :=






sgn
(
h − h∗)

(
2
3h

√
h − 2h∗√h + 4

3h
∗√h∗

)
for h > 0

−4
3
h∗√h∗ + h for h ≤ 0

(25)

Denote by G−1 : R → R the inverse function of G and de"ne the
constant

c := 1
µ

√
δg

(26)

Then for every (ξ ,w, h, v) ∈ S, the following inequality holds:

Q1 (V(ξ ,w, h, v)) ≤ h(x) ≤ Q2 (V(ξ ,w, h, v)) ,

for all x ∈ [0, L], (27)

where the functions Qi : R+ → R (i = 1, 2) are de"ned as fol-
lows for all s ≥ 0:

Q1(s) := max
(
G−1 (−cs) ,N1(s),N2(s)

)
(28)

Q2(s) := min
(
G−1 (cs) ,P1(s),P2(s)

)
(29)

with the functions Ni : R+ → R (i = 1, 2) and Pi : R+ → R
(i = 1, 2) de"ned by the following expressions for all s ≥ 0:

N1(s) := h∗ −
√
2m (1 + δ) s

δµ2 , (30)

N2(s) := h∗ −
√(

s
σ (δ + 1)

+ L
)2

− L2, (31)

P1(s) := h∗ +
√
2m (1 + δ) s

δµ2 , (32)

P2(s) := h∗ +
√(

s
σ (δ + 1)

+ L
)2

− L2 (33)

Remark 3.1: It follows from (25), (26), (28) and the fact that
h∗ = m/L that Q1(V(ξ ,w, h, v)) > 0 when

V(ξ ,w, h, v) < max ((1, (2, (3) (34)

with

(1 :=
4
3
µh∗√δgh∗, (2 :=

µ2h∗δ
2L (1 + δ)

and

(3 := σ (δ + 1)
(√

(h∗)2 + L2 − L
)

De#nitions (28) and (29) imply thatQ2 : R+ → R is an increas-
ing function while Q1 : R+ → R is a decreasing function.

It is important to mention that Lemma 3.1 is more gen-
eral than Lemma 1 in Karafyllis and Krstic (2022b) and
Lemma 1 in Karafyllis et al. (2022). Lemma 1 in Karafyllis
and Krstic (2022b) can be applied only for the case δ = 1 and
σ = 0, while Lemma 1 in Karafyllis et al. (2022) can be applied
only for the case σ = 0. Here Lemma 3.1 can be applied for all
δ > 0 and σ ≥ 0.
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3.2 The state space

As in Karafyllis and Krstic (2022b) and Karafyllis et al. (2022,
2023) the state space will be appropriately de#ned in order to
exclude states of the set S de#ned by (21) that violate the condi-
tion (17), i.e. the states that cause liquid spillage. We de#ne the
following

X :=
{
(ξ ,w, h, v) ∈ S : max

x∈[0,L]
(h(x)) < Hmax

}
(35)

R := 2µ
√

δgh∗

3
(
Hmax − h∗)min ()1, )2) (36)

where

)1 := max (*1,*2,*3) and (37)

)2 :=
h∗

Hmax − h∗ max (2,+1,+2) (38)

with *1,*2,*3,+1 and +2 de#ned as follows:

*1 :=
√
Hmax
h∗ − 2

√
h∗

√
Hmax +

√
h∗ , (39)

*2 :=
3µ

√
δ (Hmax − h∗)

4m (1 + δ)
√
gh∗ , (40)

*3 :=
3σ (δ + 1)

(√
L2 + (Hmax − h∗)2 − L

)

2µ
√

δgh∗ (Hmax − h∗)
, (41)

+1 :=
3µ

√
δ

4L
√
gh∗ (1 + δ)

, (42)

+2 :=
3σ (δ + 1)

√
h∗

2µ
√

δg
(√

(h∗)2 + L2 + L
) (43)

The aforementioned de#nition (36), the fact that h∗ < Hmax
and Lemma 3.1 imply for all (ξ ,w, h, v) ∈ SwithV(ξ ,w, h, v) <
R the following

0 < Q1 (V(ξ ,w, h, v)) ≤ h(x) ≤ Q2 (V(ξ ,w, h, v))

< Hmax, for all x ∈ [0, L] (44)

Consequently, the condition (17) for avoiding liquid spillage is
satis#ed when (ξ ,w, h, v) ∈ S with V(ξ ,w, h, v) < R.

The set X de#ned by (35) is the state space of sys-
tem (8)–(12), (14), (16). In particular, we consider as state
space themetric spaceX ⊂ R2 × H1(0, L) × L2(0, L)withmet-
ric induced by the norm of the underlying normed linear space
R2 × H1(0, L) × L2(0, L), i.e.

+(ξ ,w, h, v)+X =
(
ξ 2 + w2 + +h+22 +

∥∥h′∥∥2
2 + +v+22

)1/2
(45)

However, we need to approximate the state space from its inte-
rior by using certain parameterised sets that allow us to obtain
useful estimates. We de#ne

XV (r) := {(ξ ,w, h, v) ∈ S : V(ξ ,w, h, v) ≤ r } , for r ≥ 0
(46)

Inequalities (44) imply that

XV (r) ⊆ X, for all r ∈ [0,R) (47)

As indicated by the following proposition the setXV(r) for r> 0
contains a neighbourhood of (0, 0, h∗χ[0,L], 0) (in the topology
of X with metric induced by the norm ++X de#ned by (45)).

Proposition 3.1: Let constants q, k, δ > 0 be given. Then for
every (ξ ,w, h, v) ∈ S satisfying the inequality

∥∥(0,w, h − h∗χ[0,L], v)
∥∥
X ≤ ε (48)

for some ε > 0 with

ε < min
(
h∗,Hmax − h∗) /

√
L, (49)

the following inequality holds:

V(ξ ,w, h, v) ≤ C1
∥∥(ξ ,w, h − h∗χ[0,L], v)

∥∥2
X

+ C2
∥∥(ξ ,w, h − h∗χ[0,L], v)

∥∥
X (50)

where

C1 := max

(
µ2

(
h∗ − ε

√
L
) ,

δ + 1
2

g,
(δ + 2)Hmax

2
, q,

3qk2

2

)

,

(51)

C2 := σ (δ + 1)
√
L (52)

and + · +X is de"ned by (45).

3.3 Stabilisation results

The following theorem guarantees exponential stabilisation of
the state of the system (8)–(12), (14), (16) by means of the
nonlinear feedback law (55).

Theorem 3.1 (Stabilisation of the Tank-Liquid System): Let
arbitrary constants ω, k, q, δ > 0 be given and de"ne R by means
of (36). Let arbitrary r ∈ [0,R) be given and assume that

k < q((r) (53)

where

((r) := ωgµδπ2Q1(r)
gµδπ2Q1(r) + 2ωL

(
mgLHmax(δ + 1)2

+2µ2δπ2Q1(r)
)

(54)

where Q1 is de"ned by (28). Then there exist constants M, λ > 0
with the following property:

(P) Every classical solution of the system (8)–(12), (14), (16)
and

f (t) = −ω

(
(δ + 1)

∫ L

0
h(t, x)v(t, x) dx

+µ (h(t, L) − h(t, 0)) − q (w(t) + kξ(t))
)
, for t > 0

(55)
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with (ξ(0),w(0), h[0], v[0]) ∈ XV(r), satis"es (ξ(t),w(t), h[t],
v[t]) ∈ XV(r) and the following estimate for t ≥ 0:

∥∥(
ξ(t),w(t), h[t] − h∗χ[0,L], v[t]

)∥∥
X

≤ M exp (−λ t)
∥∥(

ξ(0),w(0), h[0] − h∗χ[0,L], v[0]
)∥∥

X
(56)

Remarks on Theorem 3.1.

(1) The arbitrary quantities ω, k, q, δ > 0 are the control
parameters. We should point out that the ratio k/qmust be
su"ciently small due to (53), and this is the only restriction
for the control parameters.

(2) The set XV(r) is the set for which exponential stabilisation
is achieved. As indicated by Proposition 3.1, the set XV(r)
for r> 0 contains a neighbourhood of (0, 0, h∗χ[0,L], 0) (in
the topology of X with metric induced by the norm ++X
de#ned by (45)). The size of the set XV(r) depends on
r ∈ [0,R) and on δ, q, k (recall (36) and (22)). It is straight-
forward to see that the larger the parameter q (or k) the
smaller the set XV(r). However, the dependence of XV(r)
on δ (through the dependence of R on δ) is not clear.
On the contrary it is a very complicated, non-monotonic
dependence.

(3) The feedback law (55) only requires the measurement of
the four following quantities:
• the position of the tank denoted by ξ(t), and the velocity

of the tank denoted by w(t),
• the total momentum of the liquid, i.e. the quantity∫ L

0 h(t, x)v(t, x) dx, and
• the di$erence between the liquid level at the tank walls,

i.e. the quantity h(t, L) − h(t, 0).
It should be emphasised that the feedback law (55) does not
require the measurement of the whole liquid level and liq-
uid velocity pro#le whereas it is completely independent of
the surface tension coe"cient.

(4) The feedback law (55) is the same feedback law that
was used in Karafyllis and Krstic (2022b) and Karafyllis
et al. (2022). When the results in Karafyllis and Krstic
(2022b) and Karafyllis et al. (2022) and Theorem 3.1 are
taken into account then it follows that the feedback law (55)
guarantees robustness with respect to surface tension as
well as robustness with respect to wall friction forces. From
a control point of view, this is an ideal situation: the feed-
back law (55) is robust with respect to all possible pertur-
bations of the basic model, its measurement requirements
areminimal and guarantees exponential stabilisation of the
corresponding closed-loop (nonlinear; not the linearised)
system.

(5) In contrast with Karafyllis et al. (2022), Theorem 3.1 does
not provide an estimate for the norm +vx[t]+2, and conse-
quently an estimate for the sup-normof the !uid velocity. A
topic for future research is the construction of an appropri-
ate CLF based on which an estimate for the norm +vx[t]+2
can be obtained.

4. Proofs

Proof of Lemma 3.1: The proof is exactly the same with the
proof of Lemma 1 in Karafyllis et al. (2022). The only di$erence

is that here we can obtain an additional estimate for +h −
h∗χ[0,L]+∞. Indeed, due to the fact that the function / : R+ →
R+de#ned by

/(s) =
√
s2 + 1 − 1, for s ≥ 0 (57)

is increasing and convex, we can use Jensen’s inequality (see p.
120 in Brezis, 2011) and get for all h ∈ C0([0, L]; (0,+∞)) ∩
H1(0, L) with

∫ L
0 h(x) dx = m:

/

(
1
L

∥∥h′∥∥
1

)
= /

(
1
L

∫ L

0

∣∣h′(x)
∣∣ dx

)

≤ 1
L

∫ L

0
/

(∣∣h′(x)
∣∣) dx

= 1
L

∫ L

0

(√
(h′(x))2 + 1 − 1

)
dx (58)

Using (58), the inequality +h − h∗χ[0,L]+∞ ≤ +h′+1 (which is a
direct consequence of the fact that there exists x∗ ∈ [0, L] such
that h(x∗) = h∗; a consequence of continuity of h, the mean
value theorem and the facts that

∫ L
0 h(x) dx = m, h∗ = m/L),

the fact that the function /−1 : R+ → R+ (the inverse function
of /) is increasing with /−1(s) =

√
(s + 1)2 − 1 for s ≥ 0 and

the inequality
∫ L

0

(√
(h′(x))2 + 1 − 1

)
dx ≤ V(ξ ,w, h, v)

σ (δ + 1)
(59)

which is a direct consequence of de#nitions (22) –(24), we get
for all (ξ ,w, h, v) ∈ S:

∥∥h − h∗χ[0,L]
∥∥

∞ ≤
√(

L + V(ξ ,w, h, v)
σ (δ + 1)

)2
− L2 (60)

Using the additional estimate (60) in conjunction with the esti-
mates shown in the proof of Lemma 1 in Karafyllis et al. (2022)
and de#nitions (26), (28) and (29) we get (27).

The proof is complete. !

Proof of Proposition 3.1: Consider arbitrary (ξ , w, h, v) ∈ S
satisfying (48) and (49). De#nitions (22) –(24) and the inequal-
ities

(h(x)v(x) + µh′(x))2 ≤ 2h2(x)v2(x) + 2µ2 (
h′(x)

)2 , (61)

(w + kξ)2 ≤ 2w2 + 2k2ξ 2, (62)
√
1 + (h′(x))2 − 1 ≤

∣∣h′(x)
∣∣ (63)

imply:

V (ξ ,w, h, v) ≤ δ + 2
2

∫ L

0
h(x)v2(x) dx

+ µ2
∫ L

0
h−1(x)

(
h′(x)

)2 dx

+ δ + 1
2

g
∥∥h − h∗χ[0,L]

∥∥2
2

+ 3qk2

2
ξ 2 + qw2 + σ (δ + 1)

∥∥h′∥∥
1 (64)



2476 I. KARAFYLLIS ET AL.

Following the arguments of the proof of Proposition 2.5
in Karafyllis et al. (2022) we obtain from (64) the following:

V (ξ ,w, h, v)

≤ δ + 2
2

Hmax +v+22 + qw2 + 3qk2

2
ξ 2

+ µ2
(
h∗ − ε

√
L
)−1 ∥∥h′∥∥2

2

+ δ + 1
2

g
∥∥h − h∗χ[0,L]

∥∥2
2 + σ (δ + 1)

√
L

∥∥h′∥∥
2 (65)

Inequality (50) is a direct consequence of (65) and de#nition
(45). The proof is complete. !

In order to give the proof of the main result of this study,
we need to provide some preliminary lemmas along with their
proofs.

Lemma 4.1: Every classical solution of the system (8)–(12),
(14), (16) satis"es the following equations for all t> 0:

d
dt
E(h[t], v[t]) = −µ

∫ L

0
h(t, x)v2x(t, x) dx

+ f (t)
∫ L

0
h(t, x)v(t, x) dx (66)

d
dt
W(h[t], v[t]) = −µg +hx[t]+22

− µσ

∫ L

0

h2xx(t, x) dx(
1 + h2x(t, x)

)3/2

+ f (t)
∫ L

0
(h(t, x)v(t, x) + µhx(t, x)) dx

(67)

where E, W are de"ned by (23), (24), respectively.

Proof: Due to (10) and (11) we get for t> 0, x ∈ (0, L):

vt(t, x) + v(t, x)vx(t, x) + ghx(t, x)

= σh−1(t, x)

(
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

+ µh−1(t, x) (h(t, x)vx(t, x))x + f (t) (68)

Combining de#nition (23), (10) and (68) we get for all t> 0
the following expression for the time derivative of the func-
tional (23) :

d
dt
E(h[t], v[t])

= −1
2

∫ L

0
(h(t, x)v(t, x))xv2(t, x) dx

−
∫ L

0
h(t, x)v2(t, x)vx(t, x) dx

− g
∫ L

0
h(t, x)v(t, x)hx(t, x) dx + σ

∫ L

0
v(t, x)

×
(
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

dx

+ µ

∫ L

0
v(t, x) (h(t, x)vx(t, x))x dx

+ f (t)
∫ L

0
h(t, x)v(t, x) dx

− g
∫ L

0
(h(t, x)v(t, x))x(h(t, x) − h∗) dx

− σ

∫ L

0

hx(t, x)√
1 + h2x(t, x)

(h(t, x)v(t, x))xx dx (69)

Using (69), integration by parts as in the proof of Lemma 2.11
in Karafyllis et al. (2022), (12), (16) and the fact that for all t> 0

σ

∫ L

0
v(t, x)

(
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

dx

= −σ

∫ L

0
vx(t, x)

1 + h2x(t, x) + h(t, x)hxx(t, x)
(
1 + h2x(t, x)

)3/2 dx (70)

− σ

∫ L

0

hx(t, x)√
1 + h2x(t, x)

(h(t, x)v(t, x))xx dx

= σ

∫ L

0
vx(t, x)

1 + h2x(t, x) + hxx(t, x)h(t, x)
(
1 + h2x(t, x)

)3/2 dx (71)

as a consequence of integration by parts as well, we obtain
equation (66).

Next we de#ne for all t ≥ 0 and x ∈ [0, L]:

/(t, x) := h(t, x)v(t, x) + µhx(t, x) (72)

De#nition (72), (10) and (11) imply for all t> 0 and x ∈ (0, L):

/t(t, x) = −
(
v(t, x)/(t, x) + 1

2
gh2(t, x)

−σ
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

+ h(t, x)f (t) (73)

Using de#nition (24) along with (73) and (10), we get for all
t> 0:

d
dt
W(h[t], v[t])

= 1
2

∫ L

0
h−2(t, x)/2(t, x)(h(t, x)v(t, x))x dx

−
∫ L

0
h−1(t, x)/(t, x)

(
/(t, x)v(t, x) + 1

2
gh2(t, x)

)

x
dx

+ σ

∫ L

0
h−1(t, x)/(t, x)
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(
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

dx

+ f (t)
∫ L

0
/(t, x) dx

− g
∫ L

0
(h(t, x) − h∗)(h(t, x)v(t, x))x dx

− σ

∫ L

0

hx(t, x)(h(t, x)v(t, x))xx√
1 + h2x(t, x)

dx (74)

Using (12) and integration by parts as in proof of Lemma 2.11
in Karafyllis et al. (2022), we obtain from (74) and de#nition
(72) for all t> 0:

d
dt
W(h[t], v[t])

= −µg +hx[t]+22

+ f (t)
∫ L

0
(h(t, x)v(t, x) + µhx(t, x)) dx

+ σ

∫ L

0
v(t, x)

(
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

dx

+ µσ

∫ L

0
h−1(t, x)hx(t, x)

(
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

dx

− σ

∫ L

0

hx(t, x)(h(t, x)v(t, x))xx√
1 + h2x(t, x)

dx (75)

Using (16), (70), (71) and the fact that

h(t, x)

(
hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

=
(
1 + h2x(t, x) + h(t, x)hxx(t, x)

(
1 + h2x(t, x)

)3/2

)

x

(76)

we obtain from (75) equation (67) for all t> 0. The proof is
complete. !

Lemma 4.2: Let constants q, k, δ > 0 be given. Then there exists
a non-decreasing function 0 : [0,R) → (0,+∞), where R> 0
is de"ned by (36) such that for every (ξ ,w, h, v) ∈ X with
v ∈ H1(0, L), h ∈ H2(0, L) and V(ξ ,w, h, v) < R, the following
inequality holds:

V(ξ ,w, h, v)
0(V(ξ ,w, h, v))

≤
∥∥h′∥∥2

2 +
∫ L

0

(
h′′(x)

)2
(
1 + (h′(x))2

)3/2 dx

+
∫ L

0
h(x)

(
v′(x)

)2 dx + ξ2 + (w + kξ)2 (77)

Proof: Let arbitrary (ξ ,w, h, v) ∈ X with v ∈ H1(0, L), h ∈
H2(0, L) and V(ξ ,w, h, v) < R be given. Using the same argu-
ments as in the proof of Lemma 2.12 in Karafyllis et al. (2022)
and the fact that

∫ L

0

(√
1 + (h′(x))2 − 1

)
dx ≤

∥∥h′∥∥2
2 (78)

we obtain the following estimate:

V(ξ ,w, h, v)

≤ L2 (δ + 2)Q2(V(ξ ,w, h, v))
2π2Q1(V(ξ ,w, h, v))

∫ L

0
h(x)

(
v′(x)

)2 dx

+
(

(δ + 1)
(
gL2 + 2σ

)

2
+ µ2

Q1 (V(ξ ,w, h, v))

)

×
∥∥h′∥∥2

2 + qk2

2
ξ 2 + q

2
(w + kξ)2

≤ 0(V(ξ ,w, h, v))

(
∥∥h′∥∥2

2 +
∫ L

0

(
h′′(x)

)2
(
1 + (h′(x))2

)3/2 dx

+
∫ L

0
h(x)

(
v′(x)

)2 dx + ξ2 + (w + kξ)2
)

(79)

where

0(s) := 1
2
max

(
κ1 + 2µ2

Q1 (s)
,
κ2Q2(s)
Q1(s)

, κ3
)
, for s ∈ [0,R)

(80)

with κ1 := (δ + 1)(gL2 + 2σ ), κ2 := L2(δ + 2)/π2 and κ3 :=
qmax(1, k2). De#nition (80) and the fact that Q2 : R+ → R
is an increasing function and Q1 : R+ → R is a decreasing
function imply that 0 : [0,R) → (0,+∞) is a non-decreasing
function. Inequality (77) holds as a direct consequence of (79).
The proof is complete. !

Lemma 4.3: Let constants q, k, δ > 0 be given. Then there exist
non-decreasing functions Gi : [0,R) → (0,+∞), i = 1, 2, where
R> 0 is de"ned by (36), such that for every (ξ ,w, h, v) ∈ X with
V(ξ ,w, h, v) < R, the following inequalities hold:

∥∥(ξ ,w, h − h∗χ[0,L], v)
∥∥2
X ≤ V(ξ ,w, h, v)G1 (V(ξ ,w, h, v))

(81)
V(ξ ,w, h, v)

G2 (V(ξ ,w, h, v))
≤

∥∥(ξ ,w, h − h∗χ[0,L], v)
∥∥2
X (82)

where + · +X is de"ned by (45).

Proof: Let arbitrary (ξ ,w, h, v) ∈ X with V(ξ ,w, h, v) < R be
given. Using de#nitions (22) –(24), inequalities (61), (62), the
inequality

√
1 + (h′(x))2 ≤ 1 +

(
h′(x)

)2 (83)

and (44) we obtain

V(ξ ,w, h, v)
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≤ δ + 2
2

Hmax +v+22 + δ + 1
2

g
∥∥h − h∗χ[0,L]

∥∥2
2

+
(

µ2

Q1 (V (ξ ,w, h, v))
+ σ (δ + 1)

)∥∥h′∥∥2
2

+ 3qk2

2
ξ 2 + qw2 (84)

Inequality (84) implies inequality (82) with

G2 (s) := max
(

δ + 2
2

Hmax,
δ + 1
2

g,
µ2

Q1 (s)

+σ (δ + 1) ,
3qk2

2
, q

)
, for s ∈ [0,R) (85)

The fact that Q1 : R+ → R is a decreasing function and the
above de#nition imply that G2 : [0,R) → (0,+∞) is a non-
decreasing function.

The proof of inequality (81) is exactly the samewith the proof
of Lemma 4 in Karafyllis et al. (2022). The proof is complete.

!

Lemma 4.4: Let constants ω, k, q, δ > 0 and r ∈ [0,R) be given,
where R> 0 is de"ned by (36). Then every classical solution of
the system (8)–(12), (14), (16) and (55) satis"es the following
inequality for all t> 0 for which V(ξ(t),w(t), h[t], v[t]) < R:

d
dt
V(ξ(t),w(t), h[t], v[t])

≤ −3µg
4

+hx[t]+22 − qk3ξ 2(t)

− µδ

2Hmax

(
2Hmax − Q1(r)

Q2 (V(t))
Q1 (V(t))

)

∫ L

0
h(t, x)v2x(t, x) dx

− µσ

∫ L

0

h2xx(t, x)(
1 + h2x(t, x)

)3/2 dx

− q
(
q((r) − k

)
(w(t) + kξ(t))2 (86)

where V(t) = V(ξ(t),w(t), h[t], v[t]), ((r) is de"ned by (54)
and Qi : R+ → R (i = 1, 2) are the functions de"ned by (28)
and (29).

Proof: Let ω, k, q, δ > 0 be given constants and let r ∈ [0,R) be
a constant, where R> 0 is de#ned by (36). In addition to that
we consider a classical solution of the system (8)–(12), (14), (16)
and (55) at a time t> 0 for which V(ξ(t),w(t), h[t], v[t]) < R.
Using Lemma 4.1, (66), (67) and de#nition (22) and by fol-
lowing the same procedure as in the proof of Lemma 2.14
in Karafyllis et al. (2022) by assuming zero friction coe"cient,
we establish the following inequality:

d
dt
V(ξ(t),w(t), h[t], v[t])

≤ −3µg
4

+hx[t]+22 − µδ

∫ L

0
h(t, x)v2x(t, x) dx

− µσ

∫ L

0

h2xx(t, x)(
1 + h2x(t, x)

)3/2 dx

− q
(
q((r) − k

)
(w(t) + kξ(t))2

− qk3ξ 2(t) + µδπ2Q1(r)
2L2Hmax

∫ L

0
h(t, x)v2(t, x) dx (87)

Since v(t, 0) = v(t, L) = 0 (recall (12)), by virtue of Wirtinger’s
inequality and (44), we get:

+v[t]+22 ≤ L2

π2 +vx[t]+22

≤ L2

π2Q1 (V(t))

∫ L

0
h(t, x)v2x(t, x) dx (88)

Combining (44), (87) and (88), we obtain (86). The proof is
complete. !

We can now present the proof of Theorem 3.1.

Proof of Theorem 3.1: Let constants ω, q, k, δ > 0 satisfying
(53). Let constant r ∈ [0,R) be given. Consider a classical solu-
tion of the system (8)–(12), (14), (16) with (55) that satis#es
V(ξ(0),w(0), h[0], v[0]) ≤ r. Let r ∈ (r,R) be a constant that
satis#es:

Q2 (r)
Q1 (r)

<
2Hmax
Q1(r)

(89)

The existence of r̄ ∈ (r,R) is a direct consequence of the conti-
nuity of the functions involved in (89).

Due to (53), Lemma 4.4, (86) and (89) the following impli-
cation is true:

If t > 0 and V (ξ(t),w(t), h[t], v[t]) ≤ r then
d
d t

V (ξ(t),w(t), h[t], v[t]) ≤ 0 (90)

A contradiction argument as in the proof of Theorem 2.6
in Karafyllis et al. (2022) implies that V(ξ(t),w(t), h[t], v[t]) ≤
r for all t ≥ 0.

Implication (90) and the fact V(ξ(t),w(t), h[t], v[t]) ≤ r for
all t ≥ 0 imply that

d
d t

V (ξ(t),w(t), h[t], v[t]) ≤ 0 for all t > 0 (91)

Due to the above and the continuity of the mapping t →
V(ξ(t),w(t), h[t], v[t]), we get that

V(ξ(t),w(t), h[t], v[t]) ≤ V(ξ(0),w(0), h[0], v[0])

≤ r < R, for all t ≥ 0 (92)

Consequently, (ξ(t),w(t), h[t], v[t]) ∈ XV(r) for all t ≥ 0
(recall (46)). Using (92) and Lemma 4.4, we conclude that (86)
holds for all t> 0. Using (92), (86) and the fact that Q2 : R+ →
R is an increasing function while Q1 : R+ → R is a decreasing
function, we obtain the following estimate for t> 0

d
dt
V(ξ(t),w(t), h[t], v[t])
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≤ −β(r)
(

+hx[t]+22 +
∫ L

0
h(t, x)v2x(t, x) dx

+
∫ L

0

h2xx(t, x)(
1 + h2x(t, x)

)3/2 dx

+ξ 2(t) + (w(t) + kξ(t))2
)

(93)

where

β(r) := min
(
3µg
4

,
µδ (2Hmax − Q2 (r))

2Hmax
,

qk3, q
(
q((r) − k

)
,µσ

)
(94)

Notice that (53) and the fact that r ∈ [0,R) in conjunction
with de#nitions (29), (36), (93) imply that β(r) > 0. It fol-
lows from Lemma 4.2, (77), the continuity of the mapping
t → V(ξ(t),w(t), h[t], v[t]), (recall that v ∈ C0(R+;H1(0, L)),
h ∈ C1(R+ × [0, L]; (0,+∞)) and v ∈ C0(R+ × [0, L])), esti-
mates (92), (93), Lemma 4.3, (81) and (82) that the following
estimate holds for all t ≥ 0:

∥∥(ξ(t),w(t), h[t] − h∗χ[0,L], v[t])
∥∥2
X ≤ !(r)

× exp
(

−β(r) t
0 (r)

)∥∥(ξ(0),w(0), h[0] − h∗χ[0,L], v[0])
∥∥2
X

(95)

with

!(r) := G1 (r)G2 (r) (96)

where 0 is the non-decreasing function involved in (77) and
Gi : [0,R) → (0,+∞) (i = 1, 2) are the non-decreasing func-
tions involved in (81), (82). Estimate (56) with M = √

!(r)
and λ = β(r)

20(r) is a consequence of estimate (95). The proof is
complete. !

5. Concluding remarks

In this work we managed to show that the robust with respect
to wall friction nonlinear feedback law proposed in Karafyl-
lis et al. (2022) provides also robust stabilisation results with
respect to surface tension. This shows even more the sig-
ni#cance of the CLFs as stabilising tools for the in#nite-
dimensional case of systems described by PDEs and illustrates
the fact that robustness is inherent in the CLF methodology.

The present study deals with the case of viscous Saint-Venant
system with surface tension and without wall friction. It is of
interest to study the more challenging problem of the viscous
Saint-Venant system with surface tension and with wall fric-
tion as well as the construction of an additional functional
which provides a bound for the sup-norm of the !uid veloc-
ity. In addition to that, other topics for future research are
the study of existence and uniqueness of the solutions for the
closed-loop system, the study of the problem with non con-
stant (dynamic) contact angles, the study of the output feedback
stabilisation problem, the construction of appropriate numeri-
cal schemes and the derivation of stability estimates in stronger
spatial norms. Concerning the output feedback stabilisation
problem there are many interesting studies in the literature that

may contribute, such as Katz and Fridman (2022) which sug-
gests a #nite-dimensional observer control of the (1-D) heat
equation under Neumann actuation.
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