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A B S T R A C T

We extend existing works on control of (finite-dimensional) linear systems with (infinite-dimensional) heat
sensors [6]. The extension lies on the one hand, in the fact that all system poles and zeros are unknown and, on
the other, in the fact that sensor equations include unknown spatially-varying parameters. These uncertainties
make the problem of parameter identification quite challenging. The existing adaptive observers for this type of
systems prove not to be applicable in the presence of these uncertainties. Presently, we develop an identification
method that involves multi-sine exciting input signals. Doing so, the inaccessible signal at the junction point,
between the system and the sensor, can be given an affine parameterized form. It turns out that the identification
problem of the sensor is decoupled from that of the system. Then, a parameter estimator involving K-filters is
designed to get estimates of the sensor parameters as well as those of the inaccessible signal at the junction point.
A new persistent excitation concept is introduced that ensures exponential convergence of the sensor parameter
estimates and the estimated junction signal. The latter is then used to identify the parameters of the system
dynamics.

1. Introduction

Several practical control problems involve systems with finite-
dimensional dynamics, naturally modeled by ordinary differential
equations (ODEs), and infinite-dimensional sensors, described by partial
differential equations (PDEs). This is the case, e.g., in oil drilling and gas
industry [1] and electric energy transport [2]. The ODE-PDE model
structure proves also to be useful to accounts for communication net-
works in nowadays control systems. The high modeling ability of
ODE-PDE cascades explains the increasing research activity on system
control and observer design based on this model structure. This research
activity started with the seminal papers of [3,4] and [5], respectively
considering heat and wave sensors. It continued in several works
considering various types of PDEs, including heat, wave, Schrödinger
and others, see e.g., [6–11].

The point is that most existing studies, on system control and
observer design based on ODE-PDE model structure, assumed the model
to be perfectly known. Some few exceptions are [11] and [9]. But, even
in these works, uncertainty formulation does not allow to account for

ODE pole uncertainty and PDE spatially varying parameter uncertainty.
To make use of the existing control and observer design methods [3], we
need parameter identification methods for ODE-PDE models that are
subject to uncertainties on the system poles and the sensor
spatially-varying parameters.

In this study, we develop a parameter identification method for ODE-
PDE models where the ODE is linear time-invariant (LTI) and the PDE is
linear of heat type (Fig. 1). Typically, the former represents the dy-
namics of a LTI system and the latter a sensor. Both the system and the
sensor dynamics are subject to parameter uncertainty. Presently,
parameter uncertainty on the system dynamics in formulated in a way
that all system poles and zeros to be unknown. The sensor parameter
uncertainty comes in (the associated PDE) domain and boundary
equations. Besides, the domain parameters are allowed to be spatially-
varying. This identification problem has yet to be solved. One major
complexity is that the coefficients of the denominator (of the transfer
function of the ODE part) come nonlinearly in the equations of the ODE-
PDE model; this is a consequence of system pole uncertainty and inac-
cessibility of the signal at ODE-PDE junction point. Another substantial
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difficulty is that the unknown parameters in the PDE domain equation
are allowed to spatially-varying. Since the ODE-PDE model is presently
not affine in parameters and contain spatially varying parameters, the
existing observers for ODE-PDE cascades are not applicable in the pre-
sent case. For instance, the observers in [3,9] and [11] are inapplicable
because they all assume the system poles to be known and sensor
parameter uncertainty is either inexistant or space-invariant. We
therefore develop a new identification method that makes use of
multi-sine input signals. This class of exciting signals proves to be a
judicious choice because the resulting inaccessible signal (at the junc-
tion point between the ODE and the PDE) turns out to be linearly par-
ametrizable. The obtained regression equation serves also as boundary
equation of the sensor PDE (Fig. 1). The sensor identification problem is
thus made decoupled from that of the system dynamics. Then, a
parameter estimator involving K-filters is designed to get online esti-
mates of all sensor (PDE) parameters, including those of the inaccessible
signal at the junction ODE-PDE point. A new persistent excitation
concept, suitable for the used class of parameter estimators, is intro-
duced and shown to ensure exact convergence of the sensor parameter
estimates. Using these estimates, we built up real-time estimators of the
sensor state and its (spatially-varying) parameters and of the
junction-point signal. Since the latter is the output of the ODE part
(Fig. 1), we make use of its online estimates to perform parameter
identification of the ODE, applying least-squares estimator. Exact
convergence of the parameter estimates is achieved under a PE
condition.

The rest of the paper is organized as follows: the identification
problem under study is stated in Section 2; the identification method
design and analysis are described in Section 3; simulation results are
presented in Section 4; a conclusion and reference list end the paper.
Useful notation and inequalities are stated first:

Notation. Euclidean norms in the spaces Rp and Rp×q are denoted | |

and I denotes the identity matrix in Rp, where p ≥ 1 and q ≥ 1 are any
integer numbers. For any integer n > 0, L2[0, 1] denotes the Hilbert
space of square integrable functions f : [0, 1]→Rp; then f denotes the
associated L2-norm. H1[0,1] is the Sobolev space of absolutely contin-
uous functions f : [0,1]→Rp with df

dς ∈ L2[0, 1]. H2[0, 1] is the Sobolev

space of absolutely continuous functions such that dfdς,
d2f
dς2 ∈ L2[0,1].

Useful Inequalities. For any f ∈ H1[0,1] such that f(0) = 0 or f(1) = 0,
the following inequalities hold:

∫1

0

|f(ς)|2dς ≤
4
π2

∫1

0

⃒
⃒
⃒
⃒
df(ς)
dς

⃒
⃒
⃒
⃒

2

dς, Wirtingeŕ s inequality

max
0<ς<1

|f(ς)|2 ≤
∫1

0

⃒
⃒
⃒
⃒
df(ς)
dς

⃒
⃒
⃒
⃒

2

dς, Sobolevʹs inequality

Sturm Liouville Problem. Consider the problem, φ˝+ αφ = 0, with
φ(1) = φʹ(0) = 0, where φ : [0, 1]→R; x→φ(x). We know this problem

generates the eigenvalues σl =

(

l+1
2

)

π and the eigenfunctions

φl(x) =
̅̅̅
2

√
cos(σlx) =

̅̅̅
2

√
cos
((

l+1
2

)

πx
)

(l ≥ 0). It is readily checked

that φʹ́
l + σ2l φl = 0 and φl(1) = φʹ

l(0) = 0. The family of eigenfunctions
form a complete orthonormal set on L2(0,1).

2. Parameter identification problem statement

We consider the problem of parameter identification of LTI systems
that are connected in series with a distributed parameter sensor (Fig. 1).

The LTI system is defined either by its transfer function
∑n− 1

i=0
bisi

sn+
∑n− 1

i=0
aisi
or by

the following observer-form state-space representation:

Ẋ(t) = AX(t) − aY(t) + bU(t), for all t > 0 (1)

Y(t) = CX(t), for all t > 0 (2)

with any initial condition X(0), where U(t) ∈ R, Y(t) ∈ R and X(t) ∈ Rn

denote the system input, output and state vector, respectively. The rest
of the notation in (1)-(2) are defined as follows:

A =

[
0(n− 1)×1 I(n− 1)×(n− 1)
0 01×(n− 1)

]

;C =
[
1 01×(n− 1)

]
(3a)

a =

⎡

⎣
an− 1

⋮
a0

⎤

⎦; b =

⎡

⎣
bn− 1

⋮
b0

⎤

⎦ (3b)

where I(n− 1)×(n− 1) ∈ R(n− 1)×(n− 1) denotes the identity matrix, 0(n− 1)×1 ∈
Rn− 1 and 01×(n− 1) ∈ R1×(n− 1) are (column and row) null vector. The

Fig. 1. System structure and parameter identification scheme.
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system order n ∈ N is known, but the parameter vectors a and b are not.
The system (1)-(2) is assumed to be asymptotically stable, which is the
case if the polynomial sn +

∑n− 1
i=0 aisi is Hurwitz or, equivalently, the

matrix A − aC is Hurwitz. This assumption is coherent with the fact that
system identification is presently dealt with in open-loop with all system
signals being bounded.

The sensor is governed by a heat-like PDE of the form:

ut(x, t) = uxx(x, t) + ψd(x, t)θd(x)for x(0,1) (4)

u(1, t) = Y(t), for all t > 0 (5)

ux(0, t) = ψb(t)θb, for all t > 0 (6)

with u(x,0) = u0(x) with any u0 ∈ H2[0,1]. The various notation in (4)-
(6) are defined as follows:

u(x, t) denotes the distributed state of the sensor;
θd(x) ∈ Rp is an unknown function; θb ∈ Rq is also unknown; the

integer p ≥ 0 and q ≥ 0 are known;
ψd(x, t) ∈ R1×p and ψb(t) ∈ R1×q are known functions.
The identification problem at hand consists in designing a method

that provides accurate estimates of the parameters (a and b) of the LTI
system (1)-(2) and estimates of the parameters (θd(x) and θb) of the
sensor (4)-(6) will also be estimated. Parameter estimation must be
based only on the (global system) input and output signals, U(t) and
y(t) = u(0, t) which are the only signals to be accessible to measure-
ments.

Remark 1. Adaptive observers have been proposed for state and
parameter estimation of ODE-PDE cascades like (1)-(6), involving
parameter uncertainties in both the ODE and the PDE, e.g., see [11] and
reference list therein. However, those adaptive observers cannot be
applied to (1)-(6) for the following reasons:

(i) In the ODE part (1)-(3), the unknown parameter vector a,
defining the system poles, comes in multiplied by the internal
signal Y(t) which is not accessible to measurements, leading to a
nonlinear least-squares problem. In the existing works, e.g. [9,
11], it was assumed that a = 0 or a ∕= 0 but known. Thus, no
uncertainty on the system poles was accounted for in those works.

(ii) In the PDE part (4)-(6), the parameter vector θd(x), entering the
domain, is not only unknown but also space-varying. Parameter
space-variation was also a missing difficulty in [9,11].

3. Identification method design and analysis

3.1. Choice of the system input signal

One major component of any identification method is the choice of a
suitable exciting input signal. Presently, we make use of a multisine
signal of the form:

U(t) =
∑n

i=1
Uisin(ωit) (7)

for some scalars Ui > 0, ωi > 0 with ωi ∕= ωj for any i ∕= j . It follows that
the steady-state response of (1)-(2) is also multisine with the same fre-
quencies:

Y(t) =
∑n

i=1
Yisin(ωit) +

∑n

i=1
Yicos(ωit) (8)

for some unknown scalars Yi, Yi ∈ R. Introducing the notation

θa = [Y1,Y1… Yn, Yn]
T
∈ R2n,

ψa(t) = [sin(ω1t), cos(ω1t), …, sin(ωnt), cos(ωnt)]

Eq. (5) is rewritten:

u(1, t) = Y(t) = ψa(t)θa, for all t > 0 (9)

Estimating the internal signal Y(t) amounts to estimating the
parameter vector θa. The latter will be estimated, together with θd(x),
using a K-filter based approach inspired by ([12], chapter 13). From the
estimate θ̂a of θa one immediately gets an estimate Ŷ(t) of Y(t), using
(8). Then, the ODE parameter vectors, a and b, can in turn be estimated
using a least-squares estimator.

Our prime aim is the estimation of the intermediary signal u(1, t) =

Y(t). In view of (9), this amounts to estimate the parameter vector θa.
Furthermore, using (9), sensor Eqs. (4)-(6) are rewriten as follows:

ut(x, t) = uxx(x, t) + ψd(x, t)θd(x), for x ∈ (0,1) (10)

u(1, t) = ψa(t)θa, for all t > 0 (11)

ux(0, t) = ψb(t)θb, for all t > 0 (12)

It turns out that the vector θa stands as one of the parameter vectors
of the sensor Eqs. (10)-(12). Consequently, θa cannot be estimated
separately, it needs to be estimated simultaneously with the rest of the
parameter vectors in (10)-(12).

Remark 2. 1) In system identification, it is usually made use of peri-
odic signals. This is not in contradiction with the multisine requirement
as expressed by (7). Indeed, by Fourier series expansion, periodic signals
are multisine with infinite sinusoidal components. Due to the bounded
passband of the linear system (1)-(2), only a finite number of compo-
nents produce an effect on the intermediary output Y(t). The number of
such useful components is determined by the period of the input signal
and the system bandpass. In practice, an upper bound on the system
bandpass is usually known. Based on this prior information, it is possible
to choose the input signal period so that the number m of useful com-
ponents is equal or greater than n. Doing so, the intermediary signal Y(t)
still expresses by (8) replacing there n by m. Having, more components
than necessary does not entail a change in the rest of the method.

2) Let us notice that existing adaptive observers for heat PDEs, like
that in [9], cannot be applied to system (10)-(12) because this involves
the space-varying parameter vector θd(x). To get round this difficulty we
will make use of the K − filter based approach, see the next subsection.

3.2. Parameter identification of sensor (10)-(12)

Sensor Swapping Filters. Following ([12], chapter 13), we introduce
the following three filters with state vectors ϕd(x, ξ, t) ∈ R1×p, ϕb(x,
t) ∈ R1×q and ϕa(x, t) ∈ R1×2n, respectively:

ϕd,t(x, ξ, t) = ϕd,xx(x, ξ, t) + δ(x − ξ)ψd(x, t), for t > 0,0 ≤ x < 1, 0 ≤ ξ

≤ 1
(13)

ϕd,x(0, ξ, t) = 0, for t > 0, 0 ≤ ξ ≤ 1 (14)

ϕd(1, ξ, t) = 0, for t > 0,0 ≤ ξ ≤ 1 (15)

ϕb,t(x, t) = ϕb,xx(x, t), for t > 0, 0 ≤ x < 1 (16)

ϕb,x(0, t) = ψb(t), ϕb(1, t) = 0, for t > 0 (17)

ϕa,t(x, t) = ϕa,xx(x, t), for t > 0,0 ≤ x < 1 (18)

ϕa,x(0, t) = 0, ϕa(1, t) = ψa(t), for t > 0 (19)

where the filter ϕd = ϕd(x, ξ, t) is parametrized by 0 ≤ ξ ≤ 1 and δ(.) is
the delta function. All filter initial conditions, ϕd(x, ξ, 0) ∈ H

2(0, 1),
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ϕb(x,0) ∈ H
2(0, 1) and ϕa(x,0) ∈ H

2(0,1) are arbitrarily chosen.

Remark 3. 1) The ϕb− and ϕa − filters, respectively defined by (16)-
(17) and (18)-(19), are quite standard parabolic equations. Their solu-
tions are bounded because the inputs ψb(t) and ψa(t) are so and the
homogenous equations are exponentially stable. An outline of the proof
is given here for ϕb, in the case this is continuous, considering the

standard quadratic Lyapunov functional V(t) = 1
2

∫1

0

|ϕb(x, t)|
2dx.

Differentiating V, along the trajectory of (16)-(17), and integrating by
parts gives:

V̇(t) = − ϕb(0, t)ψb(t) −
∫1

0

⃒
⃒ϕb,x(x, t)

⃒
⃒2dx

≤
1
2
|ϕb(0, t)|

2
+
1
2
|ψb(t)|

2
−

∫1

0

⃒
⃒ϕb,x(x, t)

⃒
⃒2dx

≤ −
1
2

∫1

0

⃒
⃒ϕb,x(x, t)

⃒
⃒2dx+

1
2
|ψb(t)|

2

≤ −
π2
8

∫1

0

|ϕb(x, t)|
2dx+

1
2
|ψb(t)|

2

≤ −
π2
4
V(t) +

1
2
|ψb(t)|

2

where the last couple of inequalities is obtained by applying, succes-
sively, Sobolev’s and Wirtinger’s inequalities. By the comparison theo-
rem, the last inequality impliess that V(t) is bounded because |ψb(t)| is
so. Since \psi_b(t) is continuous, so is \phi_b(t). Then, boundedness of \V
(t) implies that of phi_b(t). it follows that |ϕb(x, t)| is bounded.

2) The filter (13)-(15), involving the delta functions, is similar to the
filter (13.35)-(13.37) in ([12], chapter 13). There, it is shown that the
implementation of (13)-(15) relies on the implementation of two (a
parabolic and a hyperbolic) auxiliary filters which both are imple-
mentable. To illustrate this point, we consider the simpler case of a
time-varying input signal ψd(x, t) = ψd(t). Then, inspired by ([12],
chapter 13), we associate to (13)-(15) the following parabolic auxiliary
filter:

φt(x, t) = φxx(x, t), for t > 0, 0 ≤ x < 1 (20)

φx(0, t) = ψd(t) ϕb(1, t) = 0, for t > 0 (21)

Note that this filter is identical to the ϕb − filter defined by (16)-(17)
and so the boundedness of φ(x, t) is not an issue. In ([12], chapter 13) it
is shown that the solution ϕd(x, ξ, t) of the filter (13)-(15) (there
expressed by (13.58)) is presently given by:

ϕd(x, ξ, t) = F(x, ξ, t) + ΔF(x, ξ, t) (22)

where F(x, ξ, t) is defined by the wave equations (13.46)-(13.50) in
([12], chapter 13), replacing there ϕ(x, t) by φ(x, t). Owing to ΔF(x,ξ, t),
it is defined by the homogenous equation (13.59)-(13.61) in ([12],
chapter 13). The function F(x, ξ, t) is bounded because φ(x, t) is so and
the homogenous wave equation associated to (13.46)-(13.50) is expo-
nentially stable. The parabolic equation (13.59)-(13.61) in [12] is also
well known to be exponentially stable. Since it is homogenous, it follows
that the component ΔF(x, ξ, t) in (22) converges to zero exponentially.
From, the above observations it follows that ϕd(x, ξ, t) is bounded.

3) As pointed out in [12], the expression (22) allows us to avoid
solving an infinite “array” of parabolic equations, i.e. (13)-(15), by
computing, at each time step, the solution of the standard wave equa-
tions defining F(x, ξ, t), i.e. (13.46)-(13.50). In summary, the

implementation of the filters (13)-(19) entails the implantation of three
dynamic equations, namely those defining ϕb, ϕa, and φ.

Sensor Parameter Estimators. Introduce the error signal:

e(x, t) = u(x, t) − ϕa(x, t)θa − ϕb(x, t)θb

−

∫1

0

ϕd(x, ξ, t)θd(ξ)dξ (23)

Differentiating e(x, t) w.r.t. t and x gives, using (13)-(23):

et(x, t) = ut(x, t) − ϕa,t(x, t)θa − ϕb,t(x, t)θb

−

∫1

0

ϕd,t(x, ξ, t)θd(ξ)dξ

= uxx(x, t) − ϕa,xx(x, t)θa − ϕb,xx(x, t)θb

−

∫1

0

ϕd,xx(x, ξ, t)θd(ξ)dξ

(24)

On the other hand, differentiating (23) twice w.r.t x, one gets:

exx(x, t) = uxx(x, t) − ϕa,xx(x, t)θa − ϕb,xx(x, t)θ b

−

∫1

0

ϕd,xx(x, ξ, t)θd(ξ)dξ

(25)

Comparing the right-sides of (24) and (25) gives et(x, t) = exx(x, t).
The boundary conditions are:

ex(0, t) = ux(0, t) − ϕa,x(0, t)θa − ϕb,x(0, t)θb

−

∫1

0

ϕd,x(0, ξ, t)θd(ξ)dξ = 0 (26)

e(1, t) = u(1, t) − ϕa(1, t)θa − ϕb(1, t)θb

−

∫1

0

ϕd(1, ξ, t)θd(ξ)dξ = 0 (27)

It turns out that e(x, t) is governed by the equations:

et(x, t) = exx(x, t) (28)

ex(0, t) = 0, e(1, t) = 0 (29)

It is well known that the solution of (28)-(29) is exponentially
converging to zero, whatever the initial condition e(x,0) ∈ L2.

Letting x = 0 in (29) gives the following system parametrization

u(0, t) = e(0, t) + ϕa(0, t)θa + ϕb(0, t)θb

+

∫1

0

ϕd(0, ξ, t)θd(ξ)dξ (30)

This parametrization is useful because all signals multiplying un-
known parameters are accessible to measurements. The remaining sig-
nals are either accessible to measurements, which is the case of u(0, t), or
exponentially vanishing which is the case of e(0, t). These properties
make (30) quasi affine in the unknown parameters, i.e. θa, θb, θd(x).

Let θ̂a(t), θ̂b(t), θ̂d(ξ, t) denote estimates of θa, θb, θd(ξ), respectively,
and introduce the following estimation errors:

θ̃i(t) = θ̂ i(t) − θi (i = a, b, d) (31)

ε(t) = u(0, t) − ϕa(0, t)θ̂a(t) − ϕb(0, t)θ̂b(t)

−

∫1

0

ϕd(0, ξ, t)θ̂d(ξ, t)dξ
(32)

Using (30) and (31), one gets from (34):
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ε(t) = e(0, t) + ϕa(0, t)θ̃a(t) + ϕb(0, t)θ̃b(t)

+

∫1

0

ϕd(0, ξ, t)θ̃d(ξ, t)dξ
(33)

This suggests the following parameter estimator of gradient type.

θ̂d,t(ξ, t) = − γd(ξ)
ϕT
d (0, ξ, t)ε(t)

η2(t) , for 0 ≤ ξ ≤ 1 (34)

˙̂θb(t) = − γb
ϕT
b (0, t)ε(t)

η2(t) (35)

˙̂θa(t) = − γa
ϕT
a (0, t)ε(t)

η2(t) (36)

η2(t) = 1+
∫1

0

|ϕd(0, ξ, t)|2dξ + |ϕa(0, t)|
2
+ |ϕb(0, t)|

2 (37)

for any positive gains γa, γb and γd(x). Now, introduce the notation

Φ(ξ, t)= [ϕa(0, t), ϕb(0, t), ϕd(0,ξ, t)] ∈R1×(p+q+2n) andΦ(ξ, t)=
Φ(ξ, t)

η(t)
(38)

θ(ξ) =
[
θTa , θTb , θTd (ξ)

]T
∈ R(p+q+2n), (39)

Γ(ξ) = diag
(
γaI2n×2n, γbIq×q, γd(ξ)Ip×p

)
∈ R(p+q+2n)×(p+q+2n) (40)

where Ip×p denotes the identity matrix of dimension p × p. Then, the
estimator (34)-(37) writes in the following compact form:

θ̂ t(ξ, t) = −
Γ(ξ)ΦT(ξ, t)ε(t)

η2(t) , for 0 ≤ ξ ≤ 1 (41)

In turn, Eq. (33) takes the following compact form:

ε(t) = e(0, t) +
∫1

0

Φ(ξ, t)θ̃(ξ, t)dξ (42)

Useful properties of the estimator (34)-(37), or equivalently (41), are
described in the following proposition:

Proposition 1. Consider the estimator defined by (34)-(37), where the
regressors are generated by (13)-(27) and the estimation error is by (33).
When applied with the data collected on the system (10)-(12), the estimator
provides parameter estimates θ̂a(t), θ̂b(t), θ̂d(x, t) with the following
properties:

1) |θ̃a(t)|, |θ̃b(t)|,
∫1

0

|θ̃d(x, t)|2dx ∈ L∞

2) ε(t)
η(t) ∈ L2 ∩ L∞

3) ˙̂θa,
˙̂θb, θ̂d,t ∈ L2 ∩ L∞.

The proof of Proposition, given in Appendix A, is highly inspired by
([12], chapter 13). In the latter, a system like (10)-(12) was focused on,
but the unknown parameters θa, θb, θd(x) were assumed to be scalar.
Proposition 1 highlights the fact that the result of Lemma 13.2 in [12]
extends to the case of vector parameters. Given the parameter estimates
θ̂a(t), θ̂b(t), and θ̂d(x, t), one has the following state estimate for the
system (10)-(12):

û(x, t) = ϕa(x, t)θ̂a(t) + ϕb(x, t)θ̂b(t)

+

∫1

0

ϕd(x, ξ, t)θ̂d(ξ, t)dξ

Clearly, Eqs. (34)-(37) define a gradient type estimator and Propo-
sition 1 highlights its standard asymptotic properties. These properties
do not guarantee the convergence (in some sense) of the parameters
θ̂(x, t) (0 ≤ x ≤ 1) to their true values θ(x), unless some persistent
excitation property is satisfied. In the case of space-independent un-
known parameter θ(x) = θ and space-independent regressor Φ(x, t) =

Φ(t), PE requirement means some ‘periodic’ spanning of the parameter
space by ΦT(t). Such a PE requirement on ΦT(t) is a sufficient condition
for exponential convergence of the parameter estimate θ̂(t) to its true
value θ, [13]. In the present case of space-varying unknown parameter
θ(x), a suitable PE notion of the regressor Φ(x, t) is introduced in Defi-
nition 1 where:

Ω =
{
v ∈ C0

(
[0,1],Rp+q+2n), ||v|| =1

}
,

with ‖ v ‖ referring to the L2 norm.

Definition 1. (Persistent Excitation). A function χ : R+ × [0,1]→
R1×(p+q+2n) is said to be PE if, there are positive real t0, T0 and α0 such that,
one has:

∫t+T0

t

⎛

⎝
∫1

0

χ(ξ, τ)v(ξ)dξ

⎞

⎠

2

dτ ≥ α0, ∀t ≥ t0, ∀v ∈ Ω (43)

Proposition 2. (parameter convergence). Consider the parameter es-
timators defined by (34)-(37), also represented by the compact form (41)-
(42), where the (normalized) regressor Φ(ξ, t) is defined by (38) and (13)-

(27). If Φ(x, t) is PE then θ̃a(t), θ̃b(t) and
∫1

0

|θ̃d(ξ, t)|2dξ exponentially

converge to zero.

See the proof in Appendix B.
In practice, it is not quite simple to check whether PE condition (43)

is met. In the next proposition we provide a (bit stronger) condition
involving only Φ(ξ, s) which is available by (38) and (13)-(27).

Proposition 3. (Stronger PE condition). Property (43) holds if:

∫t+T0

t

ΦT(ξ, s)Φ(ξ, s)ds ≥ ρ(ξ) × I

∀t ≥ t0,∀ξ ∈ [0, 1]

(44)

for some real constants t0, T0 > 0 and some ρ ∈ C0([0,1],R+), such
that ρ(ξ) > 0 for ξ ∈ (0,1).

The proof of Proposition 3 relies on the following technical lemma:

Lemma 1. Let ρ ∈ C0([0, 1],R+) be any function such that ρ(ξ) > 0, for
all ξ ∈ (0, 1) and W =

{
w ∈ C0([0, 1], R+), w(ξ) ≥ 0 and ‖ v ‖= 1

}
.

Then, one has the following property:

∃ρ0 > 0,∀w ∈ W :

∫1

0

ρ(ξ)w(ξ)dξ ≥ ρ0
∫1

0

w(ξ)dξ (45)

Proof of Lemma 1. To show (45) by the contrary, let
ρi > 0 (i= 1, 2,…) be any real sequence converging to zero as i→∞. As
(45) does not hold, for each ρi there exists a wi ∈ W such that
∫1

0

ρ(ξ)wi(ξ)dξ ≤ ρi
∫1

0

wi(ξ)dξ. This implies that
∫1

0

ρ(ξ)wi(ξ)dξ→0, as
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i→∞, using the fact that ‖ wi‖= 1. Since ρ(ξ)wi(ξ) is continuous and
nonnegative, it follows that ρ(ξ)wi(ξ)→0 as i→∞. As ρ(ξ) > 0 on (0,1), it
follows that wi(ξ)→0 as i→∞ on (0, 1). This contradicts the fact that ‖
wi‖= 1.

Proof of Proposition 3. Pre- and post-multiplying both sides of (44)
by v(ξ), for any v ∈ Ω, one gets:

vT(ξ)
∫t+T0

t

ΦT(ξ, s)Φ(ξ, s)dsv(ξ) ≥ ρ(ξ)|v(ξ)|2,

∀t ≥ t0, ∀ξ ∈ [0, 1]. Integrating the above inequality, w.r.t ξ on (0, 1),
gives

∫1

0

∫t+T0

t

(Φ(ξ, s)v(ξ))2dsdξ ≥

∫1

0

ρ(ξ)|v(ξ)|2dξ

≥ ρ0, ∀t ≥ t0

where the last inequality is obtained using Lemma 1 and the fact that ‖
v ‖= 1. Permuting the order of integration on the left side of the above
inequality, this gives (43). This proves Proposition 3.

Remark 4. 1) In addition to being easier to check (compared to (43)),
inequality (44) also features a simpler interpretation. Indeed, it means
that, for any given ξ ∈ (0, 1), the time vector signal ΦT(ξ, s) makes a
“persistent spanning” of the parametric space R(p+q+2n) in the sense that,
for any given t ≥ 0, the vector family

{
ΦT(ξ, s), t ≤ s< t+T0

}
spans

R(p+q+2n).

2) By Proposition 2, PE condition (44) ensures L2-convergence to
zero of |θ̃d(ξ, t)|. Pointwise convergence for each 0 < ξ < 1 is also ob-
tained because |θ̃d,t(ξ, t)| is bounded. This will be illustrated in Section 4.

Example 1. To analytically check PE condition (44), we consider PDE
(4)-(6) with the regressors,

ψa(t) = [sin(ω1t)cos(ω1t)] and ω1 = 0.5rd/s,
ψb(t) = sin(12ω1t), ψd(x, t) = ψd(t) = cos(4ω1t).

We aim at determiningΦ(ξ, t) in this case, focusing on its steady-state
trajectory because the PE condition is fundamentally an asymptotic
property. The ϕa-filter defined by (18)-(19) is focused on first. Note that
ϕa(x, t) ∈ R1×2 because ψa(t) ∈ R1×2. Using the notation ϕa(x, t) =
[
ϕa,1(x, t), ϕa,2(x, t)

]
, (18) implies:

ϕa,i,t(x, t) = ϕa,i,xx(x, t), for x ∈ (0, 1), t > 0, i = 1, 2
ϕa,i,x(0, t) = 0, ϕa,i(1, t) = ψa,i(t), for t > 0

with ψa,1(t) = sin(ω1t) and ψa,2(t) = cos(ω1t).
For convenience, we convert the above non-homogenous boundary

filters into non-homogenous domain filters, by introducing the variable
change:

ϕa,i(x, t) = ϕa,i(x, t) − ψa,i(t) (i=1, 2) (46)

The new functions ϕa,i (i= 1, 2) are governed by the following zero-
boundary equations:

ϕa,i,t(x, t) = ϕa,xx(x, t) − ψ̇a,i(t) (i = 1, 2) (47)

ϕa,i,x(0, t) = 0, ϕa,i(1, t) = 0 (48)

Using the Sturm-Liouville problem, we represent ϕa,i as a series:

ϕa,i(x, t) =
∑∞

l=0

ci,l(t)φl(x) (i = 1, 2) (49)

with ci,l(t) =
∫1

0

ϕa,i(x, t)φl(x)dx (i = 1, 2). This series representation is

substituted to ϕa,i(x, t) in the domain equation of the ϕa,i-filter. Doing so,
the following ODEs governing ci,l(t) are obtained:

ċi,l(t) + σ2l ci,l(t) = − dlψ̇a,i(t), l ≥ 0, i = 1, 2 (50)

Table 1
Identification Method for ODE-PDE System (1)-(6).

K-filters:
ϕd,t(x,ξ, t) = ϕd,xx(x, ξ, t)+ δ(x − ξ)ψd(x, t),
for x, ξ(0,1), t > 0 (64)
ϕd,x(0, ξ, t) = 0, ϕd(1,ξ, t) = 0, for t > 0 (65)
ϕb,t(x, t) = ϕb,xx(x, t), for x ∈ (0,1), t > 0 (66)
ϕb,x(0, t) = ψb(t), ϕb(1, t) = 0, for t > 0 (67)
ϕa,t(x, t) = ϕa,xx(x, t), for x ∈ (0,1), t > 0 (68)
ϕa,x(0, t) = 0, ϕa(1, t) = ψa(t), for t > 0 (69)
with arbitrary initial conditions, ϕd(x,ξ,0) ∈ H

2(0,1), ϕb (x,0) ∈ H
2(0, 1) and ϕa(x,

0) ∈ H
2(0,1).

Parameter estimators of θa,θb ,θd:

θ̂d,t(x, t) = − γd(x)
ϕT
d (0, x, t)ε(t)

η2(t)
(70)

˙̂θb(t) = − γb
ϕT
b (0, t)ε(t)

η2(t)
(71)

˙̂θa(t) = − γa
ϕT
a (0, t)ε(t)

η2(t)
(72)

η2(t) = 1+
∫1

0

|ϕd(0, x, t)|
2dx+ |ϕa(0, t)|

2
+ |ϕb(0, t)|

2
(73)

with arbitrary initial conditions θ̂a(0) ∈ R2n, θ̂b(0) ∈ Rq, θ̂d(.,0) ∈ L2([0,1],Rp).
Parameter estimator of θODE:
˙̂θODE(t) = R(t)ψT(t)(Ŷ(t) − ψ(t)θ̂ODE) (74)

Ṙ(t) = R(t) − R(t)ψT(t)ψ(t)R(t) (75)

ψ(t) =

[
1
Y(s)

Ŷ(t)…
sn− 1

Y(s)
Ŷ(t)

1
Y(s)

U(t)…
sn− 1

Y(s)
U(t)

]

∈ R1×2n (76)

Ŷ(t) = ψa(t)θ̂a(t), for all t > 0 (77)

with arbitrary initial conditions θ̂ODE(0) ∈ R2n and R(0) = RT(0) ∈ R2n×2n.

Fig. 2. Parameter θb (dashed) and its estimate θ̂b (solid).
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where the dl’s are those of the series 1 =
∑∞

l=0dlφl(x), for 0 ≤ x ≤ 1. It is

checked that dl =
∫1

0

φl(x)dx =
̅̅
2

√
(− 1)l(

l+1
2

)

π

. Solving the second-order ODEs

(50), one gets after usual calculations:

c1,l(t) = − dlsin(ω1t) + dl
σ2l

σ4l − ω2
1

(
σ2l sin(ω1t)

− ω1cos(ω1t) + ω1e− σ2l t
)

(51)

c2,l(t) = dl
(
e− σ2l t − cos(ω1t)

)

+łdl
σ2l

σ4l − ω2
1

(
σ2l cos(ω1t) − σ2l e− σ2l t − ω1sin(ω1t)

) (52)

Substituting (51)-(52) in (46), we get the following steady-state
expression of ϕa,i(x, t) for x = 0:

ϕa,1(0, t) ≈ αasin(ω1t) + βacos(ω1t) (53a)

ϕa,2(0, t) ≈ βasin(ω1t) + αacos(ω1t) (53b)

with

αa = 1+
̅̅̅
2

√ ∑∞

l=0

dlω2
1

σ4l − ω2
1

and βa = −
̅̅̅
2

√ ∑∞

l=0

dlω1σ2l
σ4l − ω2

1
(54)

where ‘≈’ refers to steady-state trajectories.
Following mutatis-mutandis the above method, the steady-state

trajectories of the ϕb- and ϕd-filters are shown to be of the forms:

ϕb(0, t) ≈ αbsin(12ω1t) + βbcos(12ω1t),
ϕd(0, ξ, t) ≈ αd(ξ)sin(4ω1t) + βd(ξ)cos(4ω1t).

with

αb = − 1+
̅̅̅
2

√
(
∑∞

l=0

144ω2
1

σ4l − 144ω2
1

)

(55a)

βb = −
̅̅̅
2

√
(
∑∞

l=0

12ω1σ2l
σ4l − 144ω2

1

)

(55b)

αd(ξ) = −
2̅
̅̅
2

√

[
∑∞

m=0
cos(σmξ)

(
16ω2

1
σ4m − 16ω2

1
−
1
2

)]

(56a)

βd(ξ) =
8ω1
̅̅̅
2

√

[
∑∞

m=0
cos(σmξ)

σ2m
σ4m − 16ω2

1

]

(56b)

The results concerning ϕd(0, ξ, t) are established using the filters
(13.35) -(13.37) in ([12], chapter 13) and the corresponding property
(13.57).

Furthermore, it is checked that α2d(ξ)+ β2d(ξ) > 0, for all 0 ≤ ξ < 1.
This is simply shown by the contrary assuming αd(ξ) = βd(ξ) = 0,
multiplying both sides of (53a-b) by cos(σlξ), for any l = 0, 1, 2…,
integrating between 0 and 1, and using orthonormality of the set of
eigenfunctions {cos(σlξ), l = 0, 1, 2…}. This argument leads to a
contradiction.

All sine and cosine components forming ϕa, ϕb and ϕd are periodic
with periods T1, T112 and

T1
4 , respectively, where T1 = 2π

ω1
. Those compo-

nents are orthogonal to each other on [0,T1],w.r.t. the scalar product< x,

y >=
∫T1

0
x(τ)y(τ)dτ. It follows that

∫t+T1

t

ΦT(ξ, s)Φ(ξ, s)ds =
[

Λa 0
0 Λbd(ξ)

]

with

Λa =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∫t+T1

t

ϕ2a,1(0, s)ds
∫t+T1

t

ϕa,1(0, s)ϕa,2(0, s)ds

∫t+T1

t

ϕa,1(0, s)ϕa,2(0, s)ds
∫t+T1

t

ϕ2a,2(0, s)ds

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

≈
T1
2

⎡

⎣
α2a + β2a 2αaβa
2αaβa α2a + β2a

⎤

⎦

Λbd(ξ) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∫t+T1

t

ϕ2b(0, s)ds 0

0
∫t+T1

t

ϕ2d(0, ξ, s)ds

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

≈
T1
2

⎡

⎣
α2b + β2b 0

0 α2d(ξ) + β2d(ξ)

⎤

⎦

The matrix
∫t+T1

t

ΦT(ξ, s)Φ(ξ, s)ds is structurally nonnegative definite

Fig. 3. Components Y1 and Y2 of θa (dashed) and their estimates θ̂a (solid).

Fig. 4. Components Y1 and Y2 of θa (dashed) and their estimates θ̂a (solid).
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and its eigenvalues are:

λ1 =
T1
2
(αa + βa)

2
, λ2 =

T1
2
(αa − βa)

2
,

λ3 =
T1
2
(
α2b + β2b

)
, λ4(ξ) =

T1
2
(
α2d(ξ) + β2d(ξ)

)
.

It is readily checked that λi > 0 (i = 1, 2, 3) and we have already

noticed that α2d(ξ)+ β2d(ξ) > 0, for all 0 ≤ ξ < 1. It follows that
∫t+T1

t

ΦT(ξ,

s)Φ(ξ, s)ds ≥ ρ(ξ)× I, with ρ(ξ) = min(λ1, λ2, λ3, λ4(ξ)) satisfying
0 ≤ ρ(ξ) < 1. Thus, PE condition (44) does hold.

3.3. Parameter identification of the ode (1)-(2)

We start from the input-output representation
(

sn +
∑n− 1

i=0 aisi
)

Y(t) =
(
∑n− 1

i=0 bisi
)

U(t) of the system (1)-(2), where ʹś denotes as well the

operator d/dt or Laplace operator, depending on the context. At this
stage, an estimate of Y(t) is available, i.e.

Ŷ(t) = ψa(t)θ̂a(t) (57)

Then, the previous input-output representation writes
(

sn +

∑n− 1
i=0 aisi

)

Ŷ(t) =

(
∑n− 1

i=0 bisi
)

U(t)+
(

sn +
∑n− 1

i=0 aisi
)

(Ŷ(t) − Y(t)).

Operating any Hurwitz polynomial Γ0(s) = sn +
∑n− 1

i=0 γisi on this equality
leads to the following re-parametrization of the system (1)-(2):

Fig. 5. Evolution of the parameter estimation error θ̃d(x, t) = θ̂d(x, t) − θ(x).

Fig. 6. Parameter vector b (dashed) and its estimate b̂ (solid).

Fig. 7. Parameter vector a (dashed) and its estimate â (solid).
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Ŷ(t) =
∑n− 1

i=0
(γi − ai)

si

Γ0(s)
Ŷ(t) +

∑n− 1

i=0
bi

si

Γ0(s)
U(t) + ε0(t)

which also given the following more compact form:

Ŷ(t) = ψ(t)θODE + ε0(t) (58)

with

θODE = [ γ0 − a0 … γn− 1 − an− 1 b0 … bn− 1 ]
T (59)

ψ(t) =
[
1

Γ0(s)
Ŷ(t) ⋯

sn− 1

Γ0(s)
Ŷ(t)

1
Γ0(s)

U(t) ⋯
sn− 1

Γ0(s)
U(t)

]

∈ R1×2n (60)

ε0(t) =
sn +

∑n− 1
i=0 aisi

Γ0(s)
(Ŷ(t) − Y(t)) (61)

Estimating θODE based on the ODE parametrization (58) is a least-
squares (LS) problem. This is presently dealt with using the following
LS estimator:

˙̂θODE(t) = R(t)ψT(t)(Ŷ(t) − ψ(t)θ̂ODE) (62)

Ṙ(t) = R(t) − R(t)ψT(t)ψ(t)R(t) (63)

Beside this estimator, the whole identification method includes the
K-filters (13)-(19) and the gradient estimator (34)-(37). For conve-
nience, the whole method is recapitulated in Table 1.

4. Simulation results

To highlight the performance of the identification method of Table 1,
the method is applied to a system of the form (1)-(6) where the various
parameters are given the following numerical values:

n = 2; a =

[
a1
a0

]

=

[
1
5

]

; b =

[
b1
b0

]

=

[
1.8
2

]

.

We apply the input signalU(t) =
∑2

i=1Uisin(ωit)with: U1 = 1.2,U2 =

0.8, ω1 = 0.5, ω2 = 5ω1. The steady-state response of (1)-(2) is Y(t) =
∑2

i=1Yisin(ωit) +
∑2

i=1Yicos(ωit) with:

θa =

⎡

⎢
⎢
⎢
⎢
⎣

Y1
Y1
Y2
Y2

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

0.5234

0.1723
0.8960

− 1.0880

⎤

⎥
⎥
⎥
⎥
⎦
,

ψa(t) = [sin(0.5t) cos(0.5t) sin(2.5t) cos(2.5t)].

The characteristics of the PDE part (4)-(6) are chosen as follows:

θb = 1.2; ψb(t) = sin(12ω1t); θd(x) = − 2x sin(3x − 3)
ψd(x, t) = ψd(t) = cos(4ω1t)

The Hurwitz polynomial Γ0(s) in (60) is set to Γ0(s) = s2 + γ1s+ γ0
with γ1 = 2 and γ0 = 6.

The parameter estimates obtained by the (online) identification
method of Table 1 are shown in Figs. 2–7. Clearly, all parameter esti-
mates converge to their true values confirming Theorem 1.

To check whether the PE condition (44) holds, we have plotted on
Fig. 8 the time evolution of the smallest eigenvalue, denoted σ(ξ, t), of

the matrix
∫t+T0

t

ΦT(ξ, s)Φ(ξ, s)ds with T0 = 2π
ω1
. Clearly, the smallest

eigenvalue remains positive staying away from zero, i.e., the PE condi-
tion (44) holds, for 0 ≤ ξ < 1.

5. Conclusion

We have considered the problem of parameter identification of an
LTI system, defined by (1)-(2), with a heat sensor defined by (4)-(6).
Parameter uncertainty concerns the vectors a and b in (1) and the vec-
tors θb and θd(x) in (4)-(6). As the signal Y(t), at the junction point, is not
accessible to measurements, the estimation of the unknown parameter
vector a turns out to be a nonlinear least-squares problem. Conse-
quently, existing observers like those in [3,9] and [11] are not presently
applicable because they assumed a = 0 and θd not space-varying. The
class of multisine input signals (7) has proved to be useful as it results in
the linearly parameterized representation (8) of the inaccessible signal
Y(t), leading to the PDE representation (10)-(12). Doing so, the identi-
fication problem concerning the PDE is made decoupled from that of the
system (1)-(2). To deal with the space-varying nature of the PDE pa-
rameters, the identification problem is dealt with using the

Fig. 8. Evolution of the smaller eigenvalue σ(x, t) of the matrix
∫t+T0

t

ΦT(ξ, s)Φ(ξ, s)ds.
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K-filters-based algorithm (64)-(69). Exact parameter convergence is
guaranteed by Proposition 2 under the PE condition (43) on the
augmented regressor Φ(x, t). The PE concept defined by Definition 1, its
sufficient condition (44), and the resulting exact parameter convergence
(Proposition 2) are novel features of the present work. A byproduct of
the exact parameter convergence for the PDE (10)-(12) is that an exact
estimate of the inaccessible signal Y(t) is obtained online, making
possible the identification of the LTI system (1)-(2). This second iden-
tification problem is performed using the least-squares algorithm
(74)-(77). The present study can be pursued in many directions. One
possible direction is considering different PDE types. Another research
direction is considering nonlinearities in system dynamics and PDE
sensor. The main requirement on the system dynamics is that, the system
must generate periodic output signal in response to periodic input sig-
nals. This requirement is met with nonlinear systems that are L2 −

incrementally stable with finite incremental L2− gain.
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Appendix A. Proof of Proposition 1

From (41) it follows that the parameter estimation error is governed by the following equation:

θ̃t(x, t) = − Γ(x)
ΦT(x, t)ε(t)

η2(t) (A1)

We consider the Lyapunov function:

V =
γe
2

∫1

0

e2(x, t)dx+
1
2

∫1

0

θ̃
T
(x, t)Γ− 1(x)θ̃(x, t)dx (A2)

with γe > 1
2 an arbitrary real number. Differentiating (A2) w.r.t. time gives, using (26)-(27) and (1) and applying an integration by part:

V̇ = − γe
∫1

0

e2x(x, t)dx −
ε(t)
η2(t)

∫1

0

θ̃
T
(x, t)ΦT(x, t)dx

≤ − γe
∫1

0

e2x(x, t)dx −
ε(t)
η2(t) (ε(t) − e(0, t))(using(42))

≤ − γe
∫1

0

e2x(x, t)dx+
1
2
e2(0, t)
η2(t) −

1
2

ε2(t)
η2(t)

≤ −

(

γe −
1
2

)∫1

0

e2x(x, t)dx −
1
2

ε2(t)
η2(t)

≤ −

(

γe −
1
2

)
π2
4

∫1

0

e2(x, t)dx −
1
2

ε2(t)
η2(t)

(A3)

where the last couple of inequalities are obtained applying Sobolev’s and Wirtinger’s inequalities, respectively, and using the fact that η(t) ≥ 1. This
shows that V̇ ≤ 0 and so V is bounded which, in view of (A2) and (39)-(40), gives Part 1 of Proposition 1. Then, it follows from (33), using the fact that
e(t) is exponentially vanishing, that ε(t)

η(t) ∈ L∞. Furthermore, taking integrals of both sides of (A3), between 0 and + ∞, gives ε(t)
η(t) ∈ L2, which establishes

Part 2. Part 3 follows from (34)-(37) using Part 2. This completes the proof of Proposition 1.

Appendix B. Proof of Proposition 2

From (A3) one gets, using (42):
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V(t + T0) ≤ V(t) −
(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

−
1
2

∫t+T0

t

ε2(s)
η2(s) ds

≤ V(t) −
(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

−
1
2

∫t+T0

t

e2(0, s)
η2(s) ds

−
1
2

∫t+T0

t

⎛

⎝ 1
η(s)

∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

−

∫t+T0

t

e(0, s)
η(s)

1
η(s)

∫1

0

Φ(ξ, s)θ̃(ξ, s)dξds

≤ V(t) −
(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

−
1
2

∫t+T0

t

e2(0, s)
η2(s) ds

−
1
2

∫t+T0

t

⎛

⎝ 1
η(s)

∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

+
1
2ζ

∫t+T0

t

e2(0, s)
η2(s) ds

+
ζ
2

∫t+T0

t

⎛

⎝ 1
η(s)

∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

≤ V(t) −
(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

−
1
2

(

1 −
1
ζ

) ∫t+T0

t

e2(0, s)
η2(s) ds

−
1
2
(1 − ζ)

∫t+T0

t

⎛

⎝ 1
η(s)

∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

(B1)

for any real scalar ζ > 0, where the last inequality is obtained by applying Young’s inequality to (42). Letting ζ = 1/2 (nonunique choice) and noting
that m(t) ≥ 1, inequality (B1) gives:
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V(t + T0) ≤ V(t) −
(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

+
1
2

∫t+T0

t

e2(0, s)
η2(s) ds

−
1
4

∫t+T0

t

⎛

⎝ 1
η(s)

∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

≤ V(t) −
(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

+
1
2

∫t+T0

t

e2(0, s)ds −
1
4

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

(B2)

with Φ(ξ, t) = Φ(ξ, t)/η(t).

Using the equality
∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ =

∫1

0

Φ(ξ, s)θ̃(ξ, t)dξ +
∫1

0

Φ(ξ, s)(θ̃(ξ, s) − θ̃(ξ, t))dξ and the inequality (x+ y)2 ≥ x2
2 − y2, one has:

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

≥
1
2

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)θ̃(ξ, t)dξ

⎞

⎠

2

ds

−

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)(θ̃(ξ, s) − θ̃(ξ, t))dξ

⎞

⎠

2

ds

(B3)

Introduce the notation ‖ θ̃(. , t) ‖=
(
∫1

0
|θ̃(ξ, t)|2dξ

)1
2
and η1 = sup

t≥0
η(t) < ∞. Clearly, θ̃(. , t)

‖̃θ(. , t)‖
∈ Ωwith Ω the set used in Definition 1. As Φ(ξ, s) is PE,

we have by Definition 1:
∫ t+T0

t

(∫ 1

0
ϕ(ξ, s)

θ̃(ξ, t)
||θ̃(. , t)||

dξ
)2

ds

≥
1
η1

∫ t+T0

t

(∫ 1

0
Φ(ξ, s)

θ̃(ξ, t)
||θ̃(. , t)||

dξ
)2

ds ≥
α0
η1

which immediately gives,

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)θ̃(ξ, t)dξ

⎞

⎠

2

ds ≥
α0
η1

∫1

0

|θ̃(ξ, t)|2dξ (B4)

From (A2), one immediately gets:

V(t) −
γe
2

∫1

0

e2(x, t)dx =
1
2

∫1

0

θ̃
T
(x, t)Γ− 1(x)θ̃(x, t)dx

≤
γ− 1M
2

∫1

0

|θ̃(ξ, t)|2dx

with γM = max
0≤x≤D

λmax(Γ(x)) = max
0≤x≤D

(γa, γb, λmax(γd(x))), due to (40). Then, (B4) implies:
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∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)θ̃(ξ, t)dξ

⎞

⎠

2

ds

≥ 2
α0
η1

γM

⎛

⎝V(t) −
γe
2

∫1

0

e2(x, t)dx

⎞

⎠

(B5)

On the other hand, we get from (41):

θ̃(ξ, s) − θ̃(ξ, t) = − Γ(ξ)
∫s

t

Φ(ξ, τ)ε(τ)dτ

= − Γ(ξ)
∫s

t

Φ(ξ, τ)e(0, τ)dτ

− Γ(ξ)
∫s

t

ΦT(ξ, τ)
m2(τ)

∫1

0

Φ(ς, τ)θ̃(ς, τ)dςdτ

with ε(τ) = ε(τ)
η(τ) and e(0, τ) =

e(0,τ)
η(0,τ), where the last inequality is obtained using (42). Then, one immediately gets:

∫1

0

Φ(ξ, s)(θ̃(ξ, s) − θ̃(ξ, t))dξ

= −

∫1

0

Φ(ξ, s)

⎛

⎝Γ(ξ)
∫s

t

Φ(ξ, τ)e(0, τ)dτ

⎞

⎠dξ

−

∫1

0

Φ(ξ, s)

⎛

⎝Γ(ξ)
∫s

t

ΦT(ξ, τ)
η2(τ)

∫1

0

Φ(ς, τ)θ̃(ς, τ)dςdτ

⎞

⎠dξ

= −

∫1

0

Φ(ξ, s)Γ(ξ)

⎛

⎝
∫s

t

ΦT
(ξ, τ)e(0, τ)

η(τ) dτ

⎞

⎠dξ

−

∫1

0

Φ(ξ, s)Γ(ξ)

⎛

⎝
∫s

t

ΦT
(ξ, τ)

∫1

0

Φ(ς, τ)θ̃(ς, τ)dςdτ

⎞

⎠dξ

(B6)

Taking squares of both sides of (B6) gives, applying successively Young’s and Schwartz inequalities:
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⎛

⎝
∫1

0

Φ(ξ, s)(θ̃(ξ, s) − θ̃(ξ, t))dξ

⎞

⎠

2

≤ 2

⎛

⎝
∫1

0

Φ(ξ, s)Γ(ξ)

⎛

⎝
∫s

t

Φ(ξ, τ)e(0, τ)dτ

⎞

⎠dξ

⎞

⎠

2

+2

⎛

⎝
∫1

0

Φ(ξ, s)Γ(ξ)

⎛

⎝
∫s

t

ΦT
(ξ, τ)

∫1

0

Φ(ς, τ)θ̃(ς, τ)dςdτ

⎞

⎠dξ

⎞

⎠

2

≤ 2γ2M

∫1

0

|Φ(ξ, s)|2dξ
∫1

0

⎛

⎝
∫s

t

Φ(ξ, τ)e(0, τ)dτ

⎞

⎠

2

dξ

+2γ2M

∫1

0

|Φ(ξ, s)|2dξ
∫1

0

⎛

⎝
∫s

t

ΦT
(ξ, τ)

∫1

0

Φ(ς, τ)θ̃(ς, τ)dςdτ

⎞

⎠

2

dξ

≤ 2γ2MΦ2
M

∫1

0

⎛

⎝
∫s

t

|Φ(ξ, τ)|2dτ

⎞

⎠

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠dξ

+2γ2MΦ2
M

∫1

0

⎛

⎝
∫s

t

⃒
⃒ΦT

(ξ, τ)
⃒
⃒2dτ

⎞

⎠

⎛

⎜
⎝

∫s

t

⎛

⎝
∫1

0

Φ(ς, τ)θ̃(ς, τ)dς

⎞

⎠

2

dτ

⎞

⎟
⎠dξ

≤ 2γ2MΦ4
M(s − t)

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠

+2γ2MΦ4
M(s − t)

⎛

⎜
⎝

∫s

t

⎛

⎝
∫1

0

Φ(ς, τ)θ̃(ς, τ)dς

⎞

⎠

2

dτ

⎞

⎟
⎠

(B7)

with ΦM = sup
0≤x≤1,
t≥0

|Φ(x, t)|. Inequality (B7) immediately gives:

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)(θ̃(ξ, s) − θ̃(ξ, t))dξ

⎞

⎠

2

ds

≤ 2γ2MΦ4
M

∫t+T0

t

(s − t)

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠ds+ 2γ2MΦ4
M

+2γ2MΦ4
M

∫t+T0

t

(s − t)
∫s

t

⎛

⎝
∫1

0

Φ(ς, τ)θ̃(ς, τ)dς

⎞

⎠

2

dτds

(B8)

The last term on the right side of (B8) is focused on. In that term, one has t ≤ s ≤ t + T0 which implies that s − t ≥ 0 and
∫s

t

⎛

⎝
∫1

0

Φ(ς, τ)θ̃(ς, τ)dς

⎞

⎠

2

dτ ≤

∫t+T0

t

⎛

⎝
∫1

0

Φ(ς, τ)θ̃(ς, τ)dς

⎞

⎠

2

dτ.

Then, (B8) implies:

A. Bouklata et al. Systems & Control Letters 192 (2024) 105890 

14 



∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)(θ̃(ξ, s) − θ̃(ξ, t))dξ

⎞

⎠

2

ds

≤ 2γ2MΦ4
M

∫t+T0

t

(s − t)

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠ds

+2γ2MΦ4
M

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, τ)θ̃(ξ, τ)dξ

⎞

⎠

2⎛

⎝
∫t+T0

τ

(s − t)ds

⎞

⎠dτ

≤ 2γ2MΦ4
M

∫t+T0

t

(s − t)

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠ds

+2γ2MΦ4
M

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, τ)θ̃(ξ, τ)dξ

⎞

⎠

2(
T20 − (τ − t)2

2

)

dτ

≤ 2γ2MΦ4
M

∫t+T0

t

(s − t)

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠ds

+γ2MΦ4
MT

2
0

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, τ)θ̃(ξ, τ)dξ

⎞

⎠

2

dτ

(B9)

Using (B9) and (B5), it follows from (B3) that:

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

≥
α0γM

η1

⎛

⎝V(t) −
γe
2

∫1

0

e2(x, t)dx

⎞

⎠

− 2γ2MΦ4
M

∫t+T0

t

(s − t)

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠ds

− γ2MΦ4
MT

2
0

∫t+T0

t

⎛

⎝
∫1

0

Φ(ξ, τ)θ̃(ξ, τ)dξ

⎞

⎠

2

dτ

which gives

∫t+T

t

⎛

⎝
∫1

0

Φ(ξ, s)θ̃(ξ, s)dξ

⎞

⎠

2

ds

≥
α0γM

η1
(
1+ γ2MΦ4

MT20
)V(t) − δ0(t)

(B10)

with

δ0(t) =
1

1+ γ2MΦ4
MT20

⎛

⎝α0γMγe
2η 1

∫1

0

e2(x, t)dx

+ 2γ2MΦ4
M

∫t+T0

t

(s − t)

⎛

⎝
∫s

t

e2(0, τ)dτ

⎞

⎠ds

⎞

⎠

(B11)

The signal δ0(t) exponentially converges to zero, because max
0≤x≤1

e2(x, t) does so. Using (B10), one gets from (B2) that:
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V(t + T0) ≤ V(t) −
(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

+
1
2

∫t+T0

t

e2(0, s)ds

−
α0γM

4η1
(
1+ γ2MΦ4

MT20
)V(t) +

1
4

δ0(t)

≤ σV(t) + δ1(t)

(B12)

with

σ = 1 −
α0γM

4η1
(
1+ γ2MΦ4

MT20
) (B13)

δ1(t) = −

(

γe −
1
2

)
π2
4

∫t+T0

t

∫1

0

e2(x, s)dxds

+
1
2

∫t+T0

t

e2(0, s)ds+
1
4

δ0(t)

(B14)

where δ1(t) is exponentially converging to zero, because max
0≤x≤1

e2(x, t) and δ0(t) do so.

First, assume that σ ≤ 0. Then, as V(t) ≥ 0, it follows from (B12) that V(t+T0) ≤ δ1(t)which implies that V(t+T0) converges to zero exponentially.
Second, let us assume that σ > 0. Then, it follows from (B13) that 0 <

α0γM
4η1(1+2γ2MΦ4

MT20)
< 1 which implies that 0 < σ < 1. Now, consider any real t

> T0. This can be expressed as t = nT0 + τ for some n ≥ 1 and 0 ≤ τ < T0. Then, it readily follows from (B12) that:

V(t) ≤ σV((n − 1)T0 + τ) + δ1((n − 1)T0 + τ)
≤ σ2V((n − 2)T0 + τ) + σδ1((n − 2)T0 + τ)

+ δ1((n − 1)T0 + τ)

≤ σnV(τ) +
∑n− 1

i=0
σn− i− 1δ1(iT0 + τ)

(B15)

Clearly, the first term on the right side of (B15) converges to zero exponentially as n→∞, whatever 0 < V(τ) < ∞. The second quantity also
convergence to zero exponentially because it is simply the response of the first-order discrete-time system, with transfer function 1

z− σ, to the discrete
input signal {δ1(iT0 + τ); i = 0, 1, 2…}. This linear system is asymptotically stable because its pole is 0 < σ < 1. It follows that its response expo-
nentially converges to zero because its input does so. Therefore, (B15) implies that V(t) exponentially converges to zero as t→∞. Using again the fact

that max
0≤x≤1

e2(x, t) is exponentially converging to zero as t→∞, it follows from (A2) that
∫1

0

θ̃
T
(x, t)Γ− 1(x)θ̃(x, t)dx also converges to zero and, in view of

(39)-(40), so do θ̃a(t), θ̃b(t) and
∫1

0

|θ̃d(x, t)|2dx. This ends the proof of Proposition 2.
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