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The sets of events that operators 1 and 2 can trigger are, respeds] M. Heymann and F. Lin, “On-line control of partially observed discrete

tively, Tt = {a1,B81,m} and T = {az, B2, 72 }. Similarly, the event systems Discrete Event Dyna. Syst.: Theory Appbl. 4, no. 3,
sets of events operators 1 and 2 can disable are, respeciiely; pp. 221-236, 1994. A
) d p [6] ——, “Discrete event control of nondeterministic systemi&EE Trans.
fa, fr,m} andXy = {az, B2, 2,1} Automat. Contr.vol. 43, pp. 3-17, Jan. 1998.
If user 1 wants to insure safety (i.e., prevent the system from reachinq7] ——, “Nonblocking Supervisory Control of Nondeterministic Sys-
any of the illegal states) and user 2 is not cooperative, then= ©¢. tems,”, Technion, Israel, CIS Report 9620, 1996.

The legal language in this case is not controllable and the supremal8l F- Lin, “On Controllability and Observability of Discrete Event Sys-

controllable sublanguade is empty. However. if user 2 is cooperative tems,” Ph. D. dissertation, Department of Electrical Engineering, Univ.
guag Py ! P ' of Toronto, Toronto, ON, Canada, 1987.

thenX,, = X, and the legal language is controllable. In contrast, If [9] F. Linand W. M. Wonham, “On observability of discrete event systems,”
user 2 wants to insure safety, thBp, = X7 in case user 1 is uncoop- Inform. Sci, vol. 44, no. 3, pp. 173-198, 1988.

era’“vel an@sz =Y in case user 1 |S Coopera'“ve In bo’[h cases thdlo] e “Decentralized SUperViSory control of discrete-event SySteh’lS,"
legal language is controllable. form. Sci, vol. 44, no. 3, pp. 199-224, 1988.

L L . éll] ——, “Decentralized control and coordination of discrete event sys-
et us now assume that the initial state IEI is the only marked stat tems with partial observationJEEE Trans. Automat. Conrvol. 35,
of the system, and that in addition to safety, the controller must satisfy ~ pp. 1330-1337, Dec. 1990.
the liveness condition specified by the marked language that consisi&2] —— “Supervisory control of timed discrete event systems under partial
of all the event strings that lead the system to this marked state. (1’ggir"at'°”"1EEE Trans. Automat. Confwvol. 40, pp. 558-562, Mar.
Let us now consider the two-user control problem with the requirey 31 R "3 'Ramadge and W. M. Wonham, “Supervisory control of a class of
ment that both safety and liveness must be satisfied. In case user 1 wants' discrete event processe§IAM J. Control Optim.vol. 25, no. 1, pp.
to achieve safety and liveness, only the situation where user 2 is coop- 206-230, 1987.
erative with respect to safety is relevant. Let us further assume that usB¢l P- J. Ramadge and W. M. Wonham, “The control of discrete event sys-
2 is cooperative also with respect to liveness, in which cBde= 0 tems,Proc. IEEE vol. 77, pp. 81-98, Jan. 1989.
andFA = {1,2}.
Incase 1 (wher&;, = ¥! — (U, 59)), we obtain;, = {1, 1}
By our synthesis algorithm, the resulting safe and live system consists
of states IEI and REI.
In case 2 (wher&;, = ¥! — (Ujerat?)), we obtainy;,
{au, 81,71 }. By our synthesis algorithm, the resulting safe and live
system consists of states IEl and REI.
In case 3 (Wher&;, = (UieraZi) — (UjeeaSy)), we obtain
3, = X. By our synthesis algorithm, the resulting safe and live system
consists of all the legal states. Abstract—\We present an extremum seeking control algorithm for dis-
In case 4 (wher&;, = X), we obtaint;, = . By our synthesis crete-time systems applied to a class of plants that are represented as a
algorithm, the resulting safe and live system consists of all the |eg$§|ries combination of_a linear input dyna_mics, a st_atic nonlinea_rily with
states. an extremum, and a linear output dynamics. By using the two-time scale
o . . . averaging theory, we derive a mild sufficient condition under which the
In a similar fashion, we can discuss how user 2 can achieve safgfyht output exponentially converges to anO(a®) neighborhood of the
and liveness. extremum value, whereex is the magnitude of modulation signal. The suf-
ficient condition is related to positive realness of linear parts of the plant
but only at the modulation frequency. The algorithm is illustrated with a
VII. CONCLUSION brief simulation study.

We have introduced an extended framework for discrete-event conldex Terms—Averaging, discrete-time systems, extremum seeking.
trol where, in addition to the events that can be triggered by the en-
vironment, the user has at his/her disposal a set of events that he/she
can trigger. Both the user and the environment can each disable cer-
tain events of the other. We examined the control problem where botrfEXtremum seeking, a nonmodel based method of adaptive control,
safety and liveness requirements can be specified in a somewhat nf§t@ls with systems where the reference-to-output map is uncertain but
general setting than in the traditional discrete-event control framewolk known to have an extremum. The objective of extremum seeking is
A particularly interesting generalization is obtained when the envirof? find the set point that achieves the extremum.
ment consists of (or includes) one or more additional users. This lead&rstic and Wang [1] presented the first stability analysis for an ex-
to a variety of interesting scenarios where the users have each their $/@fum seeking system applied to a general nonlinear dynamical plant.
control objectives (specifications) and capabilities. Their analysis used averaging and singular perturbations.”Kg@jtic
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o f* Plant Lemma 2: If the transfer function&/(z) andH (=) have all of their
¥ 4 poles inside the unit circle, the following statement is true for any real
0(k k ¢ and any uniformly bounded(k):
frN 8 o) —fr 4 i
G()(H (2)[cos(whk — ¢)]Jv (k)]

= Re {ef(”k*O)H(e,fW)G(eN;)[/u(k)]} T )

o(k = gk 2zl g Proof: See the Appendix. O
z=1 zth Lemma 3: For any two rational functiond( - ) andB(-, -), the fol-
a cos(wk) B cos(wk — ¢) lowing is true:

J(wk—1) Jw J(wk—¢) . JWNTL,
Fig. 1. Extremum seeking control scheme for discrete-time systems. Re {c Ale )} Re {c Bz el (k)]}
1 (v — —Jw Jw
presented a tighter linearized analysis and proposed dynamic compen- = ;Re {6"]( A(eT)B(z, ¢! )['l’(k)]}
sation for providing stability guarantees and fast tracking of changes in 1 j(2wkmmd) 4 (i o i
the operating point. Several valuable extensions of extremum seeking + §Re {C A(e™)B(z,e )["’(l")]} :

followed [3]-[6]. _ ~ Lemma 4: For any rational functioB(-, -), the following is true:
In this note, we present an extremum seeking scheme for dis- . .
crete-time systems. The plant model and control algorithm have the Re {6](”'"7@3(2, 6”)[/0(1\’?)]}

same structure as in [2]. Nevertheless, it turns out that the stability
analysis of the discrete-time case is quite different from that of the I
continuous-time case. By applying the two-time scale averaging = sin(wk — ¢)Im{B(z, ¢’*)[v(k)]}.

theory [7] to stability analysis in the discrete time case, we derive | emma 5: Suppose that the transfer functiobig =) andG(=) have

a sufficient condition under which the plant output exponentially|| of their poles inside the unit circle, and have minimal state space re-
converges to am(a”) neighborhood of the extremum value, where alizations(A,, By, C1, D1) and(As, B, Cy., D-), respectively. Then,

is the magnitude of modulation signal. _ _ G(2)[cos(wk—¢)H(z)[v(k)]] can be represented in a state-space form
This note is organized as follows. Section Il describes the digg

crete-time extremum seeking algorithm. Section Il gives several

= cos(wk — 6)Re{B(z, ') [u(k)]}

preliminary lemmas on linear time-periodic systems. Section IV (A(k). B(k),C(k), D(k))
organizes the equations of the closed-loop system in a way convenient _ As | o B,
for stability analysis. Section V states and proves stability, and derives c(wk)Ba2Ch | Ay |7 | e(wk)BaDy |’

ultimate bounds on error signals. Section VI provides simulation

results and discussions. Section VII offers conclusions. [e(whk) D2 C [ Col, ‘3(”A’)D2Dl>

wherec(wk) = cos(wk — ¢) andA(k) is exponentially stable.
Il. DISCRETETIME EXTREMUM SEEKING CONTROL Proof: See the Appendix. O
The implementation is depicted in Fig. 1 and takes the same structure
as that of continuous time extremum seeking algorithm in [2]. Both of IV. CLOSED-LOOP SYSTEM
the linear blocksF;(z) and F,(z), are required to be exponentially
stable. The high-pass filté(z—1)/(z+h)) is designeda < h < 1,
and the modulation frequency is selected such that = an,0 <

The extremum seeking system depicted in Fig. 1 is governed by the
following equations:

la] < 1,anda is rational. Without loss of generality, the static nonlinear y(k) = Fo(2)[f* + (8(k) — 67)7) 3)
block f(#) is assumed to have a minimuméat= 6*, and to be of the ~

form (k) = Fi(z) |acos(wk) — —— 1[£(k)] 4

* , * e N F T 1

FO)=f"+(6-6") (1) §(k) = B cos(wh = &)~ ly(k)]. ()

Cubic and higher order terms are omitted for notational conveniencefad¥ the convenience of analysis, the following terms are defined:

they are negligible in local stability analysis via averaging. 8o (k) = Fi(2)[a cos(wh)] (6)

6(k) = 0" — 0(k) + o (k) 7)

IIl. PRELIMINARY LEMMAS
(k) = y(k) = Fo(2)[f7] ®)

In the subsequent discussion, the following notation and definitions
will be used. A transfer function in front of a bracketed time function, . ) . )
such agi/(=)[u(k)], means a time-domain signal obtained as an outpwlhereb’(k) is the tr.acklng.error angl(k) is the output error. Substitu-
of G(=) driven byu (k). For a square matrix, Amin(A) andAma.(4) 10N Of (4) and (6) in (7) yields

are the smallest and the largest eigenvalues, respectivélydenotes 6(k)=60" + LE(:)[&U;)]

exponentially decaying terms. The following lemmas are used to facil- z=1

itate the extremum seeking system analysis. which can be transformed into a difference equation
Lemma 1: If the transfer functionH (=) has all of its poles inside Bk + 1) = 6(k) + v Fi (2)[E(R)].

the unit circle and real-valued impulse response, then, for any/real

H(=)feos(wh — 0)] = R {H( iy ].(M,,_U,))} bk Further, substitution fog from (5) and fory from (3) yields
z)|lcos(wk —¢)|] = Re e’ e ' g 5 5

§ A B(k+1) — (k)
= |H ()| cos(wk — v + )+ "

= ~yFi(2) |Be(wk) =1

whereyrr = £(H(7)). 5 F,()[f" + (0 — 67
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wherec(wk) = cos(wk—¢). Usingd —8* = 6, — 6 by rearrangement V. STABILITY ANALYSIS

of (7), we obtain First, we consider the homogeneous part ofétrerror system (11)

O(k+1)—6(k) Gk +1) = 6(k) = e(L(=)[] + @1 (k) + B2(k))  (13)
=7Fi(z) {&(Wk) ; T iFo(z)[f* + (o — 9)2]} which depends on timk periodically. The following theorem presents
R ~ ) a sufficient condition under which th-error system (13) is locally
=eFy(2) {c(wk)ﬁlfu(z)[fi2 - 2909]} exponentially stable at the origin: _ _ _
b Theorem L:1f Fi(1)Re{e’®Fi(e/)((¢7 — 1)/(e +
+ eFi(z) {C(wk)z;lpn(z) [+ 93]} ©) h))F.(e’“)} > 0, then there exists a positive constadit such
z+h that the state-space realization of therror system (13) is locally

onentially stable at the origin for @ll< (= v3) < €".
Proof: In order to prove this theorem, we employ the two-time
scale averaging theory rather than the one-time scale averaging theory
z—1 ~ because the right-hand side of (13) is related to dynamics with the
eFi(2) {C(wk)z + hFD(Z)[_QQOH]} inputsf(k) and§2(k) [7]. Since®, (k) and®, (k) in (13) take the
N same structure a&'(z)[cos(wk — ¢)H (z)[v(k)]] in Lemma 5, we
= —2aeF;(z) [Re {6](“ q))} T can choose minimal state space realizationsLof), @ (%), and

wheree = 3. Applying the modulation Lemmas 2, 3, 4 in successioft*P
to the term containingéo¢ in (9), we obtain

z+h
: ! @2(]1) as (Al,Bl,Cl./Dl),(f‘z(}f),BQ(k),CQ(k),DQ(k)), and
X Fo(z)[Fi(z)[cos(wk)]B]} (from (6)) (As(k), Bs(k),C3(k), Ds(k)), respectively. Moreover, since all
of the poles inL(z),®,(k), and ®»(k) are inside the unit circle,
= —2aeF;(2) [Re {ei(“k*@} Ay, Ao (k), and A3 (k) are exponentially stable. Now, the-error
. L system (13) can be transformed into a state-space form
X Re{e“kﬂl(z,e’”)[e]}] (from Lemma 2) R
e F () s(2 b e U . o (k+1) = A(R)a' (k) + h(k,6(k)) 14)
= € ;(‘)[5( W ) m{;(~~.€ )[ ]} é(k+1):é(k)+€fl(]\,é(k)l'l(]\)) (15)
— c(2wk)Re{M(z,e’*)[0]}]
— (}'FF,‘(Z)[RG{(Z‘].@A/[(Z, cjw)[g]} + E_k], where
(from Lemma 3 and 4) (10) 4 0 0
_ _ _ » Ak)=| 0  Ax(k) 0
where M (z.e’%) = Fi(e’*)((e?“z — 1)/(e’¥2 4+ h))F.(e’“2), 0 0 As(k)

s(2wk) = sin(2wk — ¢) andc(2wk) = cos(2wk — ¢). Finally,
substituting (10) in (9), we obtain the whole closed-loop system  k(k.8(k)) = [BY 6 | BL (k)8 | B (k)62]T, andf' (k. 0(k), ' (k)) =
. . N D16 + Dy + D3b? + [C1|Co(k)|Cs(k)]z' (k). SinceA (k) is expo-
0(k+1) — 6(k) = e(L(2)[0] + @1 (k) + P2(k)) + (k)  (11) nentially stable, the state space form (14) and (15) is adequate for the
application of the two-time scale averaging theory [7]. Define the func-

where tion
L(2) = =S F() (P M(2, ¢7%) + ¢ * M (2, ¢ %)) ke i
2 o w(k.0) =3 W(k.i+1)h(i.f)
D (k) = aF;(2)[sQwk)Im{M(z,e’*)[0]} =
— c(2wk)Re{M(z, e’ )[f
e(2wk) e{ﬁ _(1’ el J}] where¥ (k,i) = f:’il A(i+ k — 1 — 1), and construct the transfor-
By (k) = Fi(2) {c(wk)” Fo(z)[eﬂ mation
z+h
809 = () o) TR 1 4 4E] 4. 2(h) =&/ (1) = w(k.6).

. Then, the transformed system is represented as
The various terms in (11) can be characterized in view afs fol- -
lows: L(=)[f] is the linear time-invariantb, (k) is linear time-varying; a(k+1) = A(k)x(k) + eg(k. 8, x) (16)
&, (k) is nonlinear time-varying; and(k) is time-varying, indepen- 6(k+1)=6(k)+ef(k.6,2) (17)
dent ofé, and found to satisfy the following property.
Lemma 6: (k) exponentially converges to ai(ea”) neighbor-
hood of zero: eg(k.8.7)

= A(k)w(k,0(k)) + h(k,0(k)) — w(k 4+ 1,6(k + 1))

where

[6(k)| < =% + k1ea” (12) , N )
=w(k+1,0(k) —w(k+1,0(k+1))
wherek; is a constant. 1w . .
Proof: See the Appendix. | = </0 %(k +1s8(k+1) + (1 5)b(k)) ds)
From Lemma 6, it is clear that the bound &%) can be adjusted by cef' (k. 6,2 + w(k, 6))

the magnitude of the modulation signalindependently ot. By ex- . L. -

ploiting this property ofs(%), we present a stability analysis for the fk,b,2) = f (k. 0(k), & + w(k,0)).

system (11) with two steps. At first, regardingk) as a perturbation, The averaged system of (17) is defined by

we analyze the system (11) withdi{tt). Then, we consider the whole

system includings (k). Baw (k4 1) = Oay (k) + € fav (Bav (k) (18)
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where f.. is calculated by the averaging operattiW G{ - } [7] de- 4 ' ' T '
fined as
3
fav(8) = AVG{f(k,6,0)}
1 s+T _ Q 2
= Jim Z f(k,6,0). =
k=s+1 = 1
g
On the other hand (k. 6, 0) can be reconverted int6-domain as fol- o 0 |
lows:
F(k,6,0) = f'(k.6,w(k, 6)) Ly 1
= D16 + D28 + D36” + [C1|C(k)|C3 (k)] 2 . : . .
e T 4 0 2 4 6 8 10
W(k,i+1) |Bf6|B] (i)8|Bs (i)8°
x 3 ki) BT 017 ()] Time [sec]
= L)) + (k) + (k) 0 ' ' ' '
. . 14 J
wherefd is regarded as a constant. Herfge(#) can be reformulated as =
v (f) = AVG{L(2)[f] + B4 (k) + Do (k). (19) ol Fo(z)[(fli]
- y -
- =1
Using Lemma 1 and regardirgas a constant lead to the following §“ 8 -
derivations: O 6 |
AVG{®(k)} 4 | _
= AVG{aF;(2)[s2wk)Im{M(z, e’ )[u.(k)]} 5 ‘ |
—c(2wk)Re{M(z, ej”)[ug(k)]}]é} =0 X
0 1 1 L 1
AVG{®:(k)} ) 0 2 4 6 8 10
= AVG {F,:(z) {C(Wk)ﬁFo(Z)[us(k)]} 92} =0 Time [sec]

wherew, (k) denotes the unit step sequens@wk) = sin(2wk — 119-2- Responses far = (w/1.1) rad/sample and = 0.6.

®), c(2wk) = cos(2wk — ¢), andc(wk) = cos(wk — ¢). Hence
. ) zero. On the other hand, itis known from [7] and [8] that the exponen-
fav(#) = AVG{L(2)[8]} tial convergence rate défin the original system (11) tends to thataf
— AVC {_gFi(z)(chbAl(L o) in the ave_raged system, atends to zero. Therefore, we can conclude
2 the following theorem.

+ eI M(z, e‘“’))[us(k)]é} Theorem 2: Suppose that the conditions of Theorem 1 are satisfied.
. Then, for sufficiently smalk, there existg?, 0 < ¢ < €, such that
= —rzal (20)  in the original system (11) locally exponentially converges te4n)

" . y " neighborhood of zero for all < ¢ < 7.
wherer; = (1/2)Fi(L)Re{e’"Fi(e’*)((¢’" — 1)/(¢” + h)) With the result of Theorem 2, the convergence property of the output
Fo(e)} = (1/2)F(DIF(e) (e’ = 1)/(e* + h))Fo (e’ )] error(k) is described as:

cos(¥ar + o) andy = L(Fi(e’)((e’” = 1)/ (e’ + h))Fo(e’™)).  Corollary 1: Under the conditions of Theorem 2, the output error
Substituting (20) into (18) results in the averaged system (k) defined in (8) locally exponentially converges to@?) neigh-

- . borhood of zero.

Oav(k +1) = (1 = rzea)far (k) Proof: We have that
where ifry > 0, fay iS exponentially stable for all < € < (2/k2). §(k) = F,(2)[(6 — 9*)2] = Fo(z)[(é — 90)2] (22)
Consequently, according to Theorem 2.2.4 in [7], this theorem is
proved. O whered locally exponentially converges to & «) neighborhood of

It is observed from the sufficient condition of Theorem 1 that theero from Theorem 2 arty exponentially converges to @& «) neigh-
local exponential stability of (13) is closely related to positive realnes®rhood of zero. Hence;(k) locally exponentially converges to an

of linear parts of the plant but only at the modulation frequency¥his  O(a?) neighborhood of zero. O
is a very mild condition.
Now, we consider the stability of the overall system (11). For this VI. SIMULATION RESULTS

urpose, it is necessary to investigate the perturbed averaged system o .
purp y g P g y In order to test the feasibility of the proposed extremum seeking al-

1) gorithm, we conduct a simulation study for a plant with the transfer

fav(k+1) = (1 = roea)bay (k) + 8(F). functions

Since|6(k)| < 7% 4 k1ea? from the Lemma 6, it is obvious that
fav (k) in (21) exponentially converges to & «) neighborhood of

z+0.4 . z—0.2
=————""  and F,(z)= .
(z4+0.5)(z 4+ 0.6) (2) z 4+ 0.6

Fi(2)
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4 ' ' T ' noises; tracking of time-varying™ and 6*; and practical design
guidelines for selecting modulation signal frequengyphase shift of
3 Tl s demodulation signab, and various other gains.
- 2 e* 7 APPENDIX
=4 k) —— . . .
g 1 Proof of Lemma 2:The lemma is proved using the following
g straightforward calculation:
e ol 1 G(2)[(H(2)[cos(wk — &)y (k)
= G(2) [Re {H(ef“)eﬂ”’ﬂ*@} o(k) + e*k]
Ly 7 (by Lemma 1)
2 . I . . =Re{c 2 H{G()H(*)V(e ™2)}} +<
0 2 4 6 8 10 = Re {GM“*@)H(cf”)z”{G(cf'w:W(z)}} 47k
16 Time [sec] = Re {ef(“k"'”H(e’“)G(ef‘”'z)[v(k)]} +:7F,
O
14 - 7 Proof of Lemma 5:Let x1 (k) andx» (k) be the state vectors of
12 F i H(z) andG(z) respectively. Theni7(z)[cos(wk — ¢)H (z)[v(k)]] is
ol Fo(z)[f*] - | represented in the state-space form as
5 yk) ——— z1(k+1) = Ay (k) 4+ Bio(k)
g 8 7 y1(k) = Crxe1 (k) + Div(k)
6 I 4 wo(k + 1) = Asao(k) + Ba cos(wk — ¢)y1 (k)
4 ] y2(k) = Coxa (k) + Da cos(wk — ¢)y1 (k)
wherey, (k) = H(z)[v(k)] andyz(k) = G(z)[cos(wk — &)y (k)].
2 w l Combining the above two state-space forms yields
0 . ' : : z(k+1)=A(k)z(k) + B(k)v(k)
0 2 4 6 8 10

y2(k) = C(k)x(k) + D(k)o(k)
wherex” (k) = [a] (k) |25 (k)]
Fig. 3. Responses for = (7/1.5) rad/sample ang = 2.1. A(k) = Ay | O
‘ ’ (Z(u)k)BgCl ‘ Az
B(k) = [(B1/(c(wk)B2D1))],C(k) = [c¢(wk)D2C1 | Cs], D(k) =
Other design parameters are selectedbas:= 3,f* = 2,h = r(ilz)Dg[l(%l/(;r(w )C(:‘k)l))] :( ) co[;((wk) _Z ;l le’he(regore

0.9, = 0.05,8 = 0.05, ando = 0. Simu_lation is conducted (A(k), B(k),C(k),D(k)) can be a state space realization of
forw = (n/1.1) andw = (w/1.5), so that it can be calculatedG(w)[cos(w}, — OV H()[o(k)]

that [M(c//21)] = 457 L(M(7/PD)) = —0.75 rad, - ‘ o
|M(e? /1) = 2,68, L(M(e?"/"%))) = 0.93 rad, andF;(1) =

Time [sec]

SinceA; andA- in A(k) are exponentially stable, given aty =
QT > 0and@, = Qf > 0, there exist’, = P’ > 0 and

5 (7Y = F(ed*)((el” — juw e
0.58, where M(e " )/17) Fi(e)((e 1)/»((6/1 T ) Fo(e™). b, — BT 5 0, which are the unique solutions of the following linear
Sincecos(£L(M ('™ 1)) > 0,cos(L(M('7/1)))) > 0, and equations, respectively:

F;(1) > 0, the sufficient condition of Theorem 1 is satisfied for T T

bothw = (x/1.1) and(7/1.5). Accordingly, it is certain that the ArPiA —Pi=-0Q1 and A; PAy — P = —Q2.
system is exponentially stable, which is illustrated in Figs. 2 and 3. (23)
It is also shown from Figs. 2 and 3 thétk) converges t@* with . . - P 0

larger magnitude of oscillation than that in the convergenag bf to By constructing a block diagonal matrk = | 0 P LP =
F,(2)[f*]. This observation illustrates the results of Theorem 2 anl’ > 0, we obtain

Corollary 1 thatd(k) andj(k) locally exponentially converge to an AT () PA(K) — P = {—Qu(k‘) | RT(L')} 24)
O(«) andO(«*) neighborhood of zero, respectively. AR R(k) | —Q2

where Qi1 (k) = Qi — A(wk)CT B PB2Cy and R(k) =
c(wk)AY P» B-C';. For any giver)., we can choosé); such that

2 YAESYA

We have presented an extremum seeking control algorithm for ditein (@1) > Amax (C (wh)C1 By PszCl)
crete-time systems. By using the two-time scale averaging theory [7], Amax (R(E)RT (k)
we derived a very mild sufficient condition under which the system + O Amin(Q2)
output exponentially converges to &{a?) neighborhood of the ex- for all & > 0. This Q, enables —Qii(k) and —Q» +
tremum value. The sufficient condition is related to positive realnessg%k)Ql—;(k)Rr(k) to be negative definite for alk > 0, and
linear parts of the plant but only at the modulation frequencyrhe .« optain the following decomposition of (24):
simulation study demonstrates the validity of the extremum seeking a - I | 0
gorithm. A (B)PA(k)—P= |~ —

o . { R(k)Q' (k) | 1}

Future study subjects include: development of a method to improve —Qui(k) | O][I | -Q (k)R (k)

and analyze the transient performance; rejection of measurement X { 0 | A} {0 T } (25)

VIl. CONCLUSION
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whereA = —Q. + R(k)Qr,' (k)R (k) < 0 forall k > 0. Conse- Analyzing Wide-Band Noise Processes With Application to

quently, A" (k)PA(k) — P < O forall k > 0, andA(k) is exponen- Control and Filtering
tially stable from the Lyapunov stability theory. O
Proof of Lemma 6: The termé3 (k) in (k) is calculated as Agamirza E. Bashirov and Sevindural

‘ 1. o )
2 2 N oL 1 9 —k ) ) . i
o (k) = 2 |Fi (e’ )7 (1 + cos(2kw + 2¢1)) + € (26) Abstract—in this note, the concept of wide-band noise is analyzed via a

certain integral representation. It is proved that there are infinitely many

wide-band noise processes represented in integral form which correspond
to the same autocovariance function. Based on this integral representation,
atechnigue of reduction of a wide-band noise driven system to a white noise

wherey, = £(F;(¢’*)). Then,s(k) is rearranged as

b(k) = 61(k) 4 62(k) (27)  driven system is presented. This technique is used to modify the separation
principle and the Kalman—Bucy filtering to wide-band noise driven sys-
where tems.
) _Index Term_s—Linear stochastic system, optimal control, white noise,
51(k) = eFi(2) |:Cos(wk — ) : ; - wide-band noise.
. 1 o “k
x Fo(z) {f + 5ac2|Fi((z" )|2H +:7F . INTRODUCTION

The modern stochastic optimal control and filtering theories use
white noise driven systems. The results such as the separation principle
and the Kalman—-Bucy filtering are based on the white noise model.
Indeed, white noise being a mathematical idealization gives only an
approximate description to real noise. In some fields the parameters
Since the high-pass filter: — 1/ + k) has zero DC gainj; (k) in ~ of real noise are near to the parameters of white noise and, so, the
(27) contains only exponentially decaying terms. On the other hand, iyathematical methods of control and filtering for white noise driven

1 o o
82(k) = 5ea2|Fi(e] W Fi(2)

X |:cos(wk - 9)

z—1

T Fo(z)[cos(2kw + 21;’/‘1)]:| .

using Lemma 1§ (k) is calculated as systems can be satisfactorily applied in them. However, in many fields
white noise is a crude approximation to real noise. Consequently,
ba(k) = Zea’c1 Fi(2)[cos(wk — &) cos(2wk 4 12)] the_ theor_etlcal_optlmal controls and the theor_etlcal opur_nal filters for
white noise driven systems become not optimal and, indeed, might
= /lmzq Fi(z)[cos(3wk — ¢ + 3) be quite far from bging optir_nal. It becomes impo_rtant to de_velop the
4 , control and estimation theories for the systems driven by noise models
+cos(wk + ¢+ ¢2)] which describe real noise more adequately.
= lmzclqﬂ(eﬂ”ﬂ cos(3wk — ¢ + ¥3) The issue is that real noise has a property which ensures the corre-
4 ’ lation of its values within a small time interval, i.e., if we denote it by
+ |Fi(e’”)| cos(wk + & +14)) ¢, then
< riea’, At.s), 0<s
cov(plt + ), o(1)) = { (he). Dss<e } £20
wherec; = |Fi(e’*)][((e’* — 1)/(e/* + 1))||Fo(e*)], 002 = ' ST )
291 + _A(Fo(eﬂ”)) + A(e’z“’ — 1/6]2“’ + h), ¢35 = g+
L(F; (v6‘73w))7'¢/‘4 = o+ L(F(e’))ands; = (1/4)ci (|[Fi(e?)|+ wheres > 0 is a small value and is a nonzero function. A random
|Fi(e*)]). Q.E.D. processy with the property (1) is called a wide-band noise process and
it is said to be stationary (in wide sense) if the functiodepends only
on s (see Fleming and Rishel [1]).  is so small that it is normally
assumed to be 0, then the wide-band noise progeisstransformed
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