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Abstract

The title of this semi-tutorial, expository paper might be applicable to the remarkable body
of research by Professor Tamer Basar with his students Didinski and Pan in the 1990s on
robustification of parameter identifiers and adaptive controllers through game-theoretic
methods. The author’s inspiration indeed fuses their work with his results from that pe-
riod on inverse optimal adaptive stabilization and inverse optimal disturbance attenuation
in a differential game formulation. Inverse optimal adaptive and minimax techniques are
merged in this paper’s first half to obtain solutions to adaptive differential games be-
tween the adaptive controller and a disturbance. The article’s second half introduces a re-
cent advance in disturbance-robustification of adaptive control for persistent disturbances
(merely bounded, rather than square-integrable), by lasson Karafyllis and this article’s
author. While not with a minimax capability, this robustification is first in forty years to
attain regulation with a bias that is arbitrarily low and independent of both the unknown
parameter and the persistent disturbance.

Keywords Differential games - Adaptive backstepping - Deadzone-adapted disturbance
suppression

1 Preamble

It is a pleasure and a great honor to take part in marking the 80th birthday of Professor
Tamer Basar. I have been inspired by his work in disturbance attention, state estimation, and
adaptive control for over thirty years. His results on the differential game approach to H,
control [2] were the launchpad for the extension of game-theoretic disturbance attentional to
nonlinear systems in [20]. In the early 1990s I observed with great interest his highly origi-
nal developments in system identification [6, 10, 23, 24, 26] and adaptive control [1, 3-5,
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27, 28, 30], using a differential game approach for nonlinear systems, as [ was in parallel
doing my PhD research in adaptive nonlinear control.

Connecting intellectually with Tamer in 2009 has been transformative in my research
career. Several distinct areas of extremum seeking have emerged from our collaboration:
Nash equilibrium seeking [7], Nash equilibrium seeking for systems with delays and PDEs
[25], fixed-time Nash equilibrium seeking [29], and iterative model-free LQ optimal control
[8, 22].

It has been a privilege to collaborate with Tamer over about half of my career, obtain his
guidance and support on numerous occasions, and have a role model like Tamer in scholar-
ship, leadership, and service to others.

2 Introduction

The Rohrs simulation examples (1982) of non-robustness of adaptive controllers presented
a huge challenge to the adaptive control community. This challenge was met with several
robustification methods, summarized in [9], which include the o-modification, deadzone,
parameter projection, and other tools, all dating to the decade of the 1980s.

In the 1990s, Tamer Basar with Didinski, Pan, and other students and coauthors injected
new ideas, from the field of differential games, into both least-squares system identification
[6, 10, 23, 24, 26] and adaptive control [1, 3-5, 27, 28, 30] for nonlinear systems. This was
not only a contribution to adaptive control but a major advancement to the trend of that time
in “nonlinear H..” control.

Although robustness of adaptive control is not limited to just disturbances, dealt with in
this paper, as well as in [1, 3-6, 10, 23, 24, 26-28, 30], disturbance robustness is a prerequi-
site for achieving robustness to unmodeled dynamics as well [9, 11, 14, 18].

In this paper, which combines some expository elements with previously unpublished
results, we follow the arc from the differential game-based adaptive controllers of Bagar
and coauthors, to the author’s results on inverse optimal adaptive control [21] and inverse
optimal differential games [20], to the recent papers [12, 13] of lasson Karafyllis and the
author, in which disturbance-robustness of adaptive control is advanced from finite-energy
disturbances to persistent disturbances, with asymptotic bounds that are independent of both
the disturbance and the unknown plant parameters.

In Sects. 3 and 4, we merge our inverse optimal adaptive results [21] with our inverse
optimal (non-adaptive) disturbance attenuation results [20], both from about 25 years ago, to
provide new inverse optimal adaptive disturbance attenuation results for a scalar example
(Sect. 3) and for the strict-feedback class (Sect. 4). In Sect. 5 we highlight both these results’
ability to attenuate finite-energy disturbances and inability to handle persistent disturbances.

In Sects. 7 and 8 we fast-forward to the recently proposed method of “deadzone-adapted
disturbance suppression” (DADS), introduced in the papers [12, 13] and futher developed in
the forthcoming book [15], ease the reader into the method through a scalar example (Sect.
7), and work out an explicit algorithm for strict feedback systems (Sect. 8), whose existence
was proven in [13].

In Sect. 6 we show that the asymptotic performance, achieved by DADS robustly in the
presence of disturbances of arbitrary size, is not achieved with the robustification tools that
is considered the yardstick against all classical robustification tools are measured—o-modi-
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fication. While the asymptotic bias of the regulated state with o-modification is dependent
on the unknown plant parameter, and hence both unknown and not assignable, with DADS
the bias can be set to a desired, arbitrarily small value, independent of the parameters and
disturbance. Hence, Sect. 6 motivates the developments in Sects. 7 and 8.

Notation. |-| denotes the 2-norm for vectors. The subscript 0 on a state
variable or Lypunov function denotes its initial condition—for example
zo = (0,80 = 6(0), Vo = V(0), ko = 5(0), etc.

3 Adaptive Inverse Optimal Differential Game with Disturbance: A
Scalar Example

In the following proposition we introduce the notion of an adaptive inverse optimal dif-
ferential game on a scalar example, which can be fully understood. In Sect. 4 we return to
this notion and develop it for the class of strict-feedback nonlinear systems with unknown
parameters and disturbances.

In the next proposition we present the simplest interesting solution to an adaptive dif-
ferential game with inverse optimality. The system considered is scalar and linear, but with
a completely unknown parameter 6 € R, open-loop unstable (when 6 > 0), and subject to
a completely unknown disturbance d(z). We are not solving a given optimal control prob-
lem, as that would be impossible even in this scalar case due to the unknown nature of the
parameter 6. Instead, we are solving an adaptive disturbance attenuation problem using a
controller of a special structure, and with a Lyapunov function that we construct. The con-
troller is constructed in such a manner that the Lyapunov function is in fact the value func-
tion of a meaningful infinite-horizon differential game between the following two players:
the finite-energy disturbance d(f) whose goal is to maximize a meaningful cost in which the
disturbance is penalized, and the control u(f) whose goal is to minimize such a cost in which
the control and the plant state are likewise penalized. The strategy spaces for both players
are Lo signals but the closed-form strategies are in fact linear (adaptive) feedback laws.

The controller with the mentioned ‘special structure’ is in the form of a product of a posi-
tive gain k* (é) and the gradient of the Lypunov function with respect to the system’s state.
Such a positive gain is the feedback gain of a Nash equilibrium feedback strategy for the
(inverse) differential game between control u(¢) and disturbance d(f). The gain £* (é), as its
expression in the form of a solution to a quadratic equation indicates, happens to arise out of
a solution to an algebraic Riccati equation for a system with a disturbance, as is expected in
linear H, control problems. The gain k* (é) is not a constant, and it does not depend on the
unknown 6. If the parameter 6 were to be known, the constant gain k£*(6) would corresponds

to H, feedback, whereas the “adaptive H, gain” k*(6) employs the parameter estimate 6.

Proposition 1 (Adaptive feedback that solves a differential game with disturbance) Con-
sider the system

t=0r+u+d, (1)

in which x, u, d, 0 are all scalar, and the associated adaptive feedback law

w=—k*(0)x ?2)
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2
k*(é):§+%+ <é+;> +1>0, 3

where QA( t) is the estimate of the unknown constant parameter 0. With the update law

0 =a® “4)

the control law (2) minimizes the following cost functional,

J(u)—sgp{tlggo [aﬂ(tﬂ (9—é(t))2+/0 <W—d2(7)> dTH 5)

and results in the following value (Lyapunov) function,

V—a? 1 (9_9)2. ©)

Proof We start the proof by pointing out that

2
E*(9) + L, <é+1) +1. (7

Next, we add and subtract V in (5), namely,

J(u) =sup { lim [xQ(t) + (9 — é(t))2

t—o00

(s 2 ) o)
+/0 (iV()+ iy )

: (®)
—sup { Jim s+ (0-0)
+/Ot (V(T) - W — d2(7)> dT} } :
Taking a derivative of ¥, we get
V =22(0z +u +d) — (9 . é(t)) 0
=20(0x +u+ d) — (9 - é(t)) 2 ©)

=22(0z + u+d).

A 2 A«
With an addition and subtraction of % + (9 + %) + 1to 6, we get
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2
V =2z |k*(0)x — <é+;> +le%$+u+d , (10)

or, after regrouping,

2
. - |
V =2 k*(0) - <9+2) + 1| 2% + 27u

(11)
— 2% + 2zd.

Next, one can verify that

—2% +22d = d?® — (d — x)? (12)
and
/\) 2
2 *
. .1 2 2 (u + k*(0 :c)
2 | k(6 - (9+) Y P NP i ) 1y
2 k*(0) k*(0)

which is obtained with the help of (7). Hence, by substituting (11) and (12) into (13), we get

w2 (u + k*(é)x) ’

V:—JUZJFA + X +d* — (d—2)% (14)
k*(6) k*(6)
Substituting (14) into (8), we get
J(u) = SI;p {tlggo {w% + (9 — éo>2
2
o[ (wr) + ke @)a(r) i (15)
+/0 k*(é(T)) —(d(r) —x(1))* | dr .
The worst-case disturbance

d*=x (16)

achieves the supremum

J(u) = lim |x2 +

- (9 B éO)Q . /Ot (u(T) + k*(é(r))l(T) N a7

k*(0(r))
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The minimum of J(u) is achieved with the adaptive feedback law (2), and the value of this
minimum is

N N 2
J* = V(xo,00) = 22 + (9 — 00) . (18)

O

Let us now examine the minimax performance index (5). Clearly, in addition to there
being a positive definite cost on x, there is a positive definite cost on u as well, and a negative
definite cost on d. So, this is a meaningful differential game between control u and distur-
bance d. One can note that the weight on x and u, given by 1/k*(0), is positive. The fact that
this weight goes to infinity as § — —coisnota problem—it simply constitutes an advantage
to the disturbance that control is heavily penalized. Inverse optimal adaptive controller can
be derived with costs on x and u that are positive definite uniformly in . However, these
costs are less elegant looking and we don’t pursue them here.

Does the performance index (5) also penalize the parameter esitmation error 6 — Oina
meaningful way? Yes, the terminal error is penalized, though not as a “hard constraint,” but

N2
with lim;_, oo (0 — H(t)) .

R 2
If one wanted to obtain an inverse optimal adaptive controller with a penalty (9 - 9(7))

within the running cost, namely, under the integral, one can find such an adaptive controller
in [16]. For the scalar system (1) with d = 0 it is given by

u:—(é+\/é2+1)x (19)

with the update law

X 2
= 20
b 1+ 22 (20)

and is the minimizer of the cost functional

N 5 o R 9 2
J20) —e(0=0)" +/ (6(H-0) ()" + u(t) dt

I T

The term e(?®)=¢) ’ introduces a running cost on the parameter estimation error.

The adaptive control design in Proposition 1 solves a meaningful differential game, with-
out a requirement to solve an (adaptive) HIB (or Riccati) equation. We shall return to this
design in Sect. 5 to examine to what class of disturbance this controller is actually robust.
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4 Adaptive Differential Game Extension to Strict-Feedback Systems

Now we move on from the scalar, pedagogical example in the previous section to consider-
ing the class of strict-feedback systems

Tp+1 =U (23)
where u is a scalar control input, z; = [x1, . .. ,mi]T, ; and 1; are smooth functions, and,

to avoid notational complications, but without loss of general applicability, we develop a
control algorithm for the case where ¢, (0) = 0.
We introduce an adaptive, robust, and inverse optimal control algorithm in the next two

paragraphs.
Fori=1,...,n,
Z2i = Ti — Qi1 (1_71, é) (24)
i1 g,
Oli(.f}i, 9) = —Z;—1 — C;Z; + Z 8;‘71 Th+1
k=1 K
i—1
— w0 =Y (ki + o)z — 0iizi (25)
k=1
i—1
— Rlwi|*z; — 2K (Z wgzk> w;
k=1
1—1 80[‘
wi(@,0) = i =Y a;l Ok (26)
k=1 k
1—1 80('
wil@i, 0) =i = 3 5=t @7)
k=1

where K, ¢; > 0.
For i = n, we first introduce the smooth functions ¢ (x, ) such that

n—1 dar n
n—1 )
Fo T+l T wih = § brz (28)

k=1 k=1

and then the smooth functions @y (x, 0) defined by

By, = + Thn + Onk + 2KW5 Wy, E=1,...,n—2 (29)
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(I)n—l :¢7L—1 + 1 + Un—l,n + Un,n—l + 2"'{&);57]_“]” (30)

With the help of these functions, we then introduce the function

o 1
Rg(ﬂl‘,a) = s cn > 0.

Cn + klwnl? + > E (32)

2c
k=1 k

Finally, we introduce the parameter update law

n
0=T> wiz, r=r’>o. (33)
i=1

The following result is proven by combining the lengthy but straightforward calculations of
[20, Section VII] and [21, Section 7].

Theorem 1 The control law

u* = —2Rq(x,0)z, (34)

defined by (24), (25), (26), (27), (28), (29), (30), (31), (32), accompanied by the update
law (33), and applied to system (2223), minimizes the cost functional

J(u) :sgp {tlggo [i 22(t) + (9 — é(t))T r-! (0 — é(t))

i=1

n

+/Ot (Z izl (1) + ici <z¢(7') - Q)ic(iT) Zn(t)>2 (35)

=1

u?(7) |d(7)?
+ 2 n ®2(T) - K dr ’
cn + Klwn(T)2 4+ D01 =5

where the worst-case (supremum-achieving) disturbance is given by

d* = meizi. (36)
i=1
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5 Limitation to Finite-Energy (Non-Persistent) Disturbances
The results in Sects. 3 and 4 are elegant, as they solve a meaningful differential game prob-

lem, and do not require the solution of an HJI PDE in the process. They also guarantee some
desirable bounds. First, for the closed-loop system, the inequality

d 5 1
= (P +101F1) < =l + o1 €1

is shown to hold, where ¢ = min; <;<, ¢;, §=6—0is the parameter estimation error, | - |
denotes the 2-norm of a vector, |9~|%,] := §TT~10. From this inequality, the following two
bounds hold:

_ - 1
2O +10@) P2 <|20l* + [folf-1 + 5 -Ild]I” (38)

2% <

Q=

~ 1 9
(120 +1bolt-1) + -l (39)

where || - || denotes the Lo norm over time. So, (2,6) are both bounded and z is square
integrable over the infinite horizon, whenever ||d|| is bounded, namely, whenever the distur-
bance is of finite energy.

These are desirable properties, but they say nothing regarding the effect of disturbances
that are persistent. Unfortunately, due to the damping in 6 missing in the inequality (37), a
persistent disturbance will in fact cause parameter drift and, along with that, a possible drift
in the control input and state.

It is for this very purpose that various robustifications of adaptive controllers have been
invented. Among them, most frequently used is o-modification [9], also called “leakage.”
Unfortunately, while stopping parameter drift in the presence of a persistent disturbance, o
-modification induces an asymptotic error whose value depends on the unknown parameter
and cannot be made arbitrarily small, as we illustrate in the next section.

6 Disturbance-Robustness Under o-Modification

Consider, again, the scalar example

=0z +u+d (40)

The adaptive controller with leakage is

w=—cx— 0z 41)

) =T2? — of, (42)
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where the gains ¢,I', o are positive. For simplicity of the analysis, we take I' > 1 and
¢ > o > 0. A Lyapunov calculation, with V' = x2 + (6 — §)2 /T, yields bounds established
in the following proposition.

Proposition 2 The unique solution to the closed-loop system (40), (41), (42) satisfies the
followign bounds:

i r
)] <2 (jool + [fo = 0] ) + 2Ll +16l, ¥t >0 @)
T
lim sup |z(t)] §£ lim sup |d(¢)| + |6]. (44)
t—+o0 0 t—s+o0

While the practical output asymptotic gain (p-OAG) vT'/o can be systematically
reduced (though not made zero) by increasing the leakage o, the bias || is neither known
nor reducible.

The unknown and unassignable bias in (44) is a major shortcoming of the o-modifica-
tion. The cause for the bias |0| is the leakage itself, under which the error 0=0—10is gov-
erned by § = —o — T'z? + ¢0. The goal of adaptation —T'z? is negative pumping of 6, to
suppress the effect of 4 in the closed loop & = —cx + Az + d, whereas the term +00 acts in
contradiction to negative pumping of 6, introducing the 6-bias in in (44).

7 Deadzone-Adapted Disturbance Suppression (DADS): The Scalar
Case

Numerous efforts have been made over the last forty years to find robustifications that make
the asymptotic bias independent of # and assignable to an arbitrarily small value. None of
these attempts succeeding gave rise to a belief that there is a fundamental limitation lurking
behind the disturbance-robustification in adaptive control, and that the existence of such a
fundamental limitation has never been proven only because adaptive systems are nonlinear
and, hence, due to the nonlinear nature of such a purported fundamental limitation, the
limitation is impossible to illuminate in a manner that Bode illuminated the fundamental
limitations in linear feedback.

Over the last few years, lasson Karafyllis and the present author engaged in a major
effort to disprove the existence of such a fundamental limitation and produce a disturbance-
robustification for adaptive control with which the asymptotic bias is independent of 6 and
assignable to an arbitrarily small value. In this section we introduce a few highlights of these
findings, on the simplest system possible, the scalar example (1). The broader findings are
the subject of the recent papers [12, 13].

The most important of several tools used in making the asymptotic bias independent of
0 is a deadzone in the update law. Deadzone of “threshold” ¢ > 0 acting on the Lypunov
function ¥(¢) is nothing but an application of the function (-)*, defined as

sT = max{0, s}, (45)
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to V(t) —e.

At the heart of the design method for making the asymptotic bias independent of 4 is the
following new technical result, a new “feedback comparison lemma,” in the presence of
an integrator fed through a deadzone. We give the lemma in its notationally simplest form
(which means the most pedagogical but least general form).

Lemma 1 (“Karafyllis lemma” [15]) Consider the following differential inequalities,

0<i<(V—e)t, Ko > 1 (46)
ngv+g, Vo >0, (47)

where e > 0,11 > 0 are constants and k, V are functions of time. Then, in addition to the
straightforward bound V() < Voe™t + /Ky, the following two bounds hold as well:

limsup V() <e (48)
t—o0
+
ﬁogﬁ(t)gmax{mo,ﬁ}+ (‘/()—54—:) , Vvt > 0. (49)
€ 0

Returning to the scalar example (1), which we repeat for the reader’s convenience,

i=0r+u+d, (50)

we now state an adaptive controller, which achieves the desired robustification properties:

uw=—x—r(2+zy (51)

i=(@2=0%)",  ko>1,6>0. (52)

Detailed, lengthy analysis, employing Lemma 1 and other tools, leads to the following
theorem.

Theorem 2 The unique solution to the closed-loop system (50), (51), (52) exists for all
(zg,K0) € (—00,00) X (1,00) and satisfies

lim sup |z(t)| <&
msup ()] < (53)
1
limsup |z(t)] <= [limsup |d(t)] + (|0] — Koo) ™ (54)
t—o00 2 t—o0
2()] <laole~" + L (55)

2
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+
1
ko < K(t) <Ko gmax{/fo,zl%}+§ (1;(2)—62—%4':() (56)
Jorall t > 0, where || - || oo denotes the Lo, norm, koo = lim;—, o k(t), and
2
= ldllZ + (18] = #0) ™) (57

By examining the first three bounds in Theorem 2, it is clear that the adaptive control
law (51), (52) achieves various forms of suppression of the effect of the disturbance d on
the plant state x. It is for this reason that we refer to this design approach as “deadzone-
attenuated disturbance suppression” (DADS).

The bound (56) establishes that the gain « is free of drift to infinity in the presence of the
disturbance. Additionally, it shows that the gain might grow as the desired asymptotic bias
0 is decreased.

The drift-free property is also established for the plant state, in the bound (55).

The bounds (53) and (54), taken together, are particularly interesting. They both provide
estimates on the asymptotic performance. Obviously, it is the lower of the two bounds that
matters. If the disturbance is persistent, and lim sup,_, .. |d(¢)| is large, it is the bound § that
matters, and this bound guarantees that the asymptotic bias is independent of both 4 and 6.
If, on the other hand, the disturbance decays to a small value, which is possibly small in
relation to §, the asymptotic bias is even smaller than the small . Finally, if d(¢) — 0, the
asymptotic bias is % (16] — Koo)T, which is zero if koo happens to get pumped, in closed
loop, in excess of the unknown |#|. Hence, the theorem gives us a collection of asymptotic
bounds, depending on the sizes of d, 6, and the initial conditions of the plant and gain states.

The bound (53) is clearly better than the bound (44) achieved with o-modification in
Proposition 2. The dependence of the bias on 6 is eliminated, using the gain pumping with
a deadzone.

Compared to the results in Proposition 1, the results in Theorem 2 lack optimality and
it is not evident, at this point, how they could be turned into a solution to a differential
game problem. The main challenge in regard to a differential game interpretation is that the
analysis behind the proof of Theorem 2 is not governed by a single Lyapunov function that
captures both x and k.

However, while not optimal, the results of Theorem 2 are stronger than the results of
Proposition 1. In addition to applying to finite-energy disturbances, the results in Theorem
2 apply also to a persistent disturbance.

8 Explicit DADS Backstepping Design for a Strict-Feedback Class
In this section we present an explicit DADS control design algorithm for the simplified but
representative class of strict-feedback systems with unknown parameters and disturbance,
given by

. T/~ T~ _

& = X1 + @5 (Z4)0 + ¥ (Z;)d, i=1,...,n (58)

where
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Tnp1 = U (59)

and the smooth functions ;. While our design is focused on ensuring robustness in the
presence of disturbance d, we are also interested in ensuring, when possible, a regulation
to the origin z = 0. To make this possible, it is necessary for the nonlinearities multiplied
by the unknown parameter # to vanish at the origin. It is for that reason that we assume that
©i(0) = 0, and this proves important in the design we present next.

In the exposition that follows, we derive a recursive algorithm for deadzone-adapted
disturbance suppression—a “DADS backstepping” algorithm—for system (58). Parts of
this algorithm are possible to write concisely upfront, while other parts, which deal with the
robustification, come out of a somewhat complicated Lyapunov design process. We start
with a list of definitions in which the key ingredients of the design recursion are collected:

G =v; — a;-1(Ti-1,2) (60)
i—1 80('
wl (@i,2) =pf = Y 5] = (71,2)G; 61)
j=1
2 Oy
Wl (z1,2) =9F = ) =] (62)
j=1 J
= Oy
i(@i,2) =ai(@1,2) = €3G = G+ Y ﬁwﬂrl (63)
j=1 J

where z is a scalar dynamic gain updated with the help of a deadzone and to be defined
shortly—in (67). The matrix-valued function p; is of dimension dim () x i, with each
element a smooth function of (z;, z), and (; := ({1, . ., (,). The definition (60) represents
the backsteping transformation and (63) represents the ith stabilizing function, within which
the function g; is yet to be designed. As we shall see, due to the aforementioned assumption
that ¢;(0) = 0, the functions g; shall have the property ¢;(0, z) = 0 and, by examination of
the above expressions one can see that this results in the stabilizing functions having also
the property of ; (0, z) = 0, the bakstepping transformations having also the property that
(C1,-..,¢) = 0 whenever z; = 0, regardless of the value of z, and, consequently, that the
factoring w} = p/(; at the right end of (61) follows. We shall exploit this latter property in
the design.
The actual control law is the last of the stabilizing functions, namely,

u = ap(w, z). (64)

The update law will be driven by the Lyapunov function

1 n
Valw,2) =5, (65)
j=1

Birkhauser



Dynamic Games and Applications

through a deadzone with a threshold % While it is possible to use an update law of the form

2\ 7"
h=T (Vn - 2) (66)

with I' > 0, in this section we showcase another option. To avoid having to restrict the ini-
tial condition k¢ to being positive, we represent s as K = 1 + €%, where z € R, and, using
the chain rule of differentiation, implement instead

4
z2=Texp(—2) (Vn — 6;) . (67)

The key challenge in the design of the DADS backstepping controller is that the gain-
updating law depends, through V,,, on the entire state (x1, ..., x, ), whereas the stabilizing
functions «;(Z;, z) depend on z and therefore give rise to the V,,-dependent 2 in the recur-
sion. We shall spend a considerable portion of the effort of deriving the control law or reor-
ganizing various double sums so that «;(Z;, z) dominates only terms dependent on (Z;, z),
then «;11(Zi+1, 2) dominates only terms dependent on (Z;+1, z), and so on, as introduced
n [17], and further developed in [19, 21].

Before we start our Lyapunov design, using the definitions of (;, 7;, p;, k; above, taking
the time derivative of ¢; and performing several substitutions, we get the model in the trans-
formed backstepping coordinates,

: Oo_1
(i=—¢iGi = Gim1+ G + ¢ + w0 +w d— ?12’, (68)
where ¢y = (p41 := 0.
Taking the time derivative of V,,, we get
n n 8(1
Y 2 T T Jj—1
Vn——ZCjCj+ZCj (qj+wj9+wjd—azz>, (69)
7j=1 j=1
where ko := 0. Recall, we are designing the stabilizing functions ¢;(Z;,2), j =1,...,nin
(69). Noting from (71) and (67) that
n n
Oaj_1 .
Jj=1 j=1
(70)

where
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_ 8aj,1 82 +
0i(Zj,2) = P Fexp(—z) | V; — = , (71)

we get

n

J=1 Jj=1

2\ t 2\ t
298““[( -5) —(VH—Z)]

First, we concentrate on the terms —(;0;, where o; is defied in (71). This term can be can-
celed with g; but this would make g; nonsmooth since the (-)* operation within o; is non-
smooth. Hence, instead of cancellation, we have to employ domination. First we note that

VR NP ST 73
i) =Vi= §|Cb| : (73)

(72)

It then follows that

aaj_l

r
=G0 SE exp(—

(74

J
|<;—|Zc?
J 2 oo 2 J 1
<3 a+g e (B2) e

-1 =1

where g; > 0. Focusing on the double sum

n 7 n
DD okt = (n =i+ g, (75)
j=1

j=11=1

we turn to summing (74) over j and obtain, for the resulting double sum,
_ZC7UJ <ZR 1’]7 9 (76)

where
2

_ - . F 8aj_1 2 | 1 2
Rj(%j,2) =(n—j+1)g; + T exp(—22) (82) ; fglCz . (77)
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This then turns (72) into

Vi <= 0+ Y ¢ (4 + w0+ wld+ Ri(3),2)¢;)

=1 =1
e2\ " e2\ 7" 79
= |(5-5) - (+-3) |

oo
+ Dexp(— ZCJ -1
Next, by adding and subtracting (Vj+1 —e)™,...,(V,—1 —¢&)T in the last bracket, and
recalling the inequality

2\ " 2\ "
o2y

1
< Vi = Vil = 5, (79)

we obtain

n

Vv, <— qu +ZCJ q;(%j,2 )+wT9+wTd+R(1p )Cg)
j=1 Jj=1

5 (80)
o
+ gl Zl@ PN
l=7+1
Since changing the order of nested summations results in
804] 1 - 2 8al 1
ZICJ Z G=>¢ Zm @1)
l=7+1 7j=3 =

r
G |:q]-(xj, wTG + w; Td+ R;(z5,2)¢; + exp —2)¢j Z [«

(82)
aOél 1 :|
where we use the convention that k_; = kg = 0. The terms gexp( <] ’a '=1| can be
smoothly bounded in a number of ways, including
Oay_1 2 1 o (0o_1 ? _
— < — —2z)— =: 83
[« ’ 5, ‘ St exp( 2)471 § % si(wy, z), (83)
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with v; > 0. Substituting (83) into (82), we get

n

J=1

) (84)
n j—1
+3 ¢ 4@, 2) w0+ wl d+R; (35, 2)¢ + G Y siin, z)] .

j=1 =2

What is next to be bounded are the two uncertain underbraced terms in (84). With three
applications of Young’s inequality we bound these terms as

_ 1
GUT -+ G <GP+ () [ Bl + Bl + -l ¢
J

85
((16] — 1 — exp(2))1)® + |d]? ®

45; (1 + exp(z)) ’

where ;,b; >0 and |p;| denotes the Frobenius norm of the matrix p; of dimension
dim (@) x 4. Substituting the bound (85) for the underbraced term in (84), we get

n

Vi <= e+ blG1°
j=1

=1

+3 ¢ (5, 2) + Bj(T5,2)¢

j=1 - (86)
S
+(1+exp(2) (@jm-? + Bilesl* + 4})_|pj2> G+ Za(wz?z)]
J 1=2

((16] = 1 — exp(2))*)* + |d]>
46 (1 + exp(2)) ’
—1 _
where Sy = (2?21 %) . Focusing on the term 377 bj[¢[*, we get

Z;’Lzl bj|6j|2 = Z;’Lzl bjn ]27

n .
where bj, = >, by, and arrive at

Birkhauser



Dynamic Games and Applications

Vo < ZCJC] +ZCJ{ (@5, 2) + R;(Z;,2)¢;

1
n [bjn + (14 exp(2) (ﬂjw +Bilel + )
J

87

j—1
fexp( z) Zsl (wy, 2) g}
1=2
(18] =1 —exp(z)*)’ +|d*
450 (1 + exp(2))
Let us now recall the definition of s; in (83) and denote
_ 1
53(65:2) =byn + (1 ex0l0) (B2 + Bl + -l
j
j-1 2 (88)
1 day_1
— exp(—22)—¢ :
o S (3))
This results in
Vo <= G+ ZCj{ij(fj,Z) + R;(Z5,2)¢ + Sj(fj,Z)Cj}
J=1 J=1 (89)

(18]~ 1~ exp(z)) ")’ + |dP*

+ 480 (1 4 exp(2))

Let us now add R; from (77) and S; from (88), regroup the terms, and relabel the sum as T3,

T;(75,2) =R;(z;,2) + S;(75, 2)

90
=n; + Xj (T4, 2) + pi(7), 2) ©0)
j—1 n
n= e+ Y bi+(n—j+1)g o1
1
A (E5.2) = (1t exp()) (ﬂjw LBl + %J_pﬂ?) ©2)

M(Ij,z)_fexpmz)[(@% ) Z Z (82‘; )] ©93)

Returning to (89), we now simply pick

(75, 2) = =T5(z;,2)¢, j=1,...,n 94
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and, with the definition

P ©3)

we get

2

(18] = 1 —exp(2))™)
480 (1 + exp(2))

+ [d?

Vn < - 2COVn + (96)

With (96), we get the following result, under an adaptive controller summarized in Table 1.

Theorem 3 (Explicit DADS backstepping control) Consider the system (58), (59) in feed-
back with the control law defined by (104), (100), (97), (98), (99), (101), (102), (103), along
with the gain update law defined by (105). For all positive constants €, I, ¢;, b;, Bi, g:, Vi,
and for all initial conditions (xg, zg), all values of the unknown parameter vector 0, and
all essentially bounded disturbance signals d, the unique solution of the closed-loop system
exists and, moreover,

lim sup |z1 ()| <e (106)

t——+o0

- [dlI3 + 161
;Ciz(o)+ T deBo (107)

and there exists a continuous function B such that

|1 (t)] < exp(—cot)

lz(t)] + 2(t) < B (Jzol, |20, lldl| » 10]]) (108)

forallt > 0.

Let us examine the gains (101), (102), (103), which appear in the stabilizing function k;
in (100).

e The constant gain 7); is positive and can be chosen arbitrarily low, through choices of
low values for ~;, b;, g;. Additionally, ¢; > can be chosen arbitrarily low, which means
that the overall linear gain ¢; 4+ 7; > 0 is arbitrarily low.

e The nonlinear damping A, (w, z) has a role of robustification against the disturbance d
and arises in both the case when the unknown parameter 6 is matched (such as in the
scalar example in Sect. 7) and when it is unmatched. While dependent on the adapted
gain z, k; (W, z) is independent of the update rate for z (it is not dependent on the adapta-
tion gain I').

e The nonlinear damping p;(w, z) arises only when 6 is unmatched and its role is to
dominate the adverse effect of fast adaptation, namely, the adaptation rate Z acting as a
disturbance, as evident from the last term in (68).
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Again, comparing the results in this section with the results in Sect. 4, namely, comparing
Theorem 3 with Theorem 1, we see that the DADS approach advances the robustness from
disturbances that are of finite energy to disturbances that are persistent.

9 Conclusions

The confluence of adaptive control and optimal control, including game-theoretic control,
plays an increasingly popular role in control research. This is influenced by various forms of
neural network-based learning being brought to bear to compute approximate optimal con-
trollers, be it in indirect fashions (such as by approximating solutions to Riccati equations)
or in indirect fashions (approximating optimal gains, or nonlinear feedback laws). While
this progress is of undeniable value, it remains of tremendous intellectual interest, as well as
holding a promise for much better transient performance, to derive adaptive controllers that
are truly optimal. Truly optimal means not merely asymptotically optimal, i.e., not converg-
ing to optimal gains, but possessing optimality properties over the entire time horizon, as
shown for controllers in the first half of this article, which minimize the costs (5), (21), (35).

This paper has considered two distinct problem statements: adaptive differential games
with finite-energy disturbances in which perfect regulation of the state is achieved (because
a disturbance of finite energy permits that) in the paper’s first half, followed by adaptive
practical stabilization under persistent (bounded but potentially infinite-energy) distur-
bances in the paper’s second half. While optimality in the differential game setting is desir-
able, and introduces a design challenge in the form of Riccati and HJB equations, persistent
disturbances pose an even greater and more fundamental challenge for adaptive control,
because of the completely unknown parameters and the resulting drift of the adaptive gains
in the absence of robustification, which heretofore has been unachieved witout a complete
sacrifice of asymptotic performance.

In view of all this, the second half of the paper—the DADS method—represents a pro-
gression of adaptive control from finite-energy to infinite-energy disturbances.
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