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and Zhong-Ping Jiang , Fellow, IEEE

Abstract—This note studies the distributed feedbak optimiza-
tion for linear multiagent systems without precise knowledge of
cost functions and agent dynamics. The goal is to regulate the
outputs of the agents toward an unknown minimizer of a sum
of local costs. To achieve this, distributed reference signals are
combined with an extremum seeking mechanism to search for
the minimizer. Meanwhile, each agent steers its output toward the
designed reference signal using a learning-based adaptive optimal
tracker. The entire process relies only on measurements of local
costs and input-state data along the agents’ trajectories. Moreover,
the overall feedback loop has three time scales: tracking and con-
sensus of the reference signals are the fastest, periodic sinusoidal
perturbation is the medium, and optimization of the global cost is
the slowest. Through this time-scale separation, the closed-loop
system is guaranteed to be practically exponentially stable at an
equilibrium of interest, along with the convergence of the output
of each agent to a small neighborhood of the desired minimizer. A
numerical example of robotic networks demonstrates the efficacy
of the proposed method.

Index Terms—Adaptive dynamic programming (ADP), extremum
seeking (ES), feedback optimization, multiagent systems.

I. INTRODUCTION

Distributed feedback optimization (DFO) aims to achieve agreement
of the outputs of multiagent systems on a minimizer of a certain op-
timization problem [38]. DFO generalizes distributed optimization by
incorporating agent dynamics [40], and feedback optimization (FO) by
addressing multiagent systems [19]. DFO has found wide applications
ranging from machine learning to robotic networks [5], [7].

Despite considerable studies on DFO for linear systems [29], Euler–
Lagrange systems [36], and nonlinear systems with specific struc-
tures [28], most of the studies depend on accurate gradient information
of the cost function. However, obtaining precise gradients can be
challenging in certain scenarios. For example, mobile robots can only
access the measurements of signal strength without a closed form in
an unknown signal field [10]. Extremum seeking (ES) control has
been proposed to achieve an extremum of an uncertain input-to-output
map for both static and dynamic plants [24] with broad applications
in Nash equilibrium seeking, linear quadratic optimal control, and
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delay compensation, to name a few [11], [27], [34], [35]. Recent
research has explored the application of ES in DFO. For example,
estimation-based ES has been introduced for DFO to minimize the total
network cost, but the design does not address the output agreement of
the agents [9], [16]. In addition, perturbation-based ES has been utilized
for DFO with multiagent systems characterized as single integra-
tors [26]. However, how to integrate DFO and ES to deal with unknown
cost functions for general linear multiagent systems remains an open
issue.

In the seminal ES work [24], the dynamical system is with a pre-
sumed controller that guarantees an appropriate input-to-output map.
Similar assumptions have been made in several subsequent ES and FO
studies such as [14], [18], and [39]. However, for unstable agent dynam-
ics, DFO methods generally require complete or partial knowledge of
agent dynamics to design the controllers as seen in [1], [29], and [37].
Adaptive dynamic programming (ADP) is a systematic methodology
for solving optimal control problems without requiring exact model
knowledge [22]. To remove the restriction on model knowledge, we
propose to utilize ADP for unknown linear multiagent systems to define
an input–output map initially, and then, achieve an ES loop for the DFO
objective. This procedure provides a sequential design, different from
the simultaneous stabilization and optimization approach in [15] and
[16].

This note presents a DFO design for general linear multiagent
systems with unknown cost functions and agent dynamics. The de-
sign integrates ES and ADP for DFO utilizing only measurements
of local costs and input-state data along the agents’ trajectories. In
particular, distributed reference signals are proposed in conjunction
with a perturbation-based ES mechanism, and each agent employs an
ADP-based optimal tracking controller to steer its output toward its
reference signal. Under these data-driven approaches, practical expo-
nential stability of the closed-loop system is guaranteed, ensuring that
the objective of optimal output agreement is achieved. A short version
of this article was presented at the 2024 IEEE Conference on Decision
and Control in [31]. The added values that this paper brings are detailed
proofs of all theoretical results under more general network topology
and a case study in robotic networks.

The rest of this article is organized as follows. Section II formulates
the DFO problem for general linear multiagent systems. Section III
presents our data-driven solution composed of ES-based distributed
reference signals and ADP-based optimal tracking controllers. The
stability analysis of the closed-loop system is given in Section IV. A
numerical example related to robotic networks is provided in Section V,
and finally, Section VI concludes this article.

Notations. Throughout the note, σ(·) denotes the spectrum of a
matrix. N = {1, . . . , N}. X = blockdiag[X1,X2, . . . ,Xn] denotes
the block diagonal concatenation of the matrices X1,X2, . . . ,Xn.
⊗ stands for the Kronecker product. In denotes the identity matrix
with size n× n, and n is omitted when it is clear from the context.
[X1;X2] stands for the matrix formed by vertically concatenating X1
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and X2. (a1, . . . ,an) denotes [a�
1 , . . . ,a

�
n]

� for vectors a1, . . . ,an.
X � 0 (X � 0) denotes that X is real symmetric and positive (semi-)
definite. A � B if A−B � 0 for real symmetric matrices A,B. | · |
denotes the Euclidean norm of a vector or the induced norm of a matrix.
The zero matrix of size p× p is denoted by Op.

II. PROBLEM FORMULATION

Consider a multiagent system withN heterogeneous agents of which
agent i ∈ N is described by⎧⎪⎨

⎪⎩
ḋi = Sidi

ẋi = Aixi +Biui +Eidi

yi = Cixi +Diui + Fidi

(1)

where xi ∈ Rnxi , ui ∈ Rnui , and yi ∈ Rp are the system state, input,
and output measurement, respectively, and di ∈ Rndi is the state of an
exosystem that generates external disturbances.Ai,Bi,Ci,Di,Ei,Fi,
and Si are unknown constant matrices of appropriate dimensions. We
impose the following assumptions on (1).

Assumption 1: The minimal polynomial of Si is available, and all
the eigenvalues of Si are simple roots of the minimal polynomial with
zero real parts.

Assumption 2: The pair (Ai, Bi) is stabilizable and for each λ ∈
σ(Si) ∪ {0}

rank

([
Ai − λI Bi

Ci Di

])
= nxi + p. (2)

Remark 1: Assumptions 1 and 2 are standard in solving robust output
regulation problems in the presence of parametric uncertainties and
external disturbances [8], [20], [21], except that (2) holds when λ = 0,
indicating the system capability of tracking any constant reference input
(see [20, Remark 1.12]).

The communication topology among the agents is described by
a directed graph G, consisting of N nodes, an edge set E ⊆ N ×
N , and a weighted adjacency matrix A = [aij ]N×N . Let (j, i) ∈ E
denote the edge from j to i. Let aij > 0 if (j, i) ∈ E , otherwise
aij = 0. A path from i1 to ik exists if there is a sequence of edges
(i1, i2), . . . , (ik−1, ik). The Laplacian matrix of G is L = [lij ]N×N

with lij = −aij if i 	= j and lii = Σj=N
j=1,j 	=iaij , for i, j ∈ N . G is

quasi-strongly connected (QSC) if there exists a node i∗ ∈ N such
that there is a path from i∗ to any other node. G is weight-balanced
if 1�

NL = 0 where 1N = [1, . . . , 1]� ∈ RN . We make the following
assumption on the graph.

Assumption 3: G is QSC and weight-balanced.
Each agent i ∈ N has access to the measurement of a local cost

functionfi : Rp → R, but the closed form offi is unknown. Letf(ȳ) =∑N
i=1 fi(ȳ) with ȳ ∈ Rp be the global cost function, for which we

impose the following assumption.
Assumption 4: For each i ∈ N , fi is twice continuously differen-

tiable and there exists a positive constant μ such that

(b1 − b2)
�(∇f(b1)−∇f(b2)) ≥ μ|b1 − b2|2 (3)

for all b1, b2 ∈ Rp.
By (3), the global cost function f is said to be strongly convex [33].

Moreover, f has a unique minimizer y∗ such that∇f(y∗) = 0, and each
agent aims to regulate its output toward y∗. Since the local gradient
∇fi is not accessible, we use exploration noise to perturb fi and find
an approximation of ∇fi. Due to the existence of exploration noise,
achieving exact convergence of yi to y∗ is challenging. Hence, we
pursue a less ambitious objective (4) in the sense of semiglobal practical
stabilization as follows.

Fig. 1. Basic ES loop for agent i.

Problem 1: For each agent i ∈ N described by (1) with a cost
function fi(yi), under Assumptions 1–4, find distributed reference
signals and decentralized tracking control laws such that for all the
initial conditions in a prescribed compact set and for any ε > 0, the
closed-loop signals are bounded and

lim sup
t→∞

|yi(t)− y∗| ≤ ε (4)

where y∗ is the minimizer of f(ȳ) =
∑N

i=1 fi(ȳ).

III. DATA-DRIVEN APPROACHES

We develop our solution from a basic ES control loop and gradually
refine the loop’s components to solve Problem 1. In Section III-A,
we develop a model-based tracking control law to handle external
disturbances. In Section III-B, we refine the optimization algorithm to
handle multiagent systems. In Section III-C, as the developed tracking
control law requires the knowledge of model parameters, we employ
ADP techniques to remove this restriction.

A. From Stabilization to Output Regulation

We start with a simplified scenario, where only one agent exists
(N = 1) and the system model is described by{

ẋi = Aixi +Biui

yi = Cixi
(5)

where ui ∈ R and yi ∈ R. This model is a special case of (1) where
the exosystem state di does not appear and Di = 0. We consider this
scenario because Problem 1 can be solved using a basic ES control
loop, as shown in Fig. 1. Our further design for the complete problem
is a refinement of the components in this loop.

This loop is revised from the ES scheme in [24] and [39]. In
this loop, the control law is ui = −K̂ixi + yri where K̂i is chosen
such that Aic = Ai −BiK̂i is Hurwitz; gi(yi) = aδwfi(yi) sin(wt)
where a, δ, and w are small positive parameters; and the reference
input is yri = ri + a sin(wt) with ṙi = −gi(yi). The control law is
pursued to satisfy all the assumptions of [24]. To be specific, for
each constant yri ∈ R, x∗i = −A−1

ic Biy
r
i is a function of yri and an

exponentially stable equilibrium of the closed-loop system (5), and
due to Assumption 4, fi(−CiA

−1
ic Biy

r
i ) is a strongly convex function

of yri when CiA
−1
ic Bi < 0. Due to Assumption 2, CiA

−1
ic Bi 	= 0 and

when CiA
−1
ic Bi > 0, we can use ui = −K̂ixi − yri to satisfy all the

assumptions. For this scenario, by [39, Thm. 1], Problem 1 can be solved
by the proposed ES scheme by choosing sufficiently small a, δ, w. The
basic idea is that xi converges rapidly to its steady state while ri is
slowly varying and governed by a gradient flow for fi approximately
(see [39, Remark 8]).

However, a time-varying disturbance in (1) can cause these as-
sumptions to fail under this loop. For example, when ẋi = −xi +
yri + cos t, yi = xi, the solution satisfies xi(t) = e−txi(0) + (1−
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e−t)yri + sin t+cos t−e−t

2
for t ≥ 0, and when t→ ∞, xi(t) and yi(t)

converge to the equilibrium yri + sin t+cos t
2

, which is no longer a static
but a time-varying function of yri . We recall that the result in [39] relies
on the approximation of fi(yi) by a function of yri only as t→ ∞, but
now this function is affected by the time-varying components generated
bydi. To address this issue, we propose to reject the external disturbance
asymptotically. Let ei = yi − yri be the tracking error. Our objective
is to achieve limt→∞ ei(t) = 0 in the presence of di, such that the
steady-state map fi(yri ) remains static and preserves the properties
of fi(yi) without relying on the equilibrium map as in the simplified
scenario.

This requirement along with the boundedness of the closed-loop
signals in Problem 1 constitutes an output regulation objective, and
we employ an internal-model-based control design [8], [20] for (1)
as follows: let λκi + b1λ

(κi−1) + · · ·+ bκi−1λ + bκi
be the mini-

mal polynomial of Si0 = blockdiag[Op, Si]. Then, a controllable pair
(Φi, σi) can be defined as

Φi =

[
0 Iκi−1

−bκi
[−b(κi−1), . . . ,−b1]

]

and σi = (0, . . . , 0, 1) ∈ Rκi . Let Gi1 = blockdiag[Φi, . . . ,Φi] and
Gi2 = blockdiag[σi, . . . , σi], which contain p copies of Φi and σi,
respectively. The dynamic state feedback controller is described as

żi = Gi1zi +Gi2ei (6a)

ui = −Kixic (6b)

where xic = (xi, zi) and Ki = [Ki1,Ki2] with Ki1 ∈ Rnui×nxi is
chosen such that Aic = Aio −BioKi is Hurwitz with

Aio =

[
Ai 0

Gi2Ci Gi1

]
, Bio =

[
Bi

Gi2Di

]
.

The pair (Aio, Bio) is stabilizable due to Assumption 2 (see [20,
Lem. 1.26]), which guarantees the existence of Ki. Now, we can
replace the control law in Fig. 1 with (6) to handle the external
disturbance. By choosing small enough a, δ, w, the tracking part is
fast while ṙi = −gi(yi) is slow and approximates the gradient flow
ṙi = −a2δw

2
∇fi(ri) for finding the minimum of fi. As a result, Prob-

lem 1 can be solved following the proof of Theorem 1 in Section IV-B.
However, we only consider the single-agent case and the construction of
Ki requires the information of the parameters in (1). These restrictions
will be removed in Sections III-B and III-C, respectively.

B. From Single-Agent to Multiagent Systems

We consider the extension to multiagent systems (N > 1) in this sec-
tion. Assume each agent i ∈ N uses the control law (6) and the system
model is described by (1). Compared to the single-agent case, we will
derive a gradient flow for finding the minimum of f(ȳ) =

∑N
i=1 fi(ȳ),

and pursue a consensus objective, that is, |ri(t)− rj(t)| → 0 as
t→ ∞, for i, j ∈ N , additionally.

In this case, we employ the following distributed algorithm to search
for the minimizer y∗: for i ∈ N

ṙi =
∑
j∈Ni

γaij(rj − ri) + aij(qj − qi)− gi(yi)

q̇i =
∑
j∈Ni

aij(ri − rj) (7)

where Ni = {j|(j, i) ∈ E} denotes the neighbors of agent i, γ is a
parameter to be designed, and qi is an auxiliary variable. Notice that
(7) reduces to ṙi = −gi(yi) for the single-agent case and we use (7)

Fig. 2. Overall ES loop for agent i. The feedback loop for all agents has
three time scales: the tracking part along with the consensus dynamics
is the fastest, the periodic sinusoidal perturbation is the medium, and
the gradient flow for f is the slowest.

to replace ṙi = −gi(yi) as shown in Fig. 2. Equation (7) is revised
from [13] where gi(yi) is replaced with ∇fi(ri) and ri(t) converges
to y∗ for i ∈ N by choosing appropriate γ (see [13, Thm. 5.4 and
Remark 5.6]). In our case, when a, δ, and w are small,

∑N
i=1 gi(yi)

approximates a2δw
2

∑N
i=1 ∇fi(ri), based on which the original con-

vergence result still holds. This fact relies on a time-scale separation
between the gradient flow for f (slow part) and the consensus dynamics
(fast part), as seen later from (17a) and (17b), respectively.

In addition, we refine a sinwt in Fig. 1 to handle the case when p >
1. For i ∈ N and j ∈ {1, . . . , p}, define wij = ww̄ij ∈ R with w̄ij ∈
R and w̄ij1 	= w̄ij2 if j1 	= j2. Let a sinwt be replaced with a sinwit,
where wi = (wi1, . . . , wip) and sinwit = (sinwi1t, . . . , sinwipt).
Accordingly, for i ∈ N , let

yri = ri + a sinwit (8)

and define gi(yi) = (gi1(yi), . . . , gip(yi)) with

gij(yi) = aδwfi(yi) sin(wijt) (9)

for j = {1, . . . , p}. To summarize, the complete ES loop for agent
i ∈ N is illustrated in Fig. 2.

C. Data-Driven Design

Following the discussion in Section III-A, this section presents a
data-driven construction ofKi in (6b) based on ADP, without any prior
knowledge of the parameters in (1).

Let Ki be determined by solving the linear quadratic regulator
problem

min
ui

∫ ∞

0

(x�icQixic + u�
i Riui)dt

s.t. ẋic = Aioxic +Bioui (10)

withQi � ε̄iI for a positive constant ε̄i andRi � 0. Moreover, a matrix
P ∗
i satisfying the following algebraic Riccati equation:

A�
ioP

∗
i + P ∗

i Aio +Qi − P ∗
i BioR

−1
i B�

ioP
∗
i = 0 (11)

exists and defines the optimal stabilizing control law ui = −K∗
ixic

with K∗
i = R−1

i B�
ioP

∗
i to (10). And one can resort to the following

lemma to solve P ∗
i .

Lemma 1 (See [25]): For the differential Riccati equation

Ṗi = A�
ioPi + PiAio +Qi − PiBioR

−1
i B�

ioPi (12)
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with Pi(t0) � 0, limt→∞ Pi(t) = P ∗
i .

Lemma 1 provides a way of obtaining K∗
i by solving (12), but this

process relies on the exact knowledge of Ai, Bi, Ci, and Di. This
restriction can be relaxed by the ADP techniques [2]. Next, we present
a data-driven value iteration process to find K∗

i . Since the minimal
polynomial of Si is available, there exists a matrix Ŝi such that

v̇i = Ŝivi, di = Livi (13)

where vi is a measurable signal and Li is a possibly unknown matrix
(see [12, Remark 1]). Substituting (6) and (13) into (1) shows that

ẋic = Aioxic +Bioui +Mivi + ŷri (14)

where Mi = [EiLi;Gi2FiLi] and ŷri = [0;−Gi2]y
r
i . For any matrix

Pid � 0, along the solutions of (14)

d

dt
(x�icPidxic) = 2(Aioxic +Bioui +Mivi + ŷri )

�Pidxic

= x�icZixic + 2u�
i RiKidxic

+ 2v�i M
�
i Pidxic + 2ŷr�i Pidxic

where Zi = A�
ioPid + PidAio and Kid = R−1

i B�
ioPid. The integra-

tion of the equation from Tk to Tk+1 is

x�icPidxic|Tk+1

Tk
=

∫ Tk+1

Tk

x�ic⊗x�ic dt vec(Zi)

+ 2

∫ Tk+1

Tk

x�ic⊗(Riui)
� dt vec(Kid)

+ 2

∫ Tk+1

Tk

x�ic⊗v�i dt vec(M�
i Pid)

+ 2

∫ Tk+1

Tk

x�ic⊗ŷr�i dt vec(Pid) (15)

where vec(·) denotes the vectorization of a matrix. For a sequence of
times T0 < T1 < · · · < Tsi with si ∈ N, by (15)

Θi

⎡
⎢⎣

Z̄i

vec(Kid)

vec(M�
i Pid)

⎤
⎥⎦ = Dxicxic

P̄id − 2Ixicŷ
r
i

vec(Pid) (16)

whereΘi = [Ix̄ic
, 2IxicRiui

, 2Ixicvi ] is constructed by the trajectories
of xic(t), ui(t), and vi(t) for t ∈ [T0, Tsi ] (see [30, Sec. IV-A] for
related definitions). The following Assumption is made onΘi to ensure
that the solution of (16) is unique.

Assumption 5: Θi is of full column rank.
To ensure this assumption, one can inject an exploration noise such

as sinusoidal signals into ui or yri when collecting the online data [2],
[22]. Under Assumption 5,Zi andKid can be solved from (16) and used
to obtainhid(Pid) = Zi +Qi −K�

idRiKid. Moreover, the solution of
Ṗid = hid(Pid) with Pid(t0) � 0 converges to P ∗

i .
Proposition 1: Under Assumption 5, for the matrix differential

equation Ṗid = hid(Pid) with Pid(t0) � 0, limt→∞ Pid(t) = P ∗
i , and

limt→∞Kid(t) = K∗
i .

Proof: Let (12) be expressed as Ṗi = hi(Pi) and P̃i = Pi − Pid.
Since hi(Pi) = hid(Pi) by Assumption 5, P̃i = 0 is an equilibrium of

the system ˙̃Pi = hi(Pi)− hid(Pi − P̃i), implying that whenPi(t0) =
Pid(t0), Pi(t) = Pid(t) for t ≥ t0. As a result, when Pid(t0) � 0,
letting Pi(t0) = Pid(t0) yields

lim
t→∞

Pid(t) = lim
t→∞

Pi(t) = P ∗
i

by Lemma 1. By continuity, limt→∞Kid(t) = K∗
i . �

Remark 2: Solving Ṗid = hid(Pid) with Pid(t0) � 0 does not de-
pend on the unknown matrices, but on the measurements of xic(t),
ui(t), vi(t), and yri (t) over some finite time intervals. Moreover, this
system is exponentially stable at Pi = P ∗

i [3] and the computational
complexity of hid(Pid) is O(sin

2
i ) where ni = nxi + pκi.

To summarize: first, each agent i collects online data to computeKi

by the ADP algorithm, then, each agent i uses (6) and (8) governed by
(7) and (9) to execute the ES loop as shown in Fig. 2. The details are
as follows.
1) For agent i ∈ N , employ bounded signals ui(t) and yri (t) for t ∈

[T0, Tsi ] and collect the data to compute Θi until Assumption 5
holds; Let Tf and εi ≤ ε̄i be positive constants and letPid(0) � 0.

2) Obtain Pid(Tf ) by solving Ṗid = hid(Pid) with the initial con-
dition Pid(0). Get Zi(Tf ) and Kid(Tf ) by solving (16) and
computehid(Pid(Tf )). If |hid(Pid(Tf ))| < εi, go to the next step,
otherwise let Pid(0) = Pid(Tf ) and repeat step (2).

3) For agent i ∈ N , employ the tracking control law (6) with Ki =
Kid(Tf ) and the reference signal (8) governed by (7) and (9) as
shown in Fig. 2 for the DFO objective.

Based on [2, Cor. 3.9], the aforementioned steps ensure that Aio −
BioKi is Hurwitz.

IV. STABILITY ANALYSIS

This section analyzes the stability of the closed-loop multiagent
system under the ES loop as shown in Fig. 2, composed of the physical
plant (1), the tracking controller (6), and the reference signal (8).

A. Coordinate Transformations

Before stating the main result, we apply appropriate coordinate
transformations to formulate a model of two time scales and a per-
turbed gradient system, which facilitates the stability analysis of the
closed-loop system.

1) Two-Time-Scale Model: We present coordinate transforma-
tions to study the reference signals and the tracking error dynamics and
formulate a two-time-scale model.

We first analyze the reference signals. A matrix U ∈ RN×(N−1)

exists such that T = [1N/
√
N,U ] is orthonormal. Let Tm = T ⊗

Ip = [Ta, Td] with Ta ∈ RNp×p. Denote r = (r1, . . . , rN ) and q =
(q1, . . . , qN ). By the coordination transformation r = Taξa + Tdξd
and q = Taφa + Tdφd with ξa, φa ∈ Rp, and ξd, φd ∈ R(N−1)p being
the average and dispersion parts of r and q, respectively [4], we obtain

ξ̇a = −T�
a g(y) (17a)[

ξ̇d

φ̇d

]
= Ad

[
ξd

φd

]
−
[
T�
d

0

]
g(y) (17b)

φ̇a = 0 (17c)

where y = (y1, . . . , yN ), g(y) = (g1(y1), . . . , gN (yN )), and

Ad =

[
−γUd −Ud

Ud 0

]
(18)

withUd = (U�LU)⊗ Ip. We call (17b) the consensus dynamics as ξd
describes the difference between ri for i ∈ N .

Lemma 2: Under Assumption 3, when γ ≥ 2, Ad is Hurwitz.
Proof: By Assumption 3, 0 is a simple eigenvalue of L and the

other eigenvalues of L have positive real parts [6, Th. 6.6, Lem. 6.5].
Since T�LT = blockdiag[0, U�LU ], all the eigenvalues of Ud have

positive real parts. By (18), Ad =M ⊗ Ud with M =
[−γ −1
1 0

]
and

each eigenvalue of M is real and negative when γ ≥ 2. Because each
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eigenvalue ofAd is a product of an eigenvalue ofM and an eigenvalue
of Ud [32, p. 24], all the eigenvalues of Ad have negative real parts. �

Next, we analyze the dynamics underlying the tracking error ei. For
i ∈ N , Aic = Aio −BioKi is Hurwitz and by [20, Lemma 1.27], a
matrix Xic exists such that

XicSi0 −AicXic = Eic

CicXic + F̂i = 0
(19)

where Cic = [Ĉi, D̂i] with Ĉi = Ci −DiKi1 and D̂i = −DiKi2,
F̂i = [−Ip, Fi], and Eic = [Êi; F̂i] with Êi = [0, Ei]. Define x̃ic =
xic −Xic(y

r
i , di) with Xic(y

r
i , di) denoting the nominal steady-state

manifold with zero tracking error [20]. Using this transformation
and (19), we obtain ˙̃xic = Aicx̃ic −Hir ẏ

r
i , ei = Cicx̃ic where Hir

consists of first p columns of Xic. By stacking all the above systems
together, we obtain a system modeled as

˙̃xc = Acx̃c −Hr ẏ
r (20a)

e = Cx̃c (20b)

where x̃c = (x̃1c, . . . , x̃Nc), yr = (yr1 , . . . , y
r
N ), e = (e1, . . . , eN ),

Ac = blockdiag[A1c, . . . , ANc], Hr = blockdiag[H1r, . . . ,HNr],
and C = blockdiag[C1c, . . . , CNc].

Finally, by combining (17a), (17b), and (20a), and letting ϕ =
(ξd, φd, x̃c), we can express the closed-loop system as

ξ̇a = −T�
a g(y) (21a)

ϕ̇ = Asϕ+Bsg(y) + awϑ (21b)

where As =
[
Ad 0
Hd Ac

]
with Hd = [γHrTdUd,HrTdUd], Bs =

[Bd;Hr] with Bd = [−T�
d ; 0], and ϑ = [0; 0;Hr(w̄11 cosw11t, . . . ,

w̄1p cosw1pt, . . . , w̄Np coswNpt)]. This model presents two time
scales as illustrated in Fig. 2. In fact, whenw is small, in view of (9) and
(21a), a gradient flow as shown later, is slowly varying compared with
(21b) composed of the tracking error dynamics (20a) and the consensus
dynamics (17b). Moreover, when As is Hurwitz, the boundary-layer
system ϕ̇ = Asϕ is exponentially stable at the origin. Letting ϕ = 0
results in a “reduced” system

dξra
dτ

= −aδ 1√
N

N∑
i=1

fi

(
1√
N
ξra + a sin w̄iτ

)
sin w̄iτ (22)

where ξra ∈ Rp is the reduced state, τ = wt, and w̄i = (w̄i1, . . . , w̄ip).
2) Perturbed Gradient System: This section shows that under

a coordinate transformation, (21a) and (22) are actually perturbed
gradient flows.

Define ξ∗a =
√
Ny∗ and ξ̃a = ξa − ξ∗a. Inspired by [23, Sec. 10.4]

and [39, Appendix A], we perform the change of variables

ξ̃a = ψ − aδΨ(τ, ψ) (23)

where Ψ(τ, ψ) =
∫ τ

0
1√
N
ς(s, ψ) ds with

ς(s, ψ) =

(
N∑
i=1

[
fi

(
1√
N

(ψ + ξ∗a)
)
+ a∇fi

(
1√
N

(ψ + ξ∗a)
)�

sin w̄is

]
sin w̄is

)
− a

2
∇f
(

1√
N

(ψ + ξ∗a)
)
.

Assume ψ ∈ Δ0 where Δ0 denotes a compact set to be specified. Ψ
and ∂Ψ/∂ψ are periodic functions with period T and are bounded
for (τ, ψ) ∈ R ×Δ0. Therefore, a constant c0 exists such that when
aδ < c0, I − aδ(∂Ψ/∂ψ) is strictly diagonally dominant, implying

that ψ is uniquely determined by (23) and continuously differentiable.
Then, by (23),

dξ̃a
dτ

=
dψ

dτ
− aδ

(
∂Ψ

∂τ
+
∂Ψ

∂ψ

dψ

dτ

)
. (24)

By the mean value theorem, fi( 1√
N
(ψ + ξ∗a))− fi(

1√
N
(ψ − aδΨ+

ξ∗a)) = O(aδ), ∇fi( 1√
N
(ψ + ξ∗a))−∇fi( 1√

N
(ψ − aδΨ+ ξ∗a)) =

O(aδ), and (I − aδ(∂Ψ/∂ψ))−1 = I +O(aδ). Also, there exists
c1 > 0 such that 1√

N
|∑N

i=1[fi(yi)− fi(
1√
N
ξa + a sin w̄iτ)]| ≤

c1|ϕ|. Substituting the equation −T�
a g(y)=−T�

a g(y) + T�
a g(Taξa+

a sin w̄τ)− T�
a g(Taξa + a sin w̄τ) with sin w̄τ = (sin w̄1τ, . . . ,

sin w̄Nτ) into (24), and using the fact y = Taξa + Tdξd + Cx̃c +
a sin w̄τ , (23), and the aforementioned estimates give

dψ

dτ
= − a2δ

2
√
N

∇f
(

1√
N

(ψ + ξ∗a)
)
+ aδη(τ, ψ, ϕ) (25)

where η = η1(τ, ψ) + η2(τ, ψ, ϕ) with η1 = O(aδ + a2δ + a2) and
|η2| ≤ c1|ϕ|. Compared to (25), (21a) and (22) are perturbed gradient
systems where the magnitude of the perturbation is affected by a
and δ.

B. Main Result

Inspired by [23, Thm. 11.2], we establish the practical exponential
stability of the closed-loop system by leveraging the stability properties
of both the reduced and boundary-layer systems, ensuring that Problem
1 is solved by the proposed ES scheme.

Let ζ = (ψ,ϕ). Define r̃ = r − 1N ⊗ y∗, q̃ = q − Taφa, and x̃cl =
(x̃1cl, . . . , x̃

N
cl ) with x̃icl = xic −Xic(y

∗, di) for i ∈ N . The following
result will be used in Theorem 1.

Lemma 3: For i ∈ N , under Assumptions 1–4, assume Aic is Hur-
witz and γ ≥ 2. Given any real numbers Δ2 > Δ1 > 0, there exist
constants δ∗, a∗, w∗ such that for every δ ∈ (0, δ∗), a ∈ (0, a∗), and
w ∈ (0, w∗), there exist positive constantsβ0,β1 such that for all t0 ≥ 0
and |ζ(t0)| ≤ Δ2, the solution of (25) and (21b) exists and satisfies:
∀ t ≥ t0,

|ζ(t)| ≤ β0|ζ(t0)|e−β1(t−t0) +Δ1. (26)

Proof: Define Vr(ψ) = |ψ|2 and Vf (ϕ) = ϕ�Pϕ where PAs +
A�

sP = −I . Then, define Br
N1

= {ψ||ψ| ≤ N1}, B̄r
N1

= {ψ||ψ| ≤
ρN1},Bf

N2
= {ϕ||ϕ| ≤ N2}, and B̄f

N2
= {ϕ||ϕ| ≤ ρN2} where 0 <

ρ < 1, and N1, N2 are positive real numbers that will be clear later.
Assume ψ ∈ Br

N1
and ϕ ∈ Bf

N2
and along the trajectories of (21b),

we obtain V̇f (ϕ) ≤ −|ϕ|2 + 2|P ||ϕ|awc2 for some c2 > 0. By this
Lyapunov characterization and the comparison lemma (see [23, Lem-
mas 3.4 and 9.4]), we obtain

|ϕ(t)| ≤ c3|ϕ(t0)|e−α(t−t0) + c4aw (27)

where c3 =
√

λmax(P )
λmin(P )

, α = 1
2λmax(P )

, and c4 = 2|P |c2λmax(P )
λmin(P )

with

λmax(P ) and λmin(P ) denoting the maximum and minimum eigen-
values of P , respectively. To ensure ϕ(t) ∈ Bf

N2
for t ≥ t0, we require

that c3ϕ(t0) ∈ B̄f
N2

and c4aw < (1− ρ)N2 where the first condi-

tion is ensured by choosing N2 ≥ c3Δ2
ρ

. Then, along the trajecto-

ries of (25), V̇r(ψ) ≤ −a2δwμ
N

|ψ|2 + 2aδw|ψ|(c5(aδ + a2δ + a2) +
c1(c3|ϕ(t0)|e−α(t−t0) + c4aw)) for some c5 > 0 where we used (3)
and (27). Similarly, using the comparison lemma yields

|ψ(t)| ≤ |ψ(t0)|e−β1(t−t0) + c6w + c7(a+ δ + aδ) + c8aδw (28)
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where β1 = μ
2N
a2δw, c6 = 2Nc1c4

μ
, c7 = 2Nc5

μ
, and c8 = c1ρN2

(1−ρ)α
,

when μ
2N
a2δw < ρα. To ensure ψ(t) ∈ Br

N1
for t ≥ t0, we re-

quire that ψ(t0) ∈ B̄r
N1

and c6w + c7(a+ δ + aδ) + c8aδw < (1−
ρ)N1 where the first condition is ensured by choosing N1 ≥
Δ2
ρ

. Based on (27), (28), and |ζ| ≤ |ϕ|+ |ψ|, we obtain |ζ(t)| ≤
c9|ζ(t0)|e−β1(t−t0) + c4aw + c6 w + c7(a+ δ + aδ) + c8aδw with
c9 = c3 + 1. Therefore, using this estimate and choosing a, δ, w such
that c4aw + c6w + c7(a+ δ + aδ) + c8aδw ≤ Δ1 give (26) by let-
ting β0 = c9. �

Theorem 1: For i ∈ N , under Assumptions 1–4, assume each agent i
modeled by (1) uses the control law (6) whereKi is chosen such thatAic

is Hurwitz, and the reference signal (8) governed by (7) with γ ≥ 2 and
(9) as shown in Fig. 2. Given any positive real numbers Δ∗

1, Δ∗
2, and ε,

there exist positive constants δ∗1, a
∗
1, w

∗
1 such that for every δ ∈ (0, δ∗1),

a ∈ (0, a∗1), andw ∈ (0, w∗
1), there exist positive constantsα0,α1 such

that, for all t0 ≥ 0 and |(xi(t0), zi(t0), di(t0), ri(t0), qi(t0))| ≤ Δ∗
2

with i ∈ N , the solution of (1), (6a), and (7) exists and satisfies:∀ t ≥ t0

|χ(t)| ≤ α0|χ(t0)|e−α1(t−t0) +Δ∗
1 (29)

where χ = (r̃, q̃, x̃cl), and (4) is satisfied.
Proof: By the change of variables: r = Taξa + Tdξd,

q = Taφa + Tdφd, x̃ic = xic −Xic(y
r
i , di), (23), and (8), we derive

ψ = T�
a r̃ + aδΨ, ξd = T�

d r̃, φd = T�
d q̃, and x̃c = x̃cl −Hr(r̃ +

a sin w̄τ). It follows that |ψ| ≤ |r̃|+ aδ|Ψ|, |ξd| ≤ |r̃|, |φd| ≤ |q̃|,
and |x̃c| ≤ |x̃cl|+ |Hr|(|r̃|+ a

√
Np). Moreover, for the prescribed

Δ∗
2, there exist positive constants c∗0,Δ2 such that when aδ ≤ c∗0,

|ζ(t0)| ≤ Δ2. For any 0 < Δ1 < Δ2, by Lemma 3, we can derive the
tuple (a∗, δ∗, w∗) such that when a ∈ (0, a∗), δ ∈ (0, δ∗), w ∈ (0, w∗),
the solution of (21b) and (25) exists and satisfies (26)–(28). By
r̃ = Taψ + Tdξd − aδTaΨ, |r̃(t)| ≤ |ψ(t)|+ |ξd(t)|+ aδ|Ψ| ≤
|ψ(t0)|e−β1(t−t0) + c3|ϕ(t0)|e−α(t−t0) + aδ|Ψ| + c4aw + c6 w +
c7(a+ δ + aδ) + c8aδw where we used (27) and (28). Similarly, we
obtain |q̃(t)| ≤ |φd(t)| ≤ c3|ϕ(t0)|e−α(t−t0) + c4aw, and |x̃cl(t)| ≤
c3|ϕ(t0)|e−α(t−t0) + c4aw + |Hr|(|r̃(t)|+ a

√
Np). Substituting the

inequalities |ψ(t0)| ≤ |r̃(t0)|+ aδ|Ψ(wt0, ψ(t0))| and |ϕ(t0)| ≤
|ξd(t0)|+ |φd(t0)|+|x̃c(t0)| ≤ (1+ |Hr|)|r̃(t0)| + |q̃(t0)| + |x̃cl
(t0)|+ a|Hr|

√
Np into these estimates and using the boundedness

of Ψ give (29) with α1 = β1 by choosing appropriate α0, Δ1, and
small enough a∗1, δ

∗
1, w

∗
1, and (4) can also be satisfied by the fact

y − 1N ⊗ y∗ = [Ta, Tc]ζ − aδTaΨ+ a sin w̄τ with Tc = [Td, 0, C]
and (26). �

Remark 3: For i ∈ N , by (29), ri converges to a neighborhood
of the desired minimizer y∗, φa(t) = φa(t0) and qi converges to a
neighborhood of 1

N

∑N
i=1 qi(t0) due to (17c), and xic converges to a

neighborhood of the manifoldXic(y
∗, di)with a residual tracking error

of at most ε as described by (4), and the manifold reduces toXicy
∗ when

di does not appear as in the simplified scenario in Section III-A.
Remark 4: As shown in Lemma 3, the residual error is O(a+ δ +

w) and the convergence rate is α1 = μ
2N
a2δw. Therefore, choosing

small a, δ, w not only reduces the residual error but also reduces the
convergence speed. This tradeoff aligns with the result in [39]. In
practice, one can start with sufficiently small values of a, δ, w and
gradually increase their values before the performance deteriorates
significantly. Estimates of the constants in (27) and (28) can help tune
the increments of a, δ, and w in this process.

V. SIMULATION RESULTS

This section presents a numerical example of robotic networks to
validate the efficacy of our proposed method.

Fig. 3. Convergence of Pid(t) and Kid(t).

Consider 16 robots (N = 16) in a signal field generated by a
point-type signal source located at p∗ = (1, 1). The signal strength
measured at p = (px,py) is F (p) = φ0

|p−p∗|2 with a positive param-

eter φ0. Let pi ∈ R2 denote the position of agent i. The source-
seeking and formation task [29] asks for the convergence of pi to the
solution of

min
p1,...,p16

16∑
i=1

1

F (pi)
, s.t. pi − pj = pni − pnj

for i, j ∈ N , where the nominal positionspni = (k1, k2)withk1, k2 ∈
{0, 1, 2, 3} for i ∈ N form a prescribed square formation. Let yi =
pi − pni and fi(yi) = 1

F (yi+pni)
= 1

φ0
|yi + pni − p∗|2. Then, the

task equivalently asks for the convergence of yi to the solution of

min
y1,...,y16

16∑
i=1

fi(yi), s.t. yi = yj for i, j ∈ N .

This is the desired form of the optimal output agreement problem
considered in this note. Moreover, Assumption 4 holds and guarantees
a unique minimizer y∗ = (−0.5,−0.5). The dynamics of the agent i
reads [1]

ẋi =

[
0 I2

0 −εiI2

]
xi +

[
0

εiI2

]
ui (30a)

yi =
[
I2 0

]
xi − pni (30b)

where xi ∈ R4, ui ∈ R2, and εi = 1.25 if i is even, otherwise, εi =
1.67. From (30), Si = O2, di = pni, and Fi = −I2. Furthermore,
Assumptions 1 and 2 hold. The communication topology is described
by an undirected grid graph with 4× 4 nodes (see [6, Sec 3.1]). The
adjacency matrix satisfies A1N = 1N and Assumption 3 holds.

In the first stage, we use the ADP algorithm developed in Sec-
tion III-C to learn an optimal tracking controller for each agent. For
i ∈ N , let Qi = 2I , Ri = I , and yri = 0. A summation of sinusoidal
signals with different frequencies is employed as the control input.
Consequently, Assumption 5 is satisfied by collecting the input-state
data for 1.8 s with a sampling time of 0.01 s. We compute P ∗

i and
K∗

i for comparison, and the convergence of Pid to P ∗
i and Kid to K∗

i

is achieved for i ∈ N , as shown in Fig. 3. Note that it takes 0.2 s to
get Kid(Tf ) with Tf = 25 s and |hid(Pid(Tf ))| < 0.001 by solving
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Fig. 4. (a) Trajectory of |y(t)− 1N ⊗ y∗| without time delay. (b) Trajec-
tory of |y(t)− 1N ⊗ y∗| with time delay td = 0.1 s.

the differential equation Ṗid = hid(Pid) with Pid(0) = 0.1I using the
Runge–Kutta method for i ∈ N .

In the second stage, we use the obtained tracking controllers and
the reference signal (8) governed by (7) and (9) to achieve the optimal
output agreement objective. Let φ0 = 1 and all the initial conditions
be set to zero. Also, based on Theorem 1, we set γ = 2, a = 0.2,
δ = 0.2, w = 0.4, and w̄i1 = 1, w̄i2 = 1.5 for i ∈ N . The trajectory
of |y(t)− 1N ⊗ y∗| is shown in Fig. 4(a). It can be observed that each
agent’s output converges to a neighborhood of y∗ as time increases.
Furthermore, when the transmission between agents is subject to a
constant time delay td = 0.1 s, rj(t) and qj(t) are replaced with
rj(t− td) and qj(t− td), respectively, for j ∈ Ni in (7). In this case,
we obtain a similar convergence result as shown in Fig. 4(b), which
shows the robustness of the algorithm to small time delays.

VI. CONCLUSION

This note addresses the DFO problem for linear multiagent sys-
tems with unknown costs and agent dynamics. We propose ES-based
distributed reference signals and ADP-based tracking controllers us-
ing only measurements of local costs and input-state data. Practical
exponential stability is guaranteed for the closed-loop system. A nu-
merical example of robotic networks illustrates the effectiveness of
the proposed method. Our future work will be directed at extending
the proposed methodology to nonlinear multiagent systems subject to
communication delays and time-varying topology [17], [22].
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