Automatica 183 (2026) 112611

Contents lists available at ScienceDirect
automatica

Automatica

journal homepage: www.elsevier.com/locate/automatica

Local practically safe extremum seeking with assignable rate of R

Check for

attractivity to the safe set™

Alan Williams **, Miroslav Krstic ®, Alexander Scheinker ?

¢ Los Alamos National Lab, Los Alamos NM, United States of America
b University of California - San Diego, San Diego CA, United States of America

ARTICLE INFO ABSTRACT

Article history:

Received 12 April 2024

Received in revised form 21 April 2025
Accepted 1 August 2025

We present Assignably Safe Extremum Seeking (ASfES), an algorithm designed to minimize a measured,
static objective function while maintaining a measured, static metric of safety (a control barrier
function or CBF) to be positive in a practical sense. We ensure that for trajectories with safe initial
conditions, the violation of safety can be made arbitrarily small through appropriately chosen design
constants. We also guarantee an assignable “attractivity” rate: from unsafe initial conditions, the
trajectories approach the safe set, in the sense of the measured CBF, at a rate no slower than a
user-assigned rate. Similarly, from safe initial conditions, the trajectories approach the unsafe set,
in the sense of the CBF, no faster than the assigned attractivity rate. The feature of assignable
attractivity is not present in the semiglobal version of safe extremum seeking, where the semiglobality
of convergence is achieved by slowing the adaptation. We also demonstrate local convergence of the
parameter to a neighborhood of the minimum of a quadratic objective function constrained to the
safe set with a linear CBF. The ASfES algorithm and analysis are multivariable, but we also extend
the algorithm to a Newton-Based ASfES scheme which we show is only useful in the scalar case. The
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proven properties of the designs are illustrated through simulation examples.
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1. Introduction

We introduce an algorithm for Assignably Safe Extremum
Seeking (ASfES), where both a lower bound on the rate of con-
vergence to the safe set and an upper bound on the rate of
convergence towards the unsafe set are user-assignable.

The algorithm combines traditional Extremum Seeking (ES)
methods (Ariyur & Krstic, 2003; Krstic & Wang, 2000) with
the quadratic program (QP)-based control barrier function (CBF)
safety approach of Ames, Xu, Grizzle, and Tabuada (2016). This
work is essentially concerned with solving the static problem

mgin](@) subject to h(6) > 0, @))

with the algorithm characteristics: (1) safe initial conditions,
h(6(0)) > 0, remain safe for all time (2) unsafe initial conditions,
h(6(0)) < 0, approach safety over time. The objective func-
tion J should be minimized but safety, represented by a single,
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unknown yet measured function h(6), should be maintained by
keeping h positive over the entire course of time. The idea of
“practical safety” has been described in prior work (Williams,
Krsti¢, & Scheinker, 2022; Williams, Krstic and Scheinker, 2023)
through the use of an inequality

h(0(t)) > h(6(0))e " + O(¢) for all t € [0, 0o), (2)

where ¢ > 0 is value we term the “attractivity” rate and O(¢) is a
violation of safety (in the worst case O(¢) is negative) which may
be made small through appropriate choices of design constants.
In this work € = €(a, w, wf) where a is the dither amplitude,
its frequency, and wr a pole of a filter for estimating gradients
of the unknown functions J and h. This inequality and the value
¢ describe how quickly a trajectory, which starts safe — 6(0) €
{6 :h(6) = 0} — is allowed to approach the practical, marginally
safe boundary h = O(e¢). But, for trajectories which start unsafe
— 0(0) € {0 :h(0) < 0} — it describes how fast (at least) a
trajectory converges to the safe set. It is, therefore, desirable to be
able to assign the value c. In our previous work (Williams, Krstic
et al,, 2023), the value c is fundamentally unknown to the user,
and not assignable. Because of the semiglobal design in Williams,
Krstic et al. (2023), the parameter 6(t) must travel slowly, in order
to achieve semiglobality, with a small adaptation gain. With a
small adaptation gain, the estimates of the unknown gradients of
the optimization problem can be computed accurately such that
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convergence can be achieved from any initial condition — but this
sacrifices the assignability of the parameter c.

The design presented in this work allows the user to assign the
value of c, achieving practical safety with an assignable attractiv-
ity rate, giving more control by the user to specify the dynamics
of h. In addition, we also demonstrate local convergence of the
parameter 6 to a neighborhood of the constrained minimizer of
the objective function on the safe set.

1.1. Literature (ES, constrained ES, CBF safety filters)

Extremum seeking (ES) has evolved significantly since its first
formal stability proof (Krstic & Wang, 2000), with developments
including handling of maps with multiple extrema (Tan, Nesic,
Mareels, & Astolfi, 2009), Newton-based ES (Ghaffari, Krsti¢, &
Nesi¢, 2012), stochastic ES (Liu & Krstic, 2015), and more (Guay &
Dochain, 2015; Nesic, Mohammadi, & Manzie, 2012). Further in-
novations address stabilizing time-varying systems (Scheinker &
Krsti¢, 2012, 2014), applications to PDEs (Oliveira, Krsti¢, & Tsub-
akino, 2016), fixed-time Nash equilibrium for networks (Poveda,
Krsti¢, & Basar, 2022), among others (Scheinker, 2024). ES has
also been used in situations with known constraints (Poveda &
Quijano, 2015; Scheinker & Krsti¢, 2014; Tan, Li, & Mareels, 2013).

Several works have explored ES-based solutions in constrained
optimization with and an unknown constraint. The work (Guay,
Moshksar, & Dochain, 2015) modifies ES to estimate gradients
of unknown functions, bypassing traditional averaging and sin-
gular perturbation theory. The Lie bracket formalism has been
used (Labar, Garone, Kinnaert, & Ebenbauer, 2019) to perform
constrained ES approach, utilizing saddle point dynamics and an
additional Lagrange-multiplier state. ES has been merged with
“boundary tracing” (Liao, Manzie, Chapman, & Alpcan, 2019),
drawing on nonlinear programming techniques. Authors in
Poveda and Quijano (2015) present ES algorithms inspired by
evolutionary game theory, addressing both equality and inequal-
ity constraints. Data-sampled ES techniques, such as those in
Hazeleger, Nesi¢, and van de Wouw (2022) for steady-state con-
straint satisfaction and SPA stability, along with general opti-
mization schemes explored in Khong, Nesi¢, Tan, and Manzie
(2013) and Teel and Popovic (2001), highlight notable advances
in unknown constraint handling. Previous work (Williams, Krstic
et al.,, 2023), describes a semiglobal practically safe ES controller,
with applications to particle accelerators (Williams, Scheinker,
Huang, Taylor and Krstic, 2024), albeit with limited control over
attractivity due to its semiglobal nature.

First defined in Wieland and Allgéwer (2007) and later refined
and popularized by the seminal papers (Ames, Grizzle, & Tabuada,
2014; Ames, Xu, Grizzle, & Tabuada, 2017), QP-CBF formulations
are often employed in a “safety filter” framework where they
are used for generating safe control overrides for a potentially
unsafe nominal controller. The QP-CBF methodology has found
numerous application in control, Abel, Jankovi¢, and Krsti¢ (2020),
Ames et al. (2014), Clark (2021), Santillo and Jankovic (2021)
and Wang, Ames, and Egerstedt (2017) to name only a small
fraction of the body of work. Recent studies have explored safe set
violations by disturbance magnitudes (Kolathaya & Ames, 2018).
Inverse optimal safety filters for disturbances of both determin-
istic and stochastic natures have been designed (Krstic, 2023),
without using the QP approach. Additionally, advancements in
high-relative-degree CBFs (Hsu, Xu, & Ames, 2015; Krstic & Be-
ment, 2006; Wu & Sreenath, 2015), higher-order CBFs (Krstic &
Bement, 2006; Xiao, Cassandras, & Belta, 2021), prescribed-time
safety filters (Abel, Steeves, Krsti¢, & Jankovi¢, 2023), and approx-
imate optimal controllers integrating safety violations (Cohen &
Belta, 2020), highlight diverse approaches to enhancing system
safety and optimality.
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1.2. Results and contribution

The analysis we provide is based upon classical averaging and
singular perturbation techniques. The QP-CBF based safety filters
presented in Ames et al. (2016) are inherently nonsmooth, due to
the term max{x, 0} appearing in the safety filter term. Therefore
our design contains a smooth approximation of this quantity,
maxs{x} — a term which is inherently more conservative with re-
spect to safety, and makes our algorithm more conservative than
the design presented in Williams, Krstic et al. (2023), yielding
convergence to a neighborhood of the constrained equilibrium
with a bias favoring safety (with conservativeness increasing
with large §). Furthermore, our results are fundamentally local
in nature relying on more restrictive assumptions of ] and h than
those used in Williams, Krstic et al. (2023), due to the analysis
techniques used. The design also relies on a dynamic estimate of
the quantity ||G,||=2 (Gy is an filtered estimate of the gradient
of h) by use of a Riccati filter, reminiscent of Ghaffari et al.
(2012). Because the inspiration of this design is based on the
CBF literature, where system safety is described, in the majority
of the safety literature, with the use of a single function h, the
ASfES design presented here likewise is limited to solving the
constrained problem (1) with a single inequality.

What is gained by the ASfES algorithm presented here over its
semiglobal cousin (Williams, Krstic et al., 2023) is that the user
has enhanced control over the temporal behavior of h. Namely,
we show that the value of c, the attractivity rate, in (2) can be
assigned by the user. We achieve: (1) local, practical asymptotic
convergence to the constrained minimum of the objective func-
tion on the safe set (2) practical convergence to the safe set at
least as fast as the assignable attractivity, for initial conditions
which start unsafe (3) an approach towards the unsafe set, practi-
cally, no faster than the assigned attractivity for initial conditions
which start safe.

Furthermore, we also present an extension to a Newton-Based
ASfES (NB-ASfES) scheme and show that it should only be used
when considering a scalar parameter. NB-ASfES shares all of the
features of ASfES with the additional feature that the nominal
convergence rate of the parameter, k, is also assigned. Therefore
we achieve an assignable rate of convergence of the parameter
only if the assigned safety attractivity is not violated — otherwise
the parameter rate is slowed from its assigned rate in favor of
maintaining the assigned safe attractivity rate.

This paper elucidates a tradeoff: one can either use slow adap-
tation and achieve semiglobality (Williams, Krstic et al., 2023) or,
as shown here, assign the attractivity rate locally.

The conference version of this work (Williams et al., 2022)
studied the ASfES algorithm (see Williams et al. (2022) for a intu-
itive derivation of the dynamics), but with analysis only given in
1 dimension. This work presents an extensive n dimensional anal-
ysis. Other work in Williams, Krstic et al. (2023) studies a similar
algorithm, which is semiglobal in nature, but has nonassignable
attractivity. Practical safety is a feature shared by ASfES and the
algorithm in Williams, Krstic et al. (2023). Namely, that for an
arbitrarily small violation of safety (the O(¢) term in (2)), there
exist design constants which guarantee it for all time.

The key design element that leads to the result in (2) is
an additive term in the parameter dynamics proportional to an
estimate of the gradient of h. Since the gradient points in the di-
rection of the steepest increase, this term enables the parameter
to ascend along level sets of h in unsafe regions and moderates its
descent along level sets of h in safe regions. If starting in the safe
region, the inequality (2) says that trajectories approach an O(¢)
region around the safety boundary no faster than exponentially.

Organization: first we introduce the ASfES design and the main
results in Sections 2 and 3, then we perform the averaging and
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convergence analysis in n dimensions in Section 4. In Section 5,
the safety of the system is studied with the use of singular
perturbation techniques, showing that the attractivity rate, c, can
be assigned a priori by the user. Section 6 discusses an extension
to a Newton-based version of the algorithm. Finally, Section 7
presents simulations of the algorithms for 1 and 2 dimensions.

Notation: We denote R. o and R as the set of positive and non-
negative real numbers, respectively. For a differentiable function
Q : R" — R we denote the gradient as VQ : R" — R". The
notation {h(#) > 0} is shorthand for {§ € R" : h(6) > 0} for
a function h : R" — R. For a vector v € R", the notation ||v||
denotes the Euclidean norm. The function max; : R — R.( given
by

max;{x} = % (X + VX2 + 8) ~ max{x, 0}, (3)

for a small parameter § > 0. Note that maxs{x} > max{x, 0} for
all x e R.

2. Algorithm
2.1. Assignably Safe Extremum Seeking

We will first introduce the set of differential equations de-
scribing the ASfES algorithm in n dimensions:

6 = —kG; + ymax; (kG| G — cn )G (4)
G = —wiGy + ax(J(A(t) + S(t)) — 1y)M(t) (5)
) = —omy + og(0(t) + S(t)) (6)
: (7)
(8)
9)

Gn = —wiGy + wi(h(B(t) + S(t)) — np)M(t) 7
8

i = —wmn + oh(0(t) + S(t))
9

y = oy (1= yIIGul?)

where the state variables é, G,Gy € R" and nj,mn,y € R
so overall the dimension of the system is 3n + 3. The map is
evaluated at 6, defined by

6(t) = O(t) + S(t). (10)

The integer n denotes the number of parameters one wishes to
optimize over. The perturbation signal S and demodulation signal
M are given by S;i(t) = asin(w;t) and M;(t) = %sin(a),-t) the
standard signals found in classical ES (Ariyur & Krstic, 2003) for
i=1,...,n The design coefficients are wy, w;, 8, a, k, c > 0. The
functions J, h : R" — R are scalar valued fgnctions defined over
the optimization variables 6. The terms (J(6(t) + S(t)) — n)M(t)
and (h(é(t) + S(t)) — np)M(t) are the estimates of the gradients
of the static maps J and h respectively. The variables G; and Gj,
are low pass filtered versions of these estimates, governed by
separate filter dynamics — the variables »; and 5, are filtered
measurements of /] and h respectively. We do not feed the es-
timates of the gradients of | and h themselves, which contain
an explicit dependence on S(t) and M(t), directly into the max;
approximation in order to avoid time varying terms appearing
inside the argument of the non-linearity maxs, which would com-
plicate an averaging analysis. Furthermore, with the inclusion of
separate filters, (5)-(9), the convergence of estimated quantities
can be designed to occur on a fast time scale (with large w¢) — a
key feature which aids the safety analysis. The (nonlinear) Riccati
filter  performs a dynamic computation of 1/||Gy|| > 0 which
maintains classical solutions of (4)-(9) if G, = 0 (Ghaffari et al.,
2012). Fig. 1 illustrates a block diagram of the ASfES algorithm
and the safety filtering action.

To make the classical averaging theorem applicable, the algo-
rithm must have a continuously differentiable right-hand side.
Because the standard maximum operation is nonsmooth in the
QP-CBF formulation we approximate it by the function max;.
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Table 1
Transformations of the parameter 6.
Var. Definition Description
(f(t) n/a optimization param. (input to the map)
6(t) =0(t) — S(¢t) unconstr. param. est.
a(t) = @(t) —0* unconstr. param. est. err.
é“(t) avg. of 6(t) unconstr. avg. param est. err.
gae eqm. of 63(t) eqm. of unconstr. avg. param. est. err.
ég(t) = 6(t) — 6> constr. avg. param. est. err.

2.2. Design motivation

To understand the motivation of the design in (4), first con-
ceived in Williams et al. (2022), consider the gradient descent

control law u(f) = —kVJ(@) and suppose J,h are known
differentiable functions:
6 =u(0) = —kVJj(H). (11)

The seminal safety work of Ames et al. (2016) demonstrated that
if the control law satisfies safety inequality h(6) + ch(6) > 0
then the safe set {§ € R" : h(f) > 0} is forward invariant. The
inequality is equivalent to

Vh(0) u(8) + ch(®) > 0, (12)

which implies h(0(t)) > h(6(ty))e™, describing a bound on
the system’s approach to the barrier. In order to enforce this
constraint, a QP finds the smallest additional control action to
add to the nominal control, u(6), such that (12) is satisfied. The
safety-aware control law is us = u(f) + u, and u is given by the

QP:

i = argmin ||v||> subject to (13)
veRN
Vh(0) (u(0) + v) + ch(8) > 0 (14)

with the closed-form solution (via the KKT conditions Boyd, Boyd,

& Vandenberghe, 2004)

_ Vh(6)

i = ———— max{—Vh(8) u(8) — ch(d), 0} (15)
IVh(0)I12

assuming Vh(f) # 0 for h(8) < 0. Now we can notice the

dynamics of (4) are simply u; = u(0)+u where “exact” quantities,

like VJ(0), Vh(0), h(6), and || Vh(8)||~2 in (15), are replaced by the

filtered “estimated” versions (G;, Gy, nn, and y ). Also, the function

max{x, 0} is replaced by max;{x}.

2.3. Coordinate transformations

The variable 0, is transformed several times before averaging
is performed, and then again to the equilibrium of the con-
strained system. We summarize the various coordinates in Table
1 for clarity, using “param.” to mean “parameter”, “constr.” to
mean “constrained” (and “unconstr.” as “unconstrained”), “est.”
to mean “estimate” or “estimation”, “err.” to mean “error”, “avg.”
to mean “average”, and “eqm.” to mean “equilibrium”.

In unconstrained extremum seeking, the equilibrium is 6%¢ =
0. This is not true for the dynamics we present. The final trans-
formation in Table 1 defines a new state with equilibrium of zero
0&¢ = 0. The rest of the states in the algorithm, G;, n;, Gy, 1, and
y, undergo fewer transformations than 6.

We use the variable ‘x’ to describe the full state of the solutions

or equilibrium:
x = [0; Gy; ny; Gp; nns v, (16)
& = [0; Gys nys Gus mws ), (17)
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s 5 h(6)
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Fig. 1. A block diagram of the ASfES algorithm. Removing the “Safety Filter” block recovers the classical extremum seeking algorithm.

X = [0; Gy mys Gus mws 7], (18)
X =1[0% G s Ghimp v°1. (19)
X =10 G n) s Gy S v, (20)
X? = [ég; G]a,c; nl‘:,c; Gz,c; Vca; nja.c]' (21)

The superscript “a” always denotes a variable defined from an
averaged system, and the superscript “e” always denotes an equi-
librium value. For example, x*€ is the equilibrium of the state x?,
which is the averaged version of X (shown in the next section).
Here, “averaged” is in the sense of the standard averaging the-
ory (Khalil, 2002). The subscript “c” relate to the “constrained”
dynamics of ASfES, shown later to be defined as x? := x* — x*¢.
Note that the ordering of the state variables have also been
changed in x{, which will help identify block structures in a
linearization procedure later.

3. Main results

We consider the analysis of ASfES under the following as-
sumptions for the static functions.

Assumption 1. With the symmetric Hessian matrix H > 0
and unconstrained minimum 6* € R", the objective function is
unknown and has the quadratic form

JO) =1+ (0~ 0T H — 6°) (22)

Assumption 2. With hy € R and h; € R",,, the barrier function

. . #0
is unknown and has the linear form

h(6) = ho + h}(6 — 6%). (23)

In (23), ho > 0 implies the unconstrained minimum of J is safe,
and hy < 0 implies the unconstrained minimum is unsafe.

Since the results are local, our assumptions need only hold
locally although the forms assumed are global for simplicity of
the presentation. We posit that the results and analysis steps
are essentially the same if | has a positive definite Hessian in a
neighborhood of the minimizer of J on {h(6) > 0} (it is strongly
convex), and that h is well approximated as a linear function in
this neighborhood (with sufficient smoothness in both J and h).

Assumption 3. The design constants are chosen as wy, w;, 6, a, k,
¢ > 0, where w;/w; are rational with frequencies w; chosen such
that w; # w; and w; + w; # wy for distinct i, j, k € {1,2,...,n}.

The first main result of this paper concerns convergence of
the parameter to the (constrained) minimizer of the objective
function J on the safe set.

Theorem 1 (Local Convergence to the Safe Optimum). Under As-
sumptions 1-3, there exist positive constants p, ™ such that if
1X(0) — x*€¢|| < p then for all w € [w*, 00),

limsupJ(O(t)) =J; + O(1/w + a + §), (24)

t—00

where JF is the minimum of J(9) on the safe set C = {6 : h(9) > 0}.

The local region ||X(0) — x*¢|| < p describes initial conditions
which are close to the constrained minimizer. This implies é(O)
must be close to 6* + §*¢ — a quantity which is the global
minimizer (6*) and a large offset, describing the shift of the
parameter into the safe set. Additionally the filtered estimates
Gy, ny, Gy, nn, y must also lie close to the true values.

In the second main result, we show that the violation of safety
in the original system is of order O(1/w + 1/wf + a) and the
decay of the time dependent term has a time constant ¢, which
is specified by the user and contained in the algorithm dynamics

(4)-(9).

Theorem 2 (Practical Safety with Assignable Attractivity Rate). Un-
der Assumptions 1-3, there exist positive constants p, wf, w* such
that if |X(0)—x*¢|| < p, then for all w; € [w}, 00) and w € [w*, 00),

h(8(t)) > h(8(0))e™ + O(1/w¢ + 1/w + a). (25)

On extensions to systems with dynamics: When the objec-
tive function J is the output of a dynamical system, the ASfES
method may not be applicable, as the unknown system’s dynam-
ics might be inherently slower than the assigned convergence
rate ¢, making the desired task infeasible. Unlike in this work (see
Fig. 2 for a high level analysis depiction), when applying ES to
dynamical systems, one typically cannot select large filter gains
and perturbation frequencies.

4. Convergence

The next subsections present the main steps in deriving The-
orem 1. First an average system is derived, and linearization is
performed to conclude the convergence result.
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4.1. Deriving the average system

With the change of variables, introducing 6 and 6, we have the
relations

6(t) = 0(t) — o* (26)

6(t) = 6(t) + S(t) = 6(t) + S(t) + 6* (27)
o(t) — 0* = 8(t) + S(t (28)
where
Si(t) = asin(w;t), (29)
and with the time transformation t = wt we have

[—kG; + ymaxs{ijch1 — cnp)Gh
—wiGy+
of(J(0 + S(E) +6%) — n))M(Z)
dx —wpy + o (0 + S(5) + 6%)

wa = Gyt (30)

wi(h(0 + S(£) 4+ 6*) — ny)M(Z)
— o + wth(d + S(Z) + 0%)
L ory(1 = yIGnll?)
=f, 7). (31)
Now the system is in the correct form to perform averaging. We
express the signals S and M with frequencies scaled by w as
Si(£) = asin(w{t) and Mi(X) = 2 sin(w1), with o; = wo{. We
compute the average of the right-hand side given by the formula
31, taking the period to be IT given as

H:anLCM{al)/}, ie{l,2,...,n}, (32)
1
where LCM denotes the least common multiple. We compute the
average system as
1 7
i) = = / f(x?, t)dz, (33)
IT Jo
d

X = 10% G Ghi i v (34)
Using classical averaging (Khalil, 2002), we arrive at the average
system

—kGj + y*max; {kG}" Gj, — cij}Gj
—a)fG]a + wfHH?
W _ | —om + (8 + 6%) + S Tr(H)) (35)
dt —a)fG?' + wrhq
—omp + (l)fh(éa +6*)
wry?(1 = y2IGII1%)
=), (36)

4.2. Equilibrium of the average system
We find the equilibrium of the average system (36), taking the

positive equilibrium point of y?. Immediately we calculate the
following equilibria

| I a?
e =J+ 6% THO* + —Ti(H) (37)
2 4
Gt =h (38)
1
yhe = (39)
IR 12
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approx.
- (averaging) Average System

Original System (Stable)
N approx.

\

implies practical safety (sing. pert.)

S~. Reduced Order System
(Safe)

Fig. 2. Road map of the analysis steps for ASfES. The approximation between the
original system and average is performed via linearization of the average system
(Section 4) and the approximation between the average system and the reduced
order system is performed via singular perturbation (Section 5) by taking ws
large.

for three components of the system state. And we have the
following relations:

0= —kG'* + y*°maxs (kG Gy’ — ;) Gy® (40)
G = H6»¢ (41)
6% =H"'G"* (42)
Ny = h(0* 4+ 6%¢) = hy + h{6*°. (43)

e

From (40) we have the following quadratic vector equation in G]a‘
kllh1[°G¢ = hymaxs{kG;"“"hy — cho — chiH™'G*°). (44)
To solve (44), we use the following fact: for some v > 0 we have
kI |*G¢ = v (45)

because maxs{x} > 0. Writing Ga‘ = k”h PR and using the
definition of max;, we achieve the expansion of (4 (44

hyv = h]i(\) —chg — dv)+

1
h15\/(v —chy —dv)? +6 (46)
letting the quantity d > 0 (because H > 0) be
———hTH 'h,. 47
knh T “

After solving for the positive solution of the quadratic equation in
v, the equilibrium of the average system can be written as below

6> =H"'G", (48)
|hol d

10 = [ —sgn(ho) + [1+ 86— | hu, 49

1= -, gn(ho) o )M (49)

N =+ CTr(H)

n2 2 (50)
81@_,70,1,,1 (‘ sgn(ho)+ /1+6 2h2> ,
G;’e = h], (51)
Iho d
e = 2" (Sgn(ho) +a@ , (52)
1

ae _ . 53
TN E 3)

We see that no matter the sign of ho, this equilibrium always
lies in the interior of the safe region because n;® = h(6* +6*¢) >
0. Also, we can think of nja’e as the equilibrium value of the filtered
measurement of the objective function. It settles to J* with a small
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error due to the dithering amplitude, and a possibly large offset
if hp < 0, resulting from the safety dynamics constraining the
equilibrium to the safe set.

Similar to the Riccati filter in Ghaffari et al. (2012), employed
to estimate the inverse of the unknown Hessian, we employ a
Riccati filter in (9) to generate an estimate of the inverse of ||Gy]|2.
After averaging in (36), we see there is another equilibrium y#¢ =
0, but it is locally unstable since w; > 0 because y3 &~ wsy? for y?
near 0. (Contributing an eigenvalue wy to the overall linearization
matrix (56) in the diagonal term dgs/9y¢.) We choose to initialize
y(to) as a positive value which is near ||Gp(to)|| =2, and study the
local stability near the equilibrium (48)-(53).

4.3. Linearization

Using the in error variables of the average system (to the con-
strained equilibrium) we define the following coordinates with
new ordering as

X2(t) = [6%(t) — 6% Gi(t) — G mi(t) — mys
Gh(t) — G5 y2() — vy mj(6) — 1]

= [02(t): G} (0); mf o(£): G () Y2(0); 1] (1)), (54)
and the system
ax} R
wdf = g(x7), (55)

from (36). We have changed the ordering of the dynamic equa-
tions to help identify block triangular structures, and have
defined the system with a new function g, instead of f2. For exam-
ple, wC;’j’c = g3(x2) = —x(G}, . + G °) + wrhy, with a slight abuse
of notation as g; denotes the vector valued function associated
with the dynamics of the ith vectored valued components of x3(t)
listed in (54).

The Jacobian matrix of (55) which is ] = 2%, is a matrix of size

ek
(3n + 3) x (3n + 3) with structure:
0 dg1 08 \ 0g1 8g13’
BG}’,C 3772,5 3 8Gﬁ,c ayd
0 b i l
22 98 910 010
362 9G; : !
9 dga 1
-5 5 lo o0io0
J= |0 Mhe ! ... S (56)
P 084 1
0 0 0 — 0: 0
10Gy, 1
0 0gs
0 0 o0 -2 gsa :
3 0Gh DS
F) 1 L0
% 9 00 o[-
| 962 ! POnf .
Evaluating at the equilibrium yields
Jihazo  Ji2la—o 0
Jhazo = 0 J22lxa=0 0 . (57)
Js1la—o 0 J33la—o

The eigenvalues of this block triangular matrix are the eigen-
values of the diagonal blocks. Therefore we analyze J;; of size
(2n+1) x (2n+ 1), Jo; of size (n+ 1) x (n + 1), and the scalar J33
separately. We can easily compute

= —wf (58)
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and the block J,, evaluated at the origin can be written as

Ja2la—o = |:_(luf1 0 ] (59)

— s
where [ need not be calculated. Because this matrix is itself block
triangular, its eigenvalues lie on the diagonal and are A; = —wy
fori € {1,2,...,n + 1}, therefore (59) is Hurwtiz. We have

discovered 2n 4 1 eigenvalues equal to —wy.
After careful algebra and differentiation we express

0 —A —co|lhy||2hy
Jitle—o = | @H —wxl 0 , (60)
(,l)th 0 —ws

with the symmetric, positive definite matrix A > 0 and the scalar
0 < « < 1 defined as

hqh?
A:k(l—oz “2), (61)
Al
1 keq||hq |2 — cni®
1 i et ) )
2\ Jlkerllhe ]2 — cnp €y +8

lhol d
c1=——— | —sgn(h 1+6—= ). 63
" onTHT, gn(ho) + /1 + o (63)

We provide an extensive analysis of matrices in the form of
(60) in Lemma 2 in the Appendix, but present the most essential
result below.

Corollary 1. Under Assumptions 1-3 and for o € [0, 1], the matrix
Ji1lxa=o in (60) is always Hurwtiz, and therefore the Jacobian of the
constrained average error system Jq lxa—o in (57) is always Hurwtiz.

This result is slightly more general than what is absolutely
necessary for the convergence analysis because it gives results for
o potentially being equal to zero or one, even though the assump-
tion of 8 > 0 precludes this possibility. This is still nonetheless
useful knowledge because it tells us that as § — 0, the eigen-
values of the linearization do not tend to undesirable values and
provides hope for the future in developing a nonsmooth version
of this algorithm with § = 0.

From Theorem 10.4 in Khalil (2002) (which shows trajectories
of x and x? are close for initial conditions X(0) near x*¢), Corollary
1, and Proposition 5 given in the Appendix, we conclude the
following results.

Proposition 1 (Approximation by the Average System). Consider the
exponentially stable equilibrium point x*¢ (48)-(53) of the average
system in (36). Under Assumptions 1-3, there exist positive constants
0, w* such that if ||X(0) — x*€|| < p then for all w € [w*, 00),

Ix*(t) — x(t)|| = O(1/w) for all t € [0, c0), (64)
16(£) — (B(t) + 0 = 0(1/w + a) for all t € [0, co). (65)

The equilibrium of the average system (36), given in (48)—(53),
resides in the interior of the safe set regardless of whether the
unconstrained minimizer of J (given by 6*) lies in the safe set or
not. One can show this by evaluating h in the original coordinates
at the value 6%¢. Additionally, as evident from (52), the param-
eter § in the softened max operation, (3), creates a bias in the
equilibrium that favors safety.

The proof of Theorem 1 utilizes the results of Section 4, and is
shown in the Appendix.
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5. Safety

Singular perturbation theory is an important tool for studying
the two scales arising in the problem, namely that the gradient
estimates must converge fast with large wy, so that at a time
t, Gp(t) ~ Vh(6(t)). Note that the ‘safest direction’ is precisely
Vh(0), pointing along the greatest increase of h, a function which
must remain positive. Extremum seeking cannot estimate gradi-
ents exactly, and therefore we cannot guarantee safety exactly.
The singular perturbation study described in this section is there-
fore a required tool when studying safety showing that if the
estimated gradients converge quickly, we achieve safety and the
result of Theorem 2.

The following results also motivate the addition the max;
safety term which differentiates ASfES from standard extremum
seeking. In the previous section we showed that through a lin-
earization of the average system, the dynamics of ASfES are
locally stable in n dimensions. We also showed that the average
system and the original system are close. In this section, we begin
by showing that the parameter 6%(t) of the average system is
close to a reduced order model, denoted by its parameter 6,(t) —
this reduced model is created by taking the filter gains wf — oo.
These results are used in the proof of Theorem 2 shown in the
Appendix. See Fig. 2 for a visual depiction of the high level steps
in the analysis.

Consider the singular perturbation as w¢ approaches co. We
can express (55) in the form of the standard singular perturbation
model with € = wlf in the original time t = w/7 with the original
ordering:

92 = w(z) (66)
ez =p(6, 2) (67)

where z = [G} ; 0] ; G, . mj . ¥21 and

w(z) = —kK(G} . + G) + (v + y**)NG, . + Gy )maxs{B},  (68)

—(G} .+ G*) + H(B2 + 6*°)
—(f + )+ U0 + 0% +6%)+
~ Cl2
03’2 — XTI‘(H)) , 69
(6, 2) (G4 G+ hy o (69)
—(n « + ny%) + ho + W} (62 + 6*°)
e+ v =+ y*OIG, . + GEII?)

with the quantity
B =KkG} o+ G V(G o + Gi®) — clmy . +ny°). (70)

To satisfy the conditions in Khalil (2002, Theorem 11.2), we must
show that the reduced model and the boundary layer model are
exponentially stable, for a chosen isolated root of 0 = p(62, z). Let
us denote the isolated root of 0 = p(éca, z), associated with the
stable equilibrium of the Riccati filter corresponding to y¢ = 0,
and the quasi-steady state

Gl HE;
ot LBTHE?
z=| G . |=rH=1| o0 , (71)
Mh.c h1g2
A 0

using the relations in (48)-(53). The reduced model is the n-
dimensional differential equation

b = w(r(6y)). (72)

PR G)
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To show stability of the reduced order model we must determine
if the Jacobian evaluated at the origin

(73)

r =

RIS

is Hurwtiz. We are able to use the calculations in Section 4.3 to
help us differentiate, using the terms

8 d

gl(axc) A (74)
G |y

8 a

80D ca)h, (75)
877},,5 x2=0

from (60). Eq. (74) is simply % and (75) is % both

.C h.c
evaluated at 6, = 0. Now consider the boundary layer variables
as functions of 6; based on (71), for example G]"‘.C = G;,C(er) = Ho,,
Mhe = MholOr) = h16;, in order to apply the chain rule. The
function w(r(6;)) is

w(r(0r)) = —k(Gj (6r) + G°) + (& + 7™ NCh e + Gy©)

max;{p}, (76)
B = k(G (6:) + Gj"e)T( e G-
c(nj o (6r) + ny©). (77)

Computing the Jacobian, and linearizing (72), we can write (73)
as

dw(r(6,)) 9G] Aw(r(6,)) ni
J = ( ( 1)) 9G; L (a( 1)) Mh e (78)
G} . 06 me 06 o
_ dw(r(6r) G dw(r(6,)) Mhc (79)
0G|, Me lg_o 6
hih?
= —AH —ca L (80)
[l

using (74)-(75) as well as r(6;) given in (71). By Lemma 1 we
conclude the eigenvalues of J. are real and negative and the
reduced model is exponentially stable at the origin. The boundary
layer model is

2y = p(6, 2o +1(6)) (81)

treating 6 as fixed or “frozen” per discussions in Khalil (2002).
The boundary layer model can be shown to be

—Zp1
—2Zb,2
2 = ~Zb3 (82)
1 ~oa 1
2
(25 + g (1 = (205 + gr)lzo3 + hall®)

with a slight notation abuse denoting z,; as either a vector
or scalar variable corresponding with the vectors and scalars
G]a’c, nj‘c,... , v&. It is evident by inspection that the linearization

of (82) at the origin has 2n + 3 eigenvalues at —1. (Note that
the linearization of the last row will yield a cross term due
to zp 3, but since the linearization is triangular we need only
consider the diagonal entrees.) Hence, the boundary layer model
is exponentially stable.

The reduced order model in (83)

. h
br = —k(HO: + G°) + Wmaxa{k(HQr +G) hy
1

— c(hi6: + 0y ), (83)
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can be expressed in the coordinates 6, = 6, — %€, as

B ~ h ~ ~

0, = —kH, + Wmaxs{kﬂ Hhy — c(ho + h76,)}, (84)
1

using the relations ;¢ = ho+h]H~'G"*" and §>¢ = H~1G*. We

can now state the following result having satisfied the conditions

in Khalil (2002, Theorem 11.2), which shows trajectories of % and

6, are close for a local set of initial conditions.

Proposition 2 (Singular Perturbation of Average System). Let the
solution of (36) be given by x(t), with its first component 6°(t)
in the time scale t, the solution of reduced model (84) be given by
0:(t), and suppose Assumptions 1-3 hold. Then there exist positive
constants 1, o and wf such that for all

1620) < 1, 1120) — r(B2(O)I| < p2, wr> wf (85)

the singular perturbation problem (66)-(67) has a unique solution
forallt > 0 and

163(t) — 6:(t)|| = O(1/ws) forall t € [0, c0). (86)

We omit other bounds given by Khalil (2002) (those based
on the quasi-steady state (71)) as they do not relate to safety.
Proposition 1 describes closeness of the original system with that
of the average system. Proposition 2 describes a closeness in the
average system and the reduced model of the average system (83)
(with wf large). Now we show the reduced order model (84) is
indeed safe.

Proposition 3 (Safety of the Reduced System). Under the dynamics
of the system (84), the set {6; € R" : h(0; + 6*) > 0} is forward
invariant and h(6,(t) + 6*) > h(6,(0) + 0*)e™ for all t > 0.

Proof. We can verify that (84) renders the set forward invariant
by showing h(6; + 6*) + ch(6; + 6*) > 0 (Ames et al., 2016):

h + ch = —khTH8, 4 ch(6; + 6*)+
max; {khTH6; — ch(6; 4+ 6*)} > 0 (87)

where we use the relation hy 4 h16; = h(6; + 6*). The inequality
holds because for any x, —x + maxs{x} > 0. O

The safety of the reduced system, and its closeness to that
of the average system provide the key intermediate results in
achieving Theorem 2 — the proof is shown in the Appendix.

6. Newton-based assignably safe extremum seeking

One might imagine that if one can assign a bound on the
rate of h (with the parameter c), while conducting gradient-
based optimization, then it should be possible to assign this
bound when performing Newton-based optimization (Ghaffari
et al,, 2012), which has an assignable rate of convergence of the
parameter itself. A Newton-Based Assignably Safe ES (NB-ASfES)
scheme would conceivably achieve (1) assignable safety and (2)
assignable convergence of the parameter. In NB-ASfES we hope
for a convergence rate of the parameter to be assigned a rate k
when the assigned safety condition (with rate c) is not violated
— and if the safety condition is violated, the convergence of the
parameter is such that the safety rate assignment is maintained.
We show in this section that this is generally not possible with
the NB-ASfES approach in multiple dimensions, because the NB-
ASfES dynamics are simply not able to satisfy basic conditions
needed to handle the constrained optimization problem in (1),
under simple assumptions on J and h. Furthermore, we also show
that a NB-ASfES scheme is only useful for n = 1.

Automatica 183 (2026) 112611

To understand the basic dynamics of the ASfES scheme, we can
think of the algorithm approximating the following dynamics:

6 =uy+ Vh(©) max{—ul Vh(6) — ch(6), 0} (88)
ZQIE 0 o
with uy = —kVJ(0). The form of (88) guarantees safety and

can be derived for a nominal control law ug using the standard
QP formulation given in Ames et al. (2016). Now consider a NB-
ASTES controller, with the nominal control ug = —kH™'VJ(9) =
—k(6 — 6*) where k > 0 is the assigned rate of convergence.
Note that in the extremum seeking form of (88), the NB-ASfES
algorithm contains a state I'(t) which provides the estimate of
H~! (Ghaffari et al., 2012).

Consider the case of hy < 0 where the minimizer of ] on
{h(0) = 0} is unsafe and given by

lholH'hy .

esmjn = m + 9 . (89)
See the proof of Proposition 5 in the Appendix for this fact, using
(123) and (125), while noting that —hg = |ho| for hy < 0 and
Vh(6) = hy. Now let us ask the question: is the equilibrium of

(88) equal to Osmin when uy = —k(0 — 6*) and hy < 0 under
Assumption 1-3? Solving for
vh(esmin)
—k(Osmin — 0%) + —————= X
o IV h(Omin) |12
max{k(fsmin — 9*)TVh(95min) — Ch(Osmin), 0} = 0 (90)

yields the condition
hTH='h,
IRl

This is nothing more than an eigenvector equation stating that
h; must be an eigenvector of H~!. Because H and H~! share
eigenvectors, h; must also be an eigenvector of H. This is a
restrictive condition, stating that the gradient of h, must point
along one of the principal axes of the ellipsoids formed by the
levels of J.

One can also come to the conclusion that NB-ASfES will not
solve the constrained optimization problem with some geometric
intuition for the case n = 2. Intuition says that ASfES, with
the nominal control law of uy = —kV]J, causes trajectories to
descend down the level curves of J, finding the smallest level
curve of | which intersects the safe set at some point p* = Osmin.
The level curve J(0) = J(6smin) Will generally be an ellipse in 2
dimensions. If the nominal control law uy = —k(6 — 6*) is used
instead, trajectories will now travel down level curves of some
other function J(0) = %(0 — 6*)T(0 — 0*) because (8 — 6*) is the
gradient of j The smallest level curve of ] touching the safe set
is a circle and will, in general, intersect at some other point p,
different from the point p* given by the ellipse generated from J.

We cannot assume that the restrictive condition (91) holds
when h; and H are unknown to the user, and therefore we do
not present a NB-ASfES scheme for the generic n dimensional
case. The only situation where (91) always holds is in the 1
dimensional case.

Based on this discussion, we propose a NB-ASfES scheme only
for the case of n = 1, as

H 'hy = hy. (91)

§ = —kI'G, + ymaxs{kI"G;Gy — c14}Gn (92)
Gy = —oxG + oJ(O(t) + S(t)) — nyM(t) (93)
iy = —omy + od(0(t) + S(1)) (94)
Gh = —wiGp + wx(h(B(t) + S(t)) — na)M(t) (95)
in = —wmy + wth(A(t) + S(1) (96)
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Fig. 3. A demonstration of the algorithm in 1D with the optimizer lying in the
unsafe region — trajectories of the original and reduced system of ASES are
given by 6 and 6, and the NB-ASfES trajectory is given by 6y. The classical ES
solution is given by ¢, and the red shaded region marks the unsafe set where
h<o.

¥ = wry(1— yIGyl?) (97)
I = wil(1 — TJO(t) + SON)) (98)

where N(t) = 18(sin’(wt) — 5). The NB-ASfES contains an extra
state I", compared to ASfES, which estimates H~!, and its design
is based on the work in Ghaffari et al. (2012). The NB-ASfES
algorithm modifies the ASfES dynamics in (4) by replacing the
term kG; with kI"G; in order to remove the effect of the Hessian
in the nominal control action.

The resulting theory is identical to that of Theorems 1 and
2 for the scalar algorithm given in (92)-(98), and follow similar
analysis steps (but for n = 1) shown in Section 4 and Sec-
tion 5. The scalar NB-ASfES algorithm shares the assignable safety
property with that of the gradient-based algorithm ASfES, with
the additional feature that the nominal convergence rate of the
parameter can also be assigned.

7. Simulations
7.1. Example 1: Scalar system

To demonstrate the closeness of trajectories provided by our
analysis, we show the solutions of the original ASfES algorithm
(4)-(9) and reduced system (83), under Assumptions 1-3 in Fig.
3. The unknown function parameters are 6* = 0 (so 6 = ),
J*¥=0,H=0.1, hy = —1 and h; = —1. The ASfES and NB-ASfES
controller parameters are a = 0.25, k = 0.3, ¢ = 0.1, § = 1073,
@ = 200 (now a scalar value), and wr = 3. The initial conditions
are 6(0) = 6y(0) = 6,(0) = —3, and all other estimator states
are initialized to their exact values. The trajectories of the ASfES
and NB-ASfES algorithm parameters are denoted by 6(t) and 6y(t)
respectively. Note that although we do not know the gradients of
J and h to initialize G; and Gy, to exactly VJ(6(0)) and Vh(6(0)), we
can generate accurate estimates by “warming up” the algorithm
in (4)-(9) by setting 6 = 0, and integrating over time until the
states Gy, 1y, Gp, ni, ¥ (and I for NB-ASfES) converge adequately.
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Fig. 4. Trajectories of 6 in 2D with a linear h and quadratic J. Six initial
conditions with trajectories are plotted for both ¢ = 1 and ¢ = 0.1, starting
both inside and outside the safe set. The global optimizer 6* is outside of the
safe set.

We compare the ASfES and NB-ASfES algorithms with the
classical ES algorithm denoted by the solution ¢(t) which obeys
the dynamics

$ = —kG,

G = —oG + w(J((t) + S(t)) — 1y )M(t)

Ny = —opy + o (¢(t) 4 5(t))

with ¢ = <2> 4+ S(t). The initial condition is ¢(0) = —3 and
other filtered estimates are initialized to their exact quantities.
The gains a, k, wt, w are set the same as in the ASfES and NB-ASfES
schemes.

The reduced system in the upper part of Fig. 3 maintains
safety while the ASfES and NB-ASfES schemes maintain practical
safety. In the lower part of Fig. 3 we observe the behavior of
h(6(t)) and h(6y(t)) have the assigned time constant ¢ bound
associated with its approach to the barrier. The NB-ASfES exhibits
faster convergence due to the cancellation of the small Hessian,
H = 0.1, yet maintains the assigned practical safety bound, as
evidenced by the closeness between the plots of h(fy(t)) and
h(6(0))e*.

7.2. Example 2: Quadratic | and linear h in 2 dimensions

In this final example we illustrate the effect of ¢ on ASfES in
2 dimensions. The unknown functions are h = 6; +6, — 1 and
J = 6% + 63. The controller parameters are a = 0.25, k = 0.1,
8 =103, w; = 75, wp, = 100, and w; = 3. Trajectories are plotted
in Fig. 4 for various initial conditions for c = 1 and ¢ = 0.1 with
all other controller states are initialized to their exact quantities.

Notice that a larger value of ¢ allows a direct approach ge-
ometrically (and a faster approach in time, see Theorem 2) to
the unsafe region when starting from the safe region but a more
direct approach to the safe region when starting from the unsafe
region.

8. Conclusion

We present ASfES and NB-ASfES which achieve an assignable
safety attractivity rate, specifying a bound on the rate at which
h, the measurement of safety, is allowed to decay — with tra-
jectories moving towards the safe set from the unsafe region, or
moving towards the unsafe set from a safe region. We demon-
strate that the NB-ASfES scheme is only useful in the case of a
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scalar parameter, and may lead to non-optimal convergence if
used in multiple dimensions, yet features an assignable rate of
parameter convergence which is favored only if it agrees with the
safety attractivity rate. The algorithms presented here are local in
nature, but provide benefits over their semiglobal versions, with
assignable safety attractivity and assignable (nominal) parameter
convergence.

Appendix

This section includes the analysis of the matrix (60) and the
proof of Corollary 1. It also includes additional details on the spec-
trum of matrices of this form. The first result describes a general
algebraic relationship between the spectra of two matrices, X and
Z. The second result shows the eigenvalues of a particular Z are
real and positive. These two results and Proposition 5 are used in
Theorem 1. We then present the proof of Theorem 2. We use the
notation of a unit vector hy = hy/||h{||.

A.1. Eigenvalues of X and Z

Proposition 4. Consider the R>™ 121 matrix

0 —A —Chy
X =| oH —axl 0
C{)fh§ 0 —ws

with we, ¢ > 0, hy € R™ and matrices A, H € R™",
_ Then, for all A € o(X) such that A # —uy, there exists a
L € o(wAH + weChihY) satisfying A% + wgh + A = 0.

Proof. Any eigenvalue A # —awy, of the matrix X, must satisfy the
eigenvalue expression for a nonzero eigenvector,

0 —A
a)fH

—Eh1 u u
—oil 0 v)i=Alv
a)fhf 0 —ws w w

with u, v € C", w € C. From the second and third rows of (99)
we have

(99)

wfHu = (A + wr)v (100)
wthTu = (A + of)w (101)
and from the first row of (99) we have
—(* + wp)Av — (A + wr)Chiw = (A + wr)Au, (102)

where we have multiplied on both sides A + wf # 0. Now we
substitute expressions in (102) for (A + wf)w and (A + wg)v,

(wiAH + wichihu = —(A% 4 o )u. (103)

What we arrive at, is another eigenvalue equation describing the
scaling of the vector u by the value —(A? + wA).

It is also guaranteed that u # 0 for the eigenvector Eq. (99)
under the following argument: suppose not and u = 0, which
implies that v = 0 and w = 0 from (100) and (101) because
A+ wr # 0. Because Eq. (99) must have nonzero eigenvector then
we have a contradiction which implies u # 0.

Therefore we can say that A is an eigenvalue of Z defined as

Z == wiAH + wichihl, (104)
where
* = —(A% + wsh). (105)

O
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A.2. Eigenvalues of Z are real and positive

Lemma 1. Consider the matrix Z .= wAH + a)fEhlh{ with the

T
following parameters: H = 0,A =k (1 —o ”’:1’7“12), k,ws>0,¢ >0,
0 <« <1, and hy € R, such that if the scalar o = 1 then ¢ > 0

strictly. Then, each A € o(Z) is real and strictly positive.

Proof. We consider three cases of « in this proof. Case 1 is when
o =0,Case 2 is a € (0, 1), and Case 3 is when o = 1.

Case 1: If « = 0, the matrix Z can readily be shown to have real
and strictly positive eigenvalues because it is the sum of a positive
definite matrix and a positive semidefinite matrix.

Case 2: Consider « € (0, 1). The positive definite matrix A > 0 is
recalled below and its inverse is also shown:

A= k(I — ahyh!) > 0,

ATl =k <1+ °‘ E1f1{>>o,
— o

(106)

107
1 (107)
where fi; = hy||h1||~". The reader can check by hand that AA~! =
A~'A = I holds, see Miller (1981) for background. We use (107)
to derive the expression

A 1-— 1—

hoit = U= g _ 09 gy 2o, (108)
o o

and rewrite Z as

Z = wiAH + wxChih], (109)

Z=whAH+B((1—a)kA™' —(1—a)l), (110)

for some positive scalar B wi€/a > 0. Now we perform a
similarity transformation Z’ = T~'ZT. Let us take T = A2 >~ 0
and compute

7' = A"27A2 = iAV2HAY? + Baiyh!. (111)

The matrix Z’ is the sum of a positive definite matrix wiA'/2HA/?
(which can be shown by definition) and a positive semidefinite
matrix Bah;h]. Because two similar matrices have the same
eigenvalues, it follows that Z shares its eigenvalues with that of
a symmetric, positive definite matrix Z’ which is known to have
real and positive eigenvalues.

Case 3: Let us consider the case of « = 1, ¢ > 0 and rewrite Z as

hlh{ ~p T
Z = a)fk I— ||h “2 H +a)fCh1h1 (112)
1
:wfk <I—f11fl1>H+Mfl1fl.{ (]]3)

with © wa||h1A||2A > 0. The symmetric, rank 1 matrix Fllfll,
with spectrum o (h;h;) = {1, 0,0, ..., 0}, is diagonalizable by an
orthogonal matrix U such that UT = U~!. We can write

1 O1xn—1 T
U
On—]xn—l:|

with D having a single nonzero element d{; = 1. Then it follows
that

Z = wik(I — UDUT)H + pUDUT
= U (wsk(I — D)UTHU + uD) U"
—Uu (a)fk(l — D) + ,uD) u’

hih! = upu” = U [ (114)

On—1x1

(115)

where H = UTHU > 0 is a matrix similar to H. Therefore Z is
similar to Z’ = w¢k(I — D)H + wD which can be written as block
triangular:

7' = wik(l — D)H + puD



A. Williams, M. Krstic and A. Scheinker

N hi 0

o I1||Ag, 0

_| o~ 0

o a)kalz a)kazz ’
The matrix Hy, is a diagonal block of a positive definite matrix,
and is positive definite itself (Horn & Johnson, 2012). Because Z’

is block triangular with positive definite diagonal blocks, Z has
real and positive eigenvalues. [

lez] [1
~ —+ "
Hy, 0

(116)

A.3. Properties of X

In the next lemma, we extend the conclusions from the prior
two results in this section and make more specific claims on the
eigenvalues of the linearizing matrix. Statement 2 assigns each
eigenvalue of Z to a pair of eigenvalues of X. This is an extension
of the results in Proposition 4, which only concerns the existence
of an eigenvalue of Z.

Lemma 2. Under Assumption 1-3, consider

0 —A —Cchy
X =| wH —awyl 0 s (117)
a)fhf 0 —ws

with 0 < @ < 1,A = k(1 - ahihl). and & = cah | 2. Then

(1) X is Hurwtiz.

(2) The spectrum o(X) = {—wf AT A7, ., AT, Ay} where
A /A # —ws are the positive and negative solutions to
A2 + wehi + i = 0 for each A; € o(Z) and for all « € [0, 1],
where Z := wiAH + w¢Chihl.

(a) Ifa =0 then o(Z) = o(wtkH). ~

(b) Ifa = 1then o(Z) = {wec}Uo (wikH,,) where Hyy > 0
is the lower right n — 1 x n — 1 block of H = UTHU
for an orthogonal matrix U which diagonalizes h h

Proof. Statement 1 follows directly from Proposition 4 and
Lemma 1. From Proposition 4: each eigenvalue A € o(X), for
which A # —ay, there exists a * € o(wiAH + wichy hT) satisfying
A2 4wih+A = 0.Because A > 0 (Lemma 1), by the Routh-Hurwtiz
criterion X is Hurwtiz.

Statement 2 can be shown by taking an eigenvalue of Z, de-
noted as the positive scalar A > 0 (positivity is shown in Lemma
1) and showing that it generates 2 eigenvalues of X. Take the logic
and algebra of Proposition 4 in reverse. Express A = (AZ + wgAi)
for either A; = A or A; = A; satisfying )\2 + wfhi + A = 0. The

eigenvalue equatlon is
(wrAH + wichih)u = —(0F + wehi)u. (118)

for some distinct eigenvector u € (C o- We introduce v e C", w €
C satisfying

wfHu = (A; + wy)v, (119)
wthlu = (A + op)w (120)
and make substitutions to get
—(Ai + wp)Av — (A + we)Chiw = (A + wp)Aill. (121)

where ; # —awr because A? + wghj + A = 0 and A > 0. Then we
recover the eigenvector equation in (99) with the eigenvalue X;
satisfying Xv = A;v with v = [u”, 7, w]T. Because this holds for
2n eigenvalues (1; = A* and A; = A for each X # —wy), we have
accounted for all but one of the 2n + 1 eigenvalues in o (X).
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Finally, the spectrum of X always contains an eigenvalue —wy,
the last unaccounted eigenvalue. When « 0, the matrix X
has an eigenvalue of —wy, due to the triangular structure. For

€ (0, 1], the determinant det(X + wyl) is

lwy —A —Chy
X+ awdl=|wH 0 0 | =} fIl'_{_/: CZh]
wh! 00 ¢llhy)I?
= ¢||hy|Pw} det(HA — EHhy (Ellh |12)~"h]A)

= |\hy |2 det(H(I — hyh])A) = 0 (122)
using rules for determinants of block matrices. Because (I —h iﬂT)
is singular and the determinant of a product is the product of the
determinants, then det(X + wf) = 0 and —wy is an eigenvalue.

Statement 2a can be shown by noting that Z for « = 0, simply
reduces to kawH.

Statement 2b can be shown by looking at the analysis of this
case in the proof in Lemma 1, Case 3. The matrix Z is similar to the
block diagonal matrix Z" which has spectra of its diagonal blocks:

o ()Uo (wrkH,; ). The matrix Hyy > 0is the lower right n—1xn—1
block of H = UTHU for a orthogonal matrix U which diagonalizes
hy hT Finally, making the substitutions for x and ¢, Statement 2b
is shown O

A.4. Constrained minimum

Proposition 5. The minimum of | on the set C = {6 : h(6) > 0},
for ] and h given in Assumptions 1-2, is

h

— 0 uy(—h
2hTH-h )

up(—

=+

where uy is the unit step function with uy(0) = 0.5.
Proof. We use the following convex analysis result: “A point Gmin
is the minimum of J relative to C if and only if —V](x) is normal to
C at Osmin . This result is restated from Rockafellar (1970, Theorem
27.4). Additionally, one can find this result in Boyd et al. (2004,
Section 4.2.3).

When hg > 0 the minimum of J on S is simply J*.

When hy < 0, we use the normality condition to yield

phi = H(Osmin — 6%) (123)
for some pe R using the fact that VJ(#) = H(6 —0*) and Vh(8) =
h;. Also,
h(Bsmin) = ho + h} (Bsmin — 6*) = 0. (124)
Solving, we get
p= —ﬁ. (125)
The value of | at Ogmin is
JOumin) = J* + O — 0 Hibmn — 0)

=]+ p—zth—lm =J"+ 75. (126)

2 2hTH-1h,

Combining cases hp > 0 and hy < 0 we reach the result. O

A.5. Proof Theorem 1

o(t) +

=]+ %é(t)THé(t) + 0(a).

Proof. From 6(t) — 6* = S(t) = 6(t) + O(a) we have

Jo(t) (127)
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From Proposition 1, because 16(t)—83(t)| = O(1/w) and B3(t) —
6%€, then

limsupJ(6(t)) = J* + %éaveTHéa'e + 0(a) + 0(1/w). (128)

t—o00
Before expanding 6%-¢ above, we use the Taylor series approxima-
tion for small § to derive /1 4 1§ = 14 0(8) (for constant r) and
derive the expression
(—sgn(hg) ++1+18) =1 —sgn(hy) + O(3)
= 2(1 — up(ho)) + 0(3)

= 2uy(—ho) + 0(3) (129)
where uy is the unit step function with uy(0) = 0.5. Then,

h —h
gre = Moltu(=ho) vy 1 5 (130)

th_ll”h

from the approximation above and (48). Expanding part of (128)
we have

2

up(—ho) + O(é).

1~ ~
SO THO = (131)

-0
ZhEH_lfh

Using Proposition 5, we achieve the result. O
A.6. Proof of Theorem 2

Proof. From Proposition 1 we have ||6(t) — (8(t) + )l

O(1/w + a) for all t > 0. From Proposition 2 we have [|6%(t)
O:(t)|l = O(1/wy) for all t > 0. Therefore [|6(t) — (6:(t) + 6%)]|
O(1/w¢+1/w+a) for all t > 0. Because h is Lipschitz, ||h(6(t)) —
h(6:(t)+6*)|| = O(1/w¢+1/w+a) for all t > 0. Using Proposition
3 we have the result. O
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