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 a b s t r a c t

For a map that is strictly but not strongly convex, model-based gradient extremum seeking has an 
eigenvalue of zero at the extremum, i.e., it fails at exponential convergence. Interestingly, perturbation-
based model-free extremum seeking has a negative Jacobian, in the average, meaning that its (practical) 
convergence is exponential, even though the map’s Hessian is zero at the extremum. Although these 
observations for gradient-based extremum seeking control (GESC) are not trivial, in this paper we 
focus on an even more nontrivial study of the same phenomenon for Newton-based extremum 
seeking control (NESC). NESC is a second-order method which corrects for the unknown Hessian of 
the unknown map, not only in order to speed up parameter convergence, but also (1) to make the 
convergence rate user-assignable in spite of the unknown Hessian, and (2) to equalize the convergence 
rates in different directions for multivariable maps. Previous NESC work established stability only for 
maps whose Hessians are strictly positive definite everywhere, so the Hessian is invertible everywhere. 
For a scalar map, we establish the rather unexpected property that, even when the map is strictly 
convex but not strongly convex, i.e., when the Hessian may be zero, NESC guarantees practical 
asymptotic stability, semiglobally. While a model-based Newton-based algorithm would run into 
non-invertibility of the Hessian, the perturbation-based NESC, surprisingly, avoids this challenge by 
leveraging the fact that the average of the perturbation-based Hessian estimate is always positive, even 
though the actual Hessian may be zero. However, these stability results for the NESC, and even for 
the GESC, do not hold for multivariable maps. We show that these ESCs can be locally destabilized for 
certain symmetric maps by highly asymmetric dither choices. Thus, we present unexpected robustness 
of NESC on maps that are scalar and strictly but not necessarily strongly convex.

© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and 
similar technologies.
1. Introduction

Extremum seeking control (ESC) is a form of parameter op-
timization for continuous time systems first proposed in the 
1920s and popularized starting in the 2000s (Tan, Moase, Manzie, 
Nešić, & Mareels, 2010). ESC attempts to optimize some map J
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of continuous parameters θ to some real value sensor output y. 
There are numerous applications for ESC such as acoustic source 
seeking, adaptive control of combustion instabilities (Banaszuk, 
Zhang, & Jacobson, 2000), fly wheel control (Walsh, 2000), and 
model-free stabilization (Scheinker & Krstić, 2016). One of the 
advantages of ESCs is that they are designed for maps that are 
a priori unknown at the time of system deployment. This dif-
fers from other optimization-based continuous time dynamical 
systems which either evolve by vector fields that are the step 
size limits of difference equations (Su, Boyd, & Candès, 2014) or 
assume that the derivatives of the function are known (Nešić, Tan, 
Manzie, Mohammadi, & Moase, 2012). ESC accomplishes this by 
both locally exploring the parameter space to estimate local map 
information and simultaneously updating the optimal parameter 
estimates.

As ESC simultaneously explores the local parameter space and 
updates its optimal parameter estimate, proofs of ESC stability 
tend to rely on a representative system which has a simpler 
analysis and shadows the full system. Two common techniques 
data mining, AI training, and similar technologies.
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for constructing these representative systems are direct Aver-
aging theory (Ghaffari, Krstić, & Nešić, 2012) and Lie Bracket 
Analysis (Dürr, Stanković, Ebenbauer, & Johansson, 2013; Labar, 
Garone, Kinnaert, & Ebenbauer, 2019; Todorovski & Krstić, 2022). 
Gradient-based extremum seeking control (GESC) uses informa-
tion on the gradient of the map to determine their parameter up-
dates. The convergence rate for GESC around an extremum point 
θ∗ depends on the magnitude of the Hessian eigenvalues (Ghaffari 
et al., 2012). This convergence rate may diminish for small eigen-
values, leading to an unacceptably slow convergence rate. This 
rate dependence on the unknown Hessian is the driving motiva-
tion behind the Newton-based extremum seeking control (NESC) 
algorithm. The NESC corrects the convergence rate by multiplying 
the gradient estimate vector with an estimated inverse Hessian 
matrix to achieve a user-assigned, local convergence rate that 
is completely independent of the unknown Hessian. The first 
proposed NESC is a scalar version in Moase, Manzie, and Brear 
(2009) while the first multivariable case is given in Ghaffari et al. 
(2012). Both of these works assume that the Hessian of the map 
was positive definite in the minimization problem although this 
assumption is frequent in previous works (Labar et al., 2019; 
Yin, Wu, Zhou, Cao, Huang, & Cheng, 2018). The reason behind 
this assumption was that stability proofs rely on average system 
estimates converging to their true values as the local exploration 
amplitude diminishes and the exploration rate increases. Thus, a 
positive definite Hessian generates a locally quadratic map that is 
locally strongly convex with local practical exponential stability 
to the extremum point.

Labar et al. (2019) was the first to give a NESC that is
semiglobal practically uniformly asymptotically stable (sGPUAS) 
on maps with invertible Hessians, but the local stability of this 
NESC was not user assignable, i.e., the local stability depends 
on the eigenvalues of the unknown Hessian rather than solely 
parameters chosen by a system designer. An improved NESC for-
mulation in Todorovski and Krstić (2025) corrects this, allowing 
the NESC to still be sGPUAS while allowing the local stability 
to be fully assignable. Both Labar et al. (2019) and Todorovski 
and Krstić (2025) make the assumption that the Hessian of 
the map was always invertible, so it may be surprising that 
the perturbation-based scalar NESC avoids this challenge. The 
challenge is overcome by leveraging the fact that the average 
of the perturbation-based Hessian estimate is always positive, as 
given in Section 6.1 with Proposition  7, even though the actual 
Hessian may be zero. This strict positive definiteness for the 
average of the perturbation-based estimates is a special case for 
scalar maps and may be lost for multivariate maps. Section 8 
gives examples of seemingly innocuous symmetric cost functions 
where this property is lost, and, consequently, both the GESC and 
NESC fail to locally converge.

Main Contribution: The main contribution of this work is to 
show the relaxation of the strict requirement J ′′ > 0 when 
considering the practical stability of NESC for static scalar maps. 
This expands the considered stability of NESC algorithms from 
strongly convex functions in the previous literature to the broader 
class of strictly convex functions. For scalar maps which are 
strictly convex but not necessarily strongly convex, the NESC 
algorithm is shown to be sGPUAS whenever there exists a global 
minimizer. However, for strictly convex multivariable maps, the 
GESC and NESC may not be sGPUAS to the global minimizer as 
illustrated with counterexamples.

This work is an extension of a submission (McNamee, Krstić, 
& Ahmadabadi, 2024) to the 63rd IEEE Conference on Decision 
and Control. The ‘‘added value’’ (per Automatica policy on archival 
submissions based on conference presentations) is the inclu-
sion of counterexamples to extend the results to the multivari-
able case and an additional example to illuminate the choice of 
structure for a Lyapunov function for the proof of Theorem  4.
2

Fig. 1. GESC Algorithm.

2. Problem formulation and assumptions

The problem statement for ESCs in this work is to practically 
stabilize parameter estimates θ̂ to a global minimum θ∗ of a map 
J : R → R. The definitions of practical stability can be found in 
Appendix  A. We consider maps which satisfy the following three 
assumptions.

Assumption 1.  The map J is a twice differentiable function.

Assumption 2.  The map J is a strictly convex function, that 
is, for any distinct pairs of θ1, θ2 ∈ R and ∀λ ∈ (0, 1) the 
following inequality holds over the convex line segment (Boyd 
& Vandenberghe, 2004). 
J(λθ1 + (1 − λ)θ2) < λJ(θ1) + (1 − λ)J(θ2) (1)

Assumption 3.  The map J has a global minimizer θ∗ where:

(1) J(θ∗) < J(θ ) for all θ ̸= θ∗;
(2) J ′(θ∗) = 0;
(3) and J ′(θ ) ̸= 0 for all θ ̸= θ∗.

These assumptions are fairly mild and commonly found re-
strictions on J . Assumption  1 is common for methods dealing 
with second-order derivatives, as in Ghaffari et al. (2012), while 
Assumption  3 is necessary for proving global stability results, 
as assumed in Tan, Nešić, and Mareels (2006, Asmp 3). The 
only assumption which is not necessarily readily made in the 
NESC literature is the strict convexity in Assumption  2. This is a 
more relaxed assumption than those found in previous literature, 
which assumed, as in Michalowsky and Ebenbauer (2014) that 
J was strongly convex, or that it could be shown to satisfy the 
second-order sufficient conditions for strict convexity, as in Labar 
et al. (2019, Asmp 3).

3. Perturbations remove strong convexity restriction in gradi-
ent ESC

Consider the model-based GESC 
̇̂
θ = −kJ ′(θ̂ ) (2)

seeking to minimize J where k > 0 is a gain. The Jacobian of 
(2) around an equilibrium θ∗ is −kJ ′′(θ∗) which may be zero for 
strictly convex maps.

A model-free GESC algorithm, shown in Fig.  1, updates its 
parameter estimate using the first order differential equation 
̇̂
θ = −kĜ (3)

where Ĝ is the perturbation-based estimate of the gradient J ′. 
This gradient estimate is Ĝ = M(t)y where y is a perturbed 



P. McNamee, M. Krstić and Z.N. Ahmadabadi Automatica 182 (2025) 112536
Fig. 2. NESC Algorithm.

sensor output and M(t) a time varying filter. The perturbed sensor 
output is y = J(θ̂ (t)+S(t)) where S(t) = a sin(ωt) with a ̸= 0 and 
ω > 0 while M(t) = 2 sin(ωt)/a. Both the perturbed output and 
the gradient filter are T  periodic. The average system associated 
with (3) is 
̇̂
θ̄ = −kḠ( ˆ̄θ ) (4)

where Ḡ is the averaged gradient estimate defined as

Ḡ( ˆ̄θ ) =
1
T

∫ T

0
M(τ )J

(
ˆ̄θ + S(τ )

)
dτ (5)

=
1
aπ

∫ 2π

0
sin(τ )J

(
ˆ̄θ + a sin(τ )

)
dτ (6)

The Jacobian of (4) around an equilibrium point θ∗ is −kḠ′(θ∗) =

−k 1
aπ

∫ 2π
0 sin(τ )J ′(θ∗ + a sin τ )dτ , which, by Proposition  5 in Sec-

tion 6.1, is always strictly negative for strictly convex maps. In 
contrast, the Jacobian of a model-based GESC, −kG′(θ ) = −kJ ′′(θ )
for a map J that is strictly but not strongly convex, can be zero. 
Hence, the model-free perturbation-based GESC achieved local 
exponential stability around equilibrium points on strictly but not 
necessarily strongly convex maps.

4. Newton ESC and its average

An improvement to gradient-based methods is to account for 
the second derivative of the map to compensate for the map 
curvature. Fig.  2 shows the NESC diagram. The system differential 
equations for a scalar NESC (Ghaffari et al., 2012) are
̇̂
θ = −kΓ̂ Ĝ (7)
̇̂
Γ = ωlΓ̂

(
1 − ĤΓ̂

)
(8)

where ωl > 0 is a filter gain, Ĥ is the estimate of the Hessian, 
and Γ̂  is the Riccati based low pass filter formulation of the 
inverse of Ĥ . The domain of this system is the half-plane D ={
(θ̂ , Γ̂ ) | Γ̂ > 0

}
 since the unstable equilibrium at Γ̂ = 0 in 

Eq. (8) prevents Γ̂  from changing sign (Ghaffari et al., 2012). 
Another time varying signal N(t) =

16
a2
(
sin2(ωt) −

1
2

)
 is used 

to estimate the Hessian Ĥ = Ny from the sensor output y. The 
average system for the model-free NESC is
̇̂
θ̄ = −k ˆ̄Γ Ḡ( ˆ̄θ ) (9)
̇̂
Γ̄ = ωl

ˆ̄Γ

(
1 − H̄( ˆ̄θ ) ˆ̄Γ

)
(10)

where H̄ is the averaged Hessian estimate defined as

H̄( ˆ̄θ ) =
1
T

∫ T

0
N(τ )J

(
ˆ̄θ + S(τ )

)
dτ (11)

=
8
2

∫ 2π (
sin2(τ ) −

1
)
J
(
ˆ̄θ + a sin(τ )

)
dτ (12)
a π 0 2
3

Fig. 3. Numerical simulated trajectories of the NESC using Eq. (13). Simulation 
parameters were a = 0.5, ω = 1, and k = ωl = 0.001. While larger Γ̂  increases 
the oscillations in θ̂ , all trajectories practically converge to a singular point.

Equilibrium points of (9) are the same as (4), but now there is the 
Hessian and averaged Hessian estimate to consider. For strictly 
convex functions such as quartic functions, the Hessian is zero, 
H(θ∗) = J ′′(θ∗) = 0, so (10) in a model-based version of Newton 
seeking grows without bound in Γ̂ . In stark contrast, the average 
of the perturbation-based Hessian estimate is strictly positive 
for strictly convex functions by Proposition  7 in Section 6.1, 
preventing this instability.

5. Motivating example

To demonstrate the complexity that can arise with the NESC 
on strictly convex functions, consider 

J(θ ) = θ2 (exp(θ ) − 1)2 (13)

which satisfies Assumptions  1–3 and has a global minimum at 
θ∗ = 0. This cost function is strictly convex by Proposition  12 in 
Appendix  B as the Hessian is zero only at the minimum but posi-
tive everywhere else. Qualitatively, the example function behaves 
as J(θ ) ∼ θ2 as θ → −∞ but behaves as J(θ ) ∼ θ2 exp(2θ ) as 
θ → ∞. From the example trajectories in Fig.  3, it becomes clear 
that there is a point (θ∗,Γ∗) that is practically stable but θ∗ ̸= θ∗. 
A further examination of selected trajectories in Fig.  4 illustrates 
the local practical stability near θ∗, with the selected trajectories 
appearing to enter a region of local exponential practical stability 
after 5000 s. An interesting facet of the trajectories in Fig.  3 is 
the behavior of Γ̂  along the trajectories. As (8) is formulated on 
the inverse of a low pass filter of Ĥ , the trajectories of Γ̂  should 
be attracted to the curve 

(
θ̂ , 1/H̄

(
θ̂

))
. This curve is always well 

defined in this example as H̄ > 0 in Fig.  5. Thus, even if linear 
terms are added to (13) to shift θ∗, the practically stable point (
θ∗, 1/H̄ (θ∗)

)
 always exists.

6. Main results

Under the stated Assumptions  1–3 about the map J , this work 
proves that the NESC is sGPUAS where the definitions of practical 
stability are given in Appendix  A for reference. 

Theorem 4 (The NESC System Is Sgpuas).  Let the system described 
in Eqs. (7)–(8) act on a static scalar map J satisfying Assumptions 
1–3. Then in the error variables

(θ̃ , γ̃ ) =

(
θ̂ − θ∗, ln

(
Γ̂ H̄(θ̂ )

))
where θ∗ ∈ R is a unique point, the NESC system is sGPUAS to the 
origin. Furthermore, the point (θ̂ , Γ̂ ) = (θ∗, 1/H(θ∗)) is practically 
exponentially stable.
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Fig. 4. Numerical simulated parameter estimates of the NESC using Eq. (13). 
Parameters were a = 0.5, ω = 1, and k = ωl = 0.001. The initial conditions 
(θ̂0, Γ̂0) were (1, 5/6), (1, 5/3), (1, 5/6), and (1, 5/3) for the blue, orange, red, 
and green lines, respectively. After 5,000 s, all the parameter estimates increase 
their convergence rate and appear to converge exponentially to a neighborhood 
of θ∗ , with ∥θ̂ (t) − θ∗∥ <10e-3 for t > 8, 000 seconds.

Fig. 5. The Hessian and average Hessian estimate of J . The solid line is J ′′ , the 
dashed line is the numerically calculated H̄ , and the dash-dotted line is a lower 
bound of H̄ given in (23). For the motivating example, H̄ tends to be larger than 
J ′′ , although it is slightly smaller when θ ∈ [−1,−0.5]. Also note that H̄ and its 
lower bound are strictly positive even when J ′′(θ ) = 0 at θ = 0.

6.1. Averaged derivative estimates

To understand the stability of the NESC on scalar maps, one 
must understand the behavior of the average systems with the 
averaged derivative estimates Ḡ and H̄ . The average system uses 
the average states (θ̄ , ˆ̄Γ ), the averaged H̄ defined in (12), and the 
average gradient estimate Ḡ defined in (6). The average system 
dynamics in (9) and (10) have a stable equilibrium when Ḡ( ˆ̄θ ) = 0

and ˆ̄Γ =

[
H̄( ˆ̄θ )

]−1
 (Ghaffari et al., 2012) but it is not immediately 

apparent how many points θ∗ exists where Ḡ(θ∗) = 0. First, 
we show that Ḡ is a monotonically increasing function with 
respect to ˜̄θ for strictly convex scalar maps to demonstrate the 
uniqueness of θ∗.

Proposition 5.  Under Assumptions  1 and 2, the average sys-
tem gradient estimate Ḡ defined in (6) is a strictly monotonically 
increasing function with respect to ˆ̄θ .

Proof.  Rearranging (6) gives in a more suitable form for differ-
entiation

Ḡ( ˆ̄θ ) =

∫ π

0

sin(τ )
aπ

(
J( ˆ̄θ + a sin τ ) − J( ˆ̄θ − a sin τ )

)
dτ

which when differentiating and then replacing the difference 
with an integration yields

Ḡ′( ˆ̄θ ) =
1
∫ π

sin(τ )
∫ ˆ̄θ+a sin(τ )

J ′′(φ)dφdτ > 0.

aπ 0 ˆ̄θ−a sin(τ )

4

The strict inequality is a consequence of Proposition  12 in
Appendix  B and sin τ > 0 for all τ ∈ (0, π ). With the derivative 
of Ḡ being strictly positive, Ḡ must be a strictly monotonically 
increasing function with respect to ˆ̄θ .

In addition to showing the monotonicity of Ḡ, we establish the 
existence and uniqueness of θ∗ when the scalar map has a global 
minimizer.

Proposition 6.  Under Assumptions  1–3 the gradient estimate in 
the average system Ḡ as defined by (6) has a unique zero θ∗ ∈

(θ∗
− a, θ∗

+ a).

Proof.  The proof follows by providing an upper and lower bound 
to Ḡ and applying Assumption  3 to the found bounds. First, (6) is 
simplified by periodicity to 

Ḡ( ˆ̄θ ) =
2
aπ

∫ π/2

−π/2
sin(τ )J( ˆ̄θ + a sin(τ ))dτ (14)

Next, we introduce an auxiliary function fℓ using a convex line 
segment and support line

fℓ(φ) =

⎧⎨⎩λJ
(
ˆ̄θ − a

)
+ (1 − λ) J

(
ˆ̄θ

)
 for φ < ˆ̄θ

J
(
ˆ̄θ

)
+ J ′

(
ˆ̄θ

)
·

(
φ −

ˆ̄θ

)
 for φ ≥

ˆ̄θ

where λ = (θ̄ −φ)/a to form a strict lower bound on the integral 
in (14) by replacing J with fℓ in the integrand. The lower bound is 
justified by the convex line segment and the support line regions. 
The inequality

sin(τ )fℓ
(
ˆ̄θ + a sin(τ )

)
≤ sin(τ )J

(
ˆ̄θ + a sin(τ )

)
may then be formed with equality met only when sin τ = 0. 
Hence, replacing fℓ for J in (14) forms the lower bounds of

Ḡ( ˆ̄θ ) >
2
aπ

∫ π/2

−π/2
sin(τ )fℓ

(
ˆ̄θ + a sin(τ )

)
dτ

=
1
2

(
J ′
(
ˆ̄θ

)
+

1
a

(
J
(
ˆ̄θ

)
− J

(
ˆ̄θ − a

)))
=

1
2

(
J ′( ˆ̄θ ) +

1
a

∫ ˆ̄θ

ˆ̄θ−a
J ′(φ)dφ

)
While we have the lower bound in terms of J ′, it would be 
a more applicable bound if we use a single value instead of 
having an integral calculating the average value of J ′ over an 
interval. As J ′ is a strictly monotonically increasing function by
Proposition  12 in Appendix  B, the extrema of J ′ over finite inter-
vals occur at the interval endpoints. Thus, both J ′( ˆ̄θ ) > J ′( ˆ̄θ − a)

and 1a
∫ ˆ̄θ

ˆ̄θ−a
J ′(φ)dφ > J ′( ˆ̄θ−a). The lower bound for Ḡ is now given 

as 

Ḡ
(
ˆ̄θ

)
>

1
2

(
J ′( ˆ̄θ ) +

1
a

∫ ˆ̄θ

ˆ̄θ−a
J ′(φ)dφ

)
> J ′( ˆ̄θ − a) (15)

The upper bound for Ḡ follows similar logic but uses the 
auxiliary function

fu(φ) =

⎧⎨⎩ J
(
ˆ̄θ

)
+ J ′

(
ˆ̄θ

)
·

(
φ −

ˆ̄θ

)
 for φ < ˆ̄θ

λJ
(
ˆ̄θ + a

)
+ (1 − λ) J

(
ˆ̄θ

)
 for φ ≥

ˆ̄θ

where λ = (φ − θ̄ )/a for the inequality 

sin(τ )f
(
ˆ̄θ + a sin(τ )

)
≥ sin(τ )J

(
ˆ̄θ + a sin(τ )

)
(16)
u
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This gives the upper bound of Ḡ by

Ḡ
(
ˆ̄θ

)
<

2
aπ

∫ π/2

−π/2
sin(τ )fu

(
ˆ̄θ + a sin(τ )

)
dτ

=
1
2

(
J ′
(
ˆ̄θ

)
+

1
a

∫ ˆ̄θ+a

ˆ̄θ

J ′(φ)dφ

)
< J ′

(
ˆ̄θ + a

)
(17)

With the upper and lower bounds established on Ḡ, we combine 
both (15) and (17) to show that
Ḡ(θ∗

− a) < J ′
(
θ∗
)
< Ḡ(θ∗

+ a)

and J ′ (θ∗) = 0 from Assumption  3. By the Intermediate Value 
Theorem, there is a zero θ∗ ∈ (θ∗

− a, θ∗
+ a) and this zero 

is unique as Ḡ is a strictly monotonically increasing function by 
Proposition  5.

The existence and uniqueness of θ∗ establishes the uniqueness 
of a stable equilibrium for the NESC system, but it does not 
establish by itself the existence of such an equilibrium. If we 
consider (10) with H̄(θ∗) = 0, then ˆ̄Γ → ∞ as t → ∞. This 
divergence would prevent the existence of a stable equilibrium. 
However, the averaging process in (12) ensures that H̄ is strictly 
positive everywhere.

Proposition 7.  Under Assumptions  1 and 2, the Hessian estimate in 
the average system H̄ as defined by (12) is a strictly positive function 
for any a ̸= 0.

Proof.  Similar to the proof of Proposition  6, (12) is simplified by 
periodicity to 

H̄( ˆ̄θ ) =
8

a2π

∫ π/2

−π/2
(− cos(2τ )) J( ˆ̄θ + a sin τ )dτ (18)

and uses another auxiliary function h based on parameterized 
convex line segments ℓ and parameterized support lines s.

ℓ(φ; φ1, φ2) =

(
φ2 − φ

φ2 − φ1

)
J(φ1) +

(
φ − φ1

φ2 − φ1

)
J(φ2)

s(φ; φs) = J(φs) + J ′(φs) · (φ − φs)

h(φ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

s
(
φ;

ˆ̄θ −
a

√
2

)
, φ ≤ θ̄ −

a
√
2

ℓ

(
φ;

ˆ̄θ −
a

√
2
, ˆ̄θ

)
, ˆ̄θ −

a
√
2
< φ ≤

ˆ̄θ

ℓ

(
φ;

ˆ̄θ, ˆ̄θ +
a

√
2

)
, ˆ̄θ < φ ≤

ˆ̄θ +
a

√
2

s
(
φ;

ˆ̄θ +
a

√
2

)
, φ > ˆ̄θ +

a
√
2

This auxiliary function h forms an inequality with the map J

− cos(2τ )h( ˆ̄θ + a sin τ ) ≤ − cos(2τ )J( ˆ̄θ + a sin τ )

which meets with equality only when cos 2τ = 0. The inequality 
is justified by the sign of − cos 2τ  and the strict inequalities of 
(1) and Lemma  10. The auxiliary function h is shown in Fig.  6 
for reference. A lower bound for (18) is provided in (23) using 
h rather than J . This lower bound is a strictly positive function 
as the terms are strictly positive by (1) and Proposition  12 in 
Appendix  B, respectively.

6.2. Proof of Theorem  4

With the existence and uniqueness of a stable equilibrium of 
the average NESC system established, we now prove the stability 
results of Theorem  4.
5

First, we change the variables from (θ̂ , Γ̂ ) to the error coor-
dinates (θ̃ , γ̃ ) where θ̃ = θ̂ − θ∗ and γ̃ = ln(Γ̂ · H̄(θ̃ + θ∗)). 
The transform and inverse transform Γ̂ = eγ̃ /H̄(θ̃ + θ∗) is valid 
everywhere since Γ̂ > 0 by the original domain and H̄ > 0 from 
Proposition  7. The dynamics in the new variables are

̇̃
θ =

̇̂
θ = −keγ̃ ·

Ĝ

H̄(θ̃ + θ∗)

̇̃γ =
1

Γ̂

̇̂
Γ +

H̄ ′
(
θ̃ + θ∗

)
H̄
(
θ̃ + θ∗

) ̇̃
θ

= ωl

(
1 − eγ̃

Ĥ

H̄(θ̃ + θ∗)

)
− keγ̃ · Ĝ ·

H̄ ′(θ̃ + θ∗)

H̄2(θ̃ + θ∗)
.

The parameter estimate differential equation remains unchanged 
except that it now appears like a Newton Flow scaled by eγ̃ . 
The differential equation for transformed γ̃  gains a second term 
that accounts for H̄ varying as θ̃ changes. To prove the sGPUAS 
of this transformed coordinate system, one first establishes the 
global uniform asymptotic stability (GUAS) of the average system 
where GUAS is given in Appendix  A. The average dynamics of the 
transformed coordinates are
̇̃
θ̄ = −ke ˜̄γ

·
Ḡ( ˜̄θ + θ∗)

H̄( ˜̄θ + θ∗)
(19)

˜̄γ = ωl

(
1 − e ˜̄γ

)
− ke ˜̄γ

· Ḡ( ˜̄θ + θ∗) ·
H̄ ′( ˜̄θ + θ∗)

H̄2( ˜̄θ + θ∗)
(20)

The candidate Lyapunov function in this average error system 
( ˜̄θ, ˜̄γ ) is

V ( ˜̄θ, ˜̄γ ) =
1
2

˜̄θ2 + β

∫ ˜̄θ

0
sgn(φ)

|H̄ ′(φ + θ∗)|
H̄(φ + θ∗)

dφ

+ ln
(
e ˜̄γ

− ˜̄γ

)
(21)

where sgn is the sign function and β is chosen to satisfy 

max
˜̄γ∈R

⏐⏐⏐⏐⏐ e ˜̄γ
− 1

e ˜̄γ − ˜̄γ

⏐⏐⏐⏐⏐ =
eW

(
−e−2

)
+2

− 1

eW
(
−e−2

)
+2

− W
(
−e−2

)
− 2

≤ β (22)

H̄( ˆ̄θ ) >
8

a2π

∫
−π/2

−π/2
(− cos 2τ) h( ˆ̄θ + a sin τ )dτ

=
3(2

√
2 − 1)

4πa2

(
1
2
J
(
θ̄ +

a
√
2

)
+

1
2
J
(
θ̄ −

a
√
2

)
− J

(
θ̄
))

+
3
√
2

4πa

∫ ˆ̄θ+a/
√
2

ˆ̄θ−a/
√
2

J ′′(φ)dφ > 0 (23)

where W  is the Lambert W  function’s principal branch and the 
lower bound of β is approximately 1.12.

The first and third summation terms of V  are radially un-
bounded, positive definite functions with respect to their argu-
ments of ˜̄θ and ˜̄γ , respectively, while the second term is a positive 
semidefinite function with respect to its argument ˜̄θ . Hence, V  is 
a radially unbounded function. Taking the Lie derivative of (21) 
results in (28) where Ḡ( ˜̄θ+θ∗)·sgn( ˜̄θ ) = |Ḡ( ˜̄θ + θ∗)| by Proposition 
5. This is a continuous function as discontinuities in the sign 
function occur only when multiplied by Ḡ( ˜̄θ + θ∗) · H̄ ′( ˜̄θ + θ∗) =

0. The second and third term summation in (28) are negative 
definite functions in the ( ˜̄θ, ˜̄γ ) plane. The first term is a negative 
semidefinite function given that β satisfies the functional bounds 
of (22). Thus, (28) is a negative definite function. The Lyapunov 
function being a radially unbounded positive definite function 
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Fig. 6. The auxiliary function h constructed from support lines and convex line 
segments for an example J .

with a negative definite implies that the average system ( ˜̄θ, ˜̄γ ) is 
GUAS to the origin Khalil (2002, Th. 4.9) and the original system 
(θ̃ , γ̃ ) is consequently sGPUAS to the origin Teel, Peuteman, and 
Aeyels (1998).

For the practical exponential stability of the NESC, we consider 
a new set of error variables (θ̃ , Γ̃ ) where Γ̃ = Γ̂ − Γ∗ and 
Γ∗ = 1/H̄(θ∗). The system dynamics are
̇̃
θ = −k

(
Γ̃ + Γ∗

)
Ĝ

̇̃
Γ = −ωl

(
Γ̃ + Γ∗

) (
1 −

(
Γ̃ + Γ∗

)
Ĥ
)

and the average system dynamics are
̇̃
θ̄ = −k

(
˜̄Γ + Γ∗

)
Ĝ

̇̃
Γ̄ = −ωl

(
˜̄Γ + Γ∗

)(
1 −

(
˜̄Γ + Γ∗

)
H̄( ˜̄θ + θ∗)

)
The linearization around the origin of this error system is 

d
dt

[
˜̄θ
˜̄Γ

]
=

[
−kḠ′(θ∗)/H̄(θ∗) 0

0 −ωl

][
˜̄θ
˜̄Γ

]
(24)

Trivially, the eigenvalues of the coefficient matrix of (24) are 
−kḠ′(θ∗)/H̄(θ∗) and −ωl. All of these eigenvalues are negative 
since Ḡ′ > 0 and H̄ > 0 by Propositions  5 and 7 respectively, so 
the coefficient matrix is Hurwitz. The origin is then exponentially 
stable for the average system (Khalil, 2002, Thm 4.7). Coupled 
with (Khalil, 2002, Thm 10.4), (θ̃ , Γ̃ ) is exponentially stable to 
a periodic orbit in a neighborhood of radius O(ω−1) which sat-
isfies the definition of practical exponential stability provided in 
Appendix  A.

7. Justifying the choice of Lyapunov function

The Lyapunov function (21) chosen to prove the sGPUAS re-
sults is admittedly a peculiar equation and leaves the reader 
wondering if such a complicated asymmetric Lyapunov function 
is even required. Although not every strictly convex function 
requires such a complex Lyapunov function, this complexity is 
needed for the general strictly convex case. Consider a more basic 
choice of a Lyapunov function 

V ( ˜̄θ, ˜̄γ ) =
α

2
˜̄θ2 + ln

(
e ˜̄γ

− ˜̄γ

)
(25)

where α > 0. The Lyapunov function is the sum of two terms 
that are independent in their arguments and one of the terms a 
simple polynomial in ˜̄θ . The Lie derivative is

V̇ ( ˜̄θ, ˜̄γ ) = −ke ˜̄γ Ḡ( ˜̄θ + θ∗)
˜

(
α ˜̄θ H̄( ˜̄θ + θ∗)
H̄2(θ̄ + θ∗)
6

+
e ˜̄γ

− 1

e ˜̄γ − ˜̄γ
· H̄ ′( ˜̄θ + θ∗)

)
− ωl

(
e ˜̄γ

− 1
)2

e ˜̄γ − ˜̄γ

and for this derivative to be a negative definite function, we need 
the inequality

sgn
(
Ḡ
(
˜̄θ + θ∗

))(
α ˜̄θ H̄

(
˜̄θ + θ∗

)
+

e ˜̄γ
− 1

e ˜̄γ − ˜̄γ
H̄ ′

(
˜̄θ + θ∗

))
> 0 (26)

to hold for all ˜̄θ ̸= 0. This can be meet with the inequality 

|
˜̄θ |H̄

(
˜̄θ + θ∗

)
≥
β

α

⏐⏐⏐H̄ ′

(
˜̄θ + θ∗

)⏐⏐⏐ (27)

d
dt

V ( ˜̄θ, ˜̄γ ) = −ke ˜̄γ
·
|Ḡ( ˜̄θ + θ∗) · H̄ ′( ˜̄θ + θ∗)|

H̄2( ˜̄θ + θ∗)

×

(
β −

e ˜̄γ
− 1

e ˜̄γ − ˜̄γ
· sgn( ˜̄θ · H̄ ′( ˜̄θ + θ∗))

)

− ke ˜̄γ
·
Ḡ( ˜̄θ + θ∗) ·

˜̄θ

H̄( ˜̄θ + θ∗)
− ωl

(
e ˜̄γ

− 1
)2

e ˜̄γ − ˜̄γ
(28)

where β is defined in (22). Such an inequality holds trivially 
for a quadratic map, since H̄ ′ is zero everywhere, but it does 
not necessarily hold for non-quadratic maps. The absolute value 
terms of (27) are a result that in general we do not expect H̄ ′ and 
Ḡ to share the same sign. This would lead to further complications 
in the stability analysis, as the only stipulation applicable to H̄ is 
that it merely be strictly positive, which does not say anything 
about H̄ ′.

Treating (27) as a differential inequality,

−

∫ ˜̄θ

0

α

β
|φ| dφ ≤

∫ ˜̄θ

0

H̄ ′ (φ + θ∗)

H̄ (φ + θ∗)
dφ ≤

∫ ˜̄θ

0

α

β
|φ| dφ

the comparison method yields

H (θ∗) e
−
α
2β

˜̄θ2
≤ H

(
˜̄θ + θ∗

)
≤ H (θ∗) e

α
2β

˜̄θ2

as bounds on the acceptable growth rate of H̄ . This leads to an 
obvious selecting H̄ to be a function with a faster growth rate to 
violate (27). To illustrate, we select H̄

(
˜̄θ + θ∗

)
= e

1
3β

˜̄θ3  which 
satisfies the differential equation 
˜̄θ2H̄

(
˜̄θ + θ∗

)
= βH̄ ′

(
˜̄θ + θ∗

)
This shows that our choice of H̄( ˜̄θ + θ∗) = e

1
3β

˜̄θ3  violates the 
required inequality (27) whenever | ˜̄θ | > α.

We must address the concern that what we have shown so 
far is a vacuous example, as there may not be a specific J and 
a that produce the H̄ previously discussed. However, the cost 
function J =

∫ θ ∫ φ eψ3/(3β)dψdφ, which is strictly convex by 
second-order sufficient conditions (Boyd & Vandenberghe, 2004, 
Ch 3.1.4), generates a H̄ such that H̄ → eθ

3/3 as a → 0. 
Therefore, it is always possible to find an a sufficiently small 
enough so that (27) is violated for a sufficiently large ˜̄θ . Fur-
thermore, it is reasonable to consider other Lyapunov functions 
in which the quadratic term in (25) is replaced by a different 
polynomial α2d

˜̄θ2d where d ∈ {1, 2, . . .}. This replaces | ˜̄θ | in 
(27) with | ˜̄θ |

2d−1
. However, the resulting counterexample H̄ to 

the inequality would be H̄
(
˜̄θ + θ

)
= e

1
(2d+1)β

˜̄θ2d+1
. Thus, we can 
∗
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always find a counterexample to Lyapunov functions consisting 
only of a sum of a finite polynomial in ˜̄θ and a term whose 
argument is ˜̄γ . In contrast, the integral term of (21) strengthens 
the Lyapunov function in ˜̄θ sufficiently so that the derivative of 
the Lyapunov function is negative definite. For the cost functions 
considered in this section, (21) becomes 

V
(
˜̄θ, ˜̄γ

)
=

1
2

˜̄θ2 +
1

(2d + 1)

⏐⏐⏐ ˜̄θ ⏐⏐⏐2d+1
+ ln

(
e ˜̄γ

− ˜̄γ

)
(29)

for any d = 1, 2, 3, . . .. For example, the inclusion of a cubic term 
in 
⏐⏐⏐ ˜̄θ ⏐⏐⏐, in addition to the quadratic term, suffices. Note that the 

integral term in (21) is adaptive to the choice of J and places 
more emphasis on the improvement of ˜̄θ as the magnitude of H̄ ′

increases.
Since we have shown that some simpler choices of V  such 

as (25) cannot satisfy the general case, it would be prudent to 
consider a V  with two independent terms and an additional 
component to compensate for the cross-term component of (20). 
Observing from (20), the cross-term is better recognized as ̇̃θ̄ ·

H̄ ′( ˜̄θ+θ∗)/H̄( ˜̄θ+θ∗), which leads to the intuition to include an in-
tegral term 

∫ ˜̄θ

0 f (φ)dφ in V  since its time derivative is ̇̃θ̄ ·f ( ˜̄θ ). Now 
select f  so that it always has an opposite sign of ̇̃θ̄ and its magni-
tude is greater or equal to the magnitude of H̄ ′( ˜̄θ + θ∗)/H̄( ˜̄θ + θ∗). 
The simplest choice is f ( ˜̄θ ) = sgn( ˜̄θ )|H̄ ′( ˜̄θ + θ∗)|/H̄( ˜̄θ + θ∗) and 
this justifies our choice of (21) for the Lyapunov function with 
minimal complexity.

8. Multivariable maps: Algorithms (gradient and Newton) may 
fail to converge

The immediate assumption from reading Theorem  4 is that 
it would naturally be extended from the scalar cost function 
case to the multivariable case. This would require that all strictly 
convex J be practically stable for any system designer choice of 
relative amplitudes and rates of the dither signal. However, this 
assumption ends up being incorrect for the general case as we 
can show certain systems that are locally practically unstable for 
specific cost functions.

To discuss these counterexamples, we need to define the GESC 
and NESC for the multivariable case as in Ghaffari et al. (2012). 
The modifications are simply that the dither signal, gradient 
filter, and Hessian filter signals are now vectors and matrices, as 
appropriate. The element-wise definitions are

Si(t) = ai sin(ωrit), Mi(t) =
2
ai

sin(ωrit)

Nii(t) =
−8
a2i

cos(2ωrit), Nij(t) =
4

aiaj
sin(ωrit) sin(ωrit)

The non-zero integers ri are relative rates of the dither to a 
common rate ω, where ω−1 is kept as the small parameter for 
practical stability. The system designer should choose a set of 
ri’s such that ri ̸= rj, ri ̸= 2rj, and ri ± rj ̸= 2rk for all i, j, k ∈

{1, 2, . . . , n} (Ghaffari et al., 2012). The first two inequality rules 
arise from the gradient estimation, while the last inequality is 
a consequence of the Hessian estimation. In addition to relative 
rates ri, the system designer must also choose relative dither 
amplitudes ai but the only restriction is that ai ̸= 0.

With the gradient and Hessian filters as sinusoidal perturba-
tions, we make a key observation that y(t) is a periodic function 
in time whenever θ̂ is ‘‘frozen’’ for averaging as ω → ∞. 
Thus, the average gradient and Hessian defined in (6) and (12) 
appear similar to how sine or cosine transforms are performed 
for specific frequencies.
7

8.1. GESC instability example

For local stability of (4), −k∇Ḡ (θ∗) must be Hurwitz, i.e., all 
the eigenvalues of ∇Ḡ (θ∗) must have positive real components. 
The necessary condition for stability then is that the trace of 
∇Ḡ (θ∗) must be strictly positive, i.e., a sufficient condition for 
instability is that the trace of ∇Ḡ (θ∗) is negative. Now consider 
the cost function
J(θ ) = θ41 + (θ1 + θ2)

4 (30)

= 2θ41 + 4θ31 θ2 + 6θ21 θ
2
2 + 4θ1θ32 + θ42 (31)

With the choice of r2/r1 = 3, this cost function has an averaged 
gradient estimation vector, defined in (5), of

Ḡ( ˆ̄θ ) = 4

[
ˆ̄θ31 + ( ˆ̄θ1 +

ˆ̄θ2)3

( ˆ̄θ1 +
ˆ̄θ2)3

]

+6

[
a21 −

a1a2
2 + a22

a21
2 −

a1a2
2 + a22

a31
3a2

+ a21 +
a22
2 −

a31
6a2

+ a21 +
a22
2

]
ˆ̄θ (32)

The equilibrium point of the GESC system is the origin θ∗ = 0. 
Trivially, the Jacobian of the GESC system at the origin is simply 
the linear coefficients in (32).

Using the sufficient condition for instability, we arrive at the 
inequality

2a21 −
a1a2
2

+
3a22
2

−
a31
6a2

≤ 0

Substituting the ratio ra = a1/a2 and simplifying leads to the new 
inequality

r3a − 12r2a + 3ra − 9 ≥ 0

that is satisfied when ra ≥ 15c−1/3
+ 4 + c1/3 where

c =
5
2

√
85 +

125
2

The lower bound for ra to generate this instability is approxi-
mately 11.81, which means the GESC is unstable on this map 
when using highly asymmetric dither amplitudes. Thus, there are 
system designer choices that may destabilize the GESC for this 
particular cost function.

The GESC acting on (30) is unstable if the dither amplitude 
associated with the faster perturbation signal (a2 here) is rela-
tively too small. It is important to note that this is a relative 
magnitude between a1 and a2 and not their absolute magnitude. 
This is a crucial detail to consider when faced with the claim that 
the model-free GESC system with arbitrarily dither amplitudes 
is nearly identical to the model-based GESC systems. After all, 
Ḡ → ∇J in (32) as a1, a2 → 0. However, while the model-
based GESC can be shown to be GUAS using a Lyapunov stability 
analysis on the Lyapunov function V = J , the model-free GESC 
can always be unstable no matter how small a1 and a2.

The specific cause of the instability studied in this example 
is the θ31 θ2 product term in (31), which contributes to the a31/a2
components in (32). Therefore, we expect that terms composed 
of products of different parameters could potentially lead to 
instability in the GESC algorithm.

8.2. NESC instability example

In this section, we can show that the choices of the dither 
perturbation signals can remove any stable equilibrium for the 
NESC. A stable equilibrium for the NESC system exists when 
the averaged Hessian estimate H̄(θ∗) is a positive definite ma-
trix (Ghaffari et al., 2012). The simplest multivariable, strictly 
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convex cost function that can manifest a non-positive definite H̄
is 
J(θ ) = θ41 + θ42 (33)

As the average Hessian is constructed by averaging the multi-
plication of y and a periodic matrix, we should rearrange the 
perturbed equation where θ = θ̂ + S(t) into something that 
resembles a periodic equation. This rearrangement is

J(θ ) =

4∑
k=0

(
4
k

) 2∑
j=1

(
θ̂4−k
j akj sin

k(ωrjt)
)

=

2∑
j=1

[
bj,0 + bj,1 sin(ωrjt) + bj,2 cos(2ωrjt)

+bj,3 sin(3ωrjt) + bj,4 cos(4ωrjt)
]

where bj,k are coefficients

bj,0 = θ̃4j + 3a2j θ̃
2
j + 12a4j , bj,1 = 4ajθ̃3j + 3a3j θ̃j

bj,2 = −

(
3a2j θ̃

2
j +

1
2
a4j

)
, bj,3 = −a3j θ̃j, bj,4 =

1
8
a4j

which are dependent on θ̃ . With the expanded version of the 
perturbed J , it becomes apparent that J asymptotically approx-
imates a Fourier series as ω → ∞ on the fast time scale in 
averaging. Consequently, the average gradient and the average 
Hessian are weighted sums of particular coefficients, since they 
act nearly identical to certain frequency components of sine and 
cosine transforms.

By fixing the ratio r2/r1 = 5, the average gradient estimate 
and the average Hessian estimates, defined in (11), become

Ḡ( ˆ̄θ ) =

[
b1,1/a1
b2,1/a2

]
=

[
4 ˆ̄θ31 + 3a21

ˆ̄θ1

4 ˆ̄θ32 + 3a21
ˆ̄θ2

]

H̄( ˆ̄θ ) =

⎡⎣−
4b1,2
a21

b1,4
a1a2

b1,4
a1a2

−
4b2,2
a22

⎤⎦ = 12

[
ˆ̄θ21 0
0 ˆ̄θ22

]
+ 2

⎡⎣ a21
a31

16a2
a31

16a2
a22

⎤⎦
Again, the point where Ḡ( ˆ̄θ ) = 0 is θ∗ = 0. Note that the diagonal 
elements of H̄(θ∗) are a result of the nonlinearity of J from terms 
that are higher than a quadratic. These terms interact with filter 
components with which the filters were not designed to interact 
with. Specifically, the θ41  term has a non-zero average when 
multiplied by N1,2 in this example, generating the instability.

The system of (9) acting on (33) produces a unique equilibrium 
at θ∗ = 0. The condition required for the local stability of (10) is 
H̄(θ∗) ≻ 0. By Sylvester’s criteria, the determinate of H̄(θ∗) must 
be strictly positive for H̄(θ∗) to be positive definite, a condition 
which is violated when

ra ≥ 4

Thus for certain choices of r1, r2, a1 and a2 will destabilize the 
system and prevent the extension of Theorem  4 for the NESC to 
the multivariable case.

The instability in this example is the result of the highly non-
linear terms creating additional terms in the Fourier series. These 
additional terms undesirably interact with other components of 
N and create additional terms in H̄ that can lead to instability 
in (10). From the example presented here, it appears instability 
occurs whenever the dither amplitude associated with the faster 
signal (a2 here) is relatively too small when compared to the 
amplitude of the slower dither signal (a1 here). Thus, the system 
designer should take care in selecting the relative magnitudes of 
the dither signals.
8

9. Conclusions

We have demonstrated the practical stability of the NESC, 
both the sGPUAS and the local PES to unique equilibrium point 
for scalar maps that are strictly convex, even if not strongly 
convex. Critically, the average of the perturbation-based gradient 
and Hessian estimates retain important properties that allow for 
model-free ESC to achieve stronger practical stability on these 
maps than their model-based analogs would suggest. We also 
demonstrated through counterexamples that the stability results 
for the GESC and NESC presented in this work do not necessarily 
extend from scalar maps to multivariable maps. Thus, the stability 
results of the GESC and NESC for scalar, strictly convex maps are 
a special case when considering all strictly convex maps.

Appendix A. Practical stability

The stability of systems whose state dynamics depend on a 
vector of small perturbation parameter are often studied under 
practical stability. In this work, we consider systems of the sin-
gular small parameter ω−1, i.e., the arbitrarily fast dither rates ω. 
These parameter dependent systems satisfy

d
dt

x = f ω(t, x) (A.1)

where x(t) is a solution to (A.1). The solutions of the parameter 
dependent (A.1) may converge to a close neighborhood of the 
origin as t → ∞ given that the initial conditions of x are 
sufficiently close to the origin. The notion of practical stability 
of the origin is that one can find an interval of ω such that all 
trajectories starting in an arbitrarily large distance from the origin 
converge towards arbitrarily small neighborhood of the origin. 
The formal definitions for sGPUAS and PES are given below.

Definition 8 (Labar et al., 2019). The origin of (A.1) with param-
eter ω is semiglobally practically uniformly asymptotically stable 
(sGPUAS) if for every bounded neighborhood of the origin B ⊂ Rn

and V ⊂ Rn, there exist bounded neighborhoods of the origin 
Q ⊂ B and W such that V ⊂ W ⊂ Rn and a ω∗ such that 
∀ω ∈ (ω∗,∞), there exists T  such that ∀t0 ∈ R>0 the following 
hold:

(1) (Boundedness) x(t0) ∈ V H⇒ x(t) ∈ W, ∀t ≥ t0;
(2) (Stability) x(t0) ∈ Q H⇒ x(t) ∈ B, ∀t ≥ t0;
(3) (Practical Convergence) x(t0) ∈ V H⇒ x(t) ∈ B

∀ t ≥ t0 + T

Definition 9.  The origin of (A.1) is said to be practically ex-
ponentially stable (PES) for δ sufficiently small if there exists 
M, λ > 0 such that for every ε > 0 there exists ω∗ such that 
for all ω ∈ (ω∗,∞) and t ∈ [t0,∞)

∥x(t0)∥ < δ H⇒ ∥x(t)∥ ≤ M∥x(t0)∥e−λ(t−t0) + ε (A.2)

Without dependence on the small parameter vector, the prac-
tical notion is removed, and stability follows more conventional 
and stronger stability definitions found in Khalil (2002, Ch 4).

Appendix B. Convexity lemmas

The following lemmas and proposition are useful for establish-
ing the first and second order conditions of convex and strictly 
convex functions.
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Lemma 10 (Boyd & Vandenberghe, 2004).  A differentiable map is 
strictly convex if and only if for θ1, θ2 ∈ Rn where θ1 ̸= θ2 the 
following inequality holds. 
J(θ2) > J(θ1) + ∇J(θ1)T (θ2 − θ1) (B.1)

Lemma 11 (Boyd & Vandenberghe, 2004).  A twice differentiable 
map is convex if and only if 
∇

2J ⪰ 0, ∀ θ ∈ Rn (B.2)

Proposition 12.  A scalar, strictly convex map J implies that 
∀ θ1, θ2 ∈ R where θ1 < θ2, the following proper integral of the 
second derivative of the map is strictly positive. ∫ θ2

θ1

J ′′(φ)dφ > 0 (B.3)

Suppose that the proposition was not true, then J is strictly 
convex and there is a finite interval where 

∫ θ2
θ1

J ′′(φ)dφ ≤ 0. 
From Lemma  11, the integrand must be strictly non-negative so 
J ′′(θ ) = 0 for all θ ∈ (θ1, θ2), i.e., the function is a linear function 
in the interval. Thus, J cannot be strictly convex as 2 would be an 
equality rather than a strict inequality, leading to a contradiction 
that J was strictly convex. Therefore, (B.3) must hold for any 
θ1, θ2 ∈ R where θ1 < θ2.
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