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Adaptive Nonlinear Prescribed-Time Control
With Filterless Least Squares

Wuquan Li , Senior Member, IEEE, and Miroslav Krstic , Fellow, IEEE

Abstract—For linearly parametrized nonlinear systems
in normal form, we first develop a new prescribed-time
(PT) least-squares identification scheme (abbreviated PT-
LS) characterized by a blow-up function, and then design
a new PT adaptive controller which ensures that the plant
state is regulated to zero in the prescribed time and the
parameter estimate converges to a vector-valued constant
in the same PT. Under a moderate interval excitation (IE)
condition where the IE is fulfilled at the time strictly before
the terminal time and we maintain the presence of IE in the
estimator until the terminal time, even though the regressor
may have lost the excitation, we redesign a new PT-LS
estimator by introducing a novel term characterized by the
blow-up function, online historical data and instant data,
which not only ensures that the plant state is regulated to
zero in PT, but also that the parameter estimation is strongly
consistent in the same PT, i.e., the estimator PT-converges
to the parameter’s true value. Finally, two simulation exam-
ples are given to illustrate the PT-LS and adaptive control
designs.

Index Terms—Nonlinear systems in normal form, pres-
cribed-time adaptive control, prescribed-time least-squa-
res.

I. INTRODUCTION

A. Literature

IDENTIFICATION is a key tool not only in engineering, but
also in econometrics, biology, environmental science and

other areas [6], [23]. Among the identification schemes, least-
squares (LS) is an appealing method since it has the capability
of automatically adjusting the adaptation gain matrix where the
gain decays rapidly in regressor channels with a strong signal and
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they do not decay as fast, or may even grow, in channels where
the signal is weak. In other words, LS has an advantage, over the
gradient estimation, that all the parameter estimates converge
with approximately the same speed, resulting in performance
and robustness advantages [12], [13], [24], [33], [45]. Based
on the experimental data from a two-degrees-of-freedom robot
manipulator, [5] empirically demonstrates the fast convergence
properties of LS adaptation relative to gradient approaches.
Hence, LS has a potential to enhance convergence performance
in direct adaptive control approaches as well.

a) Adaptive control with least-squares parameter estima-
tion: In the adaptive control for continuous-time systems with
LS [36], [40], the parametric model is filtered to remove the
time derivatives, which increases the dynamic order of adaptive
controllers with LS estimators. The authors in [22] proposed
a novel LS estimator using an unfiltered regressor where the
time derivatives from the parametric model was absorbed into
the parameter estimate, which removed the need for filtering.
Inspired by [22] and [35] developed a LS-based identification
where the exponential parameter convergence is ensured by the
IE condition; our work [26] proposes new LS estimators by
introducing weighted terms equipped with design parameters
to solve the LS identification and adaptive control problems
for stochastic strict-feedback nonlinear systems with unknown
parameters; [43] designs a distributed fusion LS algorithm
to solve the adaptive consensus tracking control problem for
strict-feedback nonlinear multi-agent systems with parameter
uncertainty. We emphasize: the adaptive control objectives
in [22], [26], [35], and [43] are achieved only as time goes to
infinity.

b) Finite-time parameter identification: Parameter conver-
gence (of the estimate to the true unknown parameter value)
is a desirable goal, as it enhances the overall performance and
robustness properties of the closed-loop adaptive systems. The
authors in [1] presented a new parameter estimation routine
that allows exact reconstruction of the unknown parameters in
finite time provided a given excitation condition is satisfied; [2]
demonstrates how the finite-time identification procedure [1]
can be used to improve the overall performance of adaptive
control systems; [9] shows that the unknown parameter can
be identified exactly by placing a member of the studied sys-
tems into a hybrid dynamical system; [37] develops two iden-
tification algorithms to identify time-varying parameters in a
finite time or fixed-time; [15] presents an adaptive finite-time
fault-tolerant control algorithm for multiinput multioutput non-
linear systems with output constraints; the adaptive finite-time
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control problem is studied for robotic systems [32], [47] and
active suspension systems [4], [16], [17], [31] employs un-
conventional regulation-triggered identifiers and the certainty-
equivalence controllers to ensure that the regulation of the plant
state and the convergence of identifier is achieved in finite
time; [41] proposes an adaptive boundary control scheme for a
heterodirectional transport PDE-ODE system where parameter
estimates are convergent to the true values in finite time. All
the above mentioned results achieve finite-time convergence
within some unknown settling time, which typically depends
on the initial conditions. However, in many applications, the
control tasks require that the identification be completed within
a known and prescribed finite time, motivating the study in our
article.

c) Prescribed-time control: Prescribed-time (PT) control is
popular in applications where there exists a short, finite amount
of time available to achieve the control objective. The appeal of
such control is that it allows the user to prescribe the convergence
time a priori and irrespective of initial conditions. PT design
has been fruitful tool for various systems, including normal-
form nonlinear systems [38], multiagent systems [44], linear
systems [10], [14], Schrödinger equation and reaction-diffusion
equations [8], [39] and stochastic nonlinear systems [25], [27],
[28], [29], [30]. When there exist unknown parameters, [21], [34]
study the adaptive PT output feedback stabilization problems
for uncertain nonlinear systems; [11] proposes a PT stability
theorem and a state feedback control strategy for high-order
nonlinear systems to ensure the PT convergence; [46] solves the
adaptive PT control problem for nonlinear telerobotic systems
with actuator faults and position error constraints; [51] studies
the practical PT tracking problem for a class of normal-form non-
affine systems with non-vanishing yet nonparametric uncertain-
ties; [48] addresses the adaptive PT control problem for strict-
feedback systems with unknown and fast time-varying parame-
ters. However, none of the above adaptive PT control approaches
consider LS adaptation. Noting that the LS identification has
clear advantages, it is imperative to study the prescribed-time
least-squares (PT-LS) identification and PT adaptive control for
nonlinear systems with unknown parameters. To the authors’
knowledge, even for linear systems, there is no result in this
direction.

B. Results and Contributions

Motivated by the above observations, we aim to fill a gap
between LS identification and adaptive control, where the con-
vergence of LS identification and the control objective are both
achieved, in the same PT. The contributions of this article are at
least threefold and are as follows.

1) We propose PT-LS identification schemes where the time
derivatives from the parametric model are absorbed into
the parameter estimator and thus the need for filtering is
removed. Although this kind of estimator design is moti-
vated by [22], our LS design differs essentially from those
in [22]. Specifically, the designs in [22] are time-invariant,
while our design is characterized by a time-varying blow-
up function that grows unbounded towards the terminal

time. The blow-up function produces many time-varying
terms in the identification design, and dealing with these
terms is full of challenges.

2) We design new PT adaptive controllers. The PT-LS iden-
tification scheme itself can ensure the boundedness of
the estimates, but it seems impossible, or at least very
difficult, to make the parameter estimates converge (to
any limit) in the prescribed-time without the help of the
controller. We need to design a PT adaptive controller to
simultaneously drive the plant states and the estimation
error to zero in the prescribed time. The existing designs,
such as those in [25], [27], [28], [29], and [30], are inca-
pable of driving the estimator to zero since their designs
aim to make Lyapunov functions decay exponentially,
while the Lyapunov function in the identification design
does not decay exponentially. How to design an effective
adaptive controller is nontrivial. In this article, we first
introduce new coordinates scaled by the blow-up func-
tion, then design a new controller step by step. After that,
we provide an elaborate analysis to show that the plant
state is regulated to zero in the prescribed time and the
parameter estimator converges to a vector-valued constant
in the same PT.

3) Under a moderate interval excitation (IE) condition where
the IE is fulfilled at the time strictly before the terminal
time and we maintain the presence of IE in the estimator
until the terminal time, even though the regressor may
have lost the excitation, we redesign our new PT-LS
estimator by introducing a novel term characterized by
blow-up function, online historical data and instant data,
to ensure that the parameter estimation is strongly con-
sistent in the prescribed time, in which the estimator
converges to its real value in the same prescribed time.

Outline: The rest of this article is organized as follows. Section
II is on problem formulation. Section III is PT estimation and
design. Section IV is focused on the PT redesign: strongly con-
sistent. Section V gives two examples to illustrate the theoretical
results. Finally, Section VI concludes this article.

II. PROBLEM FORMULATION

Consider a class of nonlinear systems described by

ẋi = xi+1, i = 1, . . . , n− 1, (1)

ẋn = u+ φ(t, x) + ϕ�(t, x)θ (2)

where x = (x1, . . . , xn)
T ∈ Rn and u ∈ R are the system state

and control input. The functions φ : R+ ×Rn → R and ϕ :
R+ ×Rn → Rp are piecewise continuous in t, locally bounded
and locally Lipschitz continuous in x uniformly in t ∈ R+.
θ ∈ Rp is an unknown parameter.

We introduce the following blow-up function:

μ(t) =

(
T

t0 + T − t

)m

, ∀ t ∈ [t0, t0 + T ) (3)

where m ≥ 2 is a integer and T > 0 is the freely prescribed
time.
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Obviously, μ(t) is a monotonically increasing function on
[t0, t0 + T ) with μ(t0) = 1 and limt→t0+T μ(t) = +∞ (In this
article, limt→t0+T means t approaches t0 + T “from the left”
or “from below.”).

In this article, for systems (1)–(2), with the help of (3), we first
construct a PT-LS estimator and design a PT adaptive controller,
which ensures that the states are regulated to zero in the PT and
the parameter estimator converges to a vector-valued constant
in the same PT. Then we redesign a new PT estimator, which
not only ensures that the states can be regulated to zero in the
PT, but also guarantees that the parameter estimation is strongly
consistent in the same PT, i.e., the estimator converges to its real
value in the same PT.

III. PRESCRIBED-TIME ESTIMATION AND DESIGN

A. Prescribed-Time Least-Squares Design

For systems (1)–(2), we propose the new least-squares esti-
mator

θ̂ = α+ μ2Γ

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ (4)

where α and Γ satisfy

α̇ = −μ2Γϕϕ�α− μ2Γϕ(u+ φ(t, x))

− μ2Γ

n−1∑
i=1

xi+1

∫ xn

0

∂ϕ(x1, . . . , xn−1, σ)

∂xi
dσ

− μ2Γ

∫ xn

0

∂ϕ(t, x1, . . . , xn−1, σ)

∂t
dσ

− 2

T
mμ

1
m+2Γ

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ, (5)

Γ̇ = −μ2Γϕϕ�Γ, Γ(t0) = Γ�(t0) > 0. (6)

By (4)–(6), we get

˙̂
θ = α̇+

2

T
mμ2+ 1

mΓ

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ

+ μ2Γ̇

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ

+ μ2Γ
n−1∑
i=1

xi+1

∫ xn

0

∂ϕ(t, x1, . . . , xn−1, σ)

∂xi
dσ

+ μ2Γ

∫ xn

0

∂ϕ(t, x1, . . . , xn−1, σ)

∂t
dσ

+ μ2Γϕ(u+ φ(t, x) + ϕ�(t, x)θ)

= − μ2Γϕϕ�
(
α+ μ2Γ

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ

)

+ μ2Γϕϕ�θ

= − μ2Γϕϕ�θ̂ + μ2Γϕϕ�θ. (7)

Let

θ̃ = θ − θ̂. (8)

From (7)–(8), we get the parameter estimation error system

˙̃
θ = − ˙̂

θ = −μ2Γϕϕ�θ̃ (9)

far simpler than the implementation form of the parameter
estimator given in (4), (5), and comparable in simplicity to the
Riccati (6).

Then, we choose the Lyapunov function

Vθ̃ = θ̃�Γ−1θ̃. (10)

By (6), we get

dΓ−1

dt
= −Γ−1 dΓ

dt
Γ−1 = μ2ϕϕ�. (11)

It follows from (9)–(11) that:

V̇θ̃ =
˙̃
θ�Γ−1θ̃ + θ̃�

dΓ−1

dt
θ̃ + θ̃�Γ−1 ˙̃θ

= −μ2θ̃�ϕϕ�θ̃. (12)

Remark 1: A novel PT-LS estimator is proposed in (4)–(6)
where the time derivatives from the parametric model is ab-
sorbed into the parameter estimator and thus the need for filtering
is removed. Although this kind of estimator design is motivated
by the LS design in [22] and it can also be obtained by merg-
ing prescribed-time designs into the Immersion and Invariance
(I&I) paradigm in [3] and [18], our PT-LS design is essentially
different from the designs in [3], [18] and [22]. Specifically,
the designs in [3], [18], and [22] can only ensure the regulation
of the system states and the convergence of the estimator in
asymptotic sense. In contrast, our new PT-LS estimator (4)–(6),
characterized by the blow-up function μ(t), together with the
new PT adaptive control proposed in the next section, can
guarantee the regulation of the plant state and the convergence
of the estimator in prescribed time. Noting that the blow-up
function μ(t) in (3) is time-varying, how to suitably introduce
μ(t) into the new PT-LS estimator (4)–(6) is nontrivial.

B. Prescribed-Time Adaptive Control Design

In this subsection, we design a new prescribed-time adaptive
controller in a step-by-step fashion. We employ an approach
where the (backstepping-transformed) plant state is scaled with
the blow-up function.

Step 1: Defining

ξ1 = μx1 (13)

from (1), we have

ξ̇1 = μx2 +
1

T
mμ

1
m ξ1. (14)

Choosing the Lyapunov function

V1 =
1

2
ξ21 (15)

by (14), we get

V̇1 = μξ1x2 +
1

T
mμ

1
m ξ21

= μξ1(x2 − x∗2) + μξ1x
∗
2 +

1

T
mμ

1
m ξ21 . (16)
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If we choose the first new virtual controller

x∗2 = −
(
n+

1

T
m

)
μ

1
m−1ξ1 (17)

then, we get

V̇1 = −nμ 1
m ξ21 + μξ1(x2 − x∗2). (18)

Step 2: Defining

ξ2 = μ(x2 − x∗2) (19)

from (13) and (17), we get

ξ2 =

(
n+

1

T
m

)
μ1+ 1

mx1 + μx2. (20)

It follows from (1), (3), and (20) that

ξ̇2 =

(
n+

1

T
m

)(
1 +

1

m

)
m

T
μ1+ 2

mx1

+

(
n+

2

T
m

)
μ1+ 1

mx2 + μx3. (21)

Choose the Lyapunov function

V2 = V1 +
1

2
ξ22 . (22)

From (18) and (20)–(22), we obtain

V̇2 ≤ − nμ
1
m ξ21 + ξ1ξ2 + μξ2x3

+ ξ2

((
n+

1

T
m

)(
1 +

1

m

)
m

T
μ1+ 2

mx1

+

(
n+

2

T
m

)
μ1+ 1

mx2

)
. (23)

Noting μ ≥ 1, by Young’s inequality we get

ξ1ξ2 ≤ μ
1
m ξ21 +

1

4
μ

1
m ξ22 (24)

which, substituting into (23), yields

V̇2 ≤ − (n− 1)μ
1
m ξ21 + μξ2(x3 − x∗3) + μξ2x

∗
3

+
1

4
μ

1
m ξ22 + ξ2

((
n+

1

T
m

)(
1 +

1

m

)
m

T
μ1+ 2

mx1

+

(
n+

2

T
m

)
μ1+ 1

mx2

)
. (25)

Choosing the new virtual controller

x∗3 = −
(
n− 3

4

)
μ

1
m−1ξ2 −

(
n+

2

T
m

)
μ

1
mx2

−
(
n+

1

T
m

)(
1 +

1

m

)
m

T
μ

2
mx1 (26)

which, along with (25), yields

V̇2 = −(n− 1)μ
1
m (ξ21 + ξ22) + μξ2(x3 − x∗3). (27)

Deductive Step: Suppose at step k, with a set of new virtual
controllers

x∗s+1 = −
s∑

i=1

as,iμ
s+1−i

m xi −
(
n− s+

5

4

)
μ

1
m−1ξs, (28)

ξs = μ(xs − x∗s), 2 ≤ s ≤ k, (29)

we have

V̇k ≤ −(n− k + 1)μ
1
m

k∑
i=1

ξ2i + μξk(xk+1 − x∗k+1), (30)

where

Vk =
1

2

k∑
i=1

ξ2i , (31)

where as,i is a positive constant.
At step k + 1, choosing

ξk+1 = μ(xk+1 − x∗k+1) (32)

from (28) and (29), we get

ξk+1 = μ

(
xk+1 +

k∑
i=1

ak,iμ
k+1−i

m xi

+

(
n− k +

5

4

)
μ

1
m−1ξk

)

=

k∑
i=1

āk+1,iμ
k+1−i

m +1xi + μxk+1 (33)

where āk+1,i is a positive constant.
From (1), (3), and (33) we get

ξ̇k+1 =
m

T

k∑
i=1

āk+1,i

(
k + 1− i

m
+ 1

)
μ

k+2−i
m +1xi

+

k∑
i=1

āk+1,iμ
k+1−i

m +1xi+1 +
m

T
μ1+ 1

mxk+1

+ μxk+2 (34)

which can be rewritten as

ξ̇k+1 =
k+1∑
i=1

ak+1,iμ
k+2−i

m +1xi + μxk+2 (35)

where

ak+1,1 =
m

T

(
k

m
+ 1

)
āk+1,1, (36)

ak+1,i =
m

T

(
k + 1− i

m
+ 1

)
āk+1,i

+ āk+1,i−1, 2 ≤ i ≤ k, (37)

ak+1,k+1 = āk+1,k +
m

T
. (38)
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Choosing the Lyapunov function

Vk+1 = Vk +
1

2
ξ2k+1 (39)

from (30), (32), and (35) we obtain

V̇k+1 ≤ − (n− k + 1)μ
1
m

k∑
i=1

ξ2i + ξkξk+1

+ ξk+1

(
k+1∑
i=1

ak+1,iμ
k+2−i

m +1xi

)

+ μξk+1xk+2. (40)

Noting μ ≥ 1, by Young’s inequality we get

ξkξk+1 ≤ μ
1
m ξ2k +

1

4
μ

1
m ξ2k+1 (41)

which, substituting into (40), yields

V̇k+1 ≤ −(n− k)μ
1
m

k∑
i=1

ξ2i +
1

4
μ

1
m ξ2k+1

+ μξk+1(xk+2 − x∗k+2) + μξk+1x
∗
k+2

+ ξk+1

(
k+1∑
i=1

ak+1,iμ
k+2−i

m +1xi

)
. (42)

Choosing the new virtual controller as

x∗k+2 = −
(
n− k +

1

4

)
μ

1
m−1ξk+1

−
k+1∑
i=1

ak+1,iμ
k+2−i

m xi (43)

then we get

V̇k+1 ≤ −(n− k)μ
1
m

k+1∑
i=1

ξ2i + μξk+1(xk+2 − x∗k+2). (44)

Step n: Choosing

ξn = μ(xn − x∗n). (45)

By (2), similar to (35) we get

ξ̇n =

n∑
i=1

an,iμ
n+1−i

m +1xi + μ(u+ φ(x) + ϕ�(t, x)θ) (46)

where an,i is a positive constant.
Choosing the Lyapunov function

Vn =
1

2

n∑
i=1

ξ2i (47)

by (46), similar to (42) we get

V̇n ≤ − μ
1
m

n−1∑
i=1

ξ2i +
1

4
μ

1
m ξ2n

+ μξn
(
u+ φ(t, x) + ϕ�(t, x)θ

)

+ ξn

(
n∑

i=1

an,iμ
n+1−i

m +1xi

)
. (48)

If we choose the new actual controller as

u = − φ(t, x)− ϕ�(t, x)θ̂ − 3

2
μ

1
m−1ξn

−
n∑

i=1

an,iμ
n+1−i

m xi (49)

then we get

V̇n ≤ −μ 1
m

n∑
i=1

ξ2i − 1

4
μ

1
m ξ2n + μξnϕ

�(t, x)θ̃

≤ −μ 1
m

n∑
i=1

ξ2i − 1

4
ξ2n + μξnϕ

�(t, x)θ̃. (50)

C. Stability Analysis

The lemma below provides the basic stability results of the
studied plant.

Lemma 1: Consider the system consisting of (1), (2), (4)–(6),
and (49). The following holds:

1) the system has a unique solution on [t0, t0 + T );
2) the functions ξ1(t), . . . , ξn(t), θ̂(t) and Γ(t) are bounded

on [t0, t0 + T ).
Proof: Let

V (θ̃, ξ1, . . . , ξn) = Vθ̃(θ̃) + Vn(ξ1, . . . , ξn). (51)

By (9), (50), and (51) we get

V̇ ≤ − μ2θ̃�ϕϕ�θ̃ − μ
1
m

n∑
i=1

ξ2i − 1

4
ξ2n

+ μξnϕ
�θ̃

≤ −μ 1
m

n∑
i=1

ξ2i − (μϕ�θ̃ − 1

2
ξn)

2. (52)

Noting that φ : Rn → R and ϕ : Rn → Rp are continuous and
locally Lipschitz in x, by (52) we obtain that the plant has a
unique solution on [t0, t0 + T ).

From (47) and (51)–(52) we have

0 ≤ 1

2

n∑
i=1

ξ2i ≤ V (θ̃(t), ξ1(t), . . . , ξn(t))

≤ V (θ̃(t0), ξ1(t0), . . . , ξn(t0)) (53)

which shows that ξ1(t), . . . , ξn(t) are bounded on [t0, t0 + T ).
By (11) we get

Γ−1(t) ≥ Γ−1(t0) > 0, ∀t ∈ [t0, t0 + T ). (54)

From (10) and (12) we have

θ̃�(t)Γ−1(t)θ̃(t) ≤ θ̃�(t0)Γ−1(t0)θ̃(t0) (55)

which, along with (54), shows that

θ̃�(t)Γ−1(t0)θ̃(t) ≤ θ̃�(t0)Γ−1(t0)θ̃(t0). (56)
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By (56) we get

λmin{Γ−1(t0)}|θ̃(t)|2 ≤ λmax{Γ−1(t0)}|θ̃(t0)|2. (57)

Noting

λmin{Γ−1(t0)} =
1

λmax{Γ(t0)} , (58)

λmax{Γ−1(t0)} =
1

λmin{Γ(t0)} (59)

from (57) we obtain

|θ̃(t)| ≤
√

λmax{Γ(t0)}
λmin{Γ(t0)} |θ̃(t0)|, ∀t ∈ [t0, t0 + T ). (60)

It can be inferred from (8) and (60) that θ̂(t) is bounded on
[t0, t0 + T ).

By (55)–(60), it is easy to get that Γ−1(t) is bounded on
[t0, t0 + T ), which, along with (6), shows that Γ(t) is bounded
on [t0, t0 + T ). �

The following lemma reveals the relationship betweenx1, . . .,
xn and ξ1, . . . , ξn.

Lemma 2: For the system that consist of (1), (2) and (49)

x1 =
1

μ
ξ1, (61)

xk =
1

μ
ξk −

k−1∑
s=1

bk,sμ
k−s
m −1ξs, 2 ≤ k ≤ n (62)

where bk,s is a constant, 2 ≤ k ≤ n, 1 ≤ s ≤ k − 1.
Proof: We prove this lemma by induction.
For k = 1, (61) follows directly from (13).
When k = 2, from (13) and (20) we get

ξ2 =

(
n+

1

T
m

)
μ

1
m ξ1 + μx2 (63)

which shows that

x2 =
1

μ
ξ2 −

(
n+

1

T
m

)
μ

1
m−1ξ1. (64)

Thus, (62) is satisfied with b2,1 = n+ 1
Tm.

We suppose that (62) holds for k, i.e.,

xi =
1

μ
ξi −

i−1∑
s=1

bi,sμ
i−s
m −1ξs, 1 ≤ i ≤ k. (65)

Now, we prove that (62) holds for k + 1.
Noting that

k∑
i=2

i−1∑
s=1

ak,ibi,sμ
k+1−s

m −1ξs

=

k−1∑
s=1

k∑
i=s+1

ak,ibi,sμ
k+1−s

m −1ξs

=
k−1∑
i=1

k∑
s=i+1

ak,sbs,iμ
k+1−i

m −1ξi (66)

which along with (65), yields

k∑
i=1

ak,iμ
k+1−i

m xi

= ak,1μ
k
mx1 +

k∑
i=2

ak,iμ
k+1−i

m

(
1

μ
ξi −

i−1∑
s=1

bi,sμ
i−s
m −1ξs

)

= ak,1μ
k
m−1ξ1 +

k∑
i=2

ak,iμ
k+1−i

m −1ξi

−
k∑

i=2

i−1∑
s=1

ak,ibi,sμ
k+1−s

m −1ξs

= ak,1μ
k
m−1ξ1 +

k∑
i=2

ak,iμ
k+1−i

m −1ξi

−
k−1∑
i=1

k∑
s=i+1

ak,sbs,iμ
k+1−i

m −1ξi. (67)

By (28), (29), and (67) we get

ξk+1 = μ

(
xk+1 +

k∑
i=1

ak,iμ
k+1−i

m xi

+

(
n− k +

5

4

)
μ

1
m−1ξk

)

= μ

(
xk+1 +

k∑
i=1

bk+1,iμ
k+1−i

m −1ξi

)
(68)

where

bk+1,1 = ak,1 −
k∑

s=2

ak,sbs,1, (69)

bk+1,i = ak,i −
k∑

s=i+1

ak,sbs,i, 2 ≤ i ≤ k − 1, (70)

bk+1,k = ak,k + n− k +
5

4
. (71)

From (68) we obtain that

xk+1 =
1

μ
ξk+1 −

k∑
s=1

bk+1,sμ
k+1−s

m −1ξs. (72)

This completes the proof of the lemma. �
The theorem below gives the properties of the control and

states.
Theorem 1: Consider the systems comprising (1)–(2), (4)–

(6), and (49). If we choose

m > max{1, n− 1} (73)

then the following conclusions hold.
1) The plant states is regulated to zero in the prescribed time,

i.e.,

lim
t→t0+T

x = 0. (74)
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2) The control signal is bounded on [t0, t0 + T ).
3) If φ(t, 0) = 0, ϕ(t, 0) = 0 andm > n, then the control is

regulated to zero in the prescribed time, i.e.,

lim
t→t0+T

u = 0. (75)

Proof: We first prove conclusion (1).
From Lemma 1, there exists a positive constant M such that

|ξs(t)| ≤M, 1 ≤ s ≤ n, ∀t ∈ [t0, t0 + T ). (76)

It follows from (3), (73), (76), and Lemma 2 that

lim
t→t0+T

xi = 0, 1 ≤ i ≤ n (77)

which shows that

lim
t→t0+T

x = 0. (78)

We then prove conclusion (2).
Similar to (67) we get

n∑
i=1

an,iμ
n+1−i

m xi

= an,1μ
n
m−1ξ1 +

n∑
i=2

an,iμ
n+1−i

m −1ξi

−
n−1∑
i=1

n∑
s=i+1

an,sbs,iμ
n+1−i

m −1ξi. (79)

It can be inferred from (73), (76) and (79) that∑n
i=1 an,iμ

n+1−i
m xi is bounded. By Lemma 1, θ̂(t) is bounded.

It follows from (3), (76), and (78) that φ(t, x) + ϕT (t, x)θ̂ +
3
2μ

1
m−1ξn is bounded.

Thus, the control u in (49) is bounded on [t0, t0 + T ).
We finally prove conclusion (3).
If m > n, from (79) we have

lim
t→t0+T

n∑
i=1

an,iμ
n+1−i

m xi = 0. (80)

Noting φ(0) = 0 and ϕ(0) = 0, θ̂(t) is bounded, it follows from
(3), (76), and (78) that

lim
t→t0+T

(
φ(x) + ϕ�(x)θ̂ +

3

2
μ

1
m−1ξn

)
= 0. (81)

By (49), (80), and (81) we get

lim
t→t0+T

u = 0. (82)

This completes the proof of the theorem. �
The following theorem gives the results on the PT conver-

gence of least-squares identification scheme.
Theorem 2: Using the controller (49), the parameter estimator

(4)–(6) has a prescribed-time convergence property, i.e., there
exists a constant (initial condition-dependent) vector θ0 such
that

lim
t→t0+T

θ̂(t) = θ0 . (83)

Proof: From (9) we have

θ̃(t) = θ̃(t0)−
∫ t

t0

μ2Γϕϕ�θ̃ds. (84)

By (6), we obtain that

Γ(t)− Γ(t0) = −
∫ t

t0

μ2Γϕϕ�Γds,∀ t ∈ [t0, t0 + T ) (85)

which shows that

Tr

{∫ t

t0

μ2Γϕϕ�Γds
}

= Tr{Γ(t0)} − Tr{Γ(t)}
≤ Tr{Γ(t0)}, ∀ t ∈ [t0, t0 + T ). (86)

Thus, we have

Tr

{∫ t0+T

t0

μ2Γϕϕ�Γds
}

= lim
t→t0+T

Tr

{∫ t

t0

μ2Γϕϕ�Γds
}

< +∞. (87)

From (87), we get∫ t0+T

t0

|μΓϕ|2ds

=

∫ t0+T

t0

Tr{μ2Γϕϕ�θ̃}ds

= Tr

{∫ t0+T

t0

μ2Γϕϕ�θ̃ds
}

< +∞. (88)

By (12) we obtain∫ t

t0

(μϕ�θ̃)2ds = Vθ̃(t0)− Vθ̃(t)

≤ Vθ̃(t0)

< +∞. (89)

From (89) we get ∫ t0+T

t0

(μϕ�θ̃)2ds < +∞. (90)

Noting∣∣∣ ∫ t0+T

t0

μ2Γϕϕ�θ̃ds
∣∣∣

≤
∫ t0+T

t0

μ2|Γϕ||ϕ�θ̃|ds

≤
(∫ t0+T

t0

|μΓϕ|2ds
)1/2(∫ t0+T

t0

|μϕ�θ̃|2ds
)1/2

(91)
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from (88) and (90), we get∣∣∣ ∫ t0+T

t0

μ2Γϕϕ�θ̃ds
∣∣∣ < +∞. (92)

It follows from (8), (84), and (92) that

lim
t→t0+T

θ̂(t) = θ0 (93)

where

θ0 = θ̂(t0) +

∫ t0+T

t0

μ2Γϕϕ�θ̃ds. (94)

This completes the proof. �
Remark 2: To deal with the unknown parameter θ in system

(2), we propose a novel scaling adaptive control scheme, which
includes two new elements: Firstly, the blow-up function μ
is scaled to systems states in the transformations ξ1, . . . , ξn
(see (13), (19), (29), (45)); Secondly, and most importantly, the
power of μ is elaborately constructed in the virtual controllers
x∗2, . . . , x

∗
n and the actual controlu (see (17), (26), (28), (43), and

(49)). These two new ingredients play crucial role in deducing
the prescribed-time convergence of systems states x1, . . . , xn
and the parameter estimator (4)–(6) from the boundedness of
ξ1, . . . , ξn. More details about this points can be found in Lemma
2 and Theorems 1, 2.

IV. PRESCRIBED-TIME REDESIGN: STRONGLY CONSISTENT

In Theorem 2, we prove that the parameter estimator θ̂ con-
verges to a vector-valued constant θ0, but θ0 may not be the actual
parameter value θ. Next, we first redesign the prescribed-time
least-squares estimator, then show that the parameter estima-
tion is strongly consistent in the prescribed time, in which the
estimator θ̂ converges to its real value θ in the same PT.

To proceed, we need the following assumption.
Assumption 1: There exist a constant t∗ satisfying t0 < t∗ <

t0 + T and a constant ε > 0 such that∫ t∗

t0

ϕ(s, x(s))ϕ�(s, x(s))ds ≥ εI. (95)

Remark 3: As shown in [7] and [20], persistent excitation
(PE) condition requires the excitation to be persistent for all
time t ≥ t0 and that sufficient excitation (SE) condition requires
the excitation to be persistent for all time t ≥ t∗ (t∗ > t0), they
are much more stringent and are not fulfilled in most control
scenarios. The excitation in Assumption 1 is a kind of IE condi-
tion, which is much weaker since it only requires the excitation
requirement to be fulfilled by a certain time t = t∗, which may
be during the transient process. More comparisons between the
IE conditions and other conditions can be found in [7].

Remark 4: Assumption 1 can be checked in real time. There
are two cases.

Case 1: Whenϕ(t, x) is independent ofx, i.e.,ϕ(t, x) = ψ(t),
Assumption 1 can be checked by calculating

∫ t∗

t0
ψ(s)ψT (s)ds

directly and t∗ can be analytically determined.
Case 2: When ϕ(t, x(t)) is a function of the plant state x, we

consider

ω̇ = ϕ(t, x)ϕ�(t, x), ω(t0) = 0 (96)

which shows that

ω(t) =

∫ t

t0

ϕ(s, x(s))ϕ�(s, x(s))ds. (97)

From (97), ω(t) is semipositive definite. If we choose t∗ to make
ω(t∗) invertible, then ω(t∗) is positive definite. How to choose
t∗ to make ω(t∗) invertible?

Motivated by Remark 3.4 in [1], the invertibility of ω(t) can
be efficiently tested by checking the determinant of ω(t) online.
The matrix is invertible at any time det(ω(t)) becomes positive.
The determinant of ω(t) (which is a polynomial function of the
elements of matrix ω(t)) can be queried at prescheduled times
or by propagating it online starting from a zero initial condition.
One way of doing this is to consider a scalar differential equation
for the derivative of det(ω(t)) as follows:

d

dt
det(ω(t)) = Tr{Adjugate(ω)ϕϕ�}, det(ω(t0)) = 0

(98)

where Adjugate(ω), admittedly not a light numerical task, is
also a polynomial function of the elements of ω.

When det(ω(t)) becomes positive, we set the time as t∗ and
choose ε as

ε = 0.5λmin(ω(t
∗)). (99)

In this way, Assumption 1 can be efficiently tested.
Denote

Φ(t, x) =

∫ t

t0

ϕ(s, x(s))ϕ�(s, x(s))ds, (100)

Δ(t, x) =

n−1∑
i=1

xi+1

∫ xn

0

∂ϕ(t, x̄n−1, σ)

∂xi
dσ

+

∫ xn

0

∂ϕ(t, x1, . . . , xn−1, σ)

∂t
dσ. (101)

For systems (1)–(2), we redesign a new LS estimator as

θ̂ = α+ μ2Γ

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ (102)

where α satisfies

α̇ = − μ2Γϕϕ�α+ c0μΓη − μ2Γϕ(u+ φ(t, x))

− 2

T
mμ

1
m+2Γ

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ

− μ2ΓΔ(t, x), (103)

Γ̇ = −μ2Γϕϕ�Γ, Γ(t0) = Γ�(t0) > 0. (104)
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c0 is any positive constant and

η(t, x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ xn

0

ϕ(t, x̄n−1, σ)dσ |tt0 −Φ(t)θ̂(t)

−
∫ t

t0

(Δ(s, x) + ϕ(s, x)(u+ φ(s, x)))ds, t < t∗,∫ xn

0

ϕ(t, x̄n−1, σ)dσ |t∗t0 −Φ(t∗)θ̂(t)

−
∫ t∗

t0

(Δ(s, x) + ϕ(s, x)(u+ φ(s, x)))ds, t ≥ t∗.

(105)

Remark 5: In this section, we propose a novel PT-LS estima-
tor (102)–(105). Although the construction of η(t, x) in (105)
is motivated by (8) in [35], our PT estimator (102)–(105), char-
acterized by the blow-up function μ(t), is essentially different
from the asymptotic estimator (8)–(10) in [35].

Compared with the estimator in (4)–(6), a significant differ-
ence lies in there is a new additional term c0μΓη(t, x) in (103).
c0μΓη(t, x) is the crucial term to guarantee that the parameter
estimation is strongly consistent in the prescribed time. The
reasons are as follows.

By combining the first term and the third term in each branch
of the piecewise function η(t, x) in (105), the unknown terms
Φ(t)θ andΦ(t∗)θ can be produced. Thus, from (105), η(t) can be
rewritten as the term described by θ̃ (see the following Lemma
3 for details). In this way, the term −c0μΓη, i.e., −c0μΓΦ∗(t)θ̃,
is fed into the estimation error system. When the IE condition
in Assumption 1 is satisfied by a certain time t = t∗, we can
obtain thatΦ(t∗) is positive definite, which makes the differential
of the Lyapunov function on θ̃ be bounded by the negative
term −c0μθ̃�Φ∗(t)θ̃ from the time t = t∗ onward. Thus, the
parameter estimation is strongly consistent in the prescribed
time with limt→t0+T θ̂(t) = θ (see the following Theorem 3 for
details).

Let

θ̃ = θ − θ̂ (106)

and

Φ∗(t, x) =
{
Φ(t, x), t0 ≤ t < t∗,
Φ(t∗, x), t∗ ≤ t < t0 + T.

(107)

The lemma below describes the relationship between η and θ̃,
which is crucial in ensuing the strong consistency of the the
parameter estimation.

Lemma 3: The following equality holds:

η(t, x) = Φ∗(t, x)θ̃, ∀ t ∈ [t0, t0 + T ). (108)

Proof: From (2) we get

ϕ�(t, x)θ = ẋn − u− φ(t, x). (109)

By (109) we get

ϕ(t, x)ϕ�(t, x)θ = ϕ(t, x)(ẋn − u− φ(t, x)). (110)

Integrating on both sides of (110), from t0 to t we obtain that

Φ(t)θ =

∫ t

t0

ϕ(s, x)(ẋn − u− φ(s, x))ds. (111)

Noting that

d(
∫ xn

0 ϕ(t, x1, . . . , xn−1, σ)dσ)

dt
= ϕ(t, x)ẋn +Δ(t, x)

(112)

we get ∫ t

t0

ϕ(s, x)ẋnds =

∫ xn

0

ϕ(t, x̄n−1, σ)dσ |tt0

−
∫ t

t0

Δ(s, x)ds. (113)

It follows from (111) and (113) that:

Φ(t)θ =

∫ xn

0

ϕ(t, x̄n−1, σ)dσ |tt0

−
∫ t

t0

(Δ(s, x) + ϕ(s, x)(u+ φ(s, x)))ds. (114)

By (105)–(107) and (114) we get (108). �
By (102)–(105) we get

˙̂
θ = α̇+

2

T
mμ2+ 1

mΓ

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ

+ μ2Γ̇

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ

+ μ2Γ
n−1∑
i=1

xi+1

∫ xn

0

∂ϕ(t, x1, . . . , xn−1, σ)

∂xi
dσ

+ μ2Γ

∫ xn

0

∂ϕ(t, x1, . . . , xn−1, σ)

∂t
dσ

+ μ2Γϕ(u+ φ(t, x) + ϕ�(t, x)θ)

= c0μΓη + μ2Γϕϕ�θ − μ2Γϕϕ�θ̂. (115)

From (106), (115), and Lemma 3 we have

˙̃
θ = − ˙̂

θ = −μ2Γϕϕ�θ̃ − c0μΓΦ
∗(t)θ̃. (116)

We choose the Lyapunov function

Uθ̃ = θ̃�Γ−1θ̃. (117)

By (11) and (116)–(117) we get

U̇θ̃ =
˙̃
θ�Γ−1θ̃ + θ̃�

dΓ−1

dt
θ̃ + θ̃�Γ−1 ˙̃θ

= −μ2θ̃�ϕϕ�θ̃ − 2c0μθ̃
�Φ∗(t)θ̃. (118)

The following theorem provides the performance analysis of the
studied system.

Theorem 3: Consider the system (1)–(2), (49) and (102)–
(105). If Assumption 1 holds and we choose

m > max{1, n− 1}, (119)

then the following holds:
1) the plant has a unique solution on [t0, t0 + T );
2) the functions θ̂(t) and Γ(t) are bounded on [t0, t0 + T );
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3) the plant state is regulated to zero in the prescribed time
with

lim
t→t0+T

x = 0; (120)

4) the control is bounded on [t0, t0 + T );
5) if φ(t, 0) = 0, ϕ(t, 0) = 0 and m > n, the control is

regulated to zero in the prescribed time, i.e.,

lim
t→t0+T

u = 0. (121)

Proof: From (100) and (107) we have

Φ∗(t) ≥ 0 (122)

which along with (118), shows that

U̇θ̃ = −μ2θ̃�ϕϕ�θ̃ − 2c0μθ̃
�Φ∗(t)θ̃

≤ −μ2θ̃�ϕϕ�θ̃. (123)

By (123), from Lemma 1 and Theorem 1 we have conclusions
1)-5) hold. �

The following theorem shows the prescribed-time strongly
consistent properties of the least-squares algorithm.

Theorem 4: If Assumption 1 and (119) holds, with the control
(49), the parameter estimation (102)–(105) is strongly consistent
in the prescribed time with

lim
t→t0+T

θ̂(t) = θ. (124)

Proof: Noting

ϕϕ� ≥ 0 (125)

from (118), we get

U̇θ̃ = −μ2θ̃�ϕϕ�θ̃ − 2c0μθ̃
�Φ∗(t)θ̃

≤ −2c0μθ̃
�Φ∗(t)θ̃. (126)

By Assumption 1, (100) and (126) we get

U̇θ̃ ≤ −2c0μθ̃
�Φ(t∗)θ̃

≤ −2c0εμθ̃
�θ̃, ∀ t ∈ [t∗, t0 + T ). (127)

From (117) and Lemma 1, there exists positive constants λm and
λM such that

λm|θ̃|2 ≤ Uθ̃ ≤ λM|θ̃|2 (128)

which, along with (127), shows that

U̇θ̃ ≤ −2c0εμλ−1
M Uθ̃, ∀ t ∈ [t∗, t0 + T ). (129)

Thus, we get

Uθ̃(t) ≤ e−2c0ελ
−1
M

∫ t
t∗ μ(s)dsUθ̃(t

∗), ∀ t ∈ [t∗, t0 + T ). (130)

From (3) and (130), for ∀ t ∈ [t∗, t0 + T ) we get

|θ̃(t)| ≤
√

λM

λm
|θ̃(t∗)|e−c0ελ

−1
M

∫ t
t∗ μ(s)ds

=

√
λM

λm
|θ̃(t∗)|e−c̃

(
1

(t0+T−t)m−1 − 1
(t0+T−t∗)m−1

)
(131)

where

c̃ =
c0εT

m

(m− 1)λM
> 0. (132)

It can be inferred from (131) and (132) that

lim
t→t0+T

θ̃(t) = 0 (133)

which shows that (124) holds. �
Remark 6: Let Γ(t) ≡ 1, ∀ t ∈ [t0, t0 + T ), the LS estimator

(102)–(104) reduces to the gradient-based estimator as

θ̂ = α+ μ2

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ (134)

with

α̇ = −μ2ϕϕ�θ̂ + c0μη − μ2ϕ(u+ φ(t, x))− μ2Δ(t, x)

− 2

T
mμ

1
m+2

∫ xn

0

ϕ(t, x1, . . . , xn−1, σ)dσ (135)

whereΦ(t),Δ(t, x), and η are defined in (100), (101), and (105),
respectively.

With the the gradient-based estimator (134) and (135), by
taking a similar proof, the results in Theorem 3 still holds.
More specifically, we still obtain that the parameter estimation is
strongly consistent in the prescribed time with limt→t0+T θ̂(t) =
θ (we use Example 2 in the next section to demonstrate the the
effectiveness of this estimator).

Although the gradient-based estimator (134) and (135) is
simpler than the LS estimator (102)–(104), the latter has an
advantage, over the gradient estimation, that all the parameter
estimates converge with approximately the same speed.

Remark 7: Different from direct adaptive controls [11], [21],
[34], [46], [48], [51], we propose a novel least-squares based
adaptive control, an indirect adaptive control, to deal with the
unknown parameter. From Theorems 2 and 4, it is obvious that
our least-squares estimators converge to a constant or to the
parameter’s true value, whereas the estimators in [11], [21], [34],
[46], [48], and [51] may not settle to a limit by the terminal
time. Therefore, our least-squares based adaptive control has
advantages over those in [11], [21], [34], [46], [48], and [51] in
terms of parameter estimation accuracy and convergence. These
advantages make it a stronger candidate for adaptive control
applications, particularly when accurate and efficient parameter
estimation is critical.

V. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of the least-squares identification and adaptive
control schemes developed in the last two sections.

Example 1: Consider the mass-spring mechanical system
shown in Fig. 1, where a mass m is attached to a wall through
a spring and sliding on a horizontal surface. The mass is driven
by an external force which serves as a control variable. Let y be
the displacement from a reference position. By Newton’s law of
motion, the system is described as [19]

mÿ + Ff + Fsp = u (136)
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Fig. 1. Mass-spring mechanical system.

where Ff is a resistive force due to friction and Fsp is the
restoring force of the spring. We assume that the spring is
a hardening spring and thus Fsp can be written as Fsp =
ky(1 + ay2) (a > 0), where k and a are spring parameters.
Meantime, we assume the resistive force is linear viscous friction
and write Ff as Ff = cẏ, where c is an unknown friction
parameter.

To obtain a state model for the mass-spring mechanical sys-
tem, denote θ = [θ1, θ2]

� = [k, c]� and take the state variables
as x1 = y and x2 = ẏ. Then, from (136) we get the state-space
form as

ẋ1 = x2, (137)

ẋ2 =
u

m
−
[
x1(1 + ax21)

m
,
x2
m

]
θ. (138)

Choosing

μ(t) =

(
1

1− t

)3

, ∀ t ∈ [0, 1) (139)

and following the design procedure developed in Section III and
choosing m = 1, a = 1, we get the least-squares estimator as

α̇ = −μ2Γ

[
x21(1 + x21)

2 x1x2(1 + x21)
x1x2(1 + x21) x22

]
α

+ μ2Γx22

[
1 + 3x21

0

]

+ 6μ7/3Γ

[
x1x2(1 + x21)

0.5x22

]

+ μ2Γ

[
x1(1 + x21)

x2

]
u, (140)

Γ̇ =

[
Γ̇11 Γ̇12

Γ̇12 Γ̇22

]

= −μ2Γ

[
x21(1 + x21)

2 x1x2(1 + x21)
x1x2(1 + x21) x22

]
Γ, (141)

θ̂ = α− μ2Γ

[
x1x2(1 + x21)

0.5x22

]
(142)

and the controller as

u = −[x1(1 + x21), x2]θ̂ − 27.5μ2/3x1 − 9.5μ1/3x2. (143)

For simulation, we randomly set the initial conditions as
x1(0) = 1.2, x2(0) = 0.6, α(0) = [0.5,−0.5]�, Γ11(0) = 4,
Γ12(0) = 2, Γ22(0) = 3, and choose θ1 = k = 0.1, θ2 = c =

Fig. 2. Response of the least-squares estimator (140)–(142).

Fig. 3. Response of the states and the controller in system (137)–
(138).

0.5. We employ gain clipping due to the finite-precision arith-
metic in the computation of the control signal. Fig. 2 gives
the response of the least-squares estimator (140)–(142) and
Fig. 3 gives the response of the states and the controller in
system (137)–(138). From Fig. 2, we can find that limt→1 θ̂(t) ≈
[−8.5,−1.5]� �= [0.1, 0.5]� = θ, which means that the least-
squares estimator (140)–(142) is only convergent but not

Authorized licensed use limited to: Univ of  Calif San Diego. Downloaded on August 30,2025 at 03:17:22 UTC from IEEE Xplore.  Restrictions apply. 



LI AND KRSTIC: ADAPTIVE NONLINEAR PT CONTROL WITH FILTERLESS LEAST SQUARES 5891

strongly consistent. From Fig. 3, we can obtain that the states in
system (137)–(138) are regulated to zero in the prescribed-time
1, i.e.,

lim
t→1

x = lim
t→1

u = 0. (144)

Therefore, the effectiveness of the estimator and the controller
design developed in Section III is demonstrated.

Example 2: Consider the system described by

ẋ1 = x2, (145)

ẋ2 = u+ ϕ�(t)θ (146)

where ϕ(t) = (sin t, cos t)� and θ = (θ1, θ2)
�.

From the definition of ϕ(t), we get

Φ(t) =

∫ t

t0

ϕ(s, x(s))ϕ�(s, x(s))ds

=

[
1
2 t− 1

4 sin 2t − 1
4 cos 2t+

1
4− 1

4 cos 2t+
1
4

1
2 t+

1
4 sin 2t

]
(147)

which shows that

Φ
(π
2

)
=

[
π
4

1
2

1
2

π
4

]
. (148)

Thus, Assumption 1 is satisfied with t∗ = π
2 and ε = 1

4 .
Choosing

μ(t) =

(
2

2− t

)3

, ∀ t ∈ [0, 2), (149)

Δ(t, x) = x2(cos t,− sin t)� (150)

from (102)–(105), we get the parameter estimator as

θ̂(t) = α(t) + μ2x2(t)ϕ(t) (151)

where α(t) satisfies

α̇ = −μ2ϕϕ�θ̂ + c0μη − μ2ϕu− μ2Δ(t, x)

− 3μ7/3x2ϕ(t) (152)

c0 is any positive constant and

η =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x2(t)ϕ(t) |t0 −Φ(t)θ̂(t)

−
∫ t

0

(Δ(s, x) + ϕ(s)u(s))ds, 0 ≤ t <
π

2
,

x2(t)ϕ(t) |
π
2
0 −Φ(π2 )θ̂(t)

−
∫ π

2

0

(Δ(s, x) + ϕ(s)u(s))ds,
π

2
≤ t < 2.

(153)

We design the controller as

u = −(sin t, cos t)θ̂ − 12.25μ2/3x1 − 6.5μ1/3x2. (154)

For simulation, we randomly set the initial conditions as
x1(0) = 1, x2(0) = −1, α(0) = [1,−1]�, and choose θ1 = 2,
θ2 = −2, c0 = 60. We employ gain clipping (the maximum
value of μ is 23.36) due to the finite-precision arithmetic in
the computation of the control signal. Fig. 4 gives the response
of the least-squares estimator (151)–(153) and Fig. 5 gives the
response of the states and the controller in system (149)–(150).

Fig. 4. Response of the least-squares estimator (151)–(153).

Fig. 5. Response of the states and the controller in system (149)–
(150).

From Fig. 4, we can find that limt→2 θ̂(t) = [2,−2]� = θ, which
means that the least-squares estimator (151)–(153) is strongly
consistent. From Fig. 5, we can obtain that the control is bounded
on [0, 2) and the states in system (149)–(150) are regulated to
zero in the prescribed-time 2, i.e.,

lim
t→2

x = 0. (155)

Therefore, the effectiveness of the estimator and the controller
design developed in Section IV is demonstrated.

Remark 8: Fig. 2 illustrates that limt→1 θ̂(t) ≈ [−8.5,−1.5],
while Fig. 4 demonstrates that limt→2 θ̂(t) = θ. These results
show that the LS estimators proposed in Sections III and IV
exhibit convergence within the specified time intervals, ensuring
that the estimation process is completed in a well-defined and
predictable manner. This is in stark to previous designs such
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as those in [11], [21], [22], [26], [34], [46], and [51] where
convergence of the estimators is not always guaranteed, or may
occur at a much slower pace. The fast convergence properties
of our LS estimators, on the other hand, enable rapid adaptation
to variations in the system dynamics, even in the presence of
time-varying parameters.

VI. CONCLUSION

In this article, we have addressed the PT-LS identification and
adaptive control problems for linearly parametrized nonlinear
systems in normal form. We first propose a new PT-LS iden-
tification scheme characterized by the blow-up function, then
design a new PT adaptive controller to prescribed-time to ensure
that the states are regulated to zero in the prescribed-time and
the parameter estimator converges to a vector-valued constant
in the same PT. After that, under a moderate IE condition on the
excitation, we redesign a novel PT-LS identification estimator,
which can not only ensure that the states are regulated to zero in
the prescribed-time, but also guarantee that the parameter esti-
mation is strongly consistent in the same PT, i.e., the estimator
converges to its real value in the prescribed time.

For the PT-LS identification, many important issues are still
open and worth investigating, such as identification with privacy
security [42], [50], generalizing the results in this article to
more general systems like interconnected nonlinear systems [49]
or systems perturbed by noise, disturbances, and unmodeled
dynamics, etc.
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