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Abstract—To stabilize partial differential equation (PDE) models,
control laws typically require space-dependent functional gains
mapped by nonlinear operators from the PDE functional coeffi-
cients. When a PDE is nonlinear and its “pseudocoefficient” func-
tions are state-dependent, a gain-scheduling (GS) nonlinear design
is the simplest approach to the design of nonlinear feedback.The
GS version of PDE backstepping employs gains obtained by solv-
ing a PDE at each value of the state. Performing such PDE com-
putations in real time may be prohibitive. The recently introduced
neural operators (NO) can be trained to produce the gain functions
rapidly in real time for each state value without requiring a PDE so-
lution. In this article, we introduce NOs for GS-PDE backstepping.
GS controllers act on the premise that the state change is slow
and, as a result, guarantee only local stability, even for ordinary
differential equations (ODEs). We establish local stabilization of
hyperbolic PDEs with nonlinear recirculation using both a “full-
kernel” approach and the “gain-only” approach to gain operator
approximation. Numerical simulations illustrate stabilization and
demonstrate speedup by three orders of magnitude over traditional
PDE GS.

Index Terms—Aerospace control, Lyapunov analysis, machine
learning, neural networks, nonlinear control systems, partial dif-
ferential equations.

I. INTRODUCTION

A. Goals and Results

We present a model-based, gain-scheduled (GS) backstepping de-
sign for the control of a (semilinear) hyperbolic partial differential
equation (PDE) with nonlinear recirculation, where the gain ker-
nels are computed via a neural operator (NO). We leverage the re-
cent breakthrough on deep neural network-based operator approxima-
tions (DeepONet [25]) to prove that our model-based GS design is
stabilizable and real-time implementable due to an ∼ 103× speedup,
thanks to the NO.
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This is the first result in which the NO is used to recompute the
kernel online, at every time step, based on learning a NO of the kernel
only once, offline. Further, note that, even with the exact kernel (i.e.,
without NO approximation), the gain-scheduling controller is only
locally stabilizing, and this local stabilization is complex to prove for
a nonlinear PDE. In this work, we prove that both our exact and our
NO-approximated GS-PDE backstepping controllers are stabilizing.

B. Gain Scheduling

In the GS literature for nonlinear ordinary differential equations
(ODEs), we single out the classic papers [29], [30] and the survey [28],
which makes links with linear parameter varying systems and highlights
the need to limit the state derivative, with only local stabilization being
generally possible with GS.

C. Stabilization of Nonlinear PDEs Using Backstepping-Based
Gain-Scheduling

In this work, we study a semilinear hyperbolic PDE of which
the linear version was first introduced in [18]. We briefly mention
approaches without backstepping, namely, [2], [6], [9], [12], [13], [33],
[37] present results for boundary stabilization of various hyperbolic
PDE systems. With backstepping, the first and only attempt at global
stabilization of a class of general semilinear 1-D PDE systems was
made in [34] and [35], using infinite Volterra series. The complexity
of that result highlights the importance of seeking methodologies that
fall in between such complex nonlinear designs and linear designs
such as [7]. Furthermore, it is sometimes impossible to achieve global
stability. For example, for parabolic PDEs with nonlinear growth ex-
ceeding |u| log2(1 + |u|), [10] shows that finite-time blow up cannot
be prevented with boundary control. This example dashes the hopes
for a development of a general global stabilization theory for PDEs. As
such, although it may be possible to achieve global stabilization, in this
article, we pursue a local stabilization result. Control Lyapunov function
based designs for nonlinear PDEs include [16] and [17] and only a few
particular cases admit a linearizing transformation [3], [21]. Hardly
any results exist on GS for PDEs. Banach and Baumann [1] focused on
finite-dimensional approximations. Karafyllis et al. [15] used GS for
time-varying (not nonlinear) PDEs. Our article builds on [31], where
exact—and explicit—GS for a special example of hyperbolic PDEs
with recirculation is considered.

D. Learning Approximations for Model-Based PDE Control
With Stability Guarantees

Recent breakthroughs in the mathematical properties of neural net-
works [5], [24], [25] have spawned an exploration of operator approxi-
mations in control theory. This was first explored for control of transport
PDEs in [4] and extended to reaction-diffusion PDEs and observers
in [20] where the gain kernels for PDE backstepping—typically gov-
erned by PDEs [18], [19]—were replaced with NO approximations.
Under the universal approximation theorem [8], the authors in [4]
and [20] prove that the PDE plant is stabilized provided the operator
approximates the true kernel with required accuracy. Recently, the
authors in [27] and [36] extended these initial results to hyperbolic
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and parabolic PDEs with delays, where the kernels are governed by
multiple PDEs.

E. Contributions

Bhan et al. [4] only gave a glimpse at possibilities of NOs, only linear
PDEs have been considered so far. This article takes up NOs and GS for
nonlinear PDEs simultaneously. Even our exact GS result, without the
NO (obtained by setting ε = 0 in our results), is the first GS result for
a nonlinear PDE, not counting the simple explicit GS example in [31].
When we combine GS with NO, two perturbations arise simultaneously
in our analysis: 1) the perturbation from treating the state as quasi-
constant, which even without an NO limits the achievable stabilization
to local; and 2) the perturbation from the approximation of the GS
kernel using an NO. Seeing the complexity of the analysis, the reader
will understand why we pursue in this initial GS paper only a system
where the “scheduling variable” is scalar (the state value at the outlet).
Jumping straight into a general PDE class [34], [35], with a “scheduling
variable” that is a function of space, would obscure the concept of
simultaneously dealing with the PDE nonlinearities, GS design, and
NO approximation. It would be incomprehensible and unpedagogical.

Our results include a DeepONet approximation theorem for a class
of parametrized Volterra integral equations, H1 local Lyapunov sta-
bility analyses for two approaches to approximation and backstepping
transformation (the “full-kernel” approach, which employs the NO GS
kernel in the backstepping transform, and the “gain-only” approach,
which employs the exact GS kernel in backstepping), and simulations
with a computational speedup of ∼ 103× and stabilization.

F. Notation

We denote the convolution as (a ∗ b)(x, ν) =
∫ x

0 a(x−
y, ν)b(y, ν)dy, and use the notation axν = ∂2a

∂x∂ν . Denote the L2

norm by ‖a(t)‖ =
√∫ 1

0 a2(x, t)dx for a function a on [0, 1]× R+.
Likewise denote the L∞ norm for a ∈ C0([0, 1]× [−Bν , Bν ]) as
‖a‖∞ = sup(x,ν)∈[0,1]×[−Bν ,Bν ] |a(x, ν)|, for some Bν > 0. Denote
β(x, ν) ∈ C1([0, 1]× R) to be a function with continuous first
derivative from [0, 1]× R into R. All functions given have range
as R unless otherwise specified. For a function f : c ∈ R+ (→ R,
we write f(c) = Oc→∞(g(c)) if there exists c0 ≥ 0 such that for all
c ≥ c0, |f(c)| ≤ M |g(c)| for some uniform constant M > 0.

II. EXACT GAIN-SCHEDULED PDE BACKSTEPPING FOR A
HYPERBOLIC PDE WITH NONLINEAR RECIRCULATION

We study nonlinear hyperbolic PDE systems of the form

ut(x, t) = ux(x, t) + β(x, u(0, t))u(0, t) (1)

u(1, t) = U(t) (2)

for all (x, t) ∈ [0, 1]× R+ with the functionβ ∈ C1([0, 1]× R) denot-
ing the nonlinear, u(0, t)-dependent, recirculation gain. Our objective
is to (locally) stabilize this system, at the equilibrium u ≡ 0, with a
GS feedback implemented through the boundary input U . The system
can be shown to be well-posed as following [14, Lemma 1.1] and
the references therein, with the appropriate assumptions and com-
patibility conditions, the PDE (1), (2) admits a unique solution in
C0([0, T ],H2((0, 1);R)). To design the gain-scheduling controller,
we “pretend,” at each time t, that the state trace u(0, t) is constant
and employ a gain corresponding to such a “constant u(0, t).” This
is analogous to the premise of gain-scheduling for nonlinear ODEs
(ẋ = A(x)x+Bu) where the state x is treated as (quasi-)constant in
the matrix A(x).

To obtain such a gain, we map the system (1), (2) into a transport
PDE wt = wx using the backstepping transformation

w(x, t) = u(x, t)−
∫ x

0

k(x− y, u(0, t))u(y, t)dy (3)

with a homogeneous inlet boundary condition w(1, t) = 0, using the
boundary control law

U(t) =

∫ 1

0

k(1− y, u(0, t))u(y, t)dy . (4)

If u(0, t) were indeed a constant ν ≡ u(0, t), the kernel would need to
satisfy the Volterra integral equation

k(x, ν) = −β(x, ν) +

∫ x

0

β(x− y, ν)k(y, ν)dy (5)

∀(x, ν) ∈ [0, 1]× R. However, u(0, t) is not constant, and (1), (2) is
not mapped intowt = wx, w(1, t) = 0 but into a challenging nonlinear
partial-integro differential equation (PIDE)

wt(x, t) = wx(x, t)− wx(0, t)!(x, t) (6)

w(1, t) = 0 (7)

where

!(x, t) =

∫ x

0

[kν(x− y,w(0, t))] [w(y, t)

+

∫ y

0

l(y − s,w(0, t))w(s, t)ds

]
dy (8)

l(x, ν) =

∫ x

0

k(x− y, ν)l(y, ν)dy + k(x, ν) (9)

for all (x, ν) ∈ [0, 1]× R.
The system (6), (7), (8), (9) is called the “target system.” Since

the linearization of this nonlinear PIDE is the transport PDE wt =
wx, w(1, t) = 0, a lengthy Lyapunov analysis can be conducted, which
proves that the equilibrium of this target system is locally exponentially
stable in the spatial H1 norm. Further, note the nonlinear term in (6)
and (7), namely, wx(0, t)!(x, t), is negligibly small near the equilib-
rium w = 0. As such. this system is an infinite-dimensional mirror to
classical gain-scheduling where the closed-loop Jacobian at x = 0 is
Hurwitz. In this article, we study an approximation of the GS controller
(4) using deep learning. The result is a “perturbed target system,” which
is even more complex than (6), (7), (8), and (9), and requires a more
complicated Lyapunov analysis.

III. EXISTENCE AND REGULARITY OF THE “GAIN-SCHEDULABLE”
BACKSTEPPING KERNEL k(x, ν)

Lemma 1 (Existence and bound for kernel and its derivatives): For
each β ∈ C1([0, 1]× R), the Volterra (5), has a unique C1([0, 1]× R)
solution. In addition, when β is only defined for (x, ν) ∈ [0, 1]×
[−Bν , Bν ], Bν > 0, the following holds on the same domain:

|k(x, ν)| ≤ Bβe
Bβx (10)

|kν(x, ν)| ≤ Āνe
Āνx(1 + Āνx) (11)

where Bβ := ‖β‖∞,[0,1]×[−Bν ,Bν ] and Āν :=
max(‖β‖∞,[0,1]×[−Bν ,Bν ], ‖βν‖∞,[0,1]×[−Bν ,Bν ]). If, furthermore,
βxν exists and is continuous, then kxν exists and is continuous.
When defined on [0, 1]× [−Bν , Bν ], the second derivative satisfies,
∀(x, ν) ∈ [0, 1]× [−Bν , Bν ]

|kxν(x, ν)| ≤ ĀeĀx(1 + 2Ā) + Ā2xeĀx(Ā+ 1) (12)

where Ā := ‖max(|β|, |βν |, |βxν |, |βx|)‖∞,[0,1]×[−Bν ,Bν ].
The proof is available in [22, Lemma 1] and closely mirrors

[4, Lemma 1].

IV. NEURAL OPERATORS APPROXIMATE GAIN-SCHEDULING
KERNEL k

Analytically solving (5) for arbitrary functions β, whose second
argument is changing in time is impossible. We replace the exact
solution k with a NO-approximated function k̂. We now ask whether
the control (4), under the approximation k̂ instead of the exact kernel k,
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retains local exponential stability for the equilibrium u ≡ 0. We answer
affirmatively given the approximation is “close enough.”

The feedback gain to be scheduled, and approximated, is the output
of an operator. We begin by introducing the set of (admissible) functions
for input of the operator. Based on [4, Theorem 1], this function space
needs to be compact. Thus, various bounds on the operator’s input
functions are needed. We introduce them next.

Let Bν > 0 and B̆ = (Bβ , Bβν , Bβx , Bβxν ) ∈ (R+
∗ )

4. Let H de-
note the subset of C1([0, 1]× [−Bν , Bν ]) such that, for all β ∈ H ,
β,βx,βν ,βxν exist and are Lipschitz with the same Lipschitz con-
stant. Further, define the following bounds ‖β‖∞ < Bβ , ‖βν‖∞ <
Bβν , ‖βx‖∞ < Bβx , ‖βxν‖∞ < Bβxν .

The reason behind assuming Lipschitzness of β,βx,βν ,βxν is to
ensure the compactness of H with the Arzelà-Ascoli theorem [11],
which guarantees that the set of uniformly bounded and uniformly
continuous functions is compact. Lipschitzness is a sufficient condition
for uniform continuity and we require this simple property of β and its
derivatives noted above.

We endow H with the norm ‖β‖H := ‖β‖∞ + ‖βν‖∞ + ‖βx‖∞ +
‖βxν‖∞ . We denote by K the operator that maps β to the kernel k that
satisfies (5), namely

k = K(β). (13)

For the stability analysis explored later in the article, developing a NO
that approximates k alone is not enough. The perturbed target system,
along with the analysis in theH1 norm requires the approximated kernel
has terms that contain the derivatives ∂

∂x ,
∂
∂ν ,

∂
∂ν∂x of k. This will

become clear in the proof of Lemma 4. For this reason, the operator
that we approximate with DeepONet must entail more than the operator
K. The more elaborate operator that we approximate is denoted by M
and defined next.

Definition 1: The operator M : H → C1([0, 1]×
[−Bν , Bν ])× C0([0, 1]× [−Bν , Bν ])3 is defined by M(β) =
(K(β),K1(β),K2(β),K3(β)) and its last three components are
defined as K1(β) =

∂
∂νK(β) ,K2(β) =

∂
∂ν

∂
∂xK(β) ,K3(β) =

∂
∂xK(β).

For a neural approximation of K, [4, Theorem 1] relies on the
compactness of the input function space of M, as well as on the
operator’s continuity. In the next lemma, we prove the Lipschitzness of
M, and thus its continuity.

Lemma 2: M is Lipschitz.
Proof: Lipschitzness of K: It was shown in [4] that

‖k1 − k2‖∞ ≤ C‖β1 − β2‖∞ (14)

where β1,β2 ∈ C0([0, 1]) such that ‖β1‖∞, ‖β2‖∞ < Bβ , C := e3Bβ

and k1, k2 are the solutions of the Volterra equation (5). This leads to
the Lipschitzness of K with e3Bβ as the Lipschitz constant

‖K(β1)−K(β2)‖∞ < C‖β1 − β2‖∞ (15)

where β1,2 ∈ H .
Lipschitzness of K1: Let β1,β2 ∈ H and k1 = K(β1),

k2 = K(β2). From (5), it follows that:

δk := k1 − k2 (16)

δβ := β1 − β2 (17)

δkν = − δβν +
∂β1

∂ν
∗ δk + δβν ∗ k2

+ β1 ∗ δkν + δβ ∗ ∂k2
∂ν

. (18)

Reproducing the successive approximation process, we introduce the
sequence (δkn

ν ) that satisfies

δkn+1
ν := β1 ∗ δkn

ν (19)

δk0
ν := − δβν +

∂β1

∂ν
∗ δk + δβν ∗ k2 + δβ ∗ ∂k2

∂ν
. (20)

Using Lemma 1 and (15) gives the upper bounds

‖δk0
ν‖∞ ≤ A‖δβ‖H (21)

|δkn
ν (x, ν)| ≤ A‖δβ‖H

Bn
βx

n

n!
(22)

where A(Bβ , Bβν ) > 0. It follows that:

δkν =
∞∑

n=0

δkn
ν (23)

‖δkν‖∞ ≤ A‖δβ‖HeBβ . (24)

Lipschitzness of K2: Keeping the same notation as before, differenti-
ating (5) with respect to ν and then with respect to x, we have that

δkxν(x, ν) = − δβxν(x, ν) + ∂νβ1(0, ν)δk(x, ν)

+ δβν(0, ν)k2(x, ν) + β1(0, ν)δkν(x, ν)

+ δβ(0, ν)
∂k2(x, ν)

∂ν
+

∂2β1

∂ν∂x
∗ δk(x, ν)

+ δβxν ∗ k2(x, ν) + ∂xβ1(x, ν) ∗ δkν(x, ν)

+ δβx ∗ ∂k2(x, ν)

∂ν
(25)

for all (x, ν) ∈ [0, 1]× [−Bν , Bν ]. Using Lemma 1, (15) and (24)
gives the upper bound

‖δkxν‖∞ ≤ B‖δβ‖H (26)

where B(Bβ , Bβν , Bβx , Bβxν ) > 0 .
Lipschitzness of K3: Differentiating (5) with respect to x leads to

δkx(x, ν) = β1(0, ν)δk(x, ν) + δβ(0, ν)k2(x, ν)

+ ∂xβ1 ∗ δk(x, ν) + δβx ∗ k2(x, ν)

− δβx(x, ν) . (27)

Using Lemma 1 and (15) gives the upper bound

‖δkx‖∞ ≤ D‖δβ‖H (28)

whereD(Bβ , Bβx) > 0. The Lipschitzness ofK,K1,K2,K3 gives the
Lipschitzness of M (with, for example, a Lipschitz constant that is the
maximum of the four Lipschitz constants).

Using [4, Lemma 2 and Theorem 1], we get the following. !
Theorem 1 (Existence of a NO approx. of the kernel): For all β ∈ H

and ε > 0, there exists a NO (defined in Section II of [4]) K̂ such that,
for all ∀(x, ν) ∈ [0, 1]× [−Bν , Bν ]

|K(β)(x, ν)− K̂(β)(x, ν)|

+| ∂
∂ν

(K(β)− K̂(β))(x, ν)|

+| ∂
∂ν

∂

∂x
(K(β)− K̂(β))(x, ν)|

+| ∂
∂x

(K(β)− K̂(β))(x, ν)| < ε . (29)

V. MAIN RESULT: LOCALLY STABILIZING DEEPONET
GAIN-SCHEDULING FEEDBACK

Theorem 2 (Local stabilization by gain scheduling): Let K,
Bν and the elements of the vector B̆ = (Bβ , Bβν , Bβx , Bβxν )
be positive and arbitrarily large. Then for all c > 0 there ex-
ist positive constants Ω0(c, B̆, Bν) = Oc→∞(ce−2c), ε∗(c, B̆,Ω0) =
Oc→∞(e−

c
2 ), f(B̆),M(c, B̆) = f(B̆)ec such that for any β ∈

C1([0, 1]× R) with the properties that βxν is defined at leaston
[0, 1]× [−Bν , Bν ]

|β(x, ν)| ≤ Bβ , |βx(x, ν)| ≤ Bβx , |βν(x, ν)| ≤ Bβν

|βxν(x, ν)| ≤ Bβxν ∀(x, ν) ∈ [0, 1]× [−Bν , Bν ] (30)

and that β,βx,βν ,βxν are K-Lipschitz, any feedback law

U(t) =

∫ 1

0

k̂(1− y, u(0, t))u(y, t)dy (31)

Authorized licensed use limited to: Univ of  Calif San Diego. Downloaded on July 31,2025 at 05:20:44 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 70, NO. 8, AUGUST 2025 5619

with k̂ being an approximated backstepping kernel provided by
Theorem 1 for any accuracy ε ∈ (0, ε∗), guarantees that, if the initial
condition u0 := u(·, 0) of the system (1), (2) satisfies Ξ(u0) ≤ Ξ0 ,
then

Ξ(u(t)) ≤ MΞ(u0)e
− c

2 t ∀t ≥ 0 (32)
where

Ξ(u(t)) := u2(0, t) + ‖u(t)‖2 + ‖ux(t)‖2. (33)
This theorem is proven in Section VI, in which stability is studied

for the perturbed target system, and Section VII, where the norm
equivalence is established between the original and target system states,
concluding at the end of Section VII.

VI. H1 LYAPUNOV ANALYSIS OF PERTURBED TARGET SYSTEM

For β ∈ H , denote k̂ := K̂(β) and let K̂ be any NO satisfying
Theorem 1 for any accuracy ε > 0. We consider now the “DeepONet-
approximated” transform of (1)

w(x, t) = u(x, t)−
∫ x

0

k̂(x− y, u(0, t))u(y, t)dy (34)

which produces the following perturbed target system:
wt(x, t) = wx(x, t)− wx(0, t)Ω(x, t)

+ [δ1(x,w(0, t)) + k̃(0, w(0, t)Ω(x, t))]

× w(0, t) (35)

w(1, t) = 0 (36)
where

Ω(x, t) =

∫ x

0

[kν(x− y,w(0, t)) + δ2(x− y,w(0, t))]

×
[
w(y, t)

+

∫ y

0

l̂(y − s,w(0, t))w(s, t)ds

]
dy (37)

δ1(x, ν) = − k̃(x, ν) +

∫ x

0

β(x− y, ν)k̃(y, ν)dy (38)

δ2(x, ν) = − k̃ν(x, ν) (39)

l̂(x, ν) = k̂(x, ν) +

∫ x

0

k̂(x− y, ν)l̂(y, ν)dy (40)

k̃ = k − k̂ . (41)
Lemma 3 (Upper bound for inverse bkst kernel): The inverse

backstepping kernel l̂ introduced as the solution of (40) satisfies

|l̂(x, ν)| ≤ (Bβ + (1 +Bβ)ε)e
(1+Bβ)εx (42)

u(x, t) = w(x, t) +

∫ x

0

l̂(x− y,w(0, t))w(y, t)dy (43)

∀(x, ν) ∈ [0, 1]× [−Bν , Bν ], where u is the state of plant (1), (2) and
w is the state of the perturbed target system (35), (36).

The proof follows the successive approximations approach as in [18].
Lemma 4 (Local Lyapunov estimate for perturbed target sys-

tem): For any β ∈ H , for any c > 0 there exist positive func-
tions R0(B̆, c, Bν) = Oc→∞(ce−c), ε∗(B̆, c) = Oc→∞(e−

c
2 ) with a

decreasing dependence on argument B̆ such that for all ε ∈ (0, ε∗), the
Lyapunov function

V (t) = V1(t) + V2(t) (44)

V1(t) =
1

2

∫ 1

0

ecxw2(x, t)dx (45)

V2(t) =
1

2

∫ 1

0

ecxw2
x(x, t)dx (46)

satifies

V (0) ≤ R0 ⇒ V (t) ≤ V (0)e−
c
2 t, t ≥ 0 . (47)

Proof: Using Agmon’s inequality ([32]) on w satisfying (35) yields

|u(0, t)|2 = |w(0, t)|2 ≤ 2‖w(t)‖ ‖wx(t)‖ ≤ 2V (t) . (48)

Then, if we chose the initial conditions small so that V (0) ≤ B2
ν
2 and

prove that V is decreasing, the property |u(0, t)| ≤ Bν , important
throughout our analysis, is enforced ∀t ≥ 0.

We restate (Theorem 1 and Lemma 3) and introduce a series of
upper-bounds which hold as a result of |w(0, t)| ≤ Bν

‖δ1(·, w(0, t))‖∞ ≤ ε(1 +Bβ) =: δ̄ (49)

‖δ1x(·, w(0, t))‖∞ ≤ ε(1 +Bβ +Bβx) =: δ̄x (50)

‖δ2(·, w(0, t))‖∞ ≤ ε (51)

‖δ2x(·, w(0, t))‖∞ ≤ ε (52)

‖k̃(·, w(0, t))‖∞ ≤ ε (53)

‖l̂(·, w(0, t))‖∞ ≤ (Bβ + δ̄)eδ̄ := l̄ (54)

‖kν(·, w(0, t))‖∞ ≤ αeα(1 + α) =: k̄ν (55)

‖kxν(·, w(0, t))‖∞ ≤ αeα(1 + 2α)

+ α2eα(α+ 1) =: k̄xν (56)

where α := max(Bβ , Bβx , Bβν , Bβxν ) . These inequalities yield

‖Ω(·, t)‖∞ ≤ Ω̄

∫ 1

0

|w(x, t)|dx (57)

|Ωx(x, t)| ≤ Ω̄x1

∫ 1

0

|w(y, t)|dy + Ω̄x2|w(x, t)| (58)

where

Ω̄ := (k̄ν + ε)(l̄ + 1) (59)

Ω̄x1 := l̄(k̄ν + ε) + (1 + l̄)(k̄xν + ε) (60)

Ω̄x2 := k̄ν + ε . (61)

We prove (57) first. We assumed that |w(0, t)| ≤ Bν , then using trian-
gular inequality (42), (51), (55), we have that

|Ω(x, t)| ≤ (k̄ν + ε)

(∫ x

0

|w(y, t)|dy

+ l̄

∫ x

0

∫ y

0

|w(s, t)|dsdy
)

(62)

and just upper-bound it with x, y = 1. Turning to (58), we first take the
derivative of (37) with respect to x

Ωx(x, t) = [kν(0, w(0, t)) + δ2(0, w(0, t))](w(x, t)

+

∫ x

0

l̂(x− s, w(0, t))w(s, t)ds)

+

∫ x

0

(kxν(x− y,w(0, t))

+ δ2x(x− y,w(0, t)))×
[
w(y, t)

+

∫ y

0

l̂(y − s,w(0, t))w(s, t)ds

]
dy . (63)

We arrive at (58) assuming that |w(0, t)| ≤ Bν and using (42), (51),
(52), (54), and (55). All of other upper bounds are obtained using
Theorem 1 and Lemmas 1 and 3.

Estimate of V1: Taking the derivative of (45) leads to

V̇1 = I11 + I12 + I13 + I14 (64)
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Fig. 1. Open-loop (U=0) simulation of the PDE with the
modified Chebyshev polynomial functions β(x, u(0, t)) = 5 cos((γ +
u(0, t)) cos−1(x)) with initial conditions u(x, 0) = 0.04 and γ = 5.

Fig. 2. PDE stabilization using a controller based on a linearization at
the origin, with no gain scheduling, U(t) =

∫ x

0
k(1− y, 0)u(y, t)dy, for

the PDE corresponding to Fig. 1.

where

I11(t) = − w2(0, t)

2
− c

2

∫ 1

0

ecxw2(x, t)dx (65)

I12(t) = − wx(0, t)

∫ 1

0

ecxw(x, t)Ω(x, t)dx (66)

I13(t) = w(0, t)

∫ 1

0

ecxw(x, t)δ1(x, t)dx (67)

I14(t) = w(0, t)k̃(0, w(0, t))

×
∫ 1

0

ecxw(x, t)Ω(x, t)dx . (68)

We first work on (66), I12(t). Using Young’s inequality (see [32]) and
(57), we arrive at the following inequality:

I12(t) ≤
wx(0, t)2

8
+ 4ecΩ̄2V1(t)‖w(t)‖2 . (69)

Continuing with I13(t) in (67), using (49), Young’s inequality and
Cauchy-Scwarz inequalities, we have the following upper bound:

I13(t) ≤
w(0, t)2

8
+ 4δ̄2V1(t)

(ec − 1) .

c
(70)

Moving to I14(t) in (68), Young’s inequality and (57) give the following
inequality:

I14(t) ≤
w(0, t)2

8
+ 4ε2Ω̄2ec‖w(t)‖2V1(t) . (71)

Gathering (65), (69), (70), (71), we arrive at the following inequality:

V̇1(t) ≤
w2

x(0, t)

8
− w2(0, t)

4

− V1(t)[c− 4ε2Ω̄2ec‖w(t)‖2

− 4δ̄2
ec − 1

c
− 4ecΩ̄2‖w(t)‖2] . (72)

Estimate of V2: Note that differentiating (34) with respect to x leads
to the following PIDE system satisfied by wx:

wxt(x, t) = wxx(x, t)− wx(0, t)Ωx(x, t)

+

(
δ1x(x,w(0, t))

+ k̃(0, w(0, t)Ωx(x, t))

)
w(0, t) (73)

wx(1, t) = Ω(1, t)wx(0, t)− w(0, t)[δ1(1, w(0, t))

+ k̃(0, w(0, t))Ω(1, t)] . (74)

Taking the derivative of (46) leads to the following:

V̇2 = I21 + I22 + I23 + I24 (75)

I21(t) =
ec

2
w2

x(1, t)−
w2

x(0, t)

2
− c

2

∫ 1

0

ecxw2
x(x, t)dx (76)

I22(t) = − wx(0, t)

∫ 1

0

ecxwx(x, t)Ωx(x, t)dx (77)

I23(t) = w(0, t)

∫ 1

0

ecxwx(w, t)δ1x(x,w(0, t))dx (78)

I24(t) = w(0, t)k̃(0, w(0, t))

×
∫ 1

0

ecxwx(w, t)Ωx(x, t)dx . (79)

Starting with I21(t). We will specifically bound the term w2
x(1, t). But,

applying Hölder’s inequality, we have the upper bound
∫ 1

0

|w(x, t)|dx ≤ ‖w(t)‖ ≤
√

2V (t) . (80)

Using (49), (53), (57), (74), and (80), we have the following inequality:

w2
x(1, t) ≤ 2w2

x(0, t)Ω̄
2V (t)

+ w2(0, t)ε2(1 +Bβ +
√

2V (t)Ω̄)2 + ε2w2(0, t)

+ 2V (t)w2
x(0, t)Ω̄

2(1 +Bβ +
√

2V (t)Ω̄)2 . (81)

Then using (76) and (81) gives

I21(t) ≤
ec

2
[2w2

x(0, t)Ω̄
2V (t)

+ w2(0, t)ε2(1 +Bβ +
√

2V (t)Ω̄)2 + ε2w2(0, t)

+ 2V (t)w2
x(0, t)Ω̄

2(1 +Bβ +
√

2V (t)Ω̄)2]

− w2
x(0, t)

2
− cV2(t) . (82)
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Next, we move on to I22(t) in (77). Using (58) as well as Young’s
inequality and Cauchy-Schwarz inequality, we have that

I22(t) ≤
wx(0, t)2

4
+ 4ecV2(t)‖w(t)‖2(Ω̄2

x1 + Ω̄2
x2) . (83)

Advancing to I23(t) in (78), using Young’s inequality, (50) and Cauchy-
Schwarz inequality we obtain

I23(t) ≤
w2(0, t)

8
+ 4V2(t)δ̄

2
x

(ec − 1)

c
. (84)

Finally for I24(t) in (79), using Young’s inequality, (58), (53), and the
Cauchy-Schwarz inequality leads to

I24(t) ≤ ε2
w2(0, t)

4
+ 4ecV2(t)‖w(t)‖2(Ω̄2

x1 + Ω̄2
x2) . (85)

Using the inequalities (82), (83), (84), and (85) gives

V̇2(t) ≤ w2(0, t)

[
ε2

4
+

1

8
+ ε2

ec

2
(1 + (1 +Bβ +

√
2V (t)Ω̄)2)

]

− w2
x(0, t)

[
1

4
− ecV (t)

× Ω̄2(1 + (1 +Bβ +
√

2V (t)Ω̄)2))

]

− V2(t)

[
c− 8ec(Ω̄2

x1 + Ω̄2
x2)‖w(t)‖2 − 4δ̄2x

(ec − 1)

c

]
.

(86)

In summary, gathering (72) and (86), we have

V̇ (t) ≤ − w(0, t)2
[
1

8
− ε2

4

− ε2ec

2
(1 + (1 +Bβ +

√
2V (t)Ω̄)2)

]
(87)

− wx(0, t)
2

[
1

8
− ecV (t)

× Ω̄2(1 + (1 +Bβ +
√

2V (t)Ω̄)2)

]
(88)

− V1(t)

[
c− 4ε2Ω̄2ec‖w(t)‖2

− 4δ̄2
ec − 1

c
− 4ecΩ̄2‖w(t)‖2

]
(89)

− V2(t)

[
c− 8ec(Ω̄2

x1 + Ω̄2
x2)‖w(t)‖2 − 4δ̄2x

ec − 1

c

]
.

(90)

We kept using Ω̄, Ω̄x1, Ω̄x2 without specifying that they are functions of
ε. In what follows, we restrict, for simplicity, the choice of ε to ε ∈ (0, 1]
and use the notation Ω̄ := Ω̄(1), Ω̄x1 := Ω̄x1(1), Ω̄x2 := Ω̄x2(1). We
emphasize that all the previous inequalities are valid for all ε ≤ 1. We
introduce the K∞ function

β2(V ) := ecΩ̄2V + ecV Ω̄2(1 +Bβ +
√
2V Ω̄)2 (91)

and the quantity R1 := β−1
2 (1/8) > 0. That way, if we assume that

V (t) ≤ R1, then (88) is negative.
Moving on to (87), we introduce

ε1 := min



1,
1√

2 + 4ec(1 + (1 +Bβ +
√
2R1Ω̄)2)



 . (92)

If we take ε ≤ ε1, andV ≤ R1 we have that (87) is negative. Advancing
to (89), we introduce the positive constants

R2 := min

(
R1,

ce−c

32Ω̄2

)
> 0 (93)

ε2 := min

(
ε1,

√
c
2 − 8ecΩ̄2R2

8Ω̄2ecR2 + 4(1 +Bβ)2 × ec−1
c

)
. (94)

With these definitions, if we choose ε ≤ ε2, V (0) ≤ R2, we have (87),
(88) negative and (89) is bounded by − c

2V1. This is achieved by noting
that ‖w(t)‖2 ≤ 2V (t). Moving on to (90), we introduce

R3 := min

(
R2,

ce−c

64(Ω̄2
x1 + Ω̄2

x2)

)
> 0 (95)

ε∗ := min

(
ε2,

1

2(1 +Bβ +Bβx)

×

√
c2

2 − 16cec(Ω̄2
x1 + Ω̄2

x2)R3

(ec − 1)

)
> 0 (96)

with which we get that, if we choose ε ≤ ε∗, V (0) ≤ R3, we have that
(87), (88) are negative, (89) is bounded by − c

2V1, and (90) is bounded
by − c

2V2. To recapitulate our results, choosing ε ≤ ε∗ and

V (0) ≤ min

(
R3,

B2
ν

2

)
=: R0 . (97)

we arrive at the inequality

V̇ (t) ≤ − c

2
V, t ≥ 0 . (98)

Using the comparison lemma, we complete the proof. !
Lemma 5 (Local exponential stability of perturbed target

system): For all c > 0, there exist functions ε∗(B̆, c) =
Oc→∞(e−

c
2 ), Ψ0(Bν , B̆, c) = Oc→∞(ce−2c) > 0 with a decreasing

dependence in the argument B̆ such that, for any β ∈ H and any
NO satisfying Theorem 1 for that β with any ε ∈ (0, ε∗), where ε∗ is
defined in (96), if the perturbed target system (35), (36) is initialized
with w0 := w(·, 0) such that Ψ(w0) ≤ Ψ0, then

Ψ(w(t)) ≤ ecΨ(w0)e
− c

2 t , t ≥ 0 . (99)
where

Ψ(w(t)) := ‖w(t)‖2 + ‖wx(t)‖2 . (100)
Proof: Using the Lyapunov function defined in (44) for c > 0,

Lemma 4 ensures the existence of R0, ε∗ > 0 such that if V (0) ≤
R0, ε ≤ ε∗

V (t) ≤ V (0)e−
c
2 t . (101)

Note that
Ψ(w(t)) ≤ 2V (t) ≤ ecΨ(w(t)) . (102)

Choosing
Ψ0 := 2e−cR0 (103)

and ε∗ as in (96) completes the proof. !

VII. LOCAL STABILITY IN ORIGINAL PLANT VARIABLE

Lemma 6 (Equiv. norm perturb. target system): There exist ρ̄, Ῡ >
0 such that ∀t ≥ 0, if |u(0, t)| ≤ Bν then

Ψ(w(t)) ≤ Ῡ Ξ(u(t)) ≤ Ῡρ̄Ψ(w(t)) . (104)
Proof: We use Lemma 1, (10). We thus have that

|k̂(x, ν)| ≤ ε+Bβe
Bβ =: k̄ (105)

|k̂x(x, ν)| ≤ ε+ (Bβx +B2
βe

Bβ +BβxBβe
Bβ ) =: k̄x (106)

∀(x, ν) ∈ [0, 1]× [−Bν , Bν ], where k̂ := K̂(β). With the assump-
tion that |u(0, t)| ≤ Bν , we apply the inequalities (105), (106) for
k̂(x, u(0, t)), k̂x(x, u(0, t)). Using (34), (105), Young’s, and the
Cauchy-Schwarz inequalities, we have that

‖w(t)‖2 ≤ 2‖u(t)‖2 + 2k̄2‖u(t)‖2 . (107)
Using (34), (106), (105), the Cauchy-Schwarz, and Young’s inequality,
we have that

‖wx(t)‖2 ≤ 4‖ux(t)‖2 + 4k̄2
x‖u(t)‖2 + 2k̄2‖u(t)‖2 . (108)
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Fig. 3. NO kernels when controlling the PDE in Fig. 1 (top row), and
the difference in kernel error between the resulting gain scheduling
kernel (bottom row).

Fig. 4. Stabilization of the PDE in Fig. 1 under the gain scheduled
feedback law with NO approximated kernels.

Gathering (107) and (108), we have that

Ψ(w(t)) ≤ (6 + 4k̄2 + 4k̄2
x)Ξ(u(t)) =: Ῡ Ξ(u(t)) . (109)

Since u(0, t) = w(0, t), we have |w(0, t)| ≤ Bν . Further, taking the
derivative of (40) with respect to x gives

l̂x(x,w(0, t)) = k̂x(x,w(0, t)) + k̂(0, w(0, t))l̂(x,w(0, t))

+

∫ x

0

k̂x(x− y,w(0, t))l̂(y,w(0, t))dy . (110)

Then using (42), (105), and (106), we have

|l̂x(x,w(0, t))| ≤ k̄x + k̄l̄ + k̄x l̄ =: l̄x . (111)

Additionally, notice the bound

u2(0, t) = w2(0, t) ≤ Ψ(w(t)) . (112)

Using (42), (43), (111), (112), and yields

Ξ(u(t)) ≤ (7 + 4l̄2 + 4l̄2x)Ψ(w(t)) =: ρ̄Ψ(w(t)) . (113)

The constants ρ̄, Ῡ increase in ε. Recalling (92), ε ≤ ε∗ ≤ 1. To remove
the dependency of Ῡ, ρ̄ on ε, we take their values at ε = 1 and all the
previous inequalities remain valid.

With the lemmas, we complete the proof of Theorem 2. !
Proof of Theorem 2: From Lemma 5 there exist

ε∗(B̆, c),Ψ0(B̆, Bν , c) > 0, such that if Ψ(w0) ≤ Ψ0, ε ∈ (0, ε∗)
then

Ψ(w(t)) ≤ ecΨ(w0)e
− c

2 t, t ≥ 0 . (114)

Recalling (48), (97), (102), and (103). If Ψ(w0) ≤ Ψ0, then

u2(0, t) ≤ B2
ν , ∀t ≥ 0 . (115)

Then, we introduce the quantity Ξ0 := min(Ψ0
Ῡ
, B2

ν), where Ῡ as in
Lemma 6. We choose Ξ(u0) such that Ξ(u0) ≤ Ξ0. Since u(0, 0)2 ≤
Ξ0 ≤ B2

ν , we employ (104) ensuring Ψ(w0) ≤ ῩΞ(u0) ≤ Ψ0. With
(115) valid, we use (104) yielding

Ξ(u(t)) ≤ ρ̄Ψ(w(t)) ≤ ρ̄ecΨ(w0)e
−c∗t ≤ ρ̄ecῩΞ(u0)e

−c∗t ,
(116)

with ρ̄, Ῡ as in Lemma 6, the proof of Theorem 2 is done. !

VIII. SIMULATIONS

We consider the simulation of (1) and (2), where the re-
circulation function, β, is defined as β(x, u(0, t)) = 5 cos((γ +
u(0, t)) cos−1(x)) representing a Chebyshev polynomial of the first
kind. The motivation of β follows from [4], where the Chebyshev
polynomials form a complete orthogonal system inL2 creating a rich set
of kernels covering many differentβ functions. Our choice is not unique
and one can use other families such as Fourier series. To train the kernel
operator, one must select a diverse dataset in β(x, ν), x ∈ [0, 1], ν ∈ R
to have significant coverage for the possible u(0, t) boundary values
as the system evolves in time. Thus, we sample 100 γ values from
γ ∼ Uniform(3, 8) and for each one of those γ values, we sample
200 ν values from ν ∼ Uniform(−5, 5) to create a total dataset size
of 20 000 points. We emphasize that this large dataset is needed for
sufficient coverage acrossu(0, t) for larger initial conditions, one needs
to expand their range of ν as well as the number of ν samples per γ
value.

The training of the NO uses a modification of the DeepXDE pack-
age [26] and takes approximately 200 seconds to train (Nvidia RTX
3090). For reference, all of the hyperparameter details are readily
available on Github [23]. The kernel L2 training error was 1.96× 10−3

and the L2 testing error was 2.04× 10−3. In Fig. 1, we show that the
uncontrolled system results in a limit cycle and applying a linearized
controller k(1− y, 0) creates instability as shown in Fig. 2. In Fig. 4,
the closed-loop feedback control with the NO approximated kernel ef-
fectively stabilizes the plant and in Fig. 3, we plot the corresponding NO
approximated kernels along with the approximation error. Further, we
provide NO approximation performance speedups for various step sizes
in Table I. As expected, the NO performance scales as the number of
discretization points increases and for steps sizes of dx = 10−3, 10−4,
speedups are on magnitudes of 102, 103 resulting in a reduction of 4
min. to 0.5 s for kernel calculation. We emphasize the speedup holds
for a single kernel calculation which is required at every single timestep
and thus compounds as the time horizon increases.
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TABLE I
NO SPEEDUPS COMPARED TO THE ANALYTICAL KERNEL CALCULATION

IX. CONCLUSION

In this article, we introduce the gain-schedulable kernel operator
and show that it can be accurately approximated, both theoretically
and numerically, by a NO. We present an H1-norm Lyapunov analy-
sis to prove local stability of the resulting gain-scheduled controller.
We conclude with simulations of a stabilizing gain-scheduled con-
trol law for a 1-D transport PDE with nonlinear Chebyshev recircu-
lating coefficients. We achieve numerical speedups of the order of
magnitude of 103 at every single timestep in the calculation, paving
the way for real-time implementation of gain scheduling feedback
laws.
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