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Constant-Sum High-Order Barrier Functions for
Safety Between Parallel Boundaries

Kwang Hak Kim , Mamadou Diagne , Senior Member, IEEE , and Miroslav Krstić , Fellow, IEEE

Abstract—This letter takes a step towards addressing
the difficulty of constructing Control Barrier Functions
(CBFs) for parallel safety boundaries. A single CBF for both
boundaries has been reported to be difficult to validate for
safety, and we identify why this challenge is inherent. To
overcome this, the proposed method constructs separate
CBFs for each boundary. We begin by presenting results
for the relative degree one case and then extend these
to higher relative degrees using the CBF backstepping
technique, establishing conditions that guarantee safety.
Finally, we showcase our method by applying it to a uni-
cycle system, deriving a simple, verifiable condition to
validate the target CBFs for direct implementation of our
results.

Index Terms—Autonomous systems, constrained
control, backstepping, autonomous vehicles.

I. INTRODUCTION

SAFETY is a growing concern as autonomous technologies
expand across various sectors, increasing interest in safety-

critical control. Control Barrier Functions (CBFs) [1], [2] have
gained popularity for their ability to enforce safety, with
minimal deviation from nominal objectives when used with
the quadratic program (QP) formulation [3], [4] leading to
many findings [5], [6], [7]. However, implementing CBF-QP
safety filters can be challenging, particularly for high and mixed
relative degree CBFs, where absent control inputs in the first
derivative of the safety constraint cannot give safety guarantees.
To address this, several methods have been proposed, with High
Order CBFs (HOCBFs) [8] being among the most widely used.
Nevertheless, constructing such CBFs remains a nontrivial task.

We focus on the case where the objective is to keep
the system within parallel boundaries. In this scenario, the
construction of a valid CBF can be particularly challeng-
ing at the midway point between the boundaries, where
the gradient of the safety constraint often vanishes. This
leads to a loss of control authority, making safety enforce-
ment difficult in any direction. Such issues were observed
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in [9, Examples 2 and 5], where traditional single CBF
approaches with high relative degree techniques failed to
ensure safety. While methods such as [10] and [11] have
been proposed, we take a different approach, drawing insights
from [12] and [7], and generalize them into a more flexible
and systematic framework.

In this letter, we show that utilizing two CBFs for parallel
boundaries can provide advantages over using a single CBF.
Although numerous studies have explored the use of multiple
CBFs, such as [13] and [14], this letter uses the control-sharing
property as presented in [15]. However, the work in [15]
assumes that the Lie derivative in the control direction is
never zero. Our approach relaxes this assumption by explicitly
verifying feasibility when the Lie derivative is zero, thereby
accommodating potential sign changes of the Lie derivative.
Furthermore, we extend the single-input result in [15] to multi-
input systems when the safety boundary is parallel.

This formulation is extended to high relative degree CBFs
by utilizing the CBF backstepping technique, having roots
in [16] that predates the formulation of CBFs. Modern
translations to CBFs can be found in [5], [7], [17]. While
the target CBF transformations in this technique are similar
to HOCBFs, the key difference is in the gain design. By
choosing gains based on the system’s initial condition, the
induced safe set guarantees the initial states are included,
eliminating the need to retune parameters as in HOCBFs. Due
to this useful property, the backstepping method has been
applied to works such as simultaneous lane-keeping and obstacle
avoidance [12], prescribed time safety filters (PTSf) [5], Stefan
Model PDEs [7], [18], and unknown obstacle avoidance [17].

We note that the above CBF backstepping method differs
from the backstepping approach defined in [10], which also
addresses high relative degree problems but is inspired by
traditional Lyapunov backstepping, where virtual controls
transform a system into a target system. While both methods
ask the same fundamental question, they differ significantly in
the choice of the target system. For clarity, when we say CBF
backstepping, we refer to the backstepping as in [16].

This letter proposes a framework using two CBFs to
enforce parallel safety boundaries, applicable to both rela-
tive degree one and arbitrarily high relative degree CBFs
with the associated QP admitting a closed-form solution.
A unicycle example illustrates the method’s effective-
ness, including a sufficient condition for the target CBF’s
validity.
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II. PRELIMINARIES

We start with a preliminary overview of CBFs [1] outlining
their definitions and key properties. Consider the following
nonlinear control affine system:

ẋ = f (x)+ g(x)u, (1)

with x ∈ D ⊆ R
n and unbounded input u ∈ R

m.
Definition 1: A scalar-valued continuously differentiable

function h D → R with the property that infx∈D h(x) < 0
and supx∈D h(x) > 0 is defined as a Barrier Function (BF)
candidate. The set C = {x ∈ D | h(x) ≥ 0} is defined as the
safe set, the set Int(C) = {x ∈ D | h(x) > 0} is the interior
set, and the set ∂C = {x ∈ D | h(x) = 0} is the boundary set.

Definition 2: A continuously differentiable function
h : D → R, is a Control Barrier Function (CBF) if there
exists an extended class K∞ function α : R → R such that
for the control system (1):

sup
u

[
Lf h(x)+ Lgh(x)u

] ≥ −α(h(x)). (2)

Note that since the control input is assumed unbounded (i.e.,
u ∈ R

m), condition (2) is equivalent to:

Lgh(x) = 0 =⇒ Lf h(x) ≥ −α(h(x)). (3)

Lemma 1 ([19, Lemma 4.4] and [20, Lemma 2]): For a
continuously differentiable function h : [t0,∞) → R, if
h(x(t0)) ≥ 0 and ḣ(x(t)) ≥ −α(h(x(t))) for all t ∈ [t0,∞),
then h(x(t)) ≥ 0 for all t ∈ [t0,∞).

We now introduce our motivational problem.

III. MOTIVATIONAL PROBLEM

The following problem was highlighted in [9] and [11].
Consider the double integrator system: ẋ1 = x2, ẋ2 = u,
where x = [x1, x2]	 ∈ R

2. To enforce x1 ∈ [−1, 1], we define
the safe set as C = {x ∈ R

2 | x1 ∈ [−1, 1]}. A common CBF
choice is h1(x) = 1 − x2

1, but since Lgh1(x) = 0 for all x, it
can be seen to have a relative degree of 2.

To address this, we use the CBF backstepping method to
construct a target CBF h2(x) = c1(1 − x2

1)− 2x1x2, with the
gain choice c1 > 0. The resulting CBF condition is

− 2c1x1x2 − 2x2
2 − 2x1u ≥ −c1c2

(
1 − x2

1

)
− 2c2x1x2, (4)

where c2 > 0 is the liveness gain for h2(x). We observe that at
x1 = 0, the safety filter loses control authority (i.e., Lgh2(x) =
LgLf h1(x) = −2x1 = 0). When x1 = 0, the CBF condition
requires that |x2| ≤ √

c1c2/2, which does not hold for all x2 ∈
C and therefore cannot guarantee safety. Similar conditions
arise when using HOCBFs as reported in [9] and [11].

This problem arises because the gradient ∇h1(x) =
[−2x1, 0]	 vanishes at x1 = 0, where h1(x) has a local
maximum. Instead, we propose an alternative approach that
decomposes the single CBF constraint into two, removing the
loss of control authority due to the gradient vanishing while
maintaining safety. Our method generalizes ideas from [12]
and [7] in a more flexible framework.

IV. CONTROL BARRIER FUNCTIONS WITH PARALLEL

SAFETY BOUNDARIES

Consider two CBFs, h(x) and �(x), for system (1), both
having uniform relative degree r = n ≥ 1, with corresponding
safe sets Ch and C�. The ideal safe set is then given by the
intersection of these sets, i.e., C = Ch ∩ C�. We introduce a
class of CBFs in the form of the following definition, which
makes this process streamlined.

Definition 3: A pair of candidate CBFs h(x) and �(x) is
parallel if there exists a constant b > 0 such that:

h(x)+ �(x) = b. (5)

We note that the constant-sum expression in (5) is a special
case of the convex combination a1h(x) + a2�(x) = b with
a1, a2 > 0. However, since the scaling factors a1, a2 can be
rescaled into the CBFs without affecting the safe set, we opt
to study the constant-sum formulation to clearly illustrate its
utility.

The parallel structure is particularly useful as it allows for a
more systematic expression of the combined safety condition.
A key property of the parallel CBFs is that ∇h(x) = −∇�(x),
which represents two parallel safety boundaries with the
combined safe set defined between them. We now demonstrate
how this property can be used to derive a safety filter.

A. Relative Degree One

We first present the result for the case of relative degree one.
Suppose h(x) and �(x) are parallel and both have a relative
degree of r = 1. Taking the time derivative of h(x) and �(x)
yields the CBF conditions:

Lf h(x)+ Lgh(x)u ≥ −α(h(x)), (6)

Lf�(x)+ Lg�(x)u ≥ −α(�(x)), (7)

where α and α are extended class K∞ functions. Since h(x)
and �(x) are parallel, without loss of generality, (7) can be
rewritten as −Lf h(x)−Lgh(x)u ≥ −α(b−h(x)) and combining
with (6), we arrive at the following joint constraint:

η(x) ≤ Lgh(x)u ≤ η(x), (8)

η(x) := −Lf h(x)− α(h(x)), (9)

η(x) := −Lf h(x)+ α(b − h(x)). (10)

Then, to derive the control law, we introduce the quadratic
program (QP) [3] formulation as follows:

u = min
u

1

2
‖u − u0‖2, (11)

Subject to: η(x) ≤ Lgh(x)u ≤ η(x). (12)

First, we establish that the QP problem (11)–(12) is always
feasible when h(x) and �(x) are valid CBFs and are parallel.
A necessary and sufficient condition for ensuring feasibility
in such cases is to show that h(x) and �(x) have the control-
sharing property [15, Th. 1]. That is, feasibility is guaranteed
if the inequality η(x) ≤ η(x) holds for all x ∈ D. However, [15]
assumes that Lgh(x) and Lg�(x) are never zero. This was
a restrictive assumption that also limits the sign of the
Lgh(x),Lg�(x) terms to be constant. To address cases where
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this assumption does not hold, we further show that Lgh(x) =
−Lg�(x) = 0 =⇒ η(x) ≤ 0 ≤ η(x). The following lemma
formalizes this result.

Lemma 2: Let h(x) and �(x) be valid CBFs and paral-
lel. Then, Lgh(x) = 0 =⇒ η(x) ≤ 0 ≤ η(x). Moreover, there
exist extended class K∞ functions α and α such that η(x) ≤
η(x) for all x ∈ D. Thus, h(x) and �(x) have the control-sharing
property and the QP problem (11)–(12) is always feasible.

Proof: Since h(x) and �(x) are CBFs, from (3), we have the
following properties:

Lgh(x) = 0 =⇒ Lf h(x) ≥ −α(h(x)), (13)

Lg�(x) = 0 =⇒ Lf�(x) ≥ −α(�(x)). (14)

Then, using the fact that h(x) and �(x) are parallel, we
rewrite (14) as:

− Lgh(x) = 0 =⇒ −Lf h(x) ≥ −α(b − h(x)). (15)

Since −Lgh(x) = 0 ⇐⇒ Lgh(x) = 0, we see from (13)
and (15) that Lgh(x) = 0 =⇒ η(x) = −Lf h(x)−α(h(x)) ≤ 0
and η(x) = −Lf h(x)+α(b−h(x)) ≥ 0. Thus, Lgh(x) = 0 =⇒
η(x) ≤ 0 ≤ η(x).

To prove the second part, we observe that η(x) − η(x) =
α(b − h(x))+ α(h(x)). The trivial choice of α(s) = α(s) = cs
where c > 0 results in η(x)−η(x) = cb > 0. Thus, there exist
extended class K∞ functions α and α such that η(x) ≤ η(x)
for all x ∈ D.

With the feasibility established, we prove that the QP
problem (11)–(12) has a closed-form solution.

Theorem 1: The QP problem (11)–(12) has a closed-form
solution of the form:

u∗ =

⎧
⎪⎪⎨

⎪⎪⎩

u0, if Lgh(x) = 0,
u0, if η(x) ≤ Lgh(x)u0 ≤ η(x),
u0 + ψ(x, u0), if Lgh(x)u0 > η(x),
u0 + ψ(x, u0), if Lgh(x)u0 < η(x),

(16)

with

ψ(x, u0) :=
(

Lgh(x)
)	 η(x)− Lgh(x)u0

‖Lgh(x)‖2
, (17)

ψ(x, u0) :=
(

Lgh(x)
)	 η(x)− Lgh(x)u0

‖Lgh(x)‖2
. (18)

Proof: In the case where Lgh(x) = 0, we have shown in
Lemma 2 that Lgh(x) = 0 =⇒ η(x) ≤ 0 ≤ η(x), regardless
of the control input u. Hence, the optimal solution to (11) is
u∗ = u0.

For the case Lgh(x) �= 0, we must verify systematically.
Noting that both the objective function and constraints are
convex, the Karush-Kuhn-Tucker (KKT) conditions [21] pro-
vide necessary and sufficient conditions for u∗ ∈ R

m to be
the optimal solution. Namely, we must show that there exist
λ1, λ2 ≥ 0 such that

u∗ − u0 + (λ1 − λ2)Lgh(x)	 = 0, (19)

η(x) ≤ Lgh(x)u∗ ≤ η(x), (20)

λ1, λ2 ≥ 0, (21)

λ1
(
Lgh(x)u∗ − η(x)

) = 0, (22)

λ2

(
η(x)− Lgh(x)u∗) = 0. (23)

Here, (19) is referred to as the stationarity condition, (20)
as the primal feasibility condition, (21) as the dual feasibility
condition, and (22)–(23) as the complementary slackness
condition.

Case 1: Suppose η(x) < Lgh(x)u∗ < η(x). Then,
λ1 = λ2 = 0, as seen from (22)–(23) since neither constraint
is active. From (19), we get u∗ = u0, which matches the
expression in (16).

Case 2: Suppose Lgh(x)u∗ = η(x). Then, λ2 = 0 and
from (19) we get the expression u∗ = u0 − λ1Lgh(x)	 to get
that Lgh(x)u0 − λ1|Lgh(x)|2 = η(x) from (22). Then, solving
for λ1:

λ1 = −η(x)− Lgh(x)u0

‖Lgh(x)‖2
. (24)

From (21), since λ1 ≥ 0, it follows that if Lgh(x)u∗ =
η(x), then we must have Lgh(x)u0 > η(x). Substituting the
expression for λ1 into the expression for u∗ again, we obtain

u∗ = u0 +
(

Lgh(x)
)	 η(x)− Lgh(x)u0

‖Lgh(x)‖2
, (25)

which is the same as (16) when Lgh(x)u0 > η(x).
Case 3: Similar to case 2.
Thus, the control law (16) is a closed-form solution to the

QP problem (11)–(12).
We summarize this result in Theorem 2.
Theorem 2: For system (1), if h(x) and �(x) are CBFs and

parallel, then there exist extended class K∞ functions α and
α such that the control law (16) keeps the set Ch ∩C� forward
invariant.

Proof: Lemma 2 establishes the existence of extended class
K∞ functions α and α such that the QP problem (11)–(12)
is always feasible. Then, the closed-form solution given
in Theorem 1 guarantees that ḣ(x(t)) ≥ −α(h(x(t))) and
�̇(x(t)) ≥ −α(�(x(t))) for all t ∈ [t0,∞). If the initial
conditions satisfy h(x(t0)) ≥ 0 and �(x(t0)) ≥ 0, by Lemma 1,
it follows that h(x(t)) ≥ 0 and �(x(t)) ≥ 0 for all t ∈ [t0,∞).
Hence, the set Ch ∩ C� is forward invariant.

B. High Relative Degree

Suppose h(x) and �(x) are parallel with relative degree r =
n > 1. We apply the CBF backstepping technique, starting
with the following necessary assumption.

Assumption 1: h(x) and �(x) are n-times differentiable with
h(x0) > 0 and �(x0) > 0. That is, x0 ∈ Int(Ch) ∩ Int(C�).

Now, we define h1(x) := h(x), �1(x) := �(x), and b1 := b
to proceed with the CBF backstepping algorithm. Taking the
time derivative of h1(x) and �1(x), and adding zero yields:

ḣ1(x) = −c1h1(x)+ c1h1(x)+ Lf h1(x)︸ ︷︷ ︸
h2

, (26)

�̇1(x) = −c̄1�1(x)+ c̄1�1(x)+ Lf�1(x), (27)

= −c̄1�1(x)+ c̄1(b1 − h1(x))− Lf h1(x)︸ ︷︷ ︸
�2

, (28)

which gives:

h2(x) := c1h1(x)+ Lf h1(x), (29)
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�2(x) := c̄1(b1 − h1(x))− Lf h1(x). (30)

Then, from Assumption 1, we can choose the gains
c1, c̄1 > 0 as:

c1 = c̄1 > max

{
−Lf h1(x0)

h1(x0)
,

Lf h1(x0)

b1 − h1(x0)

}
≥ 0, (31)

to guarantee that h2(x0), �2(x0) > 0. This also allows us to
rewrite (30) as �2(x) = b2 − h2(x), where we define b2 :=
c1b1 > 0.

We now iterate this procedure until the target CBF trans-
formation is acquired.

h1(x) = h(x), (32)

�1(x) = b1 − h(x), (33)

hi(x) = ci−1hi−1(x)+ Lf hi−1(x), (34)

�i(x) = bi − hi(x), (35)

for i = {2, . . . , n} where bi := ci−1bi−1 and

ci−1 > max

{
−Lf hi−1(x0)

hi−1(x0)
,

Lf hi−1(x0)

bi−1 − hi−1(x0)

}
, (36)

which is strictly positive.
The induced safe set for the target CBF is then:

Chn ∩ C�n , (37)

where Chn = Ch ∩ C2 ∩ · · · ∩ Ci and C�n = C� ∩ C̄2 ∩ · · · ∩ C̄i,
with Ci = {x ∈ D | hi(x) ≥ 0} and C̄i = {x ∈ D | �i(x) ≥ 0},
where i ∈ {2, . . . , n}.

It is important to note, while it may seem that the set
Chn ∩ C�n does not include all x0 ∈ Int(Ch)∩ Int(C�), the gain
choice in (36) adapts the sets Ci and C̄i based on the initial
condition x0. As a result, for all x0 ∈ Int(Ch) ∩ Int(C�), the
point x0 is included in Chn ∩C�n . This is a key difference from
HOCBFs [8].

Then, we see that if the set Chn ∩ C�n is kept forward
invariant, then by design h1(x) and �1(x) remain positive for
all t ∈ [t0,∞). However, it must be verified that hn(x) and
�n(x) are valid CBFs at least in the set Chn ∩ C�n . That is, we
must verify that

Lghn(x) = 0 =⇒ Lf hn(x) ≥ −αn(hn(x)), (38)

Lg�n(x) = 0 =⇒ Lf�n(x) ≥ −αn(�n(x)), (39)

where αn and αn are extended class K∞ functions, for all
x ∈ Chn ∩ C�n . Verifying their validity as CBFs is highly
dependent on the system and constraints. Hence, we take it as
the following assumption:

Assumption 2: hn(x) and �n(x) are valid CBFs for
system (1) in the set Chn ∩ C�n .

We summarize this result in Theorem 3.
Theorem 3: For system (1), suppose h1(x) and �1(x),

with relative degree r = n > 1, are parallel and satisfy
Assumption 1. Let hn(x), �n(x) (as in (34)–(35)) satisfy
Assumption 2. Then, there exist extended class K∞ functions
αn and αn such that applying (16) with h(x) = hn(x), �(x) =
�n(x) to (1) guarantees h1(x(t)), �1(x(t)) ≥ 0 for all t ∈
[t0,∞). Namely, the system remains safe under all nominal
control inputs.

Proof: Since h1(x) and �1(x) are parallel, it follows
that hn(x) and �n(x) are also parallel, as seen in equa-
tions (34)–(35). Also, by Assumption 1 and the CBF
backstepping design, hn(x0), �n(x0) > 0 is guaranteed. Next,
since hn(x) and �n(x) are valid CBFs, we invoke Theorem 2
to guarantee that the set Chn ∩ C�n is forward invariant.

By the CBF backstepping design, the condition
hn(x(t)), �n(x(t)) ≥ 0 for all t ∈ [t0,∞) implies that
ḣn−1(x(t)) ≥ −cn−1hn−1(x(t)) and �̇n−1(x(t)) ≥
−cn−1�n−1(x(t)) for all t ∈ [t0,∞). Since Assumption 1 and
the gain choices in (36) guarantee that hn−1(x0), �n−1(x0) > 0,
we invoke Lemma 1 to conclude that hn−1(x(t)), �n−1(x(t)) ≥
0 for all t ∈ [t0,∞). Iterating this argument, it follows that
h1(x(t)), �1(x(t)) ≥ 0 for all t ∈ [t0,∞).

Compared to recent works such as [10] and [11], our
method offers advantages in both design flexibility and
implementation. While [10] can be used to address the
parallel boundary issue (as was shown in [9]), its safe
set can be overly conservative due to parameter choices,
which may require retuning to accommodate for certain
initial conditions in the original safe set. In contrast, our
method adaptively selects gains (36) based on the initial
condition, ensuring it always lies within the induced safe
set.

Relative to the Rectified CBF (ReCBF) approach in [11],
our framework is simpler to implement, particularly for high
relative degree CBFs. The work in [11] uses ReLU (or
max) functions to rectify high relative degree CBFs, but
because the QP safety filters require differentiating the CBF,
the approach relies on carefully chosen hyperparameters to
make the ReLU expressions continuously differentiable. This
becomes increasingly delicate as the relative degree increases,
since the ReLU expressions may need to be continuously
differentiable up to n−1 times, where n is the original CBF’s
relative degree. Our method, by comparison, provides a more
straightforward algorithm with tunable parameters that only
need to satisfy the condition in (36).

V. EXAMPLES AND SIMULATIONS

A. Returning to the Motivational Problem

We revisit the double integrator system ẋ1 = x2, ẋ2 =
u, with the safe set C = {x ∈ R

2 | x1 ∈ [−1, 1]}.
We define the CBFs h(x) = 1 + x1 and �(x) = 1 − x1,
corresponding to the safe sets Ch = {x ∈ R

2 | x1 ≥ −1}
and C� = {x ∈ R

2 | x1 ≤ 1}, whose intersection forms C. Since
h(x) + �(x) = 2, they are parallel. Using backstepping, we
assume h(x0), �(x0) > 0 initially and choose:

c1 = c̄1 > max

{
x2(0)

1 + x1(0)
,

x2(0)

1 − x1(0)

}
. (40)

The target CBFs are then defined as h2(x) = c1(1 + x1) +
x2 and �2(x) = c1(1 − x1) − x2, with Lgh2(x) = 1 and
Lg�2(x) = −1. Since Lgh(x) = −Lg�(x) �= 0 for all x ∈
Ch∩C�, they trivially satisfy (3) and are valid CBFs in Ch∩C�.
Then, we invoke Theorem 3 to guarantee forward invariance
of C.
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Fig. 1. Simulation of system (41) using parallel CBFs h1(x ,y ) = sin x + y + 1 and �1(x ,y ) = − sin x − y + 1 (blue), compared to a single CBF
hs(x ,y ) = 1 − ( sin x + y )2 (red). The system was initialized at x0 = 0 with nominal controls u0v = 2 − v , u0θ = 0; all control gains were set to
1, and all extended class K∞ functions were chosen as the identity functions α(s) = s. (a) illustrates the system trajectories, and (b) depicts the
corresponding control inputs. The vanishing gradient drives the single CBF controller to blow up near sin x + y = 0 at t ≈ 2.22s, while the parallel
CBF controller remains well-defined throughout the simulation.

B. Unicycle Between Parallel Boundaries

Consider the kinematic unicycle system ẋ = v cos θ, ẏ =
v sin θ, θ̇ = uθ , where [x, y]	 ∈ R

2 are the positional states,
θ ∈ R is the heading angle, v ∈ R is the forward velocity
input, and uθ ∈ R is the angular velocity input.

Suppose we are given two parallel positional constraints
represented by candidate CBFs h1(x, y) and �1(x, y), with safe
sets Ch and C�. Since both depend only on x and y, they have
a relative degree of 1 with respect to v and 2 with respect to
uθ , resulting in a mixed relative degree problem.

To first address this, we add an integrator v̇ = uv and assume
control over the vehicle’s forward acceleration similar to that
in [17]. That is,

ẋ =

⎡

⎢⎢
⎣

ẋ
ẏ
v̇
θ̇

⎤

⎥⎥
⎦ =

⎡

⎢⎢
⎣

v cos θ
v sin θ

0
0

⎤

⎥⎥
⎦

︸ ︷︷ ︸
f (x)

+

⎡

⎢⎢
⎣

0
0
1
0

⎤

⎥⎥
⎦

︸︷︷︸
gv(x)

uv +

⎡

⎢⎢
⎣

0
0
0
1

⎤

⎥⎥
⎦

︸︷︷︸
gθ (x)

uθ . (41)

This essentially modifies the unicycle model to a simplified
bicycle model [22] and results in a uniform relative degree
2 problem. We now proceed with the backstepping procedure
with the assumption that h1(x0, y0), �1(x0, y0) > 0.

Since h1(x, y) and �1(x, y) are parallel, without loss of
generality, we compute the backstepping terms with respect
to h1(x, y). By choosing the appropriate gains c1 = c1 >

0 as in (36), we get the following target CBF through the
backstepping procedure:

h2(x) = b2 − �2(x) = c1h1(x, y)+ Lf h1(x), (42)

with a corresponding safe set Ch2 ∩ C�2 as in (37). Then,
defining Lgh2(x) = [Lgvh2(x),Lgθ h2(x)] and u = [uv, uθ ]	,
the time derivative is:

ḣ2(x) = Lgh2(x)u + c1v

(
∇x,yh1(x, y)	 ·

[
cos θ
sin θ

])

+ v2

([
cos θ
sin θ

]	
· ∇2

x,yh1(x, y) ·
[

cos θ
sin θ

])

, (43)

where

Lgv h2(x) = ∇x,yh1(x, y)	 ·
[

cos θ
sin θ

]
, (44)

Lgθ h2(x) = v

(
∇x,yh1(x, y)	 ·

[− sin θ
cos θ

])
. (45)

Intuitively, if ∇x,yh1(x, y) �= 0, the control uv loses agency
over safety (Lgvh2(x) = 0) only when the heading angle
is perpendicular to the gradient, i.e., parallel to the safety
boundary. Similarly, uθ loses agency (Lgθ h2(x) = 0) when the
heading angle is parallel to the gradient, i.e., perpendicular
to the boundary, or if v = 0. Thus, Lgh2(x) = 0 only if the
heading is parallel to the boundary and v = 0, forming the
basis of the following claim.

Theorem 4: For system (41), given parallel positional con-
straints h1(x, y) and �1(x, y), if h1(x0, y0), �1(x0, y0) > 0, then
∇x,yh1(x, y) �= 0 for all x, y ∈ Ch ∩ C� is a sufficient condition
for h2(x) and �2(x) (as in (42)) to be valid CBFs in the set
Ch2 ∩ C�2 .

Proof: Suppose ∇x,yh1(x, y) �= 0 for all x, y ∈ Ch ∩ C�. To
establish that h2(x) and �2(x) are CBFs in Ch2 ∩C�2 , it suffices
to verify that Lgh2(x) = 0 implies Lf h2(x) ≥ −α2(h2(x))
and Lg�2(x) = 0 implies Lf�2(x) ≥ −ᾱ2(�2(x)) for all x ∈
Ch2 ∩ C�2 as in (38)–(39). Noting that [ cos θ, sin θ ]	 and
[− sin θ, cos θ ]	 are orthogonal, equations Lgvh2 and Lgθ h2
vanish simultaneously only when v = 0 and

∇x,yh1(x, y)	 ·
[

cos θ
sin θ

]
= 0. (46)

Under this condition, (43) evaluates to zero, implying
Lgh2(x) = 0 =⇒ Lf h2(x) = 0 and Lg�2(x) = 0 =⇒
Lf�2(x) = 0. Since 0 ≥ −α2(h2(x)) and 0 ≥ −ᾱ2(�2(x))
holds for all x ∈ Ch2 ∩ C�2 , h2(x) and �2(x) are valid CBFs
on Ch2 ∩ C�2 .

As an example, consider the positional constraints

h1(x, y) = sin x + y + 1, (47)

�1(x, y) = − sin x − y + 1. (48)
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These constraints are parallel since h1(x, y) + �1(x, y) =
2, and their gradients are nonzero as ∇yh1(x) =
−∇y�1(x) = 1, satisfying the sufficient condition in
Theorem 4.

We compare this to the single CBF hs(x, y) = 1 − (sin x +
y)2, which defines the same safe set as the intersection of
the two parallel constraints. However, when using the CBF
backstepping (or HOCBF) method, this formulation loses
control authority along the midline sin x + y = 0, where
∇hs(x, y) = 0. On this line, the CBF becomes ill-defined,
and its validity depends on the system’s forward velocity and
heading angle.

Figure 1 shows a simulation comparing both approaches.
Both systems were initialized at the origin (i.e., x0 = 0),
which satisfies h1(x0, y0), �1(x0, y0), hs(x0, y0) > 0. All gain
choices were set to 1 (satisfying the backstepping design
constraint), and all extended class K∞ functions were chosen
as the identity function (i.e., α(s) = s). The nominal control
laws were u0v = 2 − v and u0θ = 0.

The single CBF-based safety filter (red) initially produced
a valid trajectory, but as it re-encountered the midline, the
vanishing gradient caused the CBF condition to fail, lead-
ing to a controller blow up at t ≈ 2.22s. In contrast,
the parallel CBF-based safety filter (blue) remained well-
defined, as the gradients never vanished in the safe set, and
successfully kept the system safe with respect to the parallel
boundaries.

VI. CONCLUSION AND FUTURE DIRECTIONS

In this letter, we addressed the challenge of valid CBFs
for systems with parallel safety boundaries, a problem where
relying on a single CBF is often invalid at the midway point
between the boundaries. We identified that the core limitation
arises from the vanishing gradient within the interior of the
safe set and proposed an alternative approach that constructs
separate CBFs for each boundary, effectively addressing the
issue. This was validated through a simulation on a unicycle
model.

Our method was based on unbounded control and CBFs
with uniform relative degrees. While it does not directly
address input constraints or mixed relative degree CBFs
without modifications, extending the framework to handle such
cases is a promising direction for future research. Broadening
its applicability to unmodified systems like the unicycle is
especially important in cases where structural modification is
infeasible.
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design for high relative degree systems: Application to unknown moving
obstacle collision avoidance,” 2024, arXiv:2412.03678

[18] S. Koga, C. Demir, and M. Krstic, “Event-triggered safe stabilizing
boundary control for the Stefan PDE system with actuator dynam-
ics,” in Proc. Amer. Control Conf. (ACC), 2023, pp. 1794–1799.

[19] H. K. Khalil, Nonlinear Systems. Upper Saddle River, NJ, USA: Prentice
Hall, 2002.

[20] P. Glotfelter, J. Cortés, and M. Egerstedt, “Nonsmooth barrier functions
with applications to multi-robot systems,” IEEE Control Syst. Lett.,
vol. 1, pp. 310–315, 2017.

[21] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, U.K.:
Cambridge Univ., 2004.

[22] Y. Rahman, M. Jankovic, and M. Santillo, “Driver intent prediction
with barrier functions,” in Proc. Amer. Control Conf. (ACC), 2021,
pp. 224–230.

Authorized licensed use limited to: Univ of  Calif San Diego. Downloaded on July 13,2025 at 01:33:58 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Helvetica-Condensed-Bold
    /Helvetica-LightOblique
    /HelveticaNeue-Bold
    /HelveticaNeue-BoldItalic
    /HelveticaNeue-Condensed
    /HelveticaNeue-CondensedObl
    /HelveticaNeue-Italic
    /HelveticaNeueLightcon-LightCond
    /HelveticaNeue-MediumCond
    /HelveticaNeue-MediumCondObl
    /HelveticaNeue-Roman
    /HelveticaNeue-ThinCond
    /Helvetica-Oblique
    /HelvetisADF-Bold
    /HelvetisADF-BoldItalic
    /HelvetisADFCd-Bold
    /HelvetisADFCd-BoldItalic
    /HelvetisADFCd-Italic
    /HelvetisADFCd-Regular
    /HelvetisADFEx-Bold
    /HelvetisADFEx-BoldItalic
    /HelvetisADFEx-Italic
    /HelvetisADFEx-Regular
    /HelvetisADF-Italic
    /HelvetisADF-Regular
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


