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Abstract. A nonovershooting finite-time control design for linear multi-input system is proposed
by upgrading a linear nonovershooting stabilizer to a nonlinear homogeneous one. Robustness of the
safety and stability properties is analyzed using the concept of input-to-state stability on invariant
sets and input-to-state safety. Theoretical results are illustrated with numerical examples.
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1. Introduction. A tracking problem under certain state/output constraints
can be solved using the so-called nonovershooting control [29], which, cast in the
framework of control barrier functions [54], [3], [25], can be also employed for a safety
filter design, to override a potentially unsafe nominal controller [1, 41]. Linear and
nonlinear nonovershooting controllers have been designed for both linear [37], [14],
[12] and nonlinear systems [29], [30], [19]. The safety filter synthesis based on control
barrier functions has been extensively used in control applications such as automotive
systems [2], [43] and multi-agent robotics [52], [47]. The barrier functions characterize
positively invariant sets of safe control systems.

The positive invariance of closed sets for systems having unique solutions was first
characterized in [33]. Control systems design (analysis) on invariant sets usually deals
with compacts including a set-point (stable equilibrium) in its interior (as, for exam-
ple, in [8]). The ellipsoidal and polyhedral invariant sets are the most popular in this
context [9], [42]. For a nonovershooting stabilizer design, the desired set-point belongs
to the boundary of the safe set [21], [51], [16]. For linear systems, the correspond-
ing invariant sets are linear positive cones, and the nonovershooting property can be
established by means of a transformation of the original system to a positive linear
system [15], [13], [44] as, for example, in [41]. A nonlinear nonovershooting stabilizer
design may be required even for linear control plants if some time constraints have
to be fulfilled. Usually, the corresponding invariant set is not a linear cone and the
related analysis is more complicated. This paper deals with a class of homogeneous
systems, which admits a nonovershooting analysis similar to a linear one.

A homogeneous system is a nonlinear system [56], [26], [45], [20] which, on the
one hand, has many properties typical for linear systems such as equivalence of local
and global results [7] or equivalence of asymptotic stability and input-to-state stability
(ISS) with respect to homogeneously (resp., linearly) involved perturbations [46], [22].
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On the other hand, they may demonstrate faster convergence [7], better robustness
[4], and smaller overshoots [39, Chapter 1], [41]. A convergence rate of any stable
homogeneous system is characterized by its homogeneity degree [34]. Homogeneity is
a dilation symmetry widely studied in the group theory [18] and useful for control sys-
tems design [39]. Similarly to linear systems, invariant sets of homogeneous systems
may be of a conic type. Therefore, analysis and design of nonovershooting homoge-
neous control systems should be developed on some homogeneous cones. This paper
develops some tools for stability and robustness analysis of homogeneous systems on
cones and provides a simple scheme of a nonovershooting finite-time stabilizer design
for linear time-invariant (LTI) multi-input plants.

The main contributions of the paper are as follows: the homogeneous Lyapunov
function theorem [45] is refined for systems on cones; the criterion of (robust) positive
invariance [8], [5] is adapted to homogeneous cones; the homogeneous ISS theorem
[46], [4] is extended to systems on cones; an algebraic condition of input-to-state
safety (ISSf) [28] is obtained for a class of homogeneous systems; an algorithm of
nonovershooting finite-time stabilizer design is proposed for LTT system with linear
conic constraints; ISS and ISSf of the closed-loop system is proven.

The paper is organized as follows. First, the problem statement and notions of
interest are discussed. Next, some preliminaries about homogeneous systems are pre-
sented. After that, the issues of stability and robustness analysis of homogeneous
systems on cones are studied and the nonovershooting homogeneous control is de-
signed for linear plants. Finally, numerical examples and concluding remarks are
given. As an example, we consider the LTI model of a control system

T1 =321 +x3+uU —Uz, To=—To+ X3+ U2, T3=—2x1+uy, >0,

having the safety constraint —zq < x3 < x9, where x1(t),z2(t),xz3(t) € R are compo-
nents of the state vector and wuj(t),us(t) € R are control inputs. Generally speaking,
the theoretical results obtained in the paper allow us to propose an approach to the
design of a feedback law, which stabilizes the system in a finite time to zero, fulfills the
safety constraint, and guarantees a robustness of the safety and stability properties.
Notation. Ry = {x € R:x > 0}; || - || denotes a norm in R™ and |- | is the
Euclidean norm in R™; we also use || - [|g+ in order to highlight the dimension of the
space; e; = (0,...,0,1,0,...,0) T is the unit vector in R”; 9§ denotes a boundary of
Q CR™ and intQ is the interior of Q; L>°(R,R¥) is the Lebesgue space of uniformly
essentially bounded functions and |||z (40,¢,) = €8SSUPse (s, 4,) [2(t)]; K denotes the
class of continuous strictly increasing functions o : [0,+00) — [0,400) such that
0(0) =0; a function o € K is of the class Ko if 0(s) = +00 as s = +00; KL denotes
the class of continuous functions 3 : [0, +00) x [0,4+00) — [0,4+00) such that 8(-,t) is
of class K for any ¢t > 0 and the function 5(r,-): [0,400) — [0, +00] is decreasing such
that B(r,t) — 0 as t — +oo for any r € [0,+00); for a matrix P = PT € R"*", the
order relation P > 0 (resp., P < 0) means that P is positive (resp., negative) definite.

2. Problem statement. Let us consider the system
(2.1) &= f(x,q), t>to, x(tp)=1x0€R",

where z(t) € R" is the system state, ¢ € L>°(R,R¥) is the exogenous input, and
f€CR™ x R¥ R™). We consider system (2.1) on a closed set

(2.2) Q={zeR": ¢;(x) >0,i=1,...,p},
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with nonempty interior, where ¢; € C(R",R) NC(R"\{0},R), i=1,...,p. We study
an asymptotic (or a finite-time) stability of the set

(2.3) Qo={zeR":¢;(x)=0,i=1,2,...,p}

as well as input-to-state stability (ISS) of the system (2.1) on 2. The set Q defines a
safe set of the system (2.1). The functions ¢; are called the barrier functions [3], [25].
For the example considered in introduction, we have ¢1 (z) = z3+x1, p2(z) = T2 —x3, SO
the positive invariance' of the set { guarantees the fulfillment of the safety constraint
—x1 <x3 < Ta.

Below we assume that the set Q is a positive (in a generalized sense) cone. The
(conventional) positive cone is a set Z such that Az € 2 YA >0, Vo € E. The positive
cone = is linear if x + y € £ Vz,y € Z. The multiplication of a vector x by a positive
scalar A > 0 is the standard dilation. The set ) defines a standard positive cone in R™ if
the functions ¢; are standard homogeneous ¢;(Ax) = \"i¢;(z) VA > 0,Ve € R™, where
v; > 0 is the so-called homogeneity degree. To design a generalized positive cone in
R™, a generalized dilation [56], [27], [45] can be utilized. Topological characterization
of generalized dilations in Frechét and Euclidean spaces can be found in [24] and in
[26], respectively. In this paper, we deal only with the so-called linear dilation in R"
[38], [18]. The generalized homogeneous cone €2 is usually nonlinear.

DEFINITION 2.1. System (2.1) is said to be uniformly asymptotically stable on
if there exist B; € KL such that

(24) O§¢z(x(t))§ﬂz(|x0|,t—to) Vit >tg, Voo e, Vi=1,...,p.

This definition introduces an asymptotic stability of the set Q¢ C 9€2. Such a
requirement is typical for the design of nonovershooting stabilizers and safety filters
[29], [54], [1], [41]. If Q is a homogeneous cone and the set Qqy is bounded, then
Qo = {0} (see section 3). We study the robustness of the stability property of the
system (2.1) on the cone € in the sense of the following definition inspired by [48], [31].

DEFINITION 2.2. System (2.1) is said to be 1SS on Q if there exist B; € KL and
v; € IC such that
(2.5) 0<¢i(x(t)) < Bi(lwol,t — to) + villlalle

(tg,t)

)
for all t>ty, 10€Q, g€ L°(R,R*) and i=1,...,p.

Our first aim is to obtain a characterization of ISS on {2 for a class of (generalized)
homogeneous systems (2.1). For ¢ = 0 the right inequality in (2.5) becomes (2.4). The
condition (2.5) looks similar to input-to-output stability (IOS) (see, e.g., [50]). In the
general case, IOS is neither necessary nor sufficient for ISS on 2. The ISS on 2 is
equivalent to the regional ISS [31] if © is a compact and x — 0 < ¢;(z) — 0 Vi =
1,...,p. The left inequality in (2.5) simply means that the set € is robustly positively
invariant [8], [5]. This condition may be very restrictive in many practical cases. ISSf
[28] relaxes the invariance of Q as follows.

DEFINITION 2.3. System (2.1) is said to be input-to-state safe (ISSf) on Q if there
exist y; € KC such that

26) = (lalle

(tg,t)

) <oi(a(t))  VE>to,VeoeQ, Vge L°(R, R, Vi=1,...,p.

IThe set § is positively invariant for system (2.1) if the implication 3t* € R: z(t*)€Q = z(t) €
Q V¢>t* holds for any solution of system (2.1).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/02/25 to 137.110.39.205 by Miroslav Krstic (krstic@ucsd.edu). Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

HOMOGENEOUS CONTROL SYSTEMS ON CONES 1593

The inequality (2.6) simply means that the overshoot of the perturbed system
must depend continuously on the magnitude of the perturbation. For robustness
analysis of nonovershooting stabilizers, ISS on {2 and ISSf on €2 are merged as follows.

DEFINITION 2.4. System (2.1) is said to be input-to-state safe and stable (ISSfS)
on §Q if there exist 5; € KL and ~; € K such that
(2.7) —villlallLes ) < dilx(t)) < Billwol,t —to) +vi(llgl e

(tg,t) (tg,t)

)
for all t>tg, x0€Q, g€ L=°(R,R*) and i=1,...,p.

Our second aim is to characterize the robustness of both safety and stability
properties of system (2.1) on the cone €2 in the sense of the above definition.

The final goal of the paper is to design a nonovershooting finite-time stabilizer
for a control system using its unperturbed linear model,

= f(x,0) = Az + Bu(z),

where z is as before, A € R"*™ and B € R"*™_, and u: R™ — R™ is a nonovershooting
finite-time stabilizer to be designed for a certain class of generalized homogeneous
cones §) defined below. The robustness (with respect to additive perturbations and
measurement noises) of stability and safety properties of the closed-loop system is
going to be studied in the sense of the above definitions.

3. Generalized homogeneity in R™.

3.1. Linear dilations. A family of operators d(s) : R® — R™ with s € R is
a group if d(0)z = z, d(s) od(t)x = d(s +t)z Vo € R" Vs,t € R. A group d is (a)
continuous if the mapping s — d(s)z is continuous Vz€R™; (b) linear if d(s) is a linear
mapping (i.e., d(s) € R™*") Vs € R; (c) a dilation in R™ if lim, 1 ||d(s)z| = eT>®
Va # 0. Any linear continuous group in R™ admits the representation [36]
el P
(3.1) d(s)=eGa=3"" j(fd

Jj=1

, SER,

where G4 € R"*™ is a generator of d. A continuous linear group (3.1) is a dilation
in R™ if and only if G4 is an anti-Hurwitz matrix [38]. In this paper, we deal only
with continuous linear dilations. A dilation d in R™ is (a) monotone if the function
s — ||d(s)x]| is strictly increasing Va # 0; (b) strictly monotone [39, Chapter 5] if
3B>0: ||d(s)z| <e’*||z| Vs<0, Vo € R™. The following result is the straightforward
consequence of quadratic stability of an asymptotically stable LTI system.

COROLLARY 3.1. A linear continuous dilation in R™ is strictly monotone with
respect to the weighted Euclidean norm ||z||=Vz T Px,0 < P € R"*" if and only if

(3.2) PG4q+GiP =0, P>0.

Any dilation in R™ defines an alternative topology (balls, spheres, cones, etc.) in
R™. Below we study system (2.1) on a generalized homogeneous cone.

DEFINITION 3.2. Let d be a dilation in R™. A nonempty set D CR™ is said to be
a d-homogeneous cone if d(s)D C D Vs € R.

A standard homogeneous cone (i.e., for d(s) = e®I,,) and the generalized homo-
geneous cone are illustrated in Figure 1. Notice that if D C R™ is a nonempty closed
d-homogeneous cone, then 0 € D. Indeed, if x € D,z # 0, then d(s)z € D Vs €R and
d(s)x — 0 as s — —oo. If D is closed, then the limit point 0 belongs to D.
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(a) {z € R*:h)z>0,i=1,2} (b) {z eR”: i% dc(c):(i;l ||Si|(|;)x >0,i=1,2}
with h1 = (El) and h2 = (_21) with d(S) =e€ (75111(8) cos(s)) S € R

Fic. 1. Standard (left) and generalized (right) homogeneous cones.

3.2. Canonical homogeneous norm. Any linear continuous and monotone
dilation in a normed vector space introduces also an alternative norm topology defined
by the so-called canonical homogeneous norm [38].

DEFINITION 3.3 (canonical homogeneous norm). Let a linear continuous dilation

d in R™ be monotone with respect to a norm || -||. A function || -|lq : R™ = [0,+00) is
defined as follows: ||0]la =0 and
(3.3) l|z]|la =e®, where s, € R:||d(—sz)z||=1, x#0,

18 said to be a canonical d-homogeneous norm in R™

For standard dilation d(s) = e®I,, we, obviously, have ||z|la = ||z||. In other cases,
lz|la with z # 0 is implicitly defined by a nonlinear algebraic equation, which always
has a unique solution due to monotonicity of the dilation. In some particular cases
[41], this implicit equation has an explicit solution even for nonstandard dilations.

LEMMA 3.4 (see [38]). If a linear continuous dilation d in R™ is monotone with
respect to a norm || ||, then

1) || fla:R™—[0,400) is single-valued and continuous on R";
2) there exist 01,09 € Koo such that
(3-4) ai(llzlla) <zl < o2(llzlla) Yz eR™;

3) |1l is locally Lipschitz continuous on R™\{0} provided that the linear dilation
d is strictly monotone;

4) |I-lla is continuously differentiable on R*\{0} provided that ||-|| is continuously
differentiable on R™\{0} and d is strictly monotone.

For the d-homogeneous norm ||z|lq induced by the weighted Euclidean norm
|z|| = V& T Pz, by the implicit function theorem, we have [38]

Alzlla _ e'd" (= In|z]a)PA(—In|z[a)
ox zTdT (= 1In||z||q)PGad(—In|z|qa)z’

If d is a linear continuous strictly monotone dilation, then the mapping ¥ : R™ — R",

(3.6) U(z) = [[zad(=In[zlla)z, =ecR"\{0}

(3.5) x#0.

|/l
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is a homeomorphism on R™\{0} with the inverse given by ¥=1(2) = ||z ~'d(In |2||)2
for = € R"\{0}. Moreover, it can be prolonged to zero ¥(0) = ¥~1(0) = 0 by
continuity. If || - || is differentiable on R™\{0}, then ¥ is a diffeomorphism on R™\{0}.

THEOREM 3.5 (see [39]). Let a linear continuous dilation d in R™ be monotone
with respect to a norm || - ||. Let an addition operation + : R™ x R® — R" and a
multiplication by a scalar ~: R x R™ — R™ be defined as follows:

o z+y:=U"1(U(z)+ U(y)), where z,y € R™;

o XNz :=sign(A)d(In|\|)z, where AeR, z € R",
where U : R™ — R"™ is given by (3.6). Then the set R" together with the operations +
and * is a linear vector space RY with the norm |- ||a-

The above theorem justifies the name norm for ||-||q. Notice that d-homogeneous
cones are usually nonlinear in R™ (see Figure 1), but they may be linear in R.

COROLLARY 3.6. For any h; e R",i=1,...,p, the set
(3.7) Qin ={z €R™: 1] VU(x)>0,i=1,...,p}
is a linear positive cone in the space RY.
Proof. Indeed, since for x,y € Oy, we have h] U(z) >0, h] U(y) >0 Vi=1
then using z+y = U~} (¥(x) + ¥(y)) we derive h; ¥(z+y) =h; ¥(z)+h ¥(y) >0=
I‘T‘y € Qin. O
3.3. Homogeneous functions and vector fields. Below we study systems
that are symmetric on homogeneous cones with respect to a linear dilation d. The

dilation symmetry introduced by the following definition is known as a generalized
homogeneity [56], [26], [45], [7], [39].

DEFINITION 3.7 (see [26]). A function h: R™ — R is d-homogeneous of degree
veR if

h(d(s)x) =€e"’h(x) VzeR", VseR.

Notice that h(x) = ||z||5h(d(—1n|jz|la)x) Yz # 0 for any d-homogeneous function
h of degree v, where || - ||q is a canonical homogeneous norm induced by a norm || - ||
in R™, so ||d(—In||lz||la)z| =1 Vz # 0. Therefore, if a d-homogeneous function h is
continuous at zero, then either h = const or h(0) = 0 and v > 0. So, nonconstant
continuous d-homogeneous functions ¢; may define a d-homogeneous cone €2 given
by (2.2) if and only if they have positive homogeneity degree.

Assumption 1. Let ¢; € C(R™,R) N C*(R™\{0},R) in (2.2) be d-homogeneous of
degree v; >0,i=1,2,...,p.

The set Q; = {z € R" : ¢;(x) > 0} with ¢; satisfying this assumption is a d-
homogeneous cone with a smooth boundary everywhere except, probably, the origin.
The set Q=(}_, Q; given by (2.2) is also a d-homogeneous cone.

Assumption 2. The set Q given by (2.3) is bounded.

Since )y is a d-homogeneous cone, then the boundedness of (g means that
(3.8) Qo={0}.

Indeed, otherwise, the set Qg is unbounded since d(s)z € Qy Va € Q,Vs € R, but
ld(s)z|| — +o00 as s — +oo for any = # 0. Below we study the systems on d-
homogeneous cones €2 with both bounded and unbounded sets Q.
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DEFINITION 3.8 (see [26]). A vector field g : R™ — R™ is d-homogeneous of degree
nweR if

(3.9) g(d(s)z) =e"*d(s)g(z) VseR, VaxeR™

The homogeneity of a mapping is inherited by other mathematical objects induced
by this mapping. In particular, solutions of d-homogeneous system?

(3.10) t=g(x), t>0, z(0)=1z9€R"
are symmetric with respect to the dilation d in the following sense [56], [26], [7]:
(3.11) x(t,d(s)xo) = d(s)x(e"t, xo),

where z(-,z) denotes a solution of (3.10) with x(0) = z € R™ and u € R is the
homogeneity degree of g. The mentioned symmetry of solutions implies many useful
properties of homogeneous systems such as equivalence of local and global results
(e.g., about existence, uniqueness, and stability solutions) or finite-time stability of
any asymptotically stable d-homogeneous system (3.10) with negative degree [7].

COROLLARY 3.9. If g € C(R",R") is a d-homogeneous vector field of degree
<0, then system (3.10) is forward complete.

Proof. By Corollary 3.1, any linear continuous dilation is strictly monotone with
respect to the weighted Euclidean norm ||z|| = VT Pz with P satisfying (3.2). Let
Il - la be the canonical homogeneous norm induced by || - ||. Then using (3.5) and
d-homogeneity of g we derive

d v'd"(~In|z]la) Pd(~In||z|la)d
—lllla=llzlla 7= -
dt z'dT (=In||z|la)PGad(—In|z||a)z

= |lzq""g(d(~In |lz]a)),

where §(z) = z:}fé(:i, z € R"™. Taking into account |d(—1In|z|/q)z|| =1 we conclude

Iy > 0 g(d(=In]lz]a)z)| < v = supy—; [9(2)] < +o0 Vo # 0 and Gzl <
'ny||(1i+” Vz # 0. For ;1 < 0 the obtained differential inequality guarantees that system
(3.10) is forward complete. 0

Euler’s homogeneous function theorem proves that the derivative of any smooth
standard homogeneous function h(e*z) = e”*h(x) is homogeneous, 8}5(5) r=vf(x)Vre
R™. For d-homogeneous vector fields the similar result is given below.

THEOREM 3.10 (see [39]). If h € C*(R™\{0},R) is d-homogeneous function of
degree v € R, then

(3.12) 32(;) Gaz =vh(z) Yz #£0,
Oh(z) _ ,s0h(x)
(3.13) 82 |_aiore d(s)=e p Vr#0, VseR.

If g € CY(R™\{0},R") is a d-homogeneous vector field of degree u € R, then

2A system is homogeneous if it is governed by a d-homogeneous vector field.
3A system is forward complete on Q if, for any initial state zo € Q, any solution of the system is
defined globally in time.
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)
(3.14) %(;”) Gaz = (ul, + Ga)g(z) Yz #0,
(3.15) 99(2) d(s) = ed() 225 vy 20, vseR.
0z z=d(s)x Ox

The perturbed homogeneous system (2.1) under consideration is characterized by
the following assumption inspired by [46], [22], [4].

Assumption 3. Let a linear continuous dilation d in R™ be monotone with respect
to a norm || - ||g+, and a linear continuous dilation d in R* be monotone with respect
to a norm || - [|gx. Let the vector field f € C(R™"** R"**) given by

f(x,Q):< f(l(;Q) )’ :L‘ER”, (]ERk,

d(s) O

0 &(S))’SGR

be d-homogeneous of degree > —1, where d(s) = (

A certain dilation symmetry can be discovered for solutions of the perturbed
homogeneous system as well (see, e.g., [40]).

LEMMA 3.11. Let x4(t, o), t > to, denote a solution of system (2.1). Let x4, (t,
d(s)xo), t > to, denote a solution of system (2.1) for o € R™ replaced with d(s)xg €
R", s €R, and q € L>®(R,R") replaced with q5 € L (R,R¥) given by

(3.16) qs(t) =d(s)q(to +e**(t —tg)) VteR.
Then, under Assumption 3, the identity
(3.17) g, (L, d(s)zo)=d(s)zq(to + " (t — to),20), t=to,
holds as long as solutions exist.
Proof. Indeed, denoting 7 =ty + e#*(t — tp) we obtain

%d(s)xq(to + e (t—tg),x0) = e’”d(s)%xq(T7 xo) = e**d(s) f(zq(7),q(T)).

Using the fl—homogeneity of f we derive

%d(s)xq(to + el (t —to),wo) =F(d(s)zq(to + € (t — to),x0), d(s)q(to + €*(t — to))).
Since %zqs (t,d(s)xo) = f(zq, (t,d(s)x0),qs(t)), then the identity (3.17) holds. d

If solutions of the perturbed system (2.1) are nonunique, then the identity (3.17)
is understood in the set-theoretic sense: the set of solutions is invariant up to certain
scaling of initial condition, time, and the function q.

4. Homogeneous systems on cones.

4.1. Positively invariant homogeneous cones. The criterion of the positive
invariance of a closed set 2 C R™ is well known in the literature (see, e.g., [33], [5],
[8]): if the forward complete system (3.10) has a unique solution for any xg € 2, then
the closed set Q is positively invariant for system (3.10) if and only if

(4.1) g(x) €Cqlr) Vreq,
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where Cq(z) C R™ is the (Bouligand) tangent cone to Q at € R™ defined as

inf, hz —
(4.2) CQ(z)_{zER":hminf infyeq |2+ hz — yl| _()}_
h—0+ h

Obviously, Cq(z) is a positive cone (z € Cqo(x) = Az € Cqo(x),VA > 0). Notice that
Ca(x) = {0} for ¢ Q and Cq(x) = R"™ for x € int, so the condition (4.1) can be
relaxed to z € 9€). The homogeneity of the set 2 implies the homogeneity of the
tangent cone Cq(x).

LEMMA 4.1. If Q CR"™ is a closed d-homogeneous cone, then
(4.3) Ca(d(s)x)=d(s)Ca(z) VreQ, VseR.

Proof. On the one hand, we have

_ n i ing Wyea [d(s)z +hz —yl|
Cg(d(s)z){zeR .I}Lrgglf N =0

inf 4/ d hz — g
{d(s)éeR":liminf infacs)gen ld(s)(@ + hz —7)| 0}

h—0t h

—d(s){ e R"  liming 2172 ld(s)(z +hz =)l _,
“h0t h ,

where the d-homogeneity of Q (i.e., d(s)Q2 C Q Vs € R) is utilized on the last step.
On the other hand, the set Cq(x) is independent of the selection of a norm [33], [8].
Since d(s) is invertible, then || - ||« = ||d(s) - || is a norm in R™ and

Calz) = { s e R? :timins Mece |G E 2= D _,
" h0+ h .

The proof is complete. O

The positive invariance of a homogeneous cone for a homogeneous system can be
analyzed considering the tangent cone and the vector field on the unit sphere.

COROLLARY 4.2. Let a linear continuous dilation d be monotone with respect to
a norm || - || in R™, and let a vector field g € C(R™,R™) be d-homogeneous of degree
@ € R such that g(0) = 0, and solutions of system (3.10) are forward unique* and
complete on Q. A closed d-homogeneous cone ) is positively invariant for (3.10) if
and only if

(4.4) g(xz) €Cq(z) Vxedns,
where S ={x € R™: ||z|| =1} is the unit sphere.

Proof. For any x # 0, due to d-homogeneity of g and Cq (see Lemma 4.1), we
have

g(x) = lzlq"d(In [|z]a)g(d(=In[z[a)z) and Co(x) = d(In[z]a)Co(d(=In|z(la)z)-

Hence, the condition (4.4) implies g(z) € Cqo(x) Va € 00Q\{0}, which is necessary and
sufficient for the set Q\{0} to be positively invariant (at least, as long as z(t) # 0).
On the one hand, since the d-homogeneous cone is closed, then 0 € 2. On the other
hand, since g(0) = 0, then, taking into account the forward uniqueness of the zero
solution, we complete the proof. 0

The positive invariance of a “linear” d-homogeneous cone j;;, admits a more
simple algebraic characterization.

4A system is forward unique if any of its solutions is unique in forward time.
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COROLLARY 4.3. Under the conditions of Corollary 4.2, let the norm in R™ be
defined as |z|| = V2T Pz with P € R™*" satisfying (3.2). The d-homogeneous cone
Q = Qin given by (3.7) is positively invariant for system (3.10) if and only if

(45) W o) > 2 29C)

2T T Gaz VzZEE;
= 2TPGgqz ' ¢ v

where Z;:={z € R": ||z|| = 1,h] 2=0,h] 2> 0 Vj#i} andi=1,...,p:E; #0.
Proof. In the new coordinates z = ¥(x), system (3.10) becomes [38]

(46) s =215 (””) |

where §(z) = 2290 (1 G4)i + g(3),& € R™\{0}. By Corollary 3.6, the d-

T PGai
homogeneous cone {;, in the new coordinates becomes the conventional linear cone:

(4.7) Qin={2z€R":h]2>0,i=1,...,n}.

Notice that Z; = {z € O0;, NS : b 2 =0}. System (4.6) and the linear cone Qi are
standard homogeneous, so using the criterion (4.4) and taking into account O NinNS =
Oin NS =21 U---UZ, we derive the following necessary and sufficient condition of
the positive invariance of the cone iy g(x) €Cq(x) Ve e E;,Vi=1,...,p: E; £ (.
This is equivalent to h; §(z) >0 Vo € Z;,Vi =1,...,p: Z; # (). Taking into account
h} x=0,Yz € Z; we derive (4.5). O

The requirement of the uniqueness of solutions of (3.10) is fundamental [8] for the
characterization of the positive invariance of the closed set 2. It can be guaranteed, for
example, asking g € C1(£2,R") (or Lipschitz continuity on Q). However, in this case,
the homogeneous vector field may have only nonnegative homogeneity degree. Below
we assume g € C1(Q\{0},R") in order to include finite-time stable homogeneous
systems into considerations. Since the regularity of the vector field at 0 is excluded,
we would need an additional assumption about the zero solution.

COROLLARY 4.4. Let a linear continuous dilation d in R™ be strictly monotone
with respect to the norm ||z|| = Va T Pz. Let a nonconstant vector field g € C(R™,R™)
NCY(Q\{0},R™) be d-homogeneous of degree p < 0 such that the matriz pl, + Gq
is tnvertible and system (3.10) has the unique zero solution. Let the d-homogeneous
cone Q= iy, be given by formula (3.7) with p=n and the matriz

h;’ nXxXn
be invertible. The cone Qi is positively invariant for system (3.10) if

(49)  M(a) —H(%m — Ga)+ (il +Gd>18gf)ad> e

is a Metzler® matriz for any x € O N S.

5A matrix M € R"*" is Metzler if all its off-diagonal elements are nonnegative.
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Proof. System (3.10) is forward complete in view of Corollary 3.9. Since g €
C'(R™\{0}) then its solutions are unique on R™\{0}. Uniqueness of the zero solution
is assumed in the statement of the corollary.

Let us consider the equivalent system (4.6). Since pl, + G4 is invertible then,
using Theorem 3.10, we rewrite (4.6) as follows

: N _1 9g(z) z
(4.10) ZZH,ZHH_” 7() (Ga—1I,) + (ul, + Ga) A Ga | —,

E or |._ . “) Tl
where j(z) = f;: gé(:a)c,a: # 0. Since the matrix H is invertible then the invariance of
Quin is equivalent to the positivity of the system
(4.11) y=|z|"* M(z)|,_ - vy, y=Hz.

1=l

If M (z) is a Metzler matrix for any x € SN Ay, then inequality (4.5) is fulfilled and
the system is positive. 0

4.2. Stability analysis on homogeneous cones. Using Lemma 4.2 we extend
the Zubov-Rosier theorem [56], [45] to systems on homogeneous cones.

THEOREM 4.5. Let a linear continuous dilation d be monotone with respect to
a norm || - || in R™, let Assumptions 1 and 2 be fulfilled, and let a vector field g €
C(R™,R")NCH(Q\{0},R") be d-homogeneous of degree ju € R such that system (3.10)
has the unique zero solution. Then system (3.10) is uniformly asymptotically stable
on Q if and only if the condition (4.4) is fulfilled and there exists a d-homogeneous
function V :R™ — [0,+00) of degree 1 satisfying

1) VeC(Q,R)NCHOQ\{0},R) and there exist 0 < ki < kg < 0o such that

killzlla <V(z) <kgflzfla Voe;

2) there exists a d-homogeneous function W :R™ — [0,400) of degree p+1 such
that W e C(Q\{0},R), W(x) >0 Vz € Q\{0} and

V(z) < -W(x) Vzre\{0}.

Proof. Sufficiency. By Corollary 4.2, any solution z(t),t > 0, initiated in Q
belongs to 2 and

0<¢i(x(t))

as long as |z(t)| < +o0o. Using the Lyapunov function V', we conclude (in the usual
way) that 35 € KL such that |z(t)] < B(|xol,t) Vt >0 and Vz(0) = z¢ € Q. Since ¢; is
d-homogeneous of degree v; > 0 then

(4.12) 0<o(2(t)) = llz(O)llg d(d(=m[lz@)|)=(t)) <vll=@) ]
as long as [x(t)| # 0, where v; = sup =1 ¢:i(2) < +00 due to continuity of ¢;. Using
(3.4) and the equivalence of the norms | - | and || - || we derive (2.4).

Necessity. Inequality (2.4) guarantees that ) is positively invariant for system
(3.10), so the inclusion (4.4) holds. Since Qo = {0} then z(t) — 0 & z(t) — o
and inequality (2.4) implies that the origin is the asymptotically stable equilibrium of
system (3.10) on Q. Let a € C*°(R,R) be such that a(p) =0 for p € [0,0.5], a’'(p) >0
for p € (0.5,1), and a(p) = const > 0 for p > 1. Inspired by [32], let us consider the
function Vg : 2 — [0, +00) defined as
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%mwzéwwwimwn

where z(-,z9) denotes the unique solution of system (3.10). Due to asymptotic sta-
bility of the system on €2, the function V is well-defined and locally bounded on €.
Since g € C1(2\{0},R") then solutions depend smoothly on initial conditions [11], so
Vo € C(Q,R) N CH(Q\{0},R). Using the semigroup property of solutions we derive

Vo(@(t + hyz0)) — Vo(a(t, 70)) = /Oj(x(r + 2 (t20))|)dr —/Oochx(r,x(t,mo)n)dr

h
:—/0 a(|x(r,z(t,x0))|)dr Vh>0;

dVo(z(t,z0))  OV(z2)
dt 0z 9(2)

=—a(lz(t,zo)]) i z(t,z0) € Q\{0}.

z=xz(t,zo)
Let us define the constants ¢1 = sup,, cq:(uo|<, Yo(%0) and ¢z =infy eq:(zo|>7 Vo(Z0),
where 71 € (0,1) and 79 > 1 are selected such that ¢o > ¢; > 0. Appropriate numbers
71 and 7y always exist since, by construction, sup, co:zo<s, Yo(Zo) = 0 as 71 — 0
and inf, | cq:zo|<i» Vo(zo) >0 for any 7 > 1.

Let b € C*(R,R) such that b(p) =0 for p € [0,c1]), '(p) > 0 for p € (¢1,¢2), and
b(p) = const for p > cy. Since © is the d-homogeneous cone then the function [45]

+oo
V() = /O = *b(Vo(d(s)z))ds

is well-defined Va € Q. By construction, V(d(7)z) = eV (z) Vx € Qand V € C(,R)N
C1(Q\{0},R). Using Lemma 3.4 we conclude that 3r; > 0, 3ry > max{1,r; } such that
z € Q|d(s)zlla < = |d(s)z| <7 and =z € Q,||d(s)z|la > r2 = |d(s)x]| > 72 > 1.
Hence, the representation

11(1;72d +oo
V(x):/l . e*Sb(vb(d(s)x))dH/l e=5b(cy)ds

™
n-—i n-—2_
T=la Tzla

holds and %Hx”d <V(x)< bles) |z]|la. Using d-homogeneity of g we derive

T1

v x) = +Ooefs’ s)x MWo(z) s)g(x)ds
o ow= [ TN TR agad
+oo >
:/ e~ Hmsy (Vo (d(s)x)) a‘g}i )g(z) ds
0 z=d(s)z

lnﬁ
= [T et i a)ala(s)ads = - (o)
In H;ﬁ

By construction, W € C(Q\{0},R), &' (Vo(d(s)z)) > 0 for In 5= <'s <In - and
a(|d(s)z]) = a(1) > 0 for lnﬁ < s <Inp-. Hence, W(z) > 0 for any x € Q\{0}.
Obviously, W(d(r)z) = eT(‘”‘lgW(m) V7 e R,Va € Q\{0}. Assigning V(0) =W (0) =
V(z) =W (z) =0 for x € R"\Q we complete the proof. 0

Remark 4.6. Since W is d-homogeneous of degree 1+ u then Jp > 0 such that
W(z) =W (d(—In||z|a)z)ViTH#(z) > pViTH(z). Hence, V(z) < —pV1tH(z) for  #0.
If <0, then the system is finite-time stable [7]: x(t) =0 for all ¢t > V(:;f);).

Remark 4.7. For the “linear” d-homogeneous cone @ = Qy;, given by (3.7), the
condition (4.4) can be replaced with inequality (4.5) due to Corollary 3.6.
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4.3. Robustly positively invariant homogeneous cones. The positive in-
variance of system (2.1) with perturbation ¢ € L>®(R,R¥) can be studied similarly
provided that the solutions of the system are forward unique and complete. In this
case, the criterion of the robust positive invariance® becomes [5], [8]

(4.13) f(x,q) € Ca(z) Veed, VYqeRF

For perturbed homogeneous system (2.1), the uniqueness of solutions at zero may
be a rather conservative assumption, which can be slightly relaxed as follows.

Assumption 4. For any ¢ € L>°(R,R*) and for any x¢ € 9Q\{0}, a solution of
system (2.1) is forward unique (at least, locally in time), but a solution initiated as
x(tp) =0 may leave the origin only by entering the set 2.

The simplest example of the standard homogeneous system satisfying this as-
sumption is @ = |g||z|"/? with Q = {x € R: 2 > 0}. For ¢ € R\{0} and x(0) = 0, this
equation has the nonunique zero solution, e.g., () = (2|q|t/3)3/? is a solution as well.
Since |g||z|*/3 >0, then all solutions initiated at 0 remain in Q.

The robust positive invariance of the d-homogeneous cone 2 for the perturbed
homogeneous system (2.1) can also be analyzed considering the vector field f and the
tangent cone on the intersection of the unit sphere with the boundary of €.

COROLLARY 4.8. Under Assumptions 1, 3, and 4, the d-homogeneous cone Q) is
robustly positively invariant for the forward complete system (2.1) if and only if

(4.14) f(z,q) €Calx) YredQNnS, VqeRF.

Proof. Using d-homogeneity of Cq (see Lemma 4.1) and f (see Assumption 3),
from (4.14) we derive f(x,q) € Cq(x) Vx € 00\{0},Vq € R¥. Taking into account
Assumption 4, we conclude that the set € is positively invariant. ]

Below we study the ISS on Q under Assumption 4, while the ISSf/ISSfS analysis
requires the more conservative assumption.

Assumption 5. For any q € L>=(R,RF) and any xg € R™\int(, a solution of system
(2.1) is forward unique (at least, locally in time).

4.4. ISS analysis on homogeneous cones. The Zubov—Rosier theorem is the
main tool for ISS analysis of homogeneous systems on the Euclidean space R™ [22], [4],
[6]. The ISS on Q is characterized by the following theorem, which is a generalization
of the result [46] to d-homogeneous systems on cones.

THEOREM 4.9. Let f(-,0) € CY(R™\{0},R) and Assumptions 1, 2, 3, 4 be fulfilled.
System (2.1) is ISS on Q if the unperturbed (q=0) system is uniformly asymptotically
stable on Q and the condition (4.14) s fulfilled. If the unperturbed system (2.1) is
uniformly asymptotically stable on R™, then Assumption 2 can be omitted.

Proof. By Corollary 4.8, the condition (4.14) guarantees the robust positive in-
variance of the set  for system (2.1) provided the system is forward complete on
). To prove the claim we just need to show that the uniform asymptotic stability of
the unperturbed (¢ = 0) system on Q (resp., on R™) implies ISS on Q (even if Qq is
unbounded). The proof is inspired by [46], [22], and [4].

6The set Q is said to be robustly positively invariant for system (2.1) if 2(to) € Q2 = z(t) € Q for
any ¢ € L®(R,RF): q(t) € Q CRF and Vt > t.
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Since the unperturbed system is assumed to be uniformly asymptotically stable
on {2 then, by Theorem 4.5, there exists a d-homogeneous Lyapunov function V' on
Q (resp., on R™) of degree 1. Using d-homogeneity of f we derive

oV (x) _OV(x) oV (x)
o ) =2 ) ()~ 70)

< W)ty 20 (fe.a(-nfellag) (2. 0)

f(z,q)

f(z,0)+

z=d(~In||zlla)a

)

<ol (e 75 (A mlellan-1.0)))

z=d(—In||z|lq)z

where 0 < ¢ = inf,cq. =1 W(z). Since f € C(R""¥ R"™*) then, by the Heine-
Cantor theorem, f is uniformly continuous on any compact. Hence, taking into
account ||d(—In||z||q)z|| = 1 we conclude that f(z,4) — f(z,0) as ||G|lgx — O uni-
formly on z from the unit sphere, and there exists § > 0 such that [|q]jgs < § =
B‘giz) (f(2,q) = f(2,0)) < § Vz€{z€R":|[z|rn = 1}. Hence, we derive

1+p

; : cla] c
ld(-nflefa)ale <6 = V@) < =T <oV

The inequality ||d(—In||z|la)g|[gs < J is equivalent to ||g/d]|5 < ||z|la, so V is an ISS
Lyapunov function [49] for the system (2.1) on  (resp., on R™). O

For <0 the above theorem provides a characterization of the finite-time ISS [23],
since the negative homogeneity degree corresponds to the case of finite-time stability

of homogeneous systems (see Remark 4.6).
Theorem 4.9 can be adapted to the “linear” d-homogeneous cone.

COROLLARY 4.10. Let the dilation d in R™ be strictly monotone with respect to
the norm ||z|| = V& T Px with P = 0. For Q= Quy given by (3.7), Theorem 4.9 remains
valid if the condition (4.14) is replaced with

x T Pf(z,q)
T PGgax
where Z;:={z € R": ||z|| = 1,h] 2=0,h] 2> 0,Yj #i} and i=1,...,p: E; #0.

Proof. In the new coordinates z = U(z) we derive

. 0
2=, —Gq)d(—In ||x||d)x%

(In — Ga)¥(2)¥ " (z)Pd(~1In z]la) f(x,q)
UT(z)PGq¥(x)

(4.15) h! f(z,q) > h! (Ga—1I,)x YrcZ;, VqeRF,

&+ ||zllad(=In[z]la)E

= llzlla + llzllad(=In{lzlla)f(z, q),
where the identity (3.5) is utilized on the last step. Since, by Assumption 3, we
have f(d(s)z,d(s)q) =e**d(s)f(x,q) Vs € R, then, taking into account the identity
lz|la =|z]l, system (2.1) can be rewritten as

: IR
(416) =l f (g dC-mlaDha).
where f(Z,g) = %(In —Ga)i+ f(%,G),7 € R"\{0},G € R*. Since the “linear”
d-homogeneous cone €, in the z-coordinates has the form (4.7) then, repeating the
proof of Corollary 4.3, we conclude (4.15) is equivalent to (4.14). d

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/02/25 to 137.110.39.205 by Miroslav Krstic (krstic@ucsd.edu). Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1604 ANDREY POLYAKOV AND MIROSLAV KRSTIC

4.5. ISSf and ISSfS analysis on homogeneous cones. Let us consider the
set . C R™ given by

(4.17) QO ={w R di(x) +17 >0,i=1,2,....p},

where v; > 0 and r = (rq, .. .,rp)T € R?. Notice that, under Assumption 1, it holds
that Q C Q, and 99, € R™\intQ for any r € Rﬂ. Moreover, r <7 = Q, C Q7, where
the inequality for the vectors r,7 € R" is understood in the componentwise sense.

THEOREM 4.11. Let system (2.1) be forward complete for any q € L (R,R¥).
Under Assumptions 1, 3, and 5, system (2.1) is ISSf if there exist r € RY_, ¢, > 0:

(4.18) f(z,q) €Co,(§) YxedQ, YgeR":|q|g: <g.

Proof. Let us introduce the notation [|q(|g r (s, ¢,) = €SSSUDe(r.,) [4(t)[|lg- The
condition (4.18) implies that the set ), is positively invariant for system (2.1) with
any q € L°(R,R*) : ||lql|z~ < q.. If0< Hq||a’L(o?O o < +o0, then [lgs/qrllg e <1

(to.t})

(or, equivalently, ||gs||r < ¢), where g5 is given by formula (3.16) with s =

(to.t})

—Infl¢/qr|lg = and t' =to+e H*(t; —to). Since the set . is positively invariant
? to,t

for system (2.10) with such a bounded perturbation, then ¢;(z4,(t)) + ;" > 0 for

i=1,...,p and t € (to, ;). Using the formula (3.17) we derive

O(d(s), (to + " (t 1)) + 17 >0

for all ¢ € (to,t}), where z, is a solutions of the system with the perturbation ¢ €
L>(R,R¥). Hence, taking into account s = — In ||q/q,,||d7L<(>;a ,,, and th=tot+e "5 (t; —
o0t
to) we derive the inequality ¢;(z(t)) + (r:]lq/qs|lg Ly ))”i >0, which implies ISSf. O
H(tg,t

LEMMA 4.12. If, under Assumptions 1, 3, and 5, system (2.1) is ISSf, then there
exists r € RE such that

(419) oi(e®) + (rillllg ) 20

for allt>ty, o€, g€ L (R,R¥), i=1,...,p, where ||q\|a’L((,?0’t) =eSSSUD, ¢ (4.1) lla()l5-

Proof. Indeed, on the one hand, if system (2.1) is ISSf on 2, then, in view of
Lemma 3.4, there exists 4; € K such that —%(||qllg 1 ) < @i(xq(t,20)) VE > to,
7 (to,t)

10€Q, g€ L= (R,R*) and i=1,...,p, where x,(,70) denotes a solution of the system
with z(tg) = zo and the perturbation g. On the other hand, since —%;(||lgs||g ;oo ) <

- (to.t)"
@i(zq, (t,d(s)xo)) Vt > to, then, using (3.17), d-homogeneity of ¢;, and d-homogeneity
of |- ||5, we derive —%;(e®||q||5 L7 )) <e"¢i(zq(t, o)) Vs € R,VE > ty, where g5 and
? tg,t
x4, are defined in Lemma 3.11. Hence, taking v;(0) = inf;egre™"*%;(e’c),0 > 0,
we derive —v;(||q]/5 L )) < ¢i(xqy(t, o)) Vt > to. By construction, ~; is a standard
homogeneous function of the positive degree v; such that 0 < ;(0) < 4;(0) Vo > 0.
Hence, ; is continuous at zero. By homogeneity, v;(0) = e~ "i*y(e®c) Vs € R,Vo >0,
so taking s = —Ino we derive (o) = 0¥iv;(1) Vo #0, i.e., inequality (4.19) is fulfilled
for " = ~;(1). o
The sufficient condition (4.18) of ISSf is “close” to the necessary condition (4.19).
Indeed, if (4.19) holds Vzo € €, (but not only for zg € Q C Q,.), then the set 2, is
positively invariant for system (2.1) with ||¢||f- < 1. This is equivalent to (4.18).
For the “linear” d-homogeneous cone, the ISSf can be established by checking a
more simple algebraic condition for the unperturbed system.
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COROLLARY 4.13. Let d be strictly monotone with respect to the norm |z| =
VaT Pz with P = 0. Let system (2.1) be forward complete for any q € L>®(R,RF)
and let Assumptions 1 and 3 be fulfilled. For Q = Quy, given by (3.7) with h; #0,i=
1,...,p, system (2.1) is ISSf if

W (Ga—1)22" Pf (177,0)
2T PGgz

(4.20) IreRY : inf hTf(” R )

>0,
2€E;(r)

where Z;(r) ;== {z €R" : b 2 +r; = O,h;'—z—ﬁ—rj >0 Vj#it, r=(r1,...,rp) " €RY,
andi=1,...,p:Z;(r) £0.

Proof. Using the coordinate transformation z = ¥(xz) we derive (4.16). The
condition (4.20) means that € = min;— . ,inf ez, hin (H ”,0> > 0. Since h; is
assumed to be nonzero and r; > 0, then there exists ro > 0 independent of ¢ such that

h} 2z +r;=0= |]z]| > ro. Taking into account the uniform continuity of f on any
compact, we derive

sw [[70.0) - F.0)| <wllal)  aeR sl <1,
y =

where w € Koo. Then, for small enough ¢, > 0, we have [|z]| > ro,]qllrr < ¢ =
[d(=In[]z[)¢llrs <1 and

|7 (g 11:0) - 0.0)| <o (1 el = (102 ) <o (112 ) <

This means that for ||g||gx < gs one obtains

l\D\m

min  inf h; f <|| T d(— 1n||z||)q)2§>0.

i=1,...,p 2€Z;(r)

Since 9Q, = (J'_, Z;(r) then the above inequality means that the set Q. = {z €
R™:h] z+1; >0,i=1,...,p} is strictly” positively invariant for system (4.16) with
llgll L < gs. So, the set ,. is strictly positively invariant for the original system. 0O

THEOREM 4.14. Under Assumptions 1, 3, and 5, system (2.1) is ISSfS on Q if
the unperturbed (q=0) system is asymptotically stable on R™ and the condition (4.18)
is fulfilled for some r € R7}.

Proof. On the one hand, under Assumptions 1, 3, and 5, the condition (4.18)
implies ISSf of the system (2.1) on Q provided that the system is forward complete.
Under Assumption 3, the asymptotic stability of the unperturbed (g = 0) system (2.1)
on R™ implies its ISS on R™ and the forward completeness. Using the estimates (4.12)
and (3.4) we complete the proof. O

Similarly to ISS analysis, in the case of the “linear” d-homogeneous cone, the
ISSfS analysis of homogeneous system (2.1) can be reduced to an investigation of
the unperturbed (q = 0) system under Assumptions 1 and 3. However, in addition
to asymptotic stability, the strict positive invariance of a set . for the unperturbed
system 1is required (see inequality (4.20)) to guarantee ISSfS.

7A positively invariant set Q is strictly positively invariant if the implication z(to) € 0Q = z(t) €
intQ Vt > to holds for any trajectory z of the system.
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5. Homogeneous nonovershooting stabilizer. Let us consider the system
(5.1) &t=Ax+ Bu, t>0,

where the pair A € R"*", B € R"*™ is assumed to be controllable, = is the system
state, and u is the control input.

A nonovershooting linear control design is studied in the literature (see, e.g., [37],
[14], [12]) allowing the exponential stabilization of system (5.1). For example, if a
desired invariant set for the system is defined by a linear cone

Qun={ze€R":h]z>0,i=1,...,n}

with an invertible matrix H given by (4.8), then, inspired by [15], [13], [44], the
following procedure can be utilized for the design of a nonovershooting linear controller

(5.2) Uin = K.

On the one hand, the set Qy, is positively invariant for system (5.1), (5.2) if and only
if the matrix A= H(A+BK)H " is Metzler. On the other hand, the Metzler matrix
is Hurwitz if and only if there exists a positive £ € R} such that —¢" H(A+BK)H ' €
R’ (see [44]). Let the pair (£°P*, K°P') be a solution of the optimization problem with
the bilinear functional

(5.3) J(,K) ::m?xeTH(A+BK)Hflej — min

subject to the linear constraints

(5.4) —p<e] HA+BK)H e;, 0<(;<1, i=1,...,n,
' 0<e/ H A+ BK)H le;, j#i, j=1,...,n,

where £ = (¢1,...,0,)7 € R, K € R™*™ are optimization variables, and p > 0 is
a tuning parameter required for boundedness of the admissible set. If the optimal
cost J(£°PY K°PY) is negative, then the matrix A is Metzler and Hurwitz, and system
(5.1) with the linear control (5.2) is uniformly asymptotically stable on the cone Q.
In practice, the considered problem can be efficiently solved using some optimization
software. Below we use the YALMIP toolbox of MATLAB for this purpose.

A possible way to design a nonovershooting finite-time stabilizer for system (5.1)
is by upgrading (i.e., a transforming) an existing linear controller to a homogeneous
one [53]. A possibility of such an upgrade for the integrator chain is demonstrated in
[41]. The following theorem extends this method to the multi-input case.

THEOREM 5.1. Let a linear feedback law (5.2) be such that the matriz A+ BK is
Hurwitz, and let the linear cone Quin be positively invariant for the closed-loop system
(5.1), (5.2). Let the pair {A, B} be controllable. If the matriz H given by (4.8) is
invertible and the linear algebraic system

(5.5) AGo+ BYy=GoA+ A, GoB=0,

(5.6) e H(T(A+ BK)—Go)H 'e; >0, i#j, i,j=1,...,n,

is feasible with respect to Go € R"*"™ Yy € R™*" and 7 >0, then
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o Ga=1, + pGy is anti-Hurwitz for any p € [—1,0);
o the system of linear matrix inequalities

(5.7) W:=P(A+BK)+ (A+BK)'P<0, Q:=PGq+GiP~0, P>0

is feasible with respect to P=PT € R"*™, at least for p € [—1,0) sufficiently
close to 0;
o the feedback law

(5.8) u=Koz+ |z|5(K - Ko)d(—In|z|la)z, Ko=Yo(Go—1I,)"",

is smooth on R™\{0}, continuous at O for > —1, and locally bounded on R™
for uw = —1, where the canonical homogeneous norm || - ||a is induced by the
norm ||z|| = Va7 Pz with P satisfying (5.7);
e the closed-loop system (5.1), (5.8) is d-homogeneous of degree u € [—1,0) and
finite-time stable on R™;
e the d-homogeneous cone Qy,={zeR": Hx||thd(—lon||d) >0,i=1,.
is positively invariant for the closed-loop system if u € [—1 )ﬁ[ ( 7) , ),
where y = )\max(—Q%WQ%) >0
Proof. If the pair {A, B} is controllable, then algebraic equation (5.5) is always
feasible with respect to Yy and Gy [55] and the matrix Gg = I, + uG is anti-Hurwitz
[35] for p € [—1,1/n]. Denoting Ay = A + BK we derive

(55) = AGy—GyA+ BKO(G() — ) A, GoB=0 =
(A+BK0)G0=G0A+G03K0+A+BK0 =
=0

pAoGo = p(l, +Go)Ao =  AoGa = (Ga+ plyn)Ao.

This means that the linear vector field 2 — Agx is d-homogeneous, i.e., Aod(s) =
e’sd(s)Ag Vs € R. Moreover, the identity GoB = 0 implies that d(s)B = e®.

The LMI (5.7) is always feasible with respect to P, at least for u sufficiently
close to zero. Indeed, since the matrix A+ BK is Hurwitz, then the first (Lyapunov)
inequality in (5.7) is feasible together with the LMI P > 0 (see, e.g., [10]). Rewriting
the second inequality for Gg = I,, + uGo as 2P + u(PGo + G4 P) = 0, we conclude its
feasibility, at least for u close zero.

The smoothness of v on R™\{0} follows from the smoothness of the canonical
homogeneous norm ||-||q on R*\{0}, which is induced by the norm || - || being smooth
on R™\{0}. Since ||d(—In|z|q)z||=1 and || - |la € C(R™,R), then u is continuous at
0 for > —1 and locally bounded (but discontinuous at zero) if 4= —1. In the latter
case, solutions of the system at 0 are understood in the sense of Filippov [17].

The norm || - ||q is a Lyapunov function of the closed-loop system [55]:

et ITdT(*thIHd)P(AJrBK)d(*lnHIHd)
z'dT (—In||z|lq)PGad(—1In||z|q)z

where formula (3.5) and the identities d(s)B = e®, Agd(s) = e**d(s)Ag are utilized

to derive the equation and 0 < vy = inf),j—; 7(2) = )\max(—Q%WQ%) for 4(z) =

%&im >0 Vz € R™"\{0}. Since p < 0 then the closed-loop system is globally
finite-time stable on R™. By Corollary 4.3, the set ), is positively invariant if the

matrix

(5.9) M(z)=H(A+ BK + u7(2)Go)H*

1+
IIxIId—II | —llzllg™, = #0,
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is Metzler. By assumption, the set le is the positively invariant set of the linear
system (5.1) with the linear control (5.2). The latter means that the matrix H(A +
BK)H™! is necessarily Metzler. If the condition (5.6) is fulfilled, then the matrix
H (A+ BK + puy(2)Go) H~! is Metzler provided that p € [-1,0) N [—(7)"1,0). O

The case > 0 can be treated by replacing the sign “—” with “4+” in (5.6).

The identity (A + BKy)Ga = (Gq + pl,)(A + BK)p) is necessary and sufficient
[55] for the linear vector field x — (A 4+ BKp)z to be d-homogeneous of degree p.
Therefore, the linear term in the control law (5.8) “homogenizes” the linear plant
with respect to the dilation d. This is required for d-homogeneous stabilization of the
LTI system. The second inequality in (5.7) guarantees monotonicity of the dilation
d with respect to the norm ||z|| = V2T Pz, which is needed for the existence of the
canonical homogeneous norm || - |4 (see the control law (5.8)). The cone €y, is linear
in the space R} homeomorphic to R", and the closed-loop system in R} is similar to
linear as well (see formulas (4.6) and (4.11)). So, the invariance of Qy;, was deduced
from positivity of the system in the new coordinates. To be positive, a linear system
must have a Metzler matrix [15]. The condition (5.6) just follows this criterion. If the
matrix H(A+ BK)H ™! is Metzler, then (5.6) simply means that for any negative off-
diagonal element of the matriz H(—Go)H ™! the corresponding off-diagonal element
of the Metzler matriz H(A + BK)H ™! has to be positive. This can be ensured by
adding the inequality 0 < e/ H(A+ BK)H le; for i # j: e] HGoH 'e; > 0 to the
constraint (5.4), where Gy € R™*™ is a solution of (5.5).

In practice, frequently, just some coordinates of the system state are constrained.
For example, in [41] the safe set is given by ¥ = {z € R™ : hx > 0}, while the
restriction of ¥ to the invariant sets ;, or th was caused by the design methodology
and the structure of the plant model (the integrator chain). In this case, it is important
to know if (a) some linear constraint h{ z > 0 can be preserved in the d-homogeneous
invariant cone Qyp; (b) the set Qyy, is larger or smaller than Qin. The following
remarks answer the above questions.

Remark 5.2. If h € R™ is a real left eigenvector of the generator Gq, then

(5.10) lz||ah"d(=In|z|q)z>0 < h'z>0.

Proof. Indeed, since d(s) = > o, Sif‘i’ and h'Gq = Ah', then hTd(s) = e*hT
and

lzlah™ d(=1In[lz]a)e = |lz|g A" .
Hence, (5.10) holds for z # 0. For z = 0 the equivalence is obvious, since ||-||a € C(R™),
10]la =0, and ||d(—1In||z|la)z|| =1 Yz #0. d
Remark 5.3. Under conditions of Theorem 5.1, if the matrix H(—Go)H ! is
Metzler, then the inclusion

(5.11) (Quin N B) C (i N B)

holds, where B={z € R" : ||z|| <1} is the unit ball.

Proof. Since e Hd(—s)H '=e*He sUIntrGo) g1 = [e=srGofJ—1 = e~ sHHGoH ™
then for the Metzler matrix H(—Go)H ! and for us > 0 the matrix e* Hd(—s)H ! >
0, where the sign “> 0” means that all elements of the matrix are nonnegative. On
the other hand, = € Oy = Ha > 0, and € Qi = (e*Hd(—s)H Y)Hz > 0 with
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s = In[lz|[q. If [|z]| < 1, then s <0, us > 0 (due to u < 0) and e*Hd(—s)H ™' > 0.
Hence, z € Wiy N B ||lz|| <1 and Hz >0 = (e*Hd(—s)H )Hz > 0. 0

The above remark results in the less conservative overlapping of the original safe
set 3 by the homogeneous cone i, at least close to the origin (in the unit ball).
This property is important for the safety filter design [1], [41]. To avoid possible
conservatism away from the unit ball, the upgrade of linear nonovershooting stabilizer
can be realized locally. If the control u is defined as

Kz it x| >1,

(5.12) uw= ) ,
Ko+ [|lz]|/4™ (K = Ko)d(=In|z]la)e  if [|lz]| <1,

then w is Lipschitz continuous away from the origin, and system (5.1) with the control
(5.12) is finite-time stable on the set

(5.13) Q= (Yin N B) U (Qin\ B).

Finally, in many cases, the linear model (5.1) is an approximation of a nonlinear
control system under the assumption that some (probably uncertain time-varying)
parameters are small enough to be neglected. Let a more precise model of a control
system have the form (2.1) with f(z,q) such that f(z,0) = Ax + Bu(z), where ¢
defines uncertainties and disturbances of the original nonlinear system and u is the
nonovershooting feedback (5.8). If the vectors h; € R™ i = 1,...,n, are linearly
independent, then Q);, satisfies Assumption 1 and the robustness (ISS, ISSf and ISSfS)
of the nonovershooting property for the original nonlinear system follows from the
results presented in section 4.

COROLLARY 5.4. Under the conditions of Theorem 5.1, the closed-loop system
(5.1), (5.8) is ISSf and ISSfS with respect to measurement noises and additive pertur-
bations, at least for p being close to 0.

Proof. Let us consider the system @ = f(z,q) := Ax + Bu(x + ¢1) + g2, where
A,B,z, and u are as in Theorem 5.1, ¢1,q2 € L¥(R,R"), and ¢ = (¢ ,q5 )" €
L>(R,R?"). For pu > —1 the vector field f satisfies Assumption 3 with the dilation
d(s)= (df)s) ewg(s)) in R?". For the given f, the condition (4.20) can be rewritten as
follows: there exist and r € R"} and € >0 such that

(5.14) z€Zi(r) = hJ (A+BK+;w(z/||z||)Go)ﬁ >e Vi=1,2,...,n.
z
Since r > 0, by definition of the set Z;(r) there exists 7o > 0 such that
2€Z(r)=>Hz=(h{z,...,h;_12,—1i,hj\ 2, .. .,hl—z)—r7 h;rz >—r;,j#1,||z|| = ro.

Since H(A + BK)H ™! is a Metzler and Hurwitz matrix, then 3r € R7,3\ > 0 :

H(A+ BK)H 'r = —\r [44]. Since h] (A+ BK + py(z/|2])Go) H~! defines the

i-row of the Metzler matrix M (z), so for z € Z;(r) it holds that
z

hi (A+ BE + py(2/2[1)Go) IE =h{ (A+BE + py(2/||2l))Go) H™

\Hz
2]l

> —h (A+ BK + py(z/||z[|)Go) H'r
A
= Ar; — py(z/||zI))h{ GoHr > 570

at least for u being close to zero. Therefore, the condition (5.14) is fulfilled. |
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It is worth stressing that neither linear nor homogeneous nonovershooting stabi-
lizer design uses any decomposition of the system to a canonical form (such as the
integrator chain in the papers [1], [41]). So, the control design does not require any
information about relative degrees of the barrier functions ¢;.

6. Numerical example. Let us consider system (5.1), (5.2) with the param-
3 0 1 —
eters A= ( 0, ! (1)),B = ((1) ! ), which corresponds to the example considered in the

introduction. First, let us design a linear feedback uy;, = Kx which stabilizes asymp-
totically the system preserving the relations

(6.1) —x1(t) Sw3(t) <ao(t) VE>0.
These constraints mean that the linear cone
S={zeR*®: hjz>0,hjz>0}, h=(101)", hy=(01-1)",

must be positively invariant for the closed-loop system. Selecting the additional (vir-
tual) constraint by assigning hs = (00 -1 )T , we derive the invertible matrix H given
by (4.8). Solving the optimization problem (5.3), (5.4) for p = 4 we obtain the gain
of the linear feedback K = (_1‘.1%151%6 o :§:$g22) , which stabilizes the system asymptot-
ically on the linear cone 3, C 3.

To stabilize the system in a finite time to zero we upgrade the linear feed-

back to a homogeneous one using Theorem 5.1. Solving the (5.5) we derive Gy =
0-0.5 0.5
(8 —0055 0(.)55) and Ko=Yy(Go —I3)~ 1 = ( _11 0?5 :0%5). Since the matrices

—3.7536 0 0.1857

(6.2) H(A+BK)H*1:< ) H(fGO)H*:(O ¢ 8)

2 -1 2 0
0.2585 0 —3.5271 00.50

are Metzler then the condition (5.6) is fulfilled for any 7 > 0. This means that any

homogeneity degree u € [—1,0) can be selected for the upgrade. Solving the LMI (5.7)
0.8707 0.2572 —0.1918

for p = —0.75 we derive P = ( 0.2572  1.0229 —0.3984) and define the homogeneous
—0.1918 —0.3984 0.9301

controller (5.8) with G4 = I3+ uGo, which stabilizes the system in a finite time on the
d-homogeneous cone €j;,. Since h; and ho are left eigenvectors of G4 then Qy;, C X.

The simulation results for the nonovershooting linear and homogeneous control
(with = —0.75) are given in Figure 2, where the behavior of the barrier functions
#1(x) = h]x and ¢o(x) = hgx is depicted as well. The linear control stabilizes
the system exponentially and the homogeneous control stabilizes it in a finite time
(= 3 for x(0) = (0.5,1,0)7). The safety constraint z(t) € ¥ V¢ > 0 is fulfilled for
both stabilizers, while the virtual constraint z3(t) < 0 V¢ > 0 is violated by the
homogeneous stabilizer to guarantee finite-time convergence. This highlights the less
conservative overlapping of the set X by the d-homogeneous cone Qy;, (at least close
to the origin) compared with the linear cone.

6.1. ISS on X. Let us consider the perturbed system
(6.3) = f(z,q) := Az + Bu(z) + D|qz1|¥, D=(1 OO)T, O<v<1+p,

where p > —1, ¢ = (xl,mg,xg)T, A, B are as before, u is either a linear or a ho-

mogeneous nonovershooting stabilizer, and ¢ € L>(R,R) is an uncertain parameter.
Since d(s)D =e€*) .2, %D = ¢°D then taking d(s) = e(HTu_l)s, for w given by
(5.8), we derive f(d(s)z,q) = e**d(s)f(z,q) Vs € R,z € R",q € R. The group a(s)
is a dilation in R if 0 < v < 1 4+ u. Hence, taking into account global asymptotic
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nonovershooting stabilizers.
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stability of system (6.3) for ¢ = 0 we conclude ISS with respect to ¢ on R™. To
prove invariance of ¥ in the perturbed case we check the condition (4.15) for p = 2.
Since h{ Gax = hyx, hg Gaz = (1 — p)hg x then (4.15) is fulfilled for p = 2 and the
closed-loop system is ISS on X provided that Assumption 4 is fulfilled.

The simulation results for the perturbed case (¢ = sin(5t),v =1/8) are shown on
Figure 3. The homogeneous stabilizer demonstrates a better suppression of perturba-
tions (at least for the selected initial condition and the selected perturbation).

6.2. ISSf on Q. Let us consider the perturbed system
(6.4) &= f(x,q) = Az + Bu(z + q1) + 2,

where > —1, x = (z1,72,73) ", A, B are as before, u is either a linear or a homo-
geneous nonovershooting stabilizer designed above, and ¢ = (¢{ ,q9 )" € L=(R,R5)
defines both measurement noise and additive perturbation.

In view of Corollary 5.4, the perturbed system (6.4) is ISSf and ISS{S, at least for
1 being sufficiently close to zero. The results of numerical simulations for the nonover-
shooting linear and homogeneous stabilizers designed above are given in Figure 4. The
measurement noise ¢; has been simulated by a uniformly distributed random variable
with the magnitude 0.01. The exogenous perturbation has been defined as follows:
g(t) = (1,1,1) " sin(5¢).
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F1G. 4. Trajectories of the perturbed system (6.4) with linear (left) and homogeneous (right)
nonovershooting stabilizers.
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The simulation results demonstrate faster convergence, better robustness, and
smaller overshoots of the homogeneous control system compared with the linear one.
All simulations have been done using the Homogeneous Control Systems Toolbox.®

7. Conclusions. In the paper, a scheme for nonovershooting finite-time stabi-
lizer design for linear multi-input systems is presented. The procedure is based on an
upgrade of a linear nonovershooting stabilizer to a homogeneous one with negative
degree. Robustness of the safety and finite-time stability properties is analyzed using
the concept of input-to-state safety and input-to-state stability. For this purpose,
some known results about ISS analysis of homogeneous systems in R™ are expanded
to homogeneous systems on homogeneous cones. The presented example illustrates
the simplicity of the proposed scheme of control design and robustness analysis. An
extension of the obtained results to other classes of cones (such as the second order
cones [21]) is an interesting problem for future research.
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