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PRESCRIBED-TIME PRACTICAL INVERSE OPTIMAL OUTPUT
TRACKING CONTROL OF STOCHASTIC NONLINEAR SYSTEMS\ast 

WUQUAN LI\dagger AND MIROSLAV KRSTIC\ddagger 

Abstract. We present novel prescribed-time practical output tracking (PT-POT) designs for sto-
chastic strict-feedback nonlinear systems. Compared with the existing stochastic nonlinear prescribed-
time (PT) designs, there are two advantages in our design: the linear growth condition of drift terms
and diffusion terms are completely removed; bounded control gains, instead of infinite control gains,
are designed. We first design a new PT-POT controller, which ensures that the states and controller
of the plant are bounded in probability, and the fourth moment of the output tracking error can
be made arbitrarily small from the prescribed time on. Then we redesign a new inverse optimal
controller and solve the prescribed-time practical inverse optimal tracking (PT-PIOT) problem, with
an infinite gain margin. Specifically, the designed controller not only makes the fourth moment of the
output tracking error arbitrarily small from the prescribed time on, but also optimizes a meaningful
cost functional defined on the whole time domain. Finally, a simulation example is given to illustrate
the stochastic nonlinear PT practical tracking designs.

Key words. stochastic nonlinear systems, prescribed-time practical output tracking, inverse
optimal control
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1. Introduction.

1.1. Existing prescribed-time results and improvements needed. Sto-
chastic nonlinear controls are receiving increasing attention due to ubiquity in many
branches of science and industry [19, 20]. There are mainly two Lyapunov-based sto-
chastic nonlinear design approaches: quartic Lyapunov functions-based design and
weighted quadratic Lyapunov functions-based design. Specifically, by using quartic
Lyapunov functions, [6, 7, 8, 9] solves the problems of state-feedback stabilization,
inverse optimality, output-feedback stabilization, adaptive stabilization for stochastic
nonlinear systems, respectively. By using weighted quadratic Lyapunov functions,
[39] proposes a recursive design of optimal and near-optimal controllers for stochastic
nonlinear systems under a risk-sensitive cost function criterion. These designs are
further developed by [5, 34, 24, 25, 30].

Next, we provide a more detailed analysis of the research background from three
perspectives: stochastic nonlinear tracking control, prescribed-time control, and in-
verse optimal control.
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1930 WUQUAN LI AND MIROSLAV KRSTIC

(a) Stochastic nonlinear tracking control. For the stochastic nonlinear tracking
design, [2] proposes a stochastic approximation based iterative learning control al-
gorithm for output tracking of nonlinear stochastic systems with unknown dynamics
and unknown noise statistics; [17] addresses the adaptive stabilization and track-
ing problems for output feedback canonical systems with unknown covariance; [44]
studies the adaptive tracking problem for stochastic nonlinear systems with station-
ary Markovian switching; [3] solves the output feedback tracking control problems for
stochastic Lagrangian systems with the unmeasurable velocity; [32] addresses the out-
put tracking problem for stochastic nonlinear systems whose linearization parts may
have unstable modes via output-feedback control; [24] proposes mean-nonovershooting
tracking control designs for stochastic nonlinear systems where arbitrary reference tra-
jectories can be tracked from below. It should be emphasized that all the results in
[2, 3, 17, 24, 32, 44] can only achieve tracking objective asymptotically. However, many
real applications require that the tracking task should be fulfilled in the prescribed
time, rather than asymptotically. Thus, it is important to study the prescribed-time
tracking control for stochastic nonlinear systems.

(b) Prescribed-time control. The research of prescribed-time (PT) control is moti-
vated by real applications including tactical missile guidance [45] in which there exists
a short, finite amount of time remaining to achieve control objectives. The advantage
of such control is that it allows the user to prescribe the convergence times a priori
and irrespective of initial conditions. The first paper on PT control design may belong
to [41] where time-varying approach is introduced to solve the fixed-time regulation
problem in the presence of nonvanishing uncertainties; After that, PT control design
has received much attention for various systems: linear systems in controllable canon-
ical form [15, 16], strict-feedback nonlinear systems [42], strict-feedback-like systems
[21, 22], networked multiple systems [43], and stochastic systems [27, 28].

For the PT tracking control, [1] solves the practical PT tracking problem for
nonlinear systems with nonvanishing disturbances and mismatched uncertainties; [36]
studies the PT tracking control problem with guaranteed performance including both
time-varying output constraint and the nonovershooting response; [4] investigates
the problem of PT tracking control for Euler--Lagrange systems in the presence of
modeling uncertainties, prescribed performance requirements and time-varying state
constraints; [35] focuses on the practical and global PT tracking control for strict-
feedback systems. All the results in [1, 4, 35, 36] do not consider stochastic noise.
However, the perturbations and unmodeled dynamics in physical systems are often
described by stochastic noise entering the model [19], which motivate us to study the
stochastic PT-POT control.

(c) Inverse optimal control. As is known to all, it is an essentially unsolvable
problem to seek a feedback law to optimize a given cost criterion for nonlinear systems
with more than a few states due to the curse of dimensionality. Inverse optimal control
was invented by Kalman in his celebrated paper [18] which characterizes all feedback
laws that are inverse optimal: those whose gain matrix is the product of the transpose
of the input matrix and the Lyapunov matrix of the closed-loop stabilized system.
Moylan and Anderson [38] extends Kalmans work for linear systems to inverse optimal
control of nonlinear systems affine in control, which is further developed in [13, 23]
and [40]. Reference [7] is the first paper to address the stochastic inverse optimal
design, which is generalized to more general systems in [10, 11, 27]. To the best of
the authors' knowledge, there is rare results on the stochastic prescribed-time inverse
optimal tracking control.
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1931

1.2. Results and contributions. Motivated by the above observations, we
study the prescribed-time practical output tracking (PT-POT) design and prescribed-
time practical inverse optimal tracking (PT-PIOT) control for stochastic strict-
feedback nonlinear systems. The contributions of this paper are fourfold.

(1) We consider PT control for more general stochastic systems. Different from
the existing stochastic PT designs in [26, 27, 28, 29, 31] where the drift terms
and diffusion terms of considered systems should satisfy the linear growth
condition, we completely remove this restriction. Without the linear growth
condition, the designs and stability analysis in [26, 27, 28, 29, 31] are in-
valid. How to design suitable controllers and how to analyze the stability is
nontrivial.

(2) We propose new stochastic PT designs with bounded control gains, instead
of infinite control gains. A shortcoming of the existing work of stochastic PT
designs, such as those in [26, 27, 28, 29, 31], is the potential implementation
problems, relevant to the use of singular time-varying gains. Specifically, nu-
merical problems during the implementation of the controller may be encoun-
tered due to any disturbance/noise that is amplified, rendering the PT control
method somewhat unpractical. To solve the above implementation problems,
unlike the designs [26, 27, 28, 29, 31] where unbounded time-varying blow-up
function is used, with the help of a time-varying scaling function that grows
monotonically with time and maintains boundedness at and beyond the set-
tling time proposed in [35], we propose a new stochastic PT-POT design with
bounded control gains. However, the existence of stochastic noise makes the
design and analysis in this paper much more difficult than that of [35].

(3) We present a novel stochastic PT-PIOT control scheme. Although [27, 31]
have solved the PT inverse optimal mean-square stabilization problem and
inverse optimal selection of gains problem, respectively, their cost functionals
are restricted to the prescribed time interval and they require the nonlinear
functions satisfy certain growth condition. Compared with [27, 31], the ad-
vantage of the inverse optimal control scheme in this paper is that the cost
functional is defined on the whole time domain and the growth conditions of
nonlinear functions are removed.

(4) Compared with the stochastic tracking designs in [2, 3, 17, 24, 32, 44] where
the tracking error can be made arbitrarily small after a sufficient long time,
which heavily depends on the initial conditions of system states and control
parameters, the merit of our design is that the tracking error can be made
arbitrarily small from the prescribed time on where the prescribed time can
be arbitrarily predesigned and irrespective of initial conditions.

Outline. The remainder of this paper is organized as follows. Section 2 is on
problem formulation. Section 3 is focused on PT-POT control. Section 4 is devoted
to PT-PIOT control. Section 5 gives an example to illustrate the theoretical results.
Section 6 includes concluding remarks. Finally, some useful lemmas are collected in
the appendix.

Notations. Defining | A| = (
\sum n

i=1

\sum m
j=1 a

2
ij)

1/2 for a matrix An\times m. For any given

V \in C2 associated with stochastic system dx = f(t, x)dt+ g(t, x)d\omega , the differential

operator \scrL is defined as \scrL V (x)\triangleq \partial V (x)
\partial x f(t, x) + 1

2Tr\{ g
T (t, x)\partial 

2V (x)
\partial x2 g(t, x)\} .

2. Problem formulation. Consider a class of stochastic nonlinear systems de-
scribed by
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1932 WUQUAN LI AND MIROSLAV KRSTIC

dxi = (xi+1 + fi(\=xi))dt+ gTi (\=xi)d\omega , i= 1, . . . , n - 1,(2.1)

dxn = (u+ fn(\=xn))dt+ gTn (\=xn)d\omega ,(2.2)

y= x1,(2.3)

where x = (x1, . . . , xn)
T \in Rn, u \in R, and y \in R are the system state, control

input, and output, respectively. Also, \=xi = (x1, . . . , xi)
T , i = 1, . . . , n. The nonlinear

functions are fi : R
i \rightarrow R and gi : R

i \rightarrow Rr, i = 1, . . . , n, are continuous and local
Lipschitz. \omega is an r-dimensional independent standard Wiener process defined on
the complete probability space (\Omega ,\scrF ,\scrF t, P ) with a filtration \scrF t satisfying the usual
conditions (i.e., it is increasing and right continuous while \scrF 0 contains all P -null sets).

For the reference signal yr(t), we make the following assumption.

Assumption 1. The reference signal yr(t) is continuously differentiable. Moreover,
there is a known constant M > 0, such that

| yr(t)| + | \.yr(t)| \leq M \forall t\in [0,+\infty ).(2.4)

Remark 2.1. From the description of system (2.1)--(2.3), the drift term fi and
diffusion term gi are only required to be continuous and local Lipschitz, which is
important to guarantee the existence and uniqueness of a local solution. We have
completely removed the linear growth condition required in the existing stochastic
prescribed-time control designs in [26, 27, 28, 29, 31]. Unlike [42], we consider sto-
chastic noise in (2.1)--(2.3), which makes the design and stability analysis essentially
different from that in [42]. In other words, the system model considered here is more
general and more practical.

Under Assumption 1, there are two control objectives for system (2.1)--(2.3).
The first control objective is to solve the PT-POT problem. Specifically,

design a controller such that the closed-loop system has an almost surely unique
solution on [t0,+\infty ), the states and controller of the plant are bounded in probability
and the fourth moment of the output tracking error can be made arbitrarily small
from the prescribed time on.

The second control objective is to solve the PT-PIOT problem. Specif-
ically, redesign the controller to ensure that the states of the plant are bounded in
probability, the fourth moment of the output tracking error can be made arbitrarily
small from the prescribed time on and a cost functional defined on the whole time
domain is optimized.

3. Prescribed-time practical output tracking control. Step 1In this sec-
tion, we first use backstepping design to construct a PT-POT controller for system
(2.1)--(2.3) step by step, then analysis the stability of the closed-loop system.

Similar to [35], we first construct the following time-varying scaling function, then
design the controller based on two cases. The scaling function is defined as:

\mu \sigma (t) =

\left\{         
\biggl( 

T

t0 + T  - t

\biggr) m

t\in [t0, t0 + T  - \sigma ),\biggl( 
T

\sigma 

\biggr) m

t\in [t0 + T  - \sigma ,+\infty ),

(3.1)

where m \geq 2 is a integer, T > 0 is the freely prescribed time, and \sigma is a constant
satisfying 0<\sigma <T .
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1933

3.1. Controller design. The first case: \bfitt \in [\bfitt 0, \bfitt 0+\bfitT  - \bfitsigma ).
Step 1. Define

\xi 1 = x1  - yr,(3.2)

V1 =
1

4
\xi 41 .(3.3)

From (2.1), (3.2), and (3.3) we have

\scrL V1(\xi 1) = \xi 31(x2 + f1  - \.yr) +
3

2
\xi 21 | g1| 2.(3.4)

By (2.4) and Lemma A.1 we get

\xi 31(f1  - \.yr)\leq 
\beta 11

\mu \sigma (t)
+

3

4

\biggl( 
1

4\beta 11

\biggr) 1/3

\mu \sigma (| f1| +M)4/3\xi 41 ,(3.5)

3

2
\xi 21 | g1| 2 \leq 

\beta 12

\mu \sigma (t)
+

9

16\beta 12
\mu \sigma | g1| 4\xi 41 ,(3.6)

where \beta 11 and \beta 12 are arbitrary positive constants.
Choosing a nonnegative smooth function \rho 1(x1) satisfying

\rho 1(x1)\geq 
3

4

\biggl( 
1

4\beta 11

\biggr) 1/3

(| f1| +M)4/3 +
9

16\beta 12
| g1| 4,(3.7)

and defining

\beta 1 = \beta 11 + \beta 12,(3.8)

substituting (3.5)--(3.8) into (3.4), we get

\scrL V1(\xi 1)\leq \xi 31(x2  - x\ast 
2) + \xi 31x

\ast 
2 + \mu \sigma \xi 

4
1\rho 1(x1) +

\beta 1

\mu \sigma (t)
.(3.9)

Choosing the first virtual controller

x\ast 
2 = - \mu \sigma (t) (c1 + \rho 1(x1)) \xi 1 \triangleq  - \mu \sigma (t)\alpha 1\xi 1,(3.10)

which along with (3.9), yields

\scrL V1(\xi 1)\leq  - c1\mu \sigma (t)\xi 
4
1 + \xi 31(x2  - x\ast 

2) +
\beta 1

\mu \sigma (t)
,(3.11)

where c1 > 0 is a design parameter and \alpha 1(x1) = c1 + \rho 1(x1).
Deductive step. Assume that at step k - 1, there are sets of virtual controllers

x\ast 
2, . . . , x

\ast 
k defined by

x\ast 
2 = - \mu \sigma (t)\alpha 1(x1)\xi 1, \xi 1 = x1  - yr,(3.12)

x\ast 
3 = - \mu \sigma (t)\alpha 2(\=x2)\xi 2, \xi 2 = x2  - x\ast 

2,(3.13)

...
...

x\ast 
k = - \mu \sigma (t)\alpha k - 1(\=xk - 1)\xi k - 1, \xi k - 1 = xk - 1  - x\ast 

k - 1,(3.14)
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1934 WUQUAN LI AND MIROSLAV KRSTIC

such that

\scrL Vk - 1(t, \=\xi k - 1)\leq  - 
k - 1\sum 
i=1

(ci  - ak - 1,i)
1

\mu 4i - 5
\sigma (t)

\xi 4i

+
1

\mu 
4(k - 2)
\sigma (t)

\xi 3k - 1(xk  - x\ast 
k) +

\beta k - 1

\mu \sigma (t)
,(3.15)

where \alpha 1(x1), . . . , \alpha k - 1(\=xk - 1) are positive functions, c1, . . . , ck - 1 are design parameter,
ak - 1,1, . . . , ak - 1,k - 2 and \beta k - 1 are arbitrary positive constants, ak - 1,k - 1 = 0, \=\xi k - 1 =
(\xi 1, . . . , \xi k - 1)

T , and

Vk - 1(t, \=\xi k - 1) =

k - 1\sum 
i=1

1

4\mu \sigma (t)4(i - 1)
\xi 4i .(3.16)

To complete the induction, at the kth step, we consider the \xi k-system.
Define \xi k = xk  - x\ast 

k. From (3.12)--(3.14) we get

\xi k = xk + \mu \sigma (t)\alpha k - 1(\=xk - 1)\xi k - 1

= xk +

k - 1\sum 
i=1

\mu k - i
\sigma (t)\=\alpha i(\=xk - 1)xi  - \mu k - 1

\sigma (t)\=\alpha 1(\=xk - 1)yr,(3.17)

where

\=\alpha i(\=xk - 1) =

k - 1\prod 
j=i

\alpha j(\=xj).(3.18)

By (2.1), (2.2), (3.17), and It\^o's formula we obtain

d\xi k =

\biggl( 
xk+1 + fk +

m

T

k - 1\sum 
i=1

(k - i)\mu k - i+1/m
\sigma (t)\=\alpha ixi

+

k - 1\sum 
i=1

\mu k - i
\sigma (t)Fki  - Fkr

\biggr) 
dt+Gkd\omega ,(3.19)

where

Fki =

k - 1\sum 
s=1

\partial (\=\alpha ixi)

\partial xs
(xs+1 + fs) +

1

2

k - 1\sum 
k,j=1

\partial 2(\=\alpha ixi)

\partial xk\partial xj
| gk| | gj | ,(3.20)

Fkr =
m

T
(k - 1)\mu k - 1+1/m

\sigma (t)\=\alpha 1yr + \mu k - 1
\sigma (t)\=\alpha 1 \.yr

+ \mu k - 1
\sigma (t)

\left(  k - 1\sum 
s=1

\partial \=\alpha 1

\partial xs
(xs+1 + fs) +

1

2

k - 1\sum 
k,j=1

\partial 2\=\alpha 1

\partial xk\partial xj
| gk| | gj | 

\right)  yr,(3.21)

Gk = gTk +

k - 1\sum 
i=1

\mu k - i
\sigma (t)

k - 1\sum 
j=1

\partial (\=\alpha ixi)

\partial xj
gTj  - \mu k - 1

\sigma (t)yr

k - 1\sum 
j=1

\partial \=\alpha 1

\partial xj
gTj .(3.22)

We choose the new Lyapunov function

Vk(t, \=\xi k) = Vk - 1(t, \=\xi k - 1) +
1

4\mu 
4(k - 1)
\sigma (t)

\xi 4k.(3.23)
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1935

It follows from (3.15), (3.19), and (3.23) that

\scrL Vk(t, \=\xi k)\leq  - 
k - 1\sum 
i=1

(ci  - ak - 1,i)
1

\mu 4i - 5
\sigma (t)

\xi 4i +
1

\mu 
4(k - 2)
\sigma (t)

\xi 3k - 1\xi k +
1

\mu 
4(k - 1)
\sigma (t)

\xi 3kxk+1

 - m

T
(k - 1)\mu  - 4(k - 1)+1/m

\sigma (t)\xi 4k +
1

\mu 
4(k - 1)
\sigma (t)

\xi 3k

\Biggl( 
fk +

m

T

k - 1\sum 
i=1

(k - i)

\cdot \mu k - i+1/m
\sigma (t)\=\alpha ixi +

k - 1\sum 
i=1

\mu k - i
\sigma (t)Fki  - Fkr

\Biggr) 
+

3

2\mu 
4(k - 1)
\sigma (t)

\xi 2k| Gk| 2 +
\beta k - 1

\mu \sigma (t)
.(3.24)

By Lemma A.1 we have

1

\mu 
4(k - 2)
\sigma (t)

\xi 3k - 1\xi k \leq 
ak,k - 1

\mu 4k - 9
\sigma (t)

\xi 4k - 1 +
27

256a3k,k - 1\mu 
4k - 5
\sigma (t)

\xi 4k,(3.25)

where ak,k - 1 is an arbitrary positive constant.
From (2.4) and (3.20)--(3.22), we choose nonnegative smooth functions \rho k1(\=xk)

and \rho k2(\=xk) such that

fk +
m

T

k - 1\sum 
i=1

(k - i)\mu k - i+1/m
\sigma (t)\=\alpha ixi +

k - 1\sum 
i=1

\mu k - i
\sigma (t)Fki  - Fkr

\leq \mu k - 1/2
\sigma (t)

\Biggl( 
| fk| +

m

T

k - 1\sum 
i=1

(k - i)\=\alpha i| xi| +
k - 1\sum 
i=1

| Fki| 

\Biggr) 

+ M\mu k - 1/2
\sigma (t)

\Biggl( 
m

T
(k - 1)\=\alpha 1 + \=\alpha 1 +

k - 1\sum 
s=1

\bigm| \bigm| \bigm| \partial \=\alpha 1

\partial xs
(xs+1 + fs)

\bigm| \bigm| \bigm| 
+

1

2

k - 1\sum 
k,j=1

\bigm| \bigm| \bigm| \partial 2\=\alpha 1

\partial xk\partial xj

\bigm| \bigm| \bigm| | gk| | gj | \Biggr) 
\leq \mu k - 1/2

\sigma (t)\rho k1(\=xk)(3.26)

and

| Gk| =

\bigm| \bigm| \bigm| \bigm| \bigm| gTk +

k - 1\sum 
i=1

\mu k - i
\sigma (t)

k - 1\sum 
j=1

\partial (\=\alpha ixi)

\partial xj
gTj  - \mu k - 1

\sigma (t)yr

k - 1\sum 
j=1

\partial \=\alpha 1

\partial xj
gTj

\bigm| \bigm| \bigm| \bigm| \bigm| 
\leq \mu k - 1

\sigma (t)

\Biggl( 
| gTk | +

k - 1\sum 
i=1

k - 1\sum 
j=1

\bigm| \bigm| \bigm| \bigm| \bigm| \partial (\=\alpha ixi)

\partial xj
gTj

\bigm| \bigm| \bigm| \bigm| \bigm| +
\bigm| \bigm| \bigm| \bigm| \bigm| yr

k - 1\sum 
j=1

\partial \=\alpha 1

\partial xj
gTj

\bigm| \bigm| \bigm| \bigm| \bigm| 
\Biggr) 

\leq \mu k - 1
\sigma (t)\rho k2(\=xk).(3.27)

It can be inferred from (3.26), (3.27), and Lemma A.1 that

1

\mu 
4(k - 1)
\sigma (t)

\bigm| \bigm| \bigm| \bigm| \bigm| fk + m

T

k - 1\sum 
i=1

(k - i)\mu k - i+1/m
\sigma (t)\=\alpha ixi +

k - 1\sum 
i=1

\mu k - i
\sigma (t)Fki  - Fkr

\bigm| \bigm| \bigm| \bigm| \bigm| | \xi k| 3
\leq 1

\mu 
3k - 7/2
\sigma (t)

\rho k1| \xi k| 3

\leq \beta k1

\mu \sigma (t)
+

3

4

\Bigl( 1

4\beta k1

\Bigr) 1/3
\rho 
4/3
k1

1

\mu 4k - 5
\sigma (t)

\xi 4k(3.28)
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1936 WUQUAN LI AND MIROSLAV KRSTIC

and

3

2\mu 
4(k - 1)
\sigma (t)

\xi 2k| Gk| 2 \leq 
3

2\mu 2k - 2
\sigma (t)

\rho 2k2\xi 
2
k

\leq \beta k2

\mu \sigma (t)
+

9

16\beta k2\mu 
4k - 5
\sigma (t)

\rho 4k2\xi 
4
k,(3.29)

where \beta k1 and \beta k2 are arbitrary positive constants.
Substituting (3.25), (3.28), and (3.29) into (3.24) yields

\scrL Vk(t, \=\xi k)\leq  - 
k - 1\sum 
i=1

(ci  - ak,i)
1

\mu 4i - 5
\sigma (t)

\xi 4i +
1

\mu 
4(k - 1)
\sigma (t)

\xi 3k(xk+1  - x\ast 
k+1)

+

\Biggl( 
27

256a3k,k - 1

+
3

4

\Bigl( 1

4\beta k1

\Bigr) 1/3
\rho 
4/3
k1 +

9

16\beta k2
\rho 4k2

\Biggr) 
1

\mu 4k - 5
\sigma (t)

\xi 4k

+
1

\mu 
4(k - 1)
\sigma (t)

\xi 3kx
\ast 
k+1 +

\beta k

\mu \sigma (t)
,(3.30)

where ak,i = ak - 1,i for 1\leq i\leq k - 2 and

\beta k = \beta k - 1 + \beta k1 + \beta k2.(3.31)

Choosing the virtual controller

x\ast 
k+1 = - \mu \sigma (t)\xi k

\biggl( 
ck +

27

256a3k,k - 1

+
3

4

\Bigl( 1

4\beta k1

\Bigr) 1/3
\rho 
4/3
k1 +

9

16\beta k2
\rho 4k2

\biggr) 
\triangleq  - \mu \sigma (t)\alpha k(\=xk)\xi k,(3.32)

along with (3.30), we get

\scrL Vk(t, \=\xi k)\leq  - 
k\sum 

i=1

(ci  - ak,i)
1

\mu 4i - 5
\sigma (t)

\xi 4i

+
1

\mu 
4(k - 1)
\sigma (t)

\xi 3k(xk+1  - x\ast 
k+1) +

\beta k

\mu \sigma (t)
,(3.33)

where ck > 0 is a design parameter and ak,k = 0.
Step n. Similar to (3.32) and (3.33), by choosing the actual control law

u= - \mu \sigma (t)\alpha n(\=xn)\xi n,(3.34)

we have

\scrL Vn(t, \=\xi n)\leq  - 
n\sum 

i=1

(ci  - an,i)
1

\mu 4i - 5
\sigma (t)

\xi 4i +
\beta n

\mu \sigma (t)
,(3.35)

where cn > 0 is a design parameter, \alpha n(\=xn) is a nonnegative smooth function, an,n = 0,
an,1, . . . , an,n - 1 are arbitrary positive constants, \beta n is an arbitrary positive constant,
and

\xi n = xn  - x\ast 
n,(3.36)

Vn(t, \=\xi n) =

n\sum 
i=1

1

4\mu 
4(i - 1)
\sigma (t)

\xi 4i .(3.37)
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1937

The second case: \bfitt \in [\bfitt 0+\bfitT  - \bfitsigma ,+\infty ).
In this case, the controller design is the almost the same as those in the first case.

The only difference is

\mu \sigma (t) =

\biggl( 
T

\sigma 

\biggr) m

\forall t\in [t0 + T  - \sigma ,+\infty ).(3.38)

Therefore, we have

\.\mu \sigma (t) = 0 \forall t\in [t0 + T  - \sigma ,+\infty ).(3.39)

By repeating the design process in the first case carefully, although the term m
T

\sum k - 1
i=1

(k - i)\mu 
k - i+1/m
\sigma (t)\=\alpha ixi in (3.19) will disappear. If we use the same controller (3.34),

we still obtain that

\scrL Vn(t, \=\xi n)\leq  - 
n\sum 

i=1

(ci  - an,i)
1

\mu 4i - 5
\sigma (t)

\xi 4i +
\beta n

\mu \sigma (t)
(3.40)

holds for t\in [t0 + T  - \sigma ,+\infty ).

Remark 3.1. In this subsection, we develop a novel stochastic prescribed-time
control design. Compared with the existing stochastic prescribed-time designs in
[26, 27, 28, 29, 31], there are two advantages of the design in this paper. First, our
design completely removes the linear growth condition required in exsiting designs.
Second, different from existing designs where unbounded blow-up function is used, we
adopt a bounded time-varying scaling function (3.1). In this way, the potential imple-
mentation problems, relevant to the use of singular time-varying gains, are effectively
solved.

3.2. Stability analysis. Next, we give the main stability results on the plant
(2.1)--(2.3) and (3.34). For convenience, we abbreviate Vn(t, \=\xi n(t)) as Vn(t).

Theorem 3.2. Consider the plant (2.1)--(2.3) and (3.34). If Assumption 1 holds,
by choosing

ci >an,i, 1\leq i\leq n,(3.41)

then the following conclusions hold:
(1) The closed-loop system has an almost surely unique solution on [t0,+\infty ).
(2) The states and controller of the plant are bounded in probability.
(3) The fourth moment of the output tracking error can be made arbitrarily small

from the prescribed time on. Specifically, for any \varepsilon > 0, with suitable choice of \sigma and
parameters \beta k1, \beta k2, and ck (1\leq k\leq n), we have

E| y - yr| 4 < \varepsilon \forall t\in [t0 + T,+\infty ).(3.42)

Proof. From (3.35), (3.37), (3.40), and (3.41) we have

\scrL Vn(t)\leq  - c0\mu \sigma (t)Vn(t) +
\beta n

\mu \sigma (t)
\forall t\in [t0,+\infty ),(3.43)

where

c0 = 4 min
1\leq i\leq n

\{ ci  - an,i\} .(3.44)
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1938 WUQUAN LI AND MIROSLAV KRSTIC

We first prove conclusion (1).
From (3.1), we get

1\leq \mu \sigma (t)\leq 
\biggl( 
T

\sigma 

\biggr) m

\forall t\in [t0,+\infty ).(3.45)

By (3.43) and (3.45) we obtain

\scrL Vn(t)\leq  - c0Vn + \beta n \forall t\in [t0,+\infty ).(3.46)

By (3.46) and Theorem 3.2 in [34], the plant consisting of (2.1)--(2.3) and (3.34) has
an almost surely unique solution x(t) on [t0,+\infty ).

We then prove conclusion (2).
Let

\xi = \=\xi n(t) = (\xi 1, . . . , \xi n)
T ,(3.47)

\eta l = inf\{ t : t\geq t0, | \=\xi n| \geq l\} \forall l > 0,(3.48)

and tl = min\{ \eta l, t\} for all t \geq t0. Since | \xi | is bounded in the interval [t0, tl] a.s. and
\mu \sigma (t) is bounded on [t0,+\infty ), Vn(\xi ), and \scrL Vn(\xi ) are bounded on [t0, tl] a.s..

By Dynkin formula in Lemma A.2 we get

E(ec0tlVn(tl)) = ec0t0Vn(t0) +E

\biggl\{ \int tl

t0

ec0s(\scrL Vn + c0Vn(s))ds

\biggr\} 
\leq ec0t0Vn(t0) + \beta nE

\biggl\{ \int t

t0

ec0sds

\biggr\} 
.(3.49)

Noting liml\rightarrow \infty \eta l =\infty , letting l\rightarrow \infty , by (3.49) we have

E(ec0tVn(t))\leq ec0t0Vn(t0) + \beta nE

\biggl\{ \int t

t0

ec0sds

\biggr\} 
,(3.50)

which together with (3.46) implies

ec0tEVn(t)\leq ec0t0Vn(t0) +
\beta n

c0
ec0t  - \beta n

c0
ec0t0 ,(3.51)

or equivalently,

EVn(t)\leq e - c0(t - t0)Vn(t0) +
\beta n

c0
(1 - e - c0(t - t0)).(3.52)

From (3.52) we obtain

EVn(t)\leq Vn(t0) +
\beta n

c0
.(3.53)

Noting that

EVn(t)\geq 
\int 
| \xi | >c

Vn(t)P (dw)\geq inf
| \xi | >c,t\in [t0,+\infty )

Vn(t)P (| \xi | > c).(3.54)

Then, by (3.53) and (3.54) we have

P (| \xi | > c)\leq 
Vn(t0) +

\beta n

c0

inf | \xi | >c,t\in [t0,+\infty ) Vn(t)
,(3.55)
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1939

It follows from (3.37), (3.45), and (3.55) that

lim
c\rightarrow \infty 

sup
t>t0

P (| \xi | > c) = 0.(3.56)

Thus \xi is bounded in probability. In other words, \xi 1, . . . , \xi n are bounded in probability.
From Assumption 1 and (3.2) we obtain that x1 is bounded in probability. It

can be inferred from (3.12)--(3.14), (3.36) and (3.45) that x2, . . . , xn are bounded in
probability. By (3.34), the controller u is bounded in probability.

We finally prove conclusion (3).
We first consider \bfitt \in [\bfitt 0, \bfitt 0 + \bfitT  - \bfitsigma ), let

V (t) = e
c0

\int t
t0

\mu \sigma (s)dsVn(t).(3.57)

By (3.43) and (3.57) we get

\scrL V (t) = e
c0

\int t
t0

\mu \sigma (s)ds(\scrL Vn + c0\mu \sigma (t)Vn)

\leq \beta n

\mu \sigma (t)
e
c0

\int t
t0

\mu \sigma (s)ds.(3.58)

By (3.58) and Dynkin formula in Lemma A.2 we get

E(ec0
\int tl
t0

\mu \sigma (s)dsVn(tl))\leq Vn(t0) +E

\biggl\{ \int tl

t0

\beta n

\mu \sigma (s)
e
c0

\int s
t0

\mu \sigma (r)drds

\biggr\} 
.(3.59)

Noting liml\rightarrow \infty \eta l =\infty , letting l\rightarrow \infty , from (3.59) we get

e
c0

\int t
t0

\mu \sigma (s)dsEVn(t)\leq Vn(t0) +

\int t

t0

\beta n

\mu \sigma (s)
e
c0

\int s
t0

\mu \sigma (r)drds.(3.60)

Noting \int t

t0

\beta n

\mu \sigma (s)
e
c0

\int s
t0

\mu \sigma (r)drds=

\int t

t0

\beta n

c0\mu 2
\sigma (s)

e
c0

\int s
t0

\mu \sigma (r)drd

\biggl( \int s

t0

\mu \sigma (r)dr

\biggr) 
\leq \beta n

c0\mu 2
\sigma (t)

\Bigl( 
e
c0

\int t
t0

\mu \sigma (r)dr  - 1
\Bigr) 
,(3.61)

by (3.60) we get

EVn(t)\leq e
 - c0

\int t
t0

\mu \sigma (s)dsVn(t0) +
\beta n

c0\mu 2
\sigma (t)

\Bigl( 
1 - e

 - c0
\int t
t0

\mu \sigma (r)dr
\Bigr) 

\leq e
 - c0

\int t
t0

\mu \sigma (s)dsVn(t0) +
\beta n

c0\mu 2
\sigma (t)

.(3.62)

For \forall t\in [t0, t0 + T  - \sigma ), from (3.1) we have\int t

t0

\mu \sigma (s)ds=

\int t

t0

\biggl( 
T

t0 + T  - s

\biggr) m

ds

=
Tm

m - 1

\biggl( 
1

(t0 + T  - t)m - 1
 - 1

Tm - 1

\biggr) 
.(3.63)

It can be inferred from (3.1), (3.62), and (3.63) that

EVn(t)\leq e
 - c0Tm

m - 1 ( 1

(t0+T - t)m - 1  - 1

Tm - 1 )
Vn(t0) +

\beta n

c0T 2m
(t0 + T  - t)2m.(3.64)
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1940 WUQUAN LI AND MIROSLAV KRSTIC

Since

lim
t\rightarrow t0+T

e
 - c0Tm

m - 1 ( 1

(t0+T - t)m - 1  - 1

Tm - 1 )
Vn(t0) = 0,(3.65)

lim
t\rightarrow t0+T

\beta n

c0T 2m
(t0 + T  - t)2m = 0.(3.66)

For any \varepsilon > 0 (without loss of generality, we assume \varepsilon < 1), from the properties of
limits, there exists a positive constant t\ast satisfying t0 < t\ast < t0 + T such that

e
 - c0Tm

m - 1 ( 1

(t0+T - t)m - 1  - 1

Tm - 1 )
Vn(t0)\leq 

\varepsilon 

16
,(3.67)

\beta n

c0T 2m
(t0 + T  - t)2m \leq \varepsilon 

16
(3.68)

holds for \forall t\in [t\ast , t0 + T ).
It can be inferred from (3.64), (3.67), and (3.68) that

EVn(t)\leq 
\varepsilon 

8
\forall t\in [t\ast , t0 + T ).(3.69)

Choosing

\sigma \ast = t0 + T  - t\ast ,(3.70)

from the definition of t\ast , (3.69), and (3.70) we have

0<\sigma \ast <T,(3.71)

EVn(t0 + T  - \sigma \ast )\leq \varepsilon 

8
.(3.72)

We then consider \bfitt \in [\bfitt 0 +\bfitT  - \bfitsigma \ast ,+\infty ).
When t\in [t0 + T  - \sigma \ast ,+\infty ), from (3.1) and (3.43) we get

\scrL Vn(t)\leq  - c0

\biggl( 
T

\sigma \ast 

\biggr) m

Vn(t) + \beta n

\biggl( 
\sigma \ast 

T

\biggr) m

.(3.73)

With (3.73), taking s similar proof process as in (3.48)--(3.52), we get

EVn(t)\leq e - c0(
T
\sigma \ast )m(t - (t0+T - \sigma \ast ))EVn(t0 + T  - \sigma \ast )

+
\beta n

c0

\Bigl( \sigma \ast 

T

\Bigr) 2m
(1 - e - c0(

T
\sigma \ast )m(t - (t0+T - \sigma \ast )))

\leq EVn(t0 + T  - \sigma \ast ) +
\beta n

c0

\Bigl( \sigma \ast 

T

\Bigr) 2m
.(3.74)

By suitably choosing the parameters \beta k1, \beta k2, and ck (1\leq k\leq n) we have

\beta n

c0

\biggl( 
\sigma \ast 

T

\biggr) 2m

<
\varepsilon 

8
.(3.75)

It follows from (3.2), (3.3), (3.37) (3.72), (3.74), and (3.75) that

E| y - yr| 4 \leq 4EVn(t)< 4
\Bigl( \varepsilon 
8
+

\varepsilon 

8

\Bigr) 
< \varepsilon (3.76)

holds for \forall t\in [t0 + T  - \sigma \ast ,+\infty ).
From (3.76), conclusion (3) holds.
Thus, the theorem is true.
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1941

Remark 3.3. By using Schwarz's inequality, it can be inferred from (3.42) in
Theorem 3.2 that

E| y - yr| 2 \leq 
\Bigl( 
E| y - yr| 4

\Bigr) 1/2
<
\surd 
\varepsilon \forall t\in [t0 + T,+\infty ).(3.77)

Therefore, the controller (3.34) not only ensure that the fourth moment of the output
tracking error E| y  - yr| 4 can be made arbitrarily small from the prescribed time on,
but also guarantee that the second moment of the output tracking error E| y  - yr| 2
can be made arbitrarily small from the prescribed time on.

Remark 3.4. The prescribed-time tracking design developed in this section is
essentially different from existing stochastic tracking designs in [2, 3, 17, 24, 32, 44]. In
the existing designs, the tracking error can be made arbitrarily small after a sufficient
long time and the time cannot be prescribed, which heavily depends on the initial
conditions of system states and control parameters. From Theorem 3.2, it can be
observed that our design ensures that the tracking error can be made arbitrarily small
from the prescribed time on where the prescribed time can be arbitrarily predesigned
and irrespective of initial conditions.

4. Prescribed-time practical inverse optimal tracking control. In this
section, we redesign the controller to solve the PT-PIOT control problem for system
(2.1)--(2.3).

First, we rewrite system (2.1)--(2.3) as

dx=

\left[     
x2 + f1(x1)

...
xn + fn - 1(\=xn - 1)

fn(\=xn)

\right]     dt+
\left[     

0
...
0
1

\right]     udt+
\left[     

gT1 (x1)
...

gTn - 1(\=xn - 1)
gTn (\=xn)

\right]     d\omega 
= F (x)dt+G1udt+G2(x)d\omega .(4.1)

From the design in section 3, the controller

u= - \mu \sigma (t)\alpha n(\=xn)\xi n(4.2)

with ci defined in (3.41) leads to

\scrL Vn(t)\leq  - c0\mu \sigma (t)Vn(t) +
\beta n

\mu \sigma (t)
\forall t\in [t0,+\infty ),(4.3)

where c0 is defined in (3.44) and

Vn(t) =

n\sum 
i=1

1

4\mu 
4(i - 1)
\sigma (t)

\xi 4i .(4.4)

In the following theorem, we give the main results on the prescribed-time practical
inverse optimal tracking control for system (2.1)--(2.3).

Theorem 4.1. For system (2.1)--(2.3), the control law

u\ast (t, x) = - 2

3
\delta \mu \sigma (t)\alpha n(\=xn)\xi n, \delta \geq 2 \forall t\in [t0,+\infty )(4.5)
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1942 WUQUAN LI AND MIROSLAV KRSTIC

solves the PT-PIOT control problem for system (2.1)--(2.3) by minimizing the cost
functional

J(u) = limsup
r\rightarrow \infty 

E

\Biggl[ 
2\delta Vn(\tau r, x(\tau r))

+

\int \tau r

t0

\biggl( 
l(t, x(t)) +

27

16\delta 2\mu 4n - 1
\sigma (t)\alpha 3

n

u4(t)

\biggr) 
dt

\Biggr] 
,(4.6)

where r \in Z+, \tau r = inf\{ t : t\geq t0, | x(t)| \geq r\} , and

l(t, x) = 2\delta 

\biggl( 
1

\mu 4n - 5
\sigma (t)

\alpha n\xi 
4
n  - \partial Vn

\partial t
 - 1

2
Tr
\Bigl\{ 
GT

2

\partial 2Vn

\partial x2
G2

\Bigr\} 
 - \partial Vn

\partial yr
\.yr  - 

\partial Vn

\partial x
F

\biggr) 
+ \delta (\delta  - 2)

1

\mu 4n - 5
\sigma (t)

\alpha n\xi 
4
n(4.7)

is positive definite and radially unbounded but not necessarily decrescent for all

| \xi | \geq 

\Biggl( 
4n\beta n

c0

\biggl( 
T

\sigma 

\biggr) m(4n - 6)
\Biggr) 1/4

.(4.8)

Proof. By (3.1) and (4.8) we obtain that

| \xi | \geq 
\biggl( 
4n\beta n

c0
\mu 4n - 6
\sigma (t)

\biggr) 1/4

\forall t\in [t0,+\infty ).(4.9)

From (4.4) and (4.9) we have

Vn(t)\geq 
1

4\mu 
4(n - 1)
\sigma (t)

n\sum 
i=1

\xi 4i \geq 
1

4n\mu 
4(n - 1)
\sigma (t)

| \xi | 4 \geq \beta n

c0\mu 2
\sigma (t)

.(4.10)

Noting \delta \geq 2, it follows from (4.3), (4.7), and (4.10) that

l(t, x)\geq 2\delta 

\biggl( 
c0\mu \sigma (t)Vn(t) - 

\beta n

\mu \sigma (t)

\biggr) 
+ \delta (\delta  - 2)

1

\mu 4n - 5
\sigma (t)

\alpha n\xi 
4
n

\geq 2\delta 

\biggl( 
c0\mu \sigma (t)Vn(t) - 

\beta n

\mu \sigma (t)

\biggr) 
\geq 0,(4.11)

which shows that l(t, x) is well defined for all | \xi | \geq ( 4n\beta n

c0
(T\sigma )

m(4n - 6))1/4. Thus, J(u)
is a meaningful cost functional.

Before proving (4.5) minimizes (4.6), we first prove the stability of the closed-loop
system with (4.5). For system (4.1), from (4.3) and (4.5), noting \delta \geq 2, we have

\scrL Vn = - 2

3
\delta 

1

\mu 4n - 5
\sigma (t)

\alpha n\xi 
4
n +

\partial Vn

\partial t
+

\partial Vn

\partial yr
\.yr +

1

2
Tr

\biggl\{ 
GT

2

\partial 2Vn

\partial x2
G2

\biggr\} 
+

\partial Vn

\partial x
F

\leq  - 1

\mu 4n - 5
\sigma (t)

\alpha n\xi 
4
n +

\partial Vn

\partial t
+

\partial Vn

\partial yr
\.yr +

1

2
Tr

\biggl\{ 
GT

2

\partial 2Vn

\partial x2
G2

\biggr\} 
+

\partial Vn

\partial x
F

\leq  - c0\mu \sigma (t)Vn(t) +
\beta n

\mu \sigma (t)
\forall t\in [t0,+\infty ).(4.12)
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1943

By (4.12) and Theorem 3.2, the controller (4.5) ensures that the states and controller
of the plant are bounded in probability, and the fourth moment of the output tracking
error can be made arbitrarily small from the prescribed time on.

Now, we prove optimality. By Dynkin's formula in Lemma A.2 we get

E

\biggl\{ 
Vn(\tau r, x(\tau r)) - Vn(t0, x(t0)) - 

\int \tau r

t0

\scrL Vn| (4.1)ds
\biggr\} 
= 0.(4.13)

From (4.1), (4.6), (4.7), and (4.13) we have

J(u) = limsup
r\rightarrow \infty 

E

\Biggl[ 
2\delta Vn(\tau r, x(\tau r)) +

\int \tau r

t0

\Biggl( 
l(t, x) +

27

16\delta 2\mu 4n - 1
\sigma (t)\alpha 3

n

u4(t)

\Biggr) 
dt

\Biggr] 

= limsup
r\rightarrow \infty 

E

\Biggl[ 
2\delta Vn(t0, x(t0)) +

\int \tau r

t0

\Biggl( 
2\delta \scrL Vn| (4.1) + l(t, x)

+
27

16\delta 2\mu 4n - 1
\sigma (t)\alpha 3

n

u4(t)

\Biggr) 
dt

\Biggr] 

= limsup
r\rightarrow \infty 

E

\Biggl[ 
2\delta Vn(t0, x(t0)) +

\int \tau r

t0

\Biggl( 
2\delta 

1

\mu 
4(n - 1)
\sigma (t)

\xi 3nu

+ \delta 2
1

\mu 4n - 5
\sigma (t)

\alpha n\xi 
4
n +

27

16\delta 2\mu 4n - 1
\sigma (t)\alpha 3

n

u4(t)

\Biggr) 
dt

\Biggr] 
.(4.14)

Let \gamma = r4/3, we have

\ell \gamma (r) = r( \.\gamma ) - 1(r) - \gamma (( \.\gamma ) - 1(r))

= r
\Bigl( 27
64

r3
\Bigr) 
 - 
\Bigl( 27
64

r3
\Bigr) 4/3

=
27

256
r4.(4.15)

By (4.15) and Lemma A.3 we obtain

 - 2\delta 
1

\mu 
4(n - 1)
\sigma (t)

\xi 3nu= \delta 2

\Biggl( 
 - \xi 3n

1

\mu 
3n - 15/4
\sigma (t)

\alpha 3/4
n

\Biggr) \Biggl( 
2

\delta 

1

\mu 
n - 1/4
\sigma (t)

\alpha  - 3/4
n u

\Biggr) 
\leq \delta 2

1

\mu 4n - 5
\sigma (t)

\alpha n\xi 
4
n +

27

16\delta 2\mu 4n - 1
\sigma (t)\alpha 3

n

u4(t).(4.16)

The equality in (4.16) holds when

u\ast (t, x) = - 2

3
\delta \mu \sigma (t)\alpha n(\=xn)\xi n.(4.17)

Therefore, the minimum of (4.6) is obtained with u(t, x) = u\ast (t, x) in (4.5), and

min
u

J(u) = 2\delta Vn(t0, x(t0)).(4.18)

Thus, the theorem is proved.

Remark 4.2. From Theorem 4.1, it can be observed that, with the effect of the
reference signal yr(t), the inverse optimality holds only when | \xi | \geq ( 4n\beta n

c0
(T\sigma )

m(4n - 6))
1
4 ,

where the bound is tunable. This result makes sense in practice because if the states
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1944 WUQUAN LI AND MIROSLAV KRSTIC

converge to the ball | \xi | \leq ( 4n\beta n

c0
(T\sigma )

m(4n - 6))1/4, only a small control effort is required,
as also revealed by [12].

Remark 4.3. In this section, we propose a new PT-PIOT design. Compared with
the exiting stochastic prescribed-time inverse optimal designs in [27, 31], the PT-PIOT
design developed in this paper are characterized by three distinctive features:

(a) Unlike the cost functionals in the existing results, which are restricted to the
prescribed time interval [t0, (t0 + T ) \wedge inf\{ t : t \geq t0, | x(t)| \geq r\} ), our cost
functional is defined on the whole time domain [t0, inf\{ t : t\geq t0, | x(t)| \geq r\} ),
which is more practical.

(b) Our design is the first attempt to consider the PT inverse optimal tracking
control, even there is no noise. With the effect of the tracking signal yr(t)
and stochastic noise, how to select a meaningful cost functional is nontrivial.

(c) The linear growth conditions of drift terms and diffusion terms required in
the existing results are completely removed. The payoff is that the obtained
inverse optimal scheme is in the practical sense.

Remark 4.4. This paper is a substantial generalization from the deterministic
system [35] to stochastic systems. The existence of stochastic noise in system (2.1)--
(2.3) makes the control design and stability analysis in this paper much more involved
and difficult than that of [35]; advanced stochastic analysis techniques are needed to
prove the stability. In addition, noting that all the existing results on the prescribed-
time, including [35], don't consider the optimal tracking problem. Therefore, even
when there is no noise in the studied systems, the prescribed-time practical inverse
optimal tracking problem studied in this paper is new.

5. A simulation example. Consider the mass-spring-damper system shown in
Figure 1, where a mass m is attached to a ceiling through a spring-damper combi-
nation. The mass is driven by an external force which serves as a control variable.
Let y be the displacement from a reference position, k is the spring parameter and
a is the damper parameter. We assume that the spring is a hardening spring with
the restoring force modeled as ky(1 + y2). By Newton's law of motion, the system is
described as

m0g+ u - ky(1 + y2) - a \.y=m0\"y.(5.1)

As shown in [24], we consider a more practical damper. The damper parameter a(t)
has a nominal value a0 and a(t) \in (a0  - 0.2, a0 + 0.2). Let \Delta (t) = a(t) - a0. \Delta (t) is
the Gaussian white noise process with zero mean and E(\Delta (t))2 = \sigma 2

0 .

Fig. 1. Mass-spring-damper system.
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1945

To obtain a state-space model for the mass-spring-damper system, take the state
variables as x1 = y and x2 = \.y. Then, from (5.1) we get the state-space form as

dx1 = x2dt,(5.2)

dx2 =

\biggl( 
u

m0
+ g - k

m0
x1(1 + x2

1) - 
a0
m0

x2

\biggr) 
dt - \sigma 0

m0
x2d\omega ,(5.3)

y= x1.(5.4)

We choose the reference trajectory as yr(t) = 2cos t and define the output tracking
error as

e(t) = y(t) - yr(t).(5.5)

Choosing m0 = 1, g = 9.8, k = 0.1, a0 = 0.2, \sigma 0 = 0.1, by following the design in
section 3, we get the controller as

u= - \mu \sigma 

\Biggl( 
c2 +

27

256a321
+

3

4

\biggl( 
1

4\beta 21

\biggr) 1/3

\rho 
4/3
21 +

9

16\beta 22
x4
2

\Biggr) 
\cdot (x2 + \mu \sigma \alpha 1(x1  - 2cos t)) \forall t\in [0,+\infty ),(5.6)

where

\alpha 1 = c1 +
3

2

\biggl( 
1

2\beta 1

\biggr) 1/3

,(5.7)

\rho 21 = 9.8 + (0.1 + 0.1x2
1 + \alpha 1)(x

2
1 + 0.1)

1
2 + (0.2 + \alpha 1)(x

2
2 + 0.1)

1
2 + 4\alpha 1.(5.8)

Let \varepsilon = 0.01, we choose the design parameters c1 = 1, c2 = 1, a21 = 0.985, \beta 1 = \beta 21 =
\beta 22 = 0.25. From (3.44) we get c0 = 1. Choosing t0 = 0, T = 2, \sigma = \sigma \ast = 0.1682, and
m= 2, then the scaling function in (3.1) can be written as

\mu \sigma \ast (t) =

\left\{   
\biggl( 

2

2 - t

\biggr) 2

, t\in [0,1.8318),

140.67, t\in [1.8318,+\infty ).

(5.9)

For simulation, by randomly set the initial conditions as x1(0) = 3, x2(0) =  - 3.
Figure 2 gives the responses of the controller and states, which show that the states
and the controller are bounded in probability. Figure 3 describes the responses of
output tracking error e(t). For any given \varepsilon (here we choose \varepsilon = 0.01), from Figure 3
we conclude that

E| y - yr| 4 < \varepsilon = 0.01 \forall t\in [2,+\infty ),(5.10)

which shows that the fourth moment of the output tracking error can be made arbi-
trarily small from the prescribed-time on. Therefore, the effectiveness of the control
scheme developed in section 3 is demonstrated.

6. Concluding remarks. In this paper we have addressed the PT-POT designs
for stochastic strict-feedback nonlinear systems. The advantages of our design over
existing results are that the linear growth condition of drift terms and diffusion terms
are completely removed; bounded control gains, instead of infinite control gains, are
designed. We first design a new PT-POT controller, which ensures that the states
and controller of the plant are bounded in probability, and the fourth moment of
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Fig. 2. The responses of the controller and states of the plant (5.2)--(5.9).
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Fig. 3. The responses of output tracking error e(t) of the plant (5.2)--(5.9).
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PRESCRIBED-TIME PRACTICAL STOCHASTIC TRACKING 1947

the output tracking error can be made arbitrarily small from the prescribed time on.
Then we redesign a new inverse optimal controller and solve the PT-PIOT problem,
with an infinite gain margin. Specifically, the designed controller not only makes the
fourth moment of the output tracking error arbitrarily small from the prescribed time
on, but also optimizes a meaningful cost functional defined on the whole time domain.

For the prescribed-time output tracking control of stochastic nonlinear systems,
many important issues are still open and worth investigating, such as output tracking
control for more general stochastic systems, etc.

Appendix A. Useful tools. In this part, we collect some lemmas, which are
useful in the controller design and stability analysis.

Lemma A.1 (see [33]). Let x, y be real variables, then for any positive real numbers
a, m, and n, we have

axmyn \leq b| x| m+n +
n

m+ n

\biggl( 
m+ n

m

\biggr)  - m
n

a
m+n

n b - 
m
n | y| m+n,(A.1)

where b > 0 is any real number.

Lemma A.2 (see (Dynkin's formula) [37]). Let V \in C2,1(Rn \times R+;R+), and let
\tau 1, \tau 2 be bounded stopping times such that 0\leq \tau 1 \leq \tau 2 a.s. If V (x, t) and \scrL V (x, t) are
bounded on t\in [\tau 1, \tau 2] a.s., then

E[V (x, \tau 2) - V (x, \tau 1)] =E

\biggl\{ \int \tau 2

\tau 1

\scrL V (x, t)dt

\biggr\} 
.(A.2)

Lemma A.3 (see [14]). For any two vectors x and y, the following holds:

xT y\leq \gamma (| x| ) + \ell \gamma (| y| )(A.3)

and the equality is achieved if and only if

y= \.\gamma (| x| ) x

| x| 
,(A.4)

where \gamma and its derivative \.\gamma are both \scrK \infty functions, and

\ell \gamma (r) = r( \.\gamma ) - 1(r) - \gamma (( \.\gamma ) - 1(r)).(A.5)
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