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Extremum Seeking Control for Scalar Maps
With Distributed Diffusion PDEs

Pedro Henrique Silva Coutinho

and Miroslav Krsti¢

Abstract—This article deals with the gradient extremum seeking
control for static scalar maps with actuators governed by dis-
tributed diffusion partial differential equations (PDEs). To achieve
the real-time optimization objective, we design a compensation
controller for the distributed diffusion PDE via backstepping trans-
formation in infinite dimensions. A further contribution of this ar-
ticle is the appropriate motion planning design of the so-called
probing (or perturbation) signal, which is more involved than in the
nondistributed counterpart. Hence, with these two design ingredi-
ents, we provide an averaging-based methodology that can be im-
plemented using the gradient and Hessian estimates. Local expo-
nential stability for the closed-loop equilibrium of the average error
dynamics is guaranteed through a Lyapunov-based analysis. By
employing the averaging theory for infinite-dimensional systems,
we prove that the trajectory converges to a small neighborhood
surrounding the optimal point. The effectiveness of the proposed
extremum seeking controller for distributed diffusion PDEs in cas-
cade of nonlinear maps to be optimized is illustrated by means of
numerical simulations.

Index Terms—Adaptive control, backstepping in infinite-
dimensional systems, distributed-diffusion compensation, extre-
mum seeking, partial differential equations (PDEs), real-time op-
timization.

|. INTRODUCTION

Extremum seeking control (ESC) is a real-time and model-free
optimization approach, which is employed to determine and maintain
the optimum (extremum) point of the output map of a static or dynamic
system with nonlinear and unknown dynamics [24]. For that purpose,
the perturbation method [13] is often employed in the ESC.

ESC iteratively or adaptively adjusts the control-input variables in
order to decrease or increase the value of a cost or objective function.
This is done so that the system’s output is gradually moved toward the
optimal point, which can be a maximum or minimum of this objective
function. ESC is particularly useful when it is not possible to obtain
an accurate model of the system or when the system is subject to
disturbances, uncertainties, or unpredictable variations [24].
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Literature Review: The ESC idea was initially proposed by
Leblanc [14] in the historical context of maximizing the power transfer
to a tram car. Decades after, Krsti¢ and Wang [13] proposed a systematic
analysis based on averaging and singular perturbation theories to prove
stability for general nonlinear dynamic systems described by ordinary
differential equations (ODEs). Since then, ESC has been improved in
both practical and theoretical frameworks [1]. To name a few examples,
Manzie and Krstic [15] addressed the stochastic versions of ESC,
Ghaffari at al. [8] proposed the Newton-based ESC to obtain multi-
parameter generalization, and Scheinker and Krsti¢ [25] employed
ESC for stabilization. Moreover, ESC has been considered in several
applications, such as brake system control, autonomous vehicles and
mobile robots, bio-processes optimization, renewable energy systems,
and refrigeration system optimization; see [3],[11],[16],[17],[27], and
the references therein. However, all this literature is limited to systems
with finite-dimensional actuation dynamics.

Itis known that actuation dynamics modeled by infinite-dimensional
dynamics can be found in several applications. For instance, actuator
delays in which the delay propagation is modeled by a first-order
hyperbolic partial differential equation (PDE). Another example of an
infinite-dimensional system is the diffusion process that is found in
biological, chemical, and temperature regulation [7], [18], [22].

Within the context of ESC to infinite-dimensional actuation dynam-
ics, Oliveira et al. [21] addressed ESC with arbitrarily large delays
whose effect is modeled by hyperbolic transport PDEs. This approach
has paved the way for further generalizations to other classes of
PDE:s [19]. Feiling et al. [6] handled the ESC with actuation dynamics
governed by diffusion PDEs. More recently, the Newton-based ex-
tremum seeking extension for multi-input maps subject to actuation
dynamics governed by distinct PDEs is performed in [20], whereas
Silva et al. [26] considered the ESC for a class of wave PDEs with
Kelvin—Voigt damping. However, the aforementioned results on ESC
for PDEs are limited to PDE boundary compensation. Those results
cannot be directly applied when distributed actuation is concerned. The
sole ESC publication considering distributed delays is [29]. Hence, the
main goal of this article is to expand the ESC framework for dealing
with actuation dynamics governed by distributed diffusion PDEs.

Contributions: Motivated by the aforementioned discussion, this
article deals with the gradient ESC for static scalar maps with dis-
tributed actuation dynamics governed by diffusion PDEs. In contrast to
related works [6] and [20], the boundary PDE compensation cannot be
applied in the distributed case. Then, inspired by the backstepping-
like method proposed in [4], the first contribution of this article is
to develop a compensation controller for the distributed diffusion
PDE to guarantee the local exponential stability of the equilibrium
of the closed-loop average error dynamics, based on Lyapunov sta-
bility arguments. Moreover, it is known that a key point for the
successful operation of the ESC for PDE dynamics is the adequate
design of the so-called probing or perturbation signal. This motion
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planning problem is addressed in [6] and [20] by solving a trajec-
tory generation with Dirichlet boundary condition [12]. However, the
perturbation signal designed in those works cannot be directly em-
ployed when distributed actuation is concerned. Therefore, the second
contribution of this article is to solve a modified trajectory genera-
tion problem to design an adequate perturbation signal for the ESC
framework. With these two ingredients, we provide a novel ESC for
distributed diffusion PDE compensation, which can be implemented
using averaging-based estimates of the gradient and Hessian (first and
second derivatives of the static map). Then, based on the exponential
stability guarantees of the average error dynamics mentioned above,
we invoke the averaging theory for infinite-dimensional systems [9] to
ensure convergence to a small neighborhood of the extremum point of
the static map with actuator dynamics governed by distributed diffusion
PDE, which is the third contribution of this article.

Organization: The rest of this article is organized as follows. The
problem formulation related to the ESC with distributed diffusion
PDEs is presented in Section II, including a motivating example and
the definition of the signals and system considered here. The main
results are presented in Section III, where the distributed diffusion PDE
compensation controller is designed. Moreover, we provide the stability
analysis via Lyapunov-based arguments and averaging theory to ensure
the convergence of the original system into a small neighborhood of the
extremum point. Numerical results are presented in Section IV. Finally,
Section V concludes this article.

Notations: The partial derivatives of a function u(x,t) are denoted
as O,u(x,t) = du(x,t)/0x and Oyu(z,t) = du(x,t)/0t. Whenever
convenient, we use the compact form u,, (x,t) e us(z, t), or simply u,,
and wu;, respectively. The subscript “av” is used to denote the average
of a periodic variable with period II. The Euclidean norm of a finite-
dimension state variable X (¢) is denoted as | X (¢)|. The spatial norm
in L [0, L] of the PDE state u(x, t) is denoted as [[u(t)]|7,0,1}) =

OL u?(z,t) dv. The index Ly ([0, L)) is omitted for the sake of brevity,

thus ||-|| = ||| L, ([0,z)), if it is not specified. According to [10], a vector-
valued function f(¢,£) € R™ is said of order O(g) over an interval
[t1,t2],if 3k, & |f(t,€)| < keVt € [t1,t2] and Ve € [0, ]. In general,
the precise estimates of the constants k and & are not provided. Thus, we
simply use O(e), which is interpreted as an order of magnitude relation
for a sufficiently small scalar e.

II. PROBLEM FORMULATION
A. Motivating Example
Consider a diffusion (heat) PDE given by
Ora(z,t) = €0zpa(x, t) (1)
a(L,t) = 0(t) 2

where oz, t) is the PDE state, € > 0 is the diffusion coefficient measur-
ing the rate of heat transfer, z € [0, L], and L > 0 is the known domain
length of the PDE. A geometric illustration of (1) and (2) describing
the heat conduction is provided in Fig. 1.

This example may represent the temperature control in a building
system [2], where the heat flow from a temperature source () enters
the room from the supply ventilation. Although the temperature gradient
near the ceiling a(z, t) varies in time, it also varies along the space
variable x. Thus, the heat/cold flow is diffused from the supply to the
return vent (0, ¢). Moreover, we can define the distributed temperature
along the space variable z as follows:

o) = / a(y, t)dy. 3)

Fig. 1. Geometric representation of the temperature profile modeled
by the diffusion PDE in (1) and (2), where 0(t) is the heat/cold flow
source.

Thus, if we consider an optimum operating point along the space
variable as ©*, the control problem can be formulated by designing
a controller such that the variable ©(t) converges toward a small
neighborhood of the desired average temperature ©*. This example
illustrates one potential application of ESC for distributed diffusion
PDEs, which consists of driving the variable ©(t) toward ©*.

B. Standard Gradient ESC Without PDEs

Consider the standard gradient ESC without PDEs. The aim is to
optimize an unknown static map y=Q(0) by solving a real-time
optimization with unknown output * and unknown optimizer ©*, with
measured output y(¢) € R and input ©(t) € R.

By following the ESC methodology proposedin [13], the sinusoidal
perturbation signal and the demodulation signal are given, respectively,
by

. 2 .

S(t) = asin (wt) and M(t) = - sin (wt) 4)
where a > 0 is the amplitude and w > 0 is the angular frequency. Both
signals are judiciously designed to obtain the estimate of the unknown
gradient 9Q(©) /0O and the negative Hessian H := 9Q(0)/00? <
0 of the nonlinear map Q(©) to be maximized. The input O(t) =
O(t) + S(t) is derived from its real-time estimate O (£) of ©*, which is
perturbed by the signal S(t). In this case, the estimate O(t) is obtained
by integrating ©(t) = K M (t)y(t), which locally approximates the
gradient update law O(t) = K H(O(t) — ©*) by driving O(t) toward
©*. Therefore, by defining the estimation error 9(t) = O(t) — ©*, the

average error dynamics can be described as ﬁav = KH4Y,, which is
exponentially stable whenever the adaptation gain is selected as X > 0.

C. Gradient ESC With Distributed Diffusion PDEs

Different from the standard gradient ESC scheme, this article con-
cerns the case in which the actuation dynamics are governed by a
distributed diffusion PDE. Without loss of generality, we consider the
diffusion coefficient as ¢ = 1. Moreover, we consider the scalar case in
which 0(t) € R and ©(¢) € R, such that

L
o) = [ atuty )
Oz, t) = Oppar(z,t) (6)
0,a(0,t) =0 (7)
a(L,t) =0(t) ®)

where o : [0, L] x Ry — Rand L > 0is the known length of the space
variable.
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Oz, t) = Oppar(w, 1)
L
o) = /n a(z, t)dx

Distributed
diffusion PDE
compensation

controller

Fig. 2. ESC scheme with distributed diffusion PDE governing the ac-
tuator dynamics.

The measured output signal is represented by the unknown static
map

y(t) = Q(6(1)) ©)

where O(t) given as in (5) is the input of the map.
Assumption 1: The unknown static map is locally quadratic and
described as follows:

(10)

where ©*is the unknown optimizer, y* € R is the optimum output and
H < 0is the Hessian of the map.

We emphasize that Assumption 1 is not restrictive in the sense that
any C? static map can be approximated as (10). Thus, it follows from
(9) and (10) that the output of the static map is given by

y(t) = v + o) - o).

) an

Motivated by the ESC scheme proposed in [21], the ESC system
with distributed diffusion PDE can be formulated considering (5)—(8)

in the ESC scheme in Section II-B. Therefore, the ESC scheme studied
in this article is illustrated in Fig. 2.

D. Trajectory Generation to the Additive Perturbation Signal

In the basic ESC scheme, the additive perturbation signal S(t)
defined as in (4) introduces the sinusoidal term a sin (wt) in the input of
the static map. However, this simple choice of S(t) cannot introduce the
appropriate sinusoidal term in the input of the static map in Fig. 2 due
to the presence of the distributed diffusion PDE governing the actuator
dynamics.

An adequate additive perturbation signal S(t) can be properly
designed by solving the so-called trajectory generation problem [12,
Ch. 12]. Based on this reasoning, the design of the signal S(¢) can be
performed regarding the following trajectory generation problem:

S(t) = B(L,t) (12)
OB (x,t) = Opu Bz, 1) (13)
0:8(0,t) =0 (14)
L
/ By, t)dy = asin (wi) (15)
0

where S : [0, L] x Ry — R, whose solution consists in determining
B(L,t) such that (13)—(15) are satisfied. The solution to this problem
is stated in the following lemma.

Lemma 1: The solution S(t) of (12) for the trajectory generation
problem described by (12)—(15) is

S(t) = ge\/%L sin (wt + o+ \/gL)

A =
+5e*\/§Lsin (wt+¢— ,/%L) (16)
where
A=2ay/w/B and ¢ = — 17
and
Nem Nem 1/2
B= [eL Wy eIV 9 cos (L\/2w)} (18)
sign (¥1) 7, i7" =0
1 = { arctan (%), if1 > 0 (19)
T + arctan (%), if 1), <0
with

Proof: Consider that the reference output has the following form:
B(0,t) = Asin (wt + ¢). (20)

Since sin (wt + ¢) = Im {9}, by following the same steps as
in [12, Ch. 12], it is possible to show that (13) and (14) are satisfied

with
Bz, t) = ?e\/gz sin (wt + ¢+ \/gzr)

+ ge’\/%z sin (wt—i—qﬁ— \/gx)

Thus, S(t) = B(L, t) is given as in (16).

Now, we show that the condition (15) is satisfied by taking A and ¢
as in (17). By integrating (21) with respect to x and performing some
simplifications, one obtains

/OL Bz, t)dxr = %

+ Agsin (wt + ¢ + ¢2)]

where A; = eL\/g, Ay = 76*L\/g, b1 = Lﬁ, z
—L./% — 7. Since

Ajsin (wt + ¢+ ¢1) = Im {Alej¢16j(wt+¢)}

2n

[A;sin (wt + ¢ + ¢1)

and ¢ =

Assin (wt + ¢ + ¢2) = Im {A26j¢2ej(“t+¢)}

then A sin (wt+¢+¢;) + Az sin (wt + ¢ + ¢2) = Im{(A,e7®1 +
Ayed?2)ed @i+ )1 = Im{Be/Ve/ (@)} = Bsin (wt + ¢ + 1),
with B and 1) given as in (18) and (19), respectively. By substituting
this result in (21), it follows that:

L
A
/0 Bz, t)dx = ﬁB sin (wt + ¢ + ).
Thus, by taking A and ¢ as in (17), we ensure that (15) holds. This
completes the proof. |
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Besides the additive perturbation signal S(¢), we also need to specify
the demodulation signals M (t) and N (¢) that are used to estimate the
gradient and the Hessian of the static map, respectively, by multiplying
them with the output signal y(¢). Similar to [8], we consider

G(t) = M(t)y(t) with M(t) = %sin (wt) (22)
and
H(t) = N(t)y(t) with N(t) = 7% cos (2wt).  (23)
E. Estimation Error Dynamics
Consider the following estimate variables:
O(t) = 0(t) — S(t), O(t) = O(t) — asin (wt) (24)
and the following estimation errors:
O(t) =0(t) —©*, I(t)=0O(t) — 6" (25)

Let @:[0,L] xRy — R be defined as a(z,t) = a(z,t) —
B(z,t) — ©*. From (5)—(8) and (12)—(15), together with (24) and (25),
it follows that:

L
9(t) = / &y, H)dy + (L — 1)©* 26)
0
Ora(z,t) = Opzalx,t) 27
aza(O,t) =0 (28)
a(L,t) = 0(t) (29)

Then, the error dynamics can be obtained by taking the time deriva-
tive of (26)—(29), which results in the following PDE-ODE cascade
system:

L
() = /O u(y, t)dy (30)
Ou(x,t) = Opzpu(z,t) (€1))
0;u(0,t) =0 (32)
u(L,t) = U(t) (33)

where 8 = 6(1):=U (1) and u(z, t) :=  (z, 1).
Note also that the diffused estimation error ¥(¢), the input © (¢), and
the optimizer of the static map ©* satisfy

J(t) + asin (wt) = O(t) — O". (34)

IIl. MAIN RESULTS

The main results of this article are presented in this section. In
Section I1I-A, we design the controller to compensate for the distributed
diffusion PDE. In Section III-B, the average version of the designed
compensation controller is introduced, from which a control law that
can be implemented in real time is obtained. Finally, in Section III-C,
the stability proof of the closed-loop system with the modified com-
pensation controller is derived.

A. Distributed Diffusion PDE Compensation Controller

The exponential stability of the system (30)—(33) with the proposed
controller is proved in the following theorem. For developing the result
in Theorem 1, we assume that J(t) is available for measurement.
However, this is not the case due to its dependence on O, which is
unknown. Its estimate would be considered later in Section III-B for
designing a controller that can be effectively implemented in practice.

Theorem 1: Consider the closed-loop system composed by the
interconnection between the PDE-ODE cascade system (30)—(33) with
the following controller:

U(t)y=KZ(t) (35
where
L
2= 0)+ [ gty O)dy (36)
0
1
g(z) = 5 (L? —z?) (37
If K is selected such that
K <0, and K # —(2k+1)?>72/4L% keN  (38)

then, for any initial condition (-, 0) € L?(0, L), the closed-loop sys-
tem has a unique exponentially stable solution given by (¥(¢), u(-,t)) €
C([0,00], R™ x L?(0, L)). Thus, there exist positive constants 1 and
v such that

Qt) < nQ0)e "

(39)

where

Q(t):|19(t)|2+/0 u?(x,t)dz. (40)

Proof: The proof follows similar steps as in [4]. Consider the trans-
formation of the finite-dimensional states J(¢) and Z(t) given in (36)
and the backstepping-like transformation [4] of the infinite-dimensional
actuator state u(x, t) given by

w(z,t) = u(z, 1) — () (ﬁ(t) +f " gyl t>dy)

— u(e,t) — Y(x)Z(t) (1)
where the kernel function ~(-) is designed as follows:
y(z) = KAt (e\/AT‘x + e_\/r””) (42)
where
A= eVAal | emVAaL, 43)

Then, using (36) and (41), the system (30)—(33) is mapped to the
following target system:

Z(t) = AaZ(t) (44)
Oyw(z, t) = Oppw(z,t) (45)
d,w(0,t) =0 (46)

w(L,t) =0 (47)

where Ay = K L.
Notice that the Kernel function (-) given as in (42) is well-defined
for A # 0. To show that this condition holds, provided that K < 0, it
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follows that Ay = KL < 0.LetA = —K L > 0such that we can write

Ay = —A. (48)

Thus, it follows from (43) that e?Y*L 4-¢=V*L = 2 cos (\/XL), which

is nonzero whenever cos (\/XL) = 0, that is, VAL * w, K €

N. Hence, A # (2k 4 1)*72/4 L2, for k€N, or Ay # —(2k+
1)272 /4 L2, for k € N. This is true for K selected as in (38).

The inverse transformation of (46) and (47) is given by
u(z,t) = w(z,t) +v(2)Z(t) (49)

where ~(+) is given by (42). Finally, the inverse transformation of (36)
is given by

L L
I(t)= (1— / g(y)v(y)dy) Z(t)— / 9W)w(y, t)dy. (50
0 0
Consider the following Lyapunov functional candidate:

V(t) = %ZQ(t) -‘r}/o w(w, t)*d.

3 (51

From (45) and (48) and using integration by parts, the time derivative
of the functional along the trajectories of the transformed system is

V(t) < =2Z3(t) + w(z, t)dpw(, )35

L
- / dpw(z,t)*de.
0

Using the boundary conditions (46) and (47) and Poincaré inequality,
we obtain

V() < —2Z2(t) - é /0 w(z, 1)2dz.

Therefore, if we take p=min{—1/2,1/2L%}, we get V(t)
—pV (t). Then, from the Comparison Lemma [10], one has that V (¢)
V(0)e*t.

To show the stability in the original variables J(¢) and u(z, t), it is
sufficient to show that

MO() < V(1) < Q1)

<
<

(53)

for positive scalars M and M and that the condition in (39) is satisfied
withn = M /M.

To obtain the bounds in (53), we use (36), (41), (49), and (50), and
we apply the Young and Cauchy—Schwartz inequalities such that the
bounds in (53) are

M = (Sw +9L sup ’y(y)2w>r
y€[0,L]

where 7 = 1/2, w = 1+ Lsup,c(o 1) 9(y)? and M = 1/2M, being

M = 9(1 + Lsup,cpo 1) g(y)2v(y)2) 46 Lsupycpo,1) 9:(y)* +

3+9Lsup,cj,)v(y)*. Then, it follows from (44) that Z(t) is
bounded and converges exponentially to zero. From (41), we can
conclude that w(-,0) € L?(0, L); hence, it follows from (45)—(47)
that w(-,t) € C(L?(0, L)). Using the inverse transformation (49), we
ensure that u(-,t) € C(L?(0, L)).

The uniqueness of the weak solution is proved using the uniqueness
of the weak solution of the boundary problems (45)—(47) (see [4] and
[5]). This concludes the proof. |

Remark 1: This work considers the ESC for a heat PDE with diffu-
sive dynamics with mixed-type condition, where a Neumann boundary

condition is considered at x = 0 and a Dirichlet boundary condition at
x = L. As discussed in [4], this combination of boundary conditions is
the most challenging case since the actuator dynamics can be unstable.
For instance, if a Dirichlet boundary condition is considered at x = 0,
that is (0, t) = 0, the boundary condition of the target system [see
(44)—(47)] can be simply taken as w(0,¢) = O since the actuator dy-
namics are stable for U (t) = 0. Another configuration for the boundary
conditions is the mixed-type one given by 9, (0, t) = qa(0, t). In this
case, as discussed in[4], it is possible to define a suitable boundary
problem to be solved to determine a different function g(z), instead
of (37).

B. Controller Design for the Average System

Although the controller in (35) has been effectively designed to
compensate for the distributed diffusion PDE dynamics, this controller
cannot be directly implemented in real-time because it depends on I,
which is not available for measurement. To deal with this issue, we
adopt the resultin [8] to the ESC system with distributed diffusion PDE.
With this extension, we develop a real-time implementable version of
the controller (35).

By substituting (34) into (11), we obtain

yt) =y + E(15‘(t) + asin (wt))?.

B (54)
Then, by substituting (54) into (22), we have
G(t) = %sin (wt) (y + g(ﬁ(t) +asin (m))?)
= zy* sin (wt) + E192(15) sin (wt)

a a
H -2 203

+ — (2a0(t) sin® (wt) + a*sin® (wt)) . (55)
a

Finally, by substituting (54) into (23), it results in

Aty = — % cos (2uwt) <y* + g(ﬂ(t) + asin (m))?)

4H

8 *
= — gy cos (2wt) — = [192(75) cos (2wt)

+ 2a9(t) sin (wt) cos (2wt) + a® sin® (wt) cos (2wt)] .
(56)

By computing the average of G/(t) and H (t), over the time period
27 /w, that is

27

~ w W
Gﬂv(t) = g/o

we obtain from (57) the following average versions of the gradient and
the Hessian estimates, given, respectively, by:

Gu(t) = HOy(t) and H,(t) = H

G(t)dt, Hy(t) = % /0 N H(t)dt (57

(58)

where w is selected sufficiently large such that ¥(¢) is approximately
constant in the averaging analysis.

Then, if we take K = K H in (35), for K > 0 (recall that H < 0),
the average version of the controller (35) becomes

L
Ua(t) = KH,(t) + KH/ 9(y) v (y, 1) dy. (59)
0
By substituting (58) into (59), we have
L
Un(t) = KGu() 4 KH(®) | g)un(y: 0. (©0)
0
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(@) (b)
Fig. 3. Closed-loop simulation of the ESC system with actuation

dynamics governed by the distributed diffusion PDE with the con-
troller (67). (a) Output y(¢) of the static map. (b) Control signal U(t)
of the controller.

Time [s]

Fig. 4. Signals 6(t) and ©(t) of the closed-loop simulation.

Furthermore, by following similar steps, we obtain the following aver-
age system of (30)—(33):

L
Ju(t) = / e (y, £)dy 61)
0
8tuav (1'7 t) = a:wcuav (xa t) (62)
Optay(0,) =0 (63)
Uay (L, 1) = Uy (t) (64)

where 0,4, (t) € R, Uy (t) € R,and z € [0, L]. By invoking Theorem 1,
we can conclude the exponential stability of the average system with
the controller (59), or, equivalently, (60).

C. Stability and Convergence Analysis

Inspired by its average version in (60), and similar to [6], we propose
the following filtered average-based infinite-dimensional controller:

vt =7 {x |60+ [ " gty ]} @

where g(+) is defined in (37) and the low-pass filter operator is defined
as

c

e = {5

} xp(t), o) Ry —-R  (66)
with ¢ > 0 being the corner frequency, £~ {-} is the inverse Laplace
transform operator, and * is the convolution operator.

Alternatively, another important aspect concerning the implemen-
tation of the controller is the measurement of the artificial state
u(z, t). By definition, we have that u(z, t) = 0;a(z, t) = dra(z, t) —
Of(x,t). By taking into account that d;cx(z,t) = Oppx(z,t) and

Time [s]

(b)

Fig. 5. Convergence of the state «(z,t) in a 3-D space. The signal in
red is 6(t) = (1, t), while the signal in blue is «(0,t), both reaching a
neighborhood of ©* = 2. (a) View of 6(t) = «(1,¢) in red. (b) View of
«(0,t) in blue.

OiB(x,t) = Oz B(x,t), and applying integration by parts to the in-
tegration of 9;8(x,t) = Oz, B(x,t) under the boundary conditions
(5)—(8) and (12)—(15), together with (24) the controller (65), can be
rewritten as

U(t) = T{K [é(t) +H(®) (Lé(t) — O(t) + asin (wt))] } .
(67)
In contrast to (65), the expression in (67) is more efficient to implement
in real-time because it does requires measuring only O(¢) instead of
Ora(x,t) = Oz, t). Moreover, with the controller in (67), (33) in
the closed-loop system can be replaced by the following ODE:

Opu(L,t) = —cu(L,t)

+ K [G‘(t) +H() (Lé(t) —O(t) + asin (wt))] (68
This latter representation clarifies the additional dynamics introduced
in the ESC algorithm.

Remark 2: The use of slowing down dither signals in ESC for
time-scale separation is only justified when the (stable) dynamic part is
not properly compensated. In this particular scenario, we would make
use of singular perturbation theory for completing the analysis [13].
However, this is not the unique solution for the dynamic problem. As
we have done for our PDE system, it may be possible to provide an
internal control loop that stabilizes and, most importantly, accelerates
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the system dynamics without appealing to slowing down the dither
frequencies.

Theorem 2: Consider the control system in Fig. 2, with the control
law U (t) given in (65) or (67). There exists w* > 0 such that, Vw > w*,
and K > 0, the closed-loop system (30)—(33) has a unique locally expo-
nentially stable periodic solution in ¢ with period IT := 27 /w, denoted
by 92(t), ut(z,t). This solution satisfies the following condition:

L 1/2
(}19“(t)|2 +/ (un(m))mm) <O(1jw) Vt>0. (69)
0
Moreover,
. * A wr, A _ /Yy
limsup |0(t)—0*|=0O (56\/; t5e VE +1/w) (70)
t—o0
limsup [O(t) — O*| = O (a + 1/w) (71)
t—00
limsup [y(t) — y*| = O (a® + 1/w?). (72)
t—00

Proof: Based on the exponential stability ensured in Theorem 1
and the invertibility of the transformation (36) given in (50), it follows
from (39) and (40) that

L
B (1) 2+ / 2, (2, ) dz
0

L
<ne vt (wav(o)\%r/ uiv(x,o)dx> V>0 (73)
0

after assuming ¢ — 400 in (66) for simplicity. Using similar arguments
as in Theorem 1, it is possible to conclude from (73) that the origin of
the average closed-loop system with the distributed diffusion PDE is
exponentially stable. In the sequel, according to the average theory in
infinite dimensions [9], for w sufficiently large, the closed-loop system
(30)—(33), with U (¢) in (65), has a unique exponentially stable periodic
solution around its equilibrium (origin) satisfying (69).

The asymptotic convergence to a neighborhood of the extremum
point is proved by taking the absolute value of both sides of (34),
resulting in

[O(t) — ©F| = |9(t) + asin (wt)]. (74)

Considering (74) and rewriting it by adding and subtracting the periodic
solution ¥ (¢), it follows that:

1©(t) — ©7| = [9(t) — 9" (t) + 9" (t) + asin (wt)|. (75)

By invoking the average theorem [9], we can conclude that 9(¢)—
9(t) — 0, exponentially. Consequently

limsup |O(t) —O*| = limsup ’19“ (t) + asin (wt)’ . (76)
t—00

t—o00
Finally, by using the relation (69), we obtain the result in (71).
Provided that 0(t) — ©* = 6(t) + S(t) from (24) and (25), recalling
that S(¢) is of order O (%e\/gL—F %ef\/gf‘), as shown in (16),

with lim sup, ., |0(t)| = O(1/w), we obtain the ultimate bound given
in (70).

To prove the convergence of the output y(t), we employ similar
arguments to obtain the bound for ©(¢) by substituting (71) into (11),
such that

lim sup |y(¢) — y*| = lim sup | H9?(t) + Ha? sin (wt)?] . (77)
t—o0

t—o0

Therefore, by rewriting (77) in terms of 9™ (¢) with the help of (69),
we finally obtain (72). |

Remark 3: In this work, we do not employ any quantitative analysis
for determining the values of w or a. Instead, we employ a qualitative
analysis with existence results (for sufficiently large values of w and
sufficiently small values of a), which also sheds light on the control
design and the parameter selections. Note that the roles of the amplitude
a and the frequency w are explicitly shown in (71) and (72) since small
residual errors are possible only for small values of the parameter a and
large w. In practice, there is no showstopper since there exist explicit
expressions for S(¢) and M (t), which are automatically computed with
such values for w and a. However, we recognize that nonconservative
quantitative approaches would be very welcome, such as recent results
for ESC via time-delay approach [31], [32].

IV. NUMERICAL RESULTS

This section presents numerical simulations to illustrate the ef-
fectiveness of the proposed methodology. For illustration, consider a
static map (10) with Hessian H = —2, optimizer ©* =2, and optimal
output y*=>5. For the distributed diffusion PDE in (1) and (2) that
describes the behavior of the actuator, we consider L = 1 and € = 1.
For the controller in (67), we consider the gain K = 0.2 and the
corner frequency c¢ = 10 for the corresponding low-pass filter. For
implementation purposes [8], we also consider a high-pass filter in the
gradient estimation é(t) and a low-pass filter in the Hessian estimation
H (t). For the perturbation and demodulation signals, it is considered
a = 0.2 and w = 10rad/s. We invoke Lemma 1 to design A and ¢ in
S(t) given in (16). We obtain A = 0.1348 and ¢ = —1.4396 rad from
the provided parameters a and w.

The output of the static map [given in (10)] of the closed-loop
system is shown in Fig. 3(a), where it is possible to observe the
convergence to the unknown extremum point y* = 5. The signal U (¢)
of the compensation controller implemented as in (67) is presented in
Fig. 3(b).

The signals of the parameters 6(¢) and O(¢) are shown in Fig. 4,
where it is also possible to note the convergence to the neighborhood
of the optimal value ©* = 2.

The evolution of the distributed diffusion PDE (5)—(8) of the closed-
loop system in a 3-D space with the space domain x € [0, 1] and the
time ¢. The curves in blue and red show the convergence of «(0, ) and
0(t) = a(1,t) to a small neighborhood around the optimizer ©* = 2,
respectively, as shown in Fig. 5.

V. CONCLUSION

This article has addressed the ESC problem of locally quadratic
static scalar maps with actuation dynamics governed by distributed
diffusion PDEs. Concerning the appropriate design of the perturbation
signal and the controller to compensate for the distributed diffusion PDE
dynamics, the exponential stability of the closed-loop average system
was guaranteed. Then, we have proved that the trajectories converge to a
small neighborhood around the optimum point. Numerical simulations
clearly illustrated the effectiveness of the proposed ESC scheme. Al-
though Tsubakino et al. [29] addressed the ESC for distributed delays,
neither the control design nor the trajectory generation problem could be
applied to deal with distributed diffusion PDEs. Concerning the control
design, Theorem 1 is different than the corresponding stability analysis
in [29], which is based on Artstein’s reduction approach. Here, we have
employed a backstepping-like procedure more related to [4]. Concern-
ing the trajectory generation problem, the result proposed in Lemma 1
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is novel relative not only to [29] but also to other related work in the
literature. Notably, this has been the first effort to pursue an extension
of ESC from the heat PDE to the class of distributed diffusion. Future
work directions include the ESC for other classes of distributed PDEs,
the inclusion of delays using the tools presented in [19], and the use of
Newton-based algorithms for improving convergence [19], including
nonsmooth or time-varying approaches for finite/fixed/prescribed-time
convergence [23], [28], [30].
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