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 a b s t r a c t

We present multivariable extremum seeking (ES) designs that achieve unbiased convergence of the 
inputs to their corresponding optima, eliminating steady-state oscillations. Two designs are introduced: 
one with exponential unbiased convergence (unbiased extremum seeker, uES) and the other with user-
assignable prescribed-time unbiased convergence (unbiased PT extremum seeker, uPT-ES). In contrast 
to the conventional ES, which uses persistent sinusoids and results in steady-state oscillations around 
the optimum, the exponential uES employs an exponentially decaying amplitude in the perturbation 
signal (for achieving convergence) and an exponentially growing demodulation signal (for making 
the convergence unbiased). The achievement of unbiased convergence also entails employing an 
adaptation gain that is sufficiently large in relation to the decay rate of the perturbation amplitude. 
Stated concisely, the bias is eliminated by having the learning process outpace the waning of the 
perturbation. The other algorithm, uPT-ES, employs prescribed-time convergent/blow-up functions in 
place of constant amplitudes of sinusoids, and it also replaces constant-frequency sinusoids with chirp 
signals whose frequency grows over time. Among the convergence results in the ES literature, uPT-ES 
may be the strongest yet in terms of the convergence rate (prescribed-time) and accuracy (unbiased). 
To enhance the robustness of uES to a time-varying optimum, exponential functions are modified to 
keep oscillations at steady state. Stability analysis of the designs is based on a state transformation, 
averaging, local exponential/PT stability of the averaged system, local stability of the transformed 
system, and local exponential/PT stability of the original system. For numerical implementation of 
the developed ES schemes and comparison with previous ES designs, the problem of source seeking 
by a two-dimensional velocity-actuated point mass is considered.

© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

A brief historical background. Extremum Seeking (ES) was 
originally invented in 1922 by Maurice LeBlanc, a French indus-
trialist and inventor (Leblanc, 1922). The algorithm was studied 
extensively in the 1950s and 1960s under the names ‘‘extremum 
control’’ and ‘‘self-optimizing control’’ (Draper & Li, 1951; Mo-
rosanov, 1957; Pervozvanskii, 1960). After that, ES experienced a 
period of stagnation. It wasn’t until the development of a stability 
proof in Krstic and Wang (2000) around the year 2000 that the 
algorithm began to regain momentum. Since then, the field of 
ES has witnessed remarkable theoretical advancements (Dürr, 
Stanković, Ebenbauer, & Johansson, 2013; Ghaffari, Krstić, & Nešić, 
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2012; Oliveira & Krstic, 2022; Oliveira, Krstić, & Tsubakino, 2016; 
Scheinker, 2024; Scheinker & Krstić, 2017), and has found practi-
cal applications across various domains (Ghaffari, Krstić, & Sesha-
giri, 2014; Scheinker, Huang, & Taylor, 2021; Zhang, Siranosian, & 
Krstić, 2007).

1.1. Extremum seeking with time-varying perturbation

Extremum Seeking is a valuable form of adaptive control for 
discovering optimal solutions in systems with uncertainties af-
fecting their input–output map. Thanks to its model-free nature 
and convergence guarantees, ES has been a uniquely effective 
optimization technique for locating and tracking the optima of 
cost functions associated to static and dynamic systems. The 
fundamental principle of ES is to introduce a small perturba-
tion to the system through an excitation signal, observe the 
system’s response, estimate the gradient by demodulating the 
output, and adjust the system’s inputs towards the vicinity of the 
optima. Due to the persistent excitation present in the process, 
achieving exact convergence to the extremum cannot be en-
sured, and instead, steady-state oscillations around the extremum 
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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are commonly observed. While these oscillations ensure robust-
ness against potential drifts in the optima, eliminating them and 
reducing the convergence error offer significant advantages in 
various applications, such as maximizing power extraction in 
solar systems (Moura & Chang, 2013), more accurate localization 
of leakage sources (Jabeen, Meng, Jing, & Hou, 2023), improved 
tuning of controller parameters (Killingsworth & Krstic, 2006), 
and increased efficiency in combustion engines (Killingsworth, 
Aceves, Flowers, Espinosa-Loza, & Krstic, 2009).

In addressing the steady-state oscillation problem in classical 
ES, a scheme with a decaying perturbation amplitude is intro-
duced in Tan, Nešić, Mareels, and Astolfi (2009). By choosing 
a sufficiently large initial value of the amplitude, convergence 
to an arbitrarily small neighborhood of the global extremum is 
guaranteed in the presence of local extrema. This result is fol-
lowed by Wang, Chen, and Ma (2016), which claims exponential 
and unbiased convergence to a local extremum by updating the 
amplitude based on the system output. However, this claim has 
later been proven to be incorrect in Atta and Guay (2019). Indeed, 
as clarified in Atta and Guay (2019), under certain conditions, 
the algorithm of Wang et al. (2016) enables convergence to a 
point on a manifold that is not necessarily an extremum. In 
the literature, several non-smooth ES designs have been pro-
posed to address the issue of biased convergence. In Scheinker 
and Krstić (2014), an instance of a non-smooth ES design is 
presented with the objective of reducing perturbations as the 
system approaches zero. Subsequently, the authors of Suttner 
and Dashkovskiy (2017) demonstrate exponential convergence to 
zero. In Grushkovskaya, Zuyev, and Ebenbauer (2018), a formula 
for the design of ES vanishing at the extremum is provided, uni-
fying and generalizing previous results (Scheinker & Krstić, 2014) 
and (Suttner & Dashkovskiy, 2017). The asymptotic and exponen-
tial convergence to zero is guaranteed in Grushkovskaya et al. 
(2018) under some restrictive assumptions on the cost function. 
An interesting extension of the framework in Grushkovskaya et al. 
(2018) to dynamic systems can be found in Grushkovskaya and 
Ebenbauer (2021). It is important to highlight that all the results 
in Grushkovskaya and Ebenbauer (2021), Grushkovskaya et al. 
(2018), Scheinker and Krstić (2014), and Suttner and Dashkovskiy 
(2017), are derived assuming that the exact location of the opti-
mum point is unknown, while the corresponding value of the cost 
function at the optimum is known. This restrictive assumption is 
removed in Bhattacharjee and Subbarao (2021) and Pokhrel and 
Eisa (2023), which achieve asymptotic convergence to a neigh-
borhood of the extremum with vanishing oscillation by updating 
the amplitude based on the gradient estimate. In order to reduce 
convergence bias, Lauand and Meyn (2022a) introduce filtering 
techniques and diminishes learning/update gains while maintain-
ing a constant perturbation amplitude. The method in Lauand 
and Meyn (2022a) is termed ‘‘quasi-stochastic approximation’’ 
(QSA), wherein stochastic perturbations in stochastic approxima-
tion (SA) are replaced with periodic ones, resembling classical ES. 
Building on Lauand and Meyn (2022a), Lauand and Meyn (2022b) 
further develop QSA by introducing state-dependent probing sig-
nals for improved transient performance, despite not guarantee-
ing unbiased convergence. An asymptotic convergence directly 
to the optimum, without requiring knowledge of the cost func-
tion, is achieved in Abdelgalil and Taha (2021) under specific 
initial conditions, in Guay (2020) using an uncertainty estimation 
approach, in Haring and Johansen (2016) with time-varying tun-
ing parameters that decay asymptotically, and in Suttner (2019) 
through unboundedly growing update rates and frequencies. In a 
nutshell, none of the aforementioned results, which are based on 
classical and Lie brackets averaging or QSA, achieve exponential 
and unbiased convergence directly to the unknown extremum.
2

In the present contribution, we propose a new control frame-
work termed exponential unbiased extremum seeker (uES) to en-
sure exponential and unbiased convergence by finely upgrading the 
perturbation signals design of classical averaging-based ES. The 
proposed design approach still retains the robustness feature of 
classical ES design in the sense that it has the ability to perform 
adaptation when the extremum, rather than being stationary, is 
subject to a relatively smooth time-varying drift: steady-state 
oscillations are often crucial to preserve the liveliness of the opti-
mization algorithm. Specifically, under the occurrence of drifting 
optima, users are provided with flexible design parameters to 
fine-tune the perturbation signal by gradually decreasing its am-
plitude as the output approaches the extremum, which avoids a 
complete cessation of the adaptation mechanism and guarantees 
convergence to an arbitrarily small neighborhood of the opti-
mum. The adjustable oscillations mechanism plays a crucial role 
in establishing the duality between unbiased convergence and 
robustness.

1.2. Prescribed-time extremum seeking

Recent years have seen the emergence of ES paradigms that 
exhibit the remarkable capability to converge to a neighborhood 
of the extremum within a finite time interval. These advance-
ments have revolutionized the traditional ES algorithm by en-
hancing its capabilities, leading to significant progress in the areas 
of finite-time stability, as explored in Guay and Benosman (2021), 
and fixed-time stability, as developed in Poveda and Krstić (2021), 
Poveda and Krstic (2021). The key distinction between finite-
time and fixed-time stability lies in that the convergence time 
in fixed-time stability is independent of initial conditions and 
has a fixed upper bound determined by the system’s parameters 
for any initial condition whereas the convergence time in finite-
time stability is dependent on initial conditions. More demanding 
than the two previously invoked stability concepts, the notion 
of fixed-time stability in user-prescribed time, referred to as 
prescribed-time stability, has been more recently introduced to 
the control literature by Song, Wang, Holloway, and Krstic (2017) 
as the strongest among the existing time-constrained control 
design methodologies. Generally speaking, providing control de-
signers with the ability to pre-assign a terminal time, regardless 
of initial conditions and system’s parameters, empowers them 
with a substantial degree of control authority over the dynamics 
of the system. The implementation of prescribed-time extremum 
seeking (PT-ES) has been achieved by the authors in Todorovski 
and Krstic (2023) and Yilmaz and Krstic (2024) using chirp sig-
nals and growing time-varying gains. Specifically, Todorovski and 
Krstic (2023) introduce a PT-ES-based source seeking scheme for 
unicycles while Yilmaz and Krstic (2024) develop PT-ES schemes 
that incorporate compensation techniques for delay, diffusion 
partial differential equations (PDEs), and wave PDEs.

The basic principle behind prescribed-time stability of nonlin-
ear systems in Song et al. (2017), is that, the system is driven 
to its equilibrium using monotonically increasing controller gain 
functions that blow up at the final time. Since convergence of 
the states occurs faster than divergence of the gains, the input 
signal remains bounded. However, the outputs of PT-ES designs 
in Todorovski and Krstic (2023) and Yilmaz and Krstic (2024) 
converge to a neighborhood of the extremum while leading to 
unbounded control signals. Our contribution develops an unbiased 
PT-ES (uPT-ES) that converges to the extremum without bias and 
ensures boundedness of control signals. Unlike finite-time ES (Guay 
& Benosman, 2021) and fixed-time ES (Poveda & Krstić, 2021; 
Poveda & Krstic, 2021) algorithms, which exhibit steady-state os-
cillations after reaching the terminal time, the developed uPT-ES: 
(i) eliminates steady-state oscillations, (ii) guarantees unbiased 
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convergence to the extremum, and (iii) achieves this within an 
arbitrarily defined terminal time, independent of initial condi-
tions and system parameters. This fast and accurate optimization 
is critical in specific applications such as particle accelerators with 
high-frequency electromagnetic fields, where extremely precise 
control of electric field amplitude and phase is necessary within 
strict tolerances and short time frames (Scheinker, Huang, & Wu, 
2017).

1.3. Contributions and organization

The contributions of this paper consist of three ES algorithms: 
(i) exponential uES with vanishing oscillations and unbiased con-
vergence, (ii) robust exponential ES with adjustable oscillations, 
but less accurate convergence, (iii) uPT-ES with vanishing oscil-
lations and unbiased convergence in prescribed time. Our expo-
nential uES is the first to provide exponentially fast convergence 
directly to the true optimum. The uPT-ES offers the strongest 
results to date in the field in terms of both rate (arbitrarily fast) 
and accuracy (zero error).

The concept of exponential uES relies on an exponential decay 
function that reduces the effect of the perturbation signal and 
the use of its multiplicative inverse, which grows exponentially, 
to maximize the effect of the demodulation signal multiplied 
by the high-pass filtered output. Similar to the prescribed-time 
stabilization concept presented in Song et al. (2017), the con-
vergence of the filtered output occurs at a faster rate than the 
divergence of the inverse function and the convergence of the 
perturbation, keeping the controller bounded. For the stability 
analysis, we transform the system using the exponentially grow-
ing function and then apply classical averaging and singular per-
turbation methods to show the local stability of the transformed 
system, which in turn implies the local exponential stability 
of the original system as well as exponential convergence of 
the output to the extremum with proper choice of gains. We 
introduce the robust exponential ES, which is our second al-
gorithm, by modifying the exponential decay function so that 
it converges to a small value arbitrarily defined. Our third and 
final algorithm, uPT-ES, replaces the exponential decay func-
tion with a prescribed-time convergent function and employs 
chirp signals as perturbation/demodulation signals that grow in 
frequency over time and ultimately diverge to infinity at the 
terminal. The prescribed-time stability of the closed-loop system 
is achieved by using a time-dilation transformation, a state trans-
formation, a classical averaging method, and a time-contraction 
transformation.

We evaluate our three ES designs numerically by studying the 
source seeking problem with a two-dimensional velocity actuated 
point mass, which has been previously solved with a traditional 
ES in Zhang et al. (2007). A discovery that stands as a common 
ground of the proposed unbiased algorithms is a duality between 
learning and unbiased convergence: learning must occur at a rate 
that surpasses the rate of decay of the waning oscillations.

The conference version of this paper (Yilmaz, Diagne, & Krstic, 
2023) introduces the exponential uES for static and dynamic 
maps, which form Sections 2 and 4 of the current paper. This 
journal paper builds upon that work and introduces two addi-
tional contributions. Section 3 explores the concept of uPT-ES 
while Section 5 focuses on the robust exponential ES. The sub-
sequent sections of the paper are organized as follows: Section 6 
presents our approaches to solving the source seeking problem. 
The numerical results are presented and analyzed in Section 7. 
The paper concludes with Section 8.
3

2. Exponential unbiased extremum seeker for static maps

We consider the following optimization problem 
max
θ∈Rn

h(θ ), (1)

where θ ∈ Rn is the input and h ∈ Rn
→ R is an unknown 

smooth function. We make the following assumption regarding 
the unknown static map h(·): 

Assumption 1.  The function h is C4, and there exists θ∗
∈ Rn

such that
∂

∂θ
h(θ∗) = 0, (2)

∂2

∂θ2 h(θ
∗) = H < 0, H = HT . (3)

Assumption  1 requires the function h(·) to be four times con-
tinuously differentiable. Compared to the C2 assumption made in 
the classical design (Krstic & Wang, 2000), the C4 assumption is 
necessary for the application of the classical averaging theorem, 
as the perturbation and demodulation signal amplitudes in our 
closed-loop system are time-varying and treated as part of the 
system state. A detailed discussion on this is to be given. The 
conditions (2) and (3) ensure the existence and uniqueness of a 
maximum of the function h(θ ) at θ = θ∗. The negative definite 
Hessian matrix H in (3) implies strong concavity at θ∗ (or strong 
convexity if H were positive definite).

We measure the unknown function h(θ ) in real time as follows

y(t) = h(θ (t)), t ∈ [t0, ∞), (4)

in which y ∈ R is the output. Our aim is to design an ES algorithm 
using output feedback y(t) in order to achieve exponential con-
vergence of θ to θ∗ while simultaneously maximizing the steady 
state value of y, without requiring prior knowledge of either θ∗

or the function h(·). Our exponential uES design for static maps 
is schematically illustrated in Fig.  1, where K  is an n× n positive 
diagonal matrix, the filter coefficients ωh and ωl are positive real 
numbers, the perturbation and demodulation signals are defined 
as

S(t) =
[
a1 sin(ω1t) · · · an sin(ωnt)

]T
, (5)

M(t) =

[
2
a1

sin(ω1t) · · ·
2
an

sin(ωnt)
]T

, (6)

respectively and the exponential decay function α is governed by 
α̇(t) = − λα(t), α(t0) = α0. (7)

The parameters α0, λ are positive real numbers, the amplitudes 
ai are real numbers, ωi/ωj are rational and the frequencies are 
chosen such that ωi ̸= ωj and ωi + ωj ̸= ωk for distinct i, j and k. 
Note that the magnitude of α0 determines the initial perturbation 
amplitude; a larger α0 leads to larger-amplitude oscillations at 
the beginning. We select the probing frequencies ωi’s as follows 
ωi = ωω′

i, i ∈ {1, 2, . . . , n}, (8)

where ω is a positive constant and ω′

i is a rational number. In 
addition, the parameters should satisfy the following conditions:

λ <
ωl

2
,
ωh

2
, (9)

K > (ωl − λ)
λ

ωl

(
1

−H

)
> 0, (10)

where division by the matrix −H denotes multiplication by its 
inverse, −H−1. Note that if K > λ

−H , stability is achieved for 
all admissible λ (not exceeding ω /2). The algorithm can be 
l
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Fig. 1. Exponential uES scheme. The design uses an exponential decay function 
α to gradually reduce the effect of the perturbation signal S(t) and its multi-
plicative inverse 1

α
 to gradually increase the effect of the demodulation signal 

M(t).

used without the low-pass filter, in which case these conditions 
become, taking the limit ωl → ∞,

λ <
ωh

2
, (11)

K >
λ

−H
> 0. (12)

The interpretation of the conditions is that perturbation ampli-
tude α and the demodulation amplitude 1/α can decay and grow, 
respectively, but not too fast, while the estimate θ̂ needs to be up-
dated fast enough, for the given rate of decay/growth of the am-
plitudes. In essence, learning needs to outpace the waning of the 
perturbation. Additionally, to satisfy the condition in (10) or (12), 
the gain K  should be chosen sufficiently large as the Hessian ma-
trix H is unknown. However, a large gain K  may adversely affect 
transient performance, leading to significant overshoot. To make 
the conditions independent of H , a potential solution is to employ 
a Newton-based approach, as developed in Ghaffari et al. (2012).

We summarize closed-loop system depicted in Fig.  1 as follows

d
dt

⎡⎢⎢⎣
θ̃

Ĝ
η̃

α

⎤⎥⎥⎦ =

⎡⎢⎢⎣
KĜ

−ωlĜ + ωl(y − h(θ∗) − η̃) 1
α
M(t)

−ωhη̃ + ωh(y − h(θ∗))
−λα

⎤⎥⎥⎦ , (13)

in view of the transformations

θ̃ = θ̂ − θ∗, (14)

η̃ = η − h(θ∗), (15)

where η is governed by 
η̇ = −ωhη + ωhy. (16)

The convergence result is stated in the following theorem. 

Theorem 1.  Consider the feedback system (13) with the parameters 
that satisfy (9), (10) under Assumption  1. There exists ω̄ and for 
any ω > ω̄ there exists an open ball B centered at the point 
(θ̂ , Ĝ, η, α) = (θ∗, 0, h(θ∗), 0) =: Υ  such that for any initial 
condition starting in the ball B, the system (13) has a unique solution 
and the solution converges exponentially to Υ . Furthermore, y(t)
exponentially converges to h(θ∗).

Before presenting the proof, we need to emphasize that the 
system (13) does not exhibit an equilibrium point in the con-
ventional sense. Theorem  1 establishes the convergence of the 
system to a point Υ  within the state space. This point, Υ , is not 
an asymptotically or exponentially stable equilibrium; rather, it 
represents a specific point in the state space towards which the 
system converges.
4

Proof.  Let us proceed through the proof step by step.
Step 1: State transformation. Consider the following trans-

formations 

θ̃f =
1
α

θ̃, Ĝf =
1
α
Ĝ, η̃f =

1
α2 η̃, (17)

which transform (13) to the following system
d
dt

[
θ̃f Ĝf η̃f α

]T
=

⎡⎢⎢⎣
λθ̃f + KĜf

(λ − ωl)Ĝf + ωl
[
ν(θ̃f α + S(t)α) − η̃f α

2
] M(t)

α2

(2λ − ωh)η̃f + ωh
1
α2 ν(θ̃f α + S(t)α)

−λα

⎤⎥⎥⎦ , (18)

where 

ν(z) = h(θ∗
+ z) − h(θ∗) (19)

with z = θ̃f α + S(t)α in view of θ = θ̂ + S(t)α and (14). From 
Assumption  1, we get 

ν(0) = 0,
∂

∂z
ν(0) = 0,

∂2

∂z2
ν(0) = H < 0. (20)

Step 2: Verification of the feasibility of (18) for averaging.
We rewrite the system (18) in the time scale τ = ωt as follows

d
dτ

[
θ̃f Ĝf η̃f α

]T
=

1
ω

⎡⎢⎢⎣
λθ̃f + KĜf

(λ − ωl)Ĝf + ωl
[
ν(θ̃f α + S̄(τ )α) − η̃f α

2
] M̄(τ )

α2

(2λ − ωh)η̃f + ωh
1
α2 ν(θ̃f α + S̄(τ )α)

−λα

⎤⎥⎥⎦ , (21)

where S̄(τ ) = S(τ/ω), M̄(τ ) = M(τ/ω). Let us write the system 
(21) in compact form as 
dζf
dτ

= (1/ω)F(τ , ζf ), (22)

where ζf =
[
θ̃f Ĝf η̃f α

]T
, and F(τ , ζf ) represents the 

vector on the right-hand side of (21). For the application of the 
averaging theorem in Khalil (2002), we need to show that F(τ , ζf )
and its partial derivatives with respect to ζf  up to the second 
order on compact sets of ζf  for all τ ≥ ωt0 are continuous 
and bounded. The proof is trivial for F(τ , ζf ) excluding the term 
ν(αθ̃f + αS̄(τ )) 1

α2 . To complete the proof, we utilize Taylor’s 
theorem to write 

ν(z) =

n∑
i=1

n∑
j=1

zizj

∫ 1

0
(1 − s)

∂2ν

∂zi∂zj
(sz)ds (23)

in view of (20). By substituting z = αθ̃f + αS̄(τ ) into (23) and 
multiplying both sides by 1

α2 , we obtain

1
α2 ν(θ̃f α + S̄(τ )α) =

n∑
i=1

n∑
j=1

(θ̃fi + ai sin(ω′

iτ ))(θ̃fj + aj

× sin(ω′

jτ ))
∫ 1

0
(1 − s)

∂2ν

∂zi∂zj

(
sθ̃f α + sS̄(τ )α

)
ds. (24)

Next, we apply the mean value theorem to obtain

1
α2 ν(θ̃f α + S̄(τ )α) =

1
2

n∑
i=1

n∑
j=1

(θ̃fi + ai sin(ω′

iτ ))(θ̃fj

+ aj sin(ω′

jτ ))
∂2ν

∂zi∂zj

(
sθ̃f α + sS̄(τ )α

)
(25)
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for some s ∈ [0, 1]. By Assumption  1, (25) is continuous and 
bounded on compact sets of θ̃f  and α. Considering the C4 property 
of ν and using the mean value theorem, we prove the continuity 
and boundedness of the partial derivatives of (24) with respect 
to θ̃f  and α up to the second order on compact sets of θ̃f  and 
α. Therefore, F(τ , ζf ) satisfies the continuity and boundedness 
assumptions of the averaging theorem in Khalil (2002).

Step 3: Averaging operation. Let us define the common pe-
riod of the probing frequencies as follows 

Π = 2π × LCM
{

1
ωi

}
, i ∈ {1, 2 . . . , n}, (26)

where LCM stands for the least common multiple. The average of 
the system (21) over the period Π is given by

d
dτ

⎡⎢⎢⎣
θ̃ a
f

Ĝa
f

η̃a
f

αa

⎤⎥⎥⎦
T

=
1
ω

⎡⎢⎢⎣
λθ̃ a

f + KĜa
f

(λ − ωl)Ĝa
f

(2λ − ωh)η̃a
f

−λαa

⎤⎥⎥⎦

+
1
ω

⎡⎢⎢⎣
0

ωl
1
Π

∫ Π

0 ν(θ̃ a
f α

a
+ S̄(σ )αa) M̄(σ )

(αa)2
dσ

ωh
1
Π

∫ Π

0 ν(θ̃ a
f α

a
+ S̄(σ )αa) 1

(αa)2
dσ

0

⎤⎥⎥⎦ , (27)

where θ̃ a
f , Ĝ

a
f , η̃

a
f  and αa denote the average versions of the states 

θ̃f , Ĝf , η̃f  and α, respectively. It follows from (27) that the average 
equilibrium denoted as 

[
θ̃
a,e
f Ĝa,e

f η̃
a,e
f αa,e

]T
 satisfies

λθ̃
a,e
f = − KĜa,e

f ,

αa,e
= 0,

(ωl − λ)Ĝa,e
f

= lim
αa,e→0

[
ωl

Π

∫ Π

0
ν(θ̃ a,e

f αa,e
+ S̄(σ )αa,e)

M̄(σ )
(αa,e)2

dσ
]

,

(ωh − 2λ)η̃a,e
f

= lim
αa,e→0

[
ωh

Π

∫ Π

0
ν(θ̃ a,e

f αa,e
+ S̄(σ )αa,e)

1
(αa,e)2

dσ
]

. (28)

By performing a Taylor series approximation of ν in view of (20) 
as follows

ν(z) =
1
2

n∑
i=1

n∑
j=1

∂2ν

∂zi∂zj
(0)zizj

+
1
3!

n∑
i=1

n∑
j=1

n∑
k=1

∂3ν

∂zi∂zj∂zk
(0)zizjzk + O(|z|4) (29)

with z = θ̃
a,e
f αa,e

+ S̄(σ )αa,e, we compute

lim
αa,e→0

[
1
Π

∫ Π

0
ν(θ̃ a,e

f αa,e
+ S̄(σ )αa,e)

M̄(σ )
(αa,e)2

dσ
]

= lim
αa,e→0

[
1
Π

∫ Π

0

1
2

n∑
i=1

n∑
j=1

∂2ν

∂zi∂zj
(0)(θ̃ a,e

fi
+ ai sin(ω′

iσ ))

× (θ̃ a,e
fj

+ aj sin(ω′

jσ ))(αa,e)2
M̄(σ )
(αa,e)2

dσ +
(αa,e)3

(αa,e)2
O(|a|2)

]
,

= H θ̃
a,e
f , (30)
and

5

lim
αa,e→0

[
1
Π

∫ Π

0
ν(θ̃ a,e

f αa,e
+ S̄(σ )αa,e)

1
(αa,e)2

dσ
]

=
1
2

n∑
i=1

n∑
j=1

Hi,jθ̃
a,e
fi

θ̃
a,e
fj

+
1
4

n∑
i=1

Hi,ia2i , (31)

by L’Hospital’s rule, where Hi,j =
∂2ν

∂zi∂zj
(0) and θ̃ a,e

fi
 is the ith 

element of θ̃ a,e
f . Then, we obtain the equilibrium of the average 

system (27) as[
θ̃
a,e
f Ĝa,e

f η̃
a,e
f αa,e

]T
=
[
01×n 01×n

ωh
4(ωh−2λ)

∑n
i=1 Hi,ia2i 0

]T
, (32)

provided that ωl ̸= λ, ωh ̸= 2λ and K ̸= λ(λ − ωl)ω−1
l H−1.

Step 4: Stability analysis. The Jacobian of the average system 
(27) at the equilibrium (32) is given by

Jaf

=
1
ω

⎡⎢⎢⎢⎢⎢⎣
λIn×n K 0n×1 0n×1

ωlH (λ − ωl)In×n 0n×1
ωl
Π

∫ Π

0

∂

(
νM̄

(αa)2

)
∂αa dσ

01×n 01×n (2λ − ωh)
ωh
Π

∫ Π

0

∂

(
ν

(αa)2

)
∂αa dσ

01×n 01×n 0 −λ

⎤⎥⎥⎥⎥⎥⎦ .

(33)

Note that Jaf  is block-upper-triangular and Hurwitz provided that 
(9) and (10) are satisfied. This proves the local exponential sta-
bility of the average system (27). Then, based on the averaging 
theorem (Khalil, 2002), we show that there exists ω̄ and for 
any ω > ω̄, the system (21) has a unique exponentially stable 
periodic solution (θ̃Π

f (τ ), ĜΠ
f (τ ), η̃Π

f (τ ), αΠ (τ )) of period Π and 
this solution satisfies ⏐⏐⏐⏐⏐⏐⏐⏐
⎡⎢⎢⎣

θ̃Π
f (τ )

ĜΠ
f (τ )

η̃Π
f (τ ) −

ωh
4(ωh−2λ)

∑n
i=1 Hi,ia2i

αΠ (τ )

⎤⎥⎥⎦
⏐⏐⏐⏐⏐⏐⏐⏐ ≤ O

(
1
ω

)
. (34)

In other words, all solutions (θ̃f (τ ), Ĝf (τ ), η̃f (τ ), α(τ )) exponen-
tially converge to an O (1/ω)-neighborhood of the equilibrium 
point in (32). The signal α(τ ), in particular, exponentially con-
verges to zero. Noting this fact and recalling the transforma-
tions (17), we can deduce that the system (13) with states 
θ̃ (t), Ĝ(t), η̃(t) has a unique solution and is exponentially stable 
at the origin. In particular, based on (17), both θ̃ (t) and Ĝ(t)
exhibit exponential convergence to zero at a rate of λ, while η̃(t)
converges to zero exponentially with a rate of 2λ.

Step 5: Convergence to extremum. Considering the results in 
Step 4 and recalling from (17) and Fig.  1 that 

θ (t) = α(t)θ̃f (t) + θ∗
+ α(t)S(t), (35)

we conclude the exponential convergence of θ (t) to θ∗ at the rate 
of λ. Taking into account the boundedness of θ̃f (t) for all t ≥ t0, 
we deduce from (19) and (25) the exponential convergence of 
y(t) = h(θ (t)) to h(θ∗) at the rate of 2λ. This completes the proof 
of Theorem  1. 

According to Theorem  1, the initial value of the decaying 
function α(t) should be sufficiently close to zero, which limits the 
range of possible values for α0 in (7). This can also be interpreted 
as the requirement for the amplitudes to be small enough in 
traditional extremum-seeking approaches.
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Fig. 2. uPT-ES scheme. The design modifies the exponential uES in Fig.  1 by incorporating µq , with q ≥ 1, into all system dynamics and using hyperbolic chirps in 
the perturbation and demodulation signals.
3. Unbiased prescribed-time extremum seeker for static maps

In this section, our aim is to design an ES algorithm for static 
maps, which guarantees the unbiased convergence of θ to θ∗

within a terminal time T , where the time T  is prescribed by user 
a priori. Our uPT-ES design is schematically illustrated in Fig.  2. 
Different from the exponentially convergent α-dynamics (7), we 
define a prescribed-time convergent α-dynamics as follows 
α̇(t) = − λµq(t − t0)α(t), α(t0) = α0 (36)

with q ≥ 1 and the following smooth function 

µ(t − t0) =
T

T + t0 − t
, t ∈ [t0, t0 + T ). (37)

The solution of (36) is given by

α(t) = α(t0)e
−λ

∫ t
t0

µq(σ−t0)dσ

=

{
α0µ

−λT (t − t0), if q = 1,

α0e
−

λT
q−1

(
µq−1(t−t0)−1

)
, if q > 1

(38)

with the property that α(t0 + T ) = 0. Note that the growth of the 
µ-signal in the second condition of (38) increases as q is increased 
beyond 1, resulting in a faster decay of the α-signal.

We summarize closed-loop system depicted in Fig.  2 as follows

d
dt

⎡⎢⎢⎣
θ̃

Ĝ
η̃

α

⎤⎥⎥⎦ =

⎡⎢⎢⎣
KµqĜ

−ωlµ
qĜ + ωlµ

q(y − h(θ∗) − η̃) 1
α
M(µ)

−ωhµ
qη̃ + ωhµ

q(y − h(θ∗))
−λµqα

⎤⎥⎥⎦ , (39)

in view of the transformations (14), (15) where η is governed by 
η̇ = (−ωhη + ωhy)µq. (40)

We define the following dilation and contraction transforma-
tions

τ̌ =

{
t0 + T ln(µ), if q = 1,

t0 + T
(

µq−1
−1

q−1

)
, if q > 1,

(41)

t =

⎧⎪⎨⎪⎩
t0 + T

(
1 − e−

τ̌−t0
T

)
, if q = 1,

t0 + T
(
1 −

(
T

T+(q−1)(τ̌−t0)

) 1
q−1
)

, if q > 1,
(42)

for τ̌ ∈ [t0, ∞), t ∈ [t0, t0 + T ). To achieve PT convergence to the 
extremum, we replace the sinusoids with ‘‘chirpy’’ perturbation 
and demodulation signals whose frequency grows rather than 
being constant:
S(µ)
6

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

[
a1 sin(ω1(t0 + T ln(µ))) . . .

· · · an sin(ωn(t0 + T ln(µ)))
]
T , if q = 1,[

a1 sin
(
ω1

(
t0 + T µq−1

−1
q−1

))
. . .

· · · an sin
(
ωn

(
t0 + T µq−1

−1
q−1

)) ]
T , if q > 1,

(43)

M(µ)

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

[
2
a1

sin(ω1(t0 + T ln(µ))) . . .

· · ·
2
an

sin(ωn(t0 + T ln(µ)))
]
T , if q = 1,[

2
a1

sin
(
ω1

(
t0 + T µq−1

−1
q−1

))
. . .

· · ·
2
an

sin
(
ωn

(
t0 + T µq−1

−1
q−1

)) ]
T , if q > 1.

(44)

PT convergence is achieved at the expense of unboundedly grow-
ing excitation frequencies. In practice, the instantaneous frequen-
cies (i.e., the first derivatives of the arguments of the sinusoids 
in (43) and (44)) can be limited to suitably large values that 
remain within hardware constraints. This ensures convergence 
within a neighborhood of the extremum, the size of which is 
determined by the maximum achievable perturbation frequency. 
For example, when q = 1 in (44), the instantaneous frequency 
is given by d

dt (ω1(t0 + T ln(µ))) = ω1µ, recalling (37). The 
convergence result is stated in the following theorem. 

Theorem 2.  Consider the feedback system (39) with the parameters 
that satisfy (9), (10) under Assumption  1. There exists ω̄ and for 
any ω > ω̄ there exists an open ball B centered at the point 
(θ̂ , Ĝ, η, α) = (θ∗, 0, h(θ∗), 0) =: Υ  such that for any initial 
condition starting in the ball B, the system (39) has a unique solution 
and the solution converges to Υ  in prescribed time T . Furthermore, 
y(t) converges to h(θ∗) in prescribed time T .

Proof.  Step 0: Time dilation from t to τ̌  Considering (41), (42) 
along with 
dτ̌
dt

= µq(t − t0), (45)

we can write the system (39) in the dilated τ̌ -domain 

d
dτ̌

⎡⎢⎢⎣
θ̃

Ĝ
η̃

α

⎤⎥⎥⎦ =

⎡⎢⎢⎣
KĜ

−ωlĜ + ωl(y − h(θ∗) − η̃) 1
α
M(τ̌ )

−ωhη̃ + ωh(y − h(θ∗))
−λα

⎤⎥⎥⎦ , (46)

with the following perturbation/demodulation signals

S(τ̌ ) =
[
a sin(ω τ̌ ) · · · a sin(ω τ̌ )

]T
, (47)
1 1 n n
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M(τ̌ ) =

[
2
a1

sin(ω1τ̌ ) · · ·
2
an

sin(ωnτ̌ )
]T

. (48)

Note that the system (46) with (47), (48) is in the similar form 
to (13) with (5), (6), except that the dilated time τ̌  is used instead 
of t . The utilization of this temporal transformation technique 
facilitates the application of the averaging theorem because the 
frequency of perturbation/demodulation signals becomes con-
stant in τ̌ -domain. The remainder of the proof can be completed 
similarly to the proof of Theorem  1 by following steps from 1 to 
5 and performing time contraction from τ̌  to t . 

4. Exponential unbiased extremum seeker for dynamic sys-
tems

In this section, we extend our results in Section 2 to dynamic 
systems. For this, we consider a general multi-input single-output 
nonlinear model

ẋ = f (x, u), (49)

y = h(x), (50)

where x ∈ Rm is the state, u ∈ Rn is the input, y ∈ R is the output 
and the unknown functions f : Rm

× Rn
→ Rm and h : Rm

→ R
are smooth. Suppose there is a smooth control law 
u = φ(x, θ ) (51)

parametrized by a vector parameter θ ∈ Rn. The closed-loop 
system 
ẋ = f (x, φ(x, θ )) (52)

then has equilibria parameterized by θ . We make the following 
assumptions about the closed-loop system:

Assumption 2.  There exists a smooth function l : Rn
→ Rm such 

that f (x, φ(x, θ )) = 0 if and only if x = l(θ ).

Assumption 3.  For each θ ∈ Rn, the equilibrium x = l(θ ) of the 
system (52) is locally exponentially stable uniformly in θ .

Assumption 4.  The function h ◦ l is C4, and there exists θ∗
∈ Rn

such that
∂

∂θ
(h ◦ l)(θ∗) = 0, (53)

∂2

∂θ2 (h ◦ l)(θ∗) = H < 0, H = HT . (54)

Assumptions  2–4, standard in the literature (e.g., Ghaffari et al. 
(2012), Krstic and Wang (2000), Tan et al. (2009)), ensure the 
existence and local exponential stability of the equilibrium x =

l(θ ) for the closed-loop system (52). Assumption  4 states that the 
steady-state output, y = (h ◦ l)(θ ), exhibits a unique global maxi-
mum at θ∗, is four times continuously differentiable, and strongly 
concave in the vicinity of θ∗, similar to the static map case in 
Assumption  1. For a visual representation of the implications of 
Assumptions  2–4, please see Scheinker (2024).

We aim to design a controller u to drive the output y directly 
to its optimum h ◦ l(θ∗) exponentially without any steady-state 
oscillation and without the need for knowledge of θ∗, h, or l.

The perturbation and demodulation signals are defined by 
(5) and (6), respectively, and α is governed by (7). The probing 
frequencies ωi’s, the filter coefficients ωh and ωl, the gain K , and 
the parameter λ are selected as follows

ωi = ωω′

i = O(ω), i ∈ {1, 2, . . . , n}, (55)

ωh = ωωH = ωδω′

H = O(ωδ), (56)

ω = ωω = ωδω′
= O(ωδ), (57)
l L L

7

K = ωK ′
= ωδK ′′

= O(ωδ), (58)

λ = ωλ′
= ωδλ′′

= O(ωδ), (59)

where ω and δ are small positive constants, ω′

i is a rational 
number, ω′

H , ω′

L and λ′′ are O(1) positive constants, K ′′ is a n × n
diagonal matrix with O(1) positive elements. In addition, the pa-
rameters should satisfy (9) and (10). Note that the selection of the 
parameters according to (55)–(59) implies that the frequencies ωi
need to be large in relation to the parameters ωh, ωl, K , λ.

We summarize the closed-loop system as follows 

d
dt

⎡⎢⎢⎢⎣
x
θ̃

Ĝ
η̃

α

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
f (x, φ(x, θ∗

+ θ̃ + S(t)α))
KĜ

−ωlĜ + ωl(y − h ◦ l(θ∗) − η̃) 1
α
M(t)

−ωhη̃ + ωh(y − h ◦ l(θ∗))
−λα

⎤⎥⎥⎥⎥⎦ . (60)

The convergence result is stated in the following theorem. 

Theorem 3.  Consider the feedback system (60) with the parameters 
(55)–(59) that satisfy (9), (10) under Assumptions  2–4. There exists 
ω̄ > 0 and for any ω ∈ (0, ω̄) there exists δ̄ > 0 such that for the 
given ω and δ ∈ (0, δ̄) there exists an open ball B centered at the 
point (x, θ̂ , Ĝ, η) = (l(θ∗), θ∗, 0, h ◦ l(θ∗)) =: Υ  such that for any 
initial condition starting in the ball B, the system (60) has a unique 
solution and the solution converges exponentially to Υ . Furthermore, 
y(t) exponentially converges to h ◦ l(θ∗).

Proof.  Let us proceed through the proof step by step.
Step 1: Time-scale separation. We rewrite the system (60) in 

the time scale τ = ωt as

ω
dx
dτ

= f (x, φ(x, θ∗
+ θ̃ + S̄(τ )α)), (61)

d
dτ

⎡⎢⎢⎣
θ̃

Ĝ
η̃

α

⎤⎥⎥⎦ = δ

⎡⎢⎢⎣
K ′′Ĝ

−ω′

LĜ + ω′

L(y − h ◦ l(θ∗) − η̃) 1
α
M̄(τ )

−ω′

H η̃ + ω′

H (y − h ◦ l(θ∗))
−λ′′α

⎤⎥⎥⎦ , (62)

where S̄(τ ) = S(τ/ω), M̄(τ ) = M(τ/ω).
Step 2: State transformation. Consider the following trans-

formations 

θ̃f =
1
α

θ̃, Ĝf =
1
α
Ĝ, η̃f =

1
α2 η̃, (63)

which transform (61), (62) to the following system

ω
dx
dτ

= f (x, φ(x, θ∗
+ θ̃f α + S̄(τ )α)), (64)

dζf
dτ

= δE(τ , x, ζf ), (65)

where ζf =
[
θ̃f Ĝf η̃f α

]T  and
E(τ , x, ζf )

=

⎡⎢⎢⎣
λ′′θ̃f + K ′′Ĝf

(λ′′
− ω′

L)Ĝf + ω′

L(y − h ◦ l(θ∗) − η̃f α
2) 1

α2 M̄(τ )
(2λ′′

− ω′

H )η̃f + ω′

H
1
α2 (y − h ◦ l(θ∗))

−λ′′α

⎤⎥⎥⎦ . (66)

Step 3: Averaging analysis for reduced system. We first 
freeze x in (64) at its equilibrium value x = L(τ , ζf ) = l(θ∗

+ θ̃f α+

S̄(τ )α), substitute it into (65) and then get the reduced system 
dζf ,r
dτ

= δE(τ , L(τ , ζf ,r ), ζf ,r ), (67)

where ζf ,r =
[
θ̃f ,r Ĝf ,r η̃f ,r α

]T
,

E(τ , L(τ , ζ ), ζ )
f ,r f ,r
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=

⎡⎢⎢⎣
λ′′θ̃f ,r + K ′′Ĝf ,r

(λ′′
− ω′

L)Ĝf ,r + ω′

L(ν(θ̃f ,rα + S̄(τ )α) − η̃f ,rα
2) M̄(τ )

α2

(2λ′′
− ω′

H )η̃f ,r + ω′

H
1
α2 ν(θ̃f ,rα + S̄(τ )α)

−λ′′α

⎤⎥⎥⎦ (68)

and 
ν(z) = h ◦ l(z + θ∗) − h ◦ l(θ∗) (69)

with z = θ̃f ,rα + S̄(τ )α. From Assumption  4, we get 

ν(0) = 0,
∂

∂z
ν(0) = 0,

∂2

∂z2
ν(0) = H < 0. (70)

Note that the reduced system (67) has the same structure as 
(21) except the different constant parameters. Therefore, we can 
perform averaging analysis and stability analysis in Step 3 and 4 
of the proof of Theorem  1, respectively, for the reduced system 
(67). Then, we conclude that there exists δ such that for all δ ∈

(0, δ̄), the system (67) has a unique exponentially stable periodic 
solution ζΠ

f ,r (τ ) =

[
θ̃Π
f ,r (τ ) ĜΠ

f ,r (τ ) η̃Π
f ,r (τ ) αΠ (τ )

]T
 such that 

dζΠ
f ,r (τ )

dτ
= δE(τ , L(τ , ζΠ

f ,r (τ )), ζ
Π
f ,r (τ )). (71)

Step 4: Singular perturbation analysis. To convert the system 
(64) and (65) into the standard singular perturbation form, we 
shift the states ζf  and x using the transformations ζ̃f = ζf −ζΠ

f ,r (τ )
and x̃ = x − L(τ , ζf ) such that

dζ̃f
dτ

= δẼ(τ , x̃, ζ̃f ), (72)

ω
dx̃
dτ

= F̃ (τ , x̃, ζ̃f ), (73)

where

Ẽ(τ , x̃, ζ̃f ) = E(τ , x̃ + L(τ , ζ̃f + ζΠ
f ,r (τ )), ζ̃f + ζΠ

f ,r (τ ))

− E(τ , L(τ , ζΠ
f ,r (τ )), ζ

Π
f ,r (τ )), (74)

F̃ (τ , x̃, ζ̃f ) = f
(
x̃ + L(τ , ζ̃f + ζΠ

f ,r (τ )),

φ
(
x̃ + L(τ , ζ̃f + ζΠ

f ,r (τ )),

θ∗
+ ζ̃f1α + ζΠ

f1,r (τ )α + S̄(τ )α
))

, (75)

where ζ̃f1 = θ̃f − θ̃Π
f ,r (τ ) and ζΠ

f1,r (τ ) = θ̃Π
f ,r (τ ). Note that x̃ = 0 is 

the quasi-steady state. By substituting the quasi-steady state into 
(72), we obtain the following reduced model 
dζ̃f ,r
dτ

= δẼ(τ , 0, ζ̃f ,r ), (76)

which has an equilibrium at the origin ζ̃f ,r = 0. We prove in Step 
3 that this equilibrium is exponentially stable.

The next step in the singular perturbation analysis is to ex-
amine the boundary layer model in the time scale t = τ/ω as 
follows
dxb
dt

= F̃ (τ , xb, ζ̃f ),

= f (xb + l(θ ), φ(xb + l(θ ), θ )). (77)

Recalling f (l(θ ), φ(l(θ ), θ )) ≡ 0, we deduce that xb ≡ 0 is an 
equilibrium of (77). According to Assumption  2, this equilibrium 
is locally exponentially stable uniformly in θ .

By combining exponential stability of the reduced model (76) 
with the exponential stability of the boundary layer model (77), 
and noting that Ẽ(τ , 0, 0) = 0, F̃ (τ , 0, 0) = 0, we conclude 
from Theorem 11.4 of Khalil (2002) that ζ̃f → 0 and x̃ → 0, 
i.e., ζ → ζΠ  and x → l(θ ) = L(τ , ζ ) exponentially as τ → ∞.
f f ,r f

8

Step 5: Convergence to extremum. Note that θ̃f (τ ) → θ̃Π
f (τ )

and α → 0 exponentially. It follows then that θ (τ ) = θ∗
+

θ̃f (τ )α + S̄(τ )α → θ∗ exponentially and l(θ ) = l(θ∗
+ θ̃f α +

S̄(τ )α) → l(θ∗) exponentially. Consequently, y = h(x) exponen-
tially converges to h ◦ l(θ∗). 

Remark 1.  The concept of time scale separation in stability analy-
sis requires further discussion. The plant dynamics in (61) operate 
on a fast time scale, while the dither signal with a small ω varies 
more slowly. The ES scheme in (62) has the slowest dynamics, 
characterized by a small δ. In Section 2, a similar principle is 
applied for static maps, where the dither signal must vary faster 
than the ES dynamics, necessitating a high ω. In dynamic maps, 
however, a small ω is needed to ensure that the plant dynamics 
in (61) remain fast, while a small δ ensures that the ES dynamics 
(62) with small parameters (56)–(59) are much slower than the 
probing signal.

5. Robust exponential extremum seeker

An important aspect of our design depicted in Fig.  1 is that the 
multiplicative inverse of the function α experiences exponential 
growth, while the high-pass filtered signal y − η decays to zero 
at a much faster rate, resulting in a bounded signal. However, 
in practical implementations, the boundedness of the resulting 
signal may not be guaranteed due to various factors such as mea-
surement noise which prevents the complete convergence of y−η

to zero, and numerical inaccuracies that may arise from the multi-
plication of large and small values. The aforementioned limitation 
is not specific to our design but applies to any given prescribed-
time stabilization scheme available in the literature (Song et al., 
2017), (Song, Ye, & Lewis, 2023). Furthermore, there may be 
instances where the extremum point changes over time, rather 
than being stationary, in which case the traditional extremum 
seeking design is capable of tracking it. To overcome these chal-
lenges and enhance the robustness of our design, we propose a 
modified α-signal that exponentially converges to an arbitrarily 
defined small positive number β rather than exponential decay 
function (7). In this case, our design offers a convergence to the 
neighborhood of the extremum with adjustable steady state oscil-
lations. The new α-signal is governed by the following dynamics 

α̇(t) = − λα(t) + λβ, α(t0) = α0. (78)

Remark 2.  Our new design may seem to boil down to the 
traditional ES in Krstic and Wang (2000). However, a classical 
ES design that employs a constant, small perturbation amplitude 
α(t) ≡ β for all t ≥ t0 in Fig.  1 may lead to a large overshoot 
due to a high demodulation amplitude 1/β (i.e., a high gain in 
the update of the gradient estimate), while converging to a much 
smaller neighborhood of the optimum. Our design, with an am-
plitude starting large initially and gradually decaying, addresses 
this issue. A further discussion is provided in Section 7.

By relaxing the C4 condition in Assumption  1, we make the 
following assumption: 

Assumption 5.  The function h is C2, and there exists θ∗
∈ Rn

such that
∂

∂θ
h(θ∗) = 0, (79)

∂2

2 h(θ
∗) = H < 0, H = HT . (80)
∂θ
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We summarize the closed-loop system depicted in Fig.  1 with 
the modified α-dynamics (78) as follows 

d
dt

⎡⎢⎢⎣
θ̃

Ĝ
η̃

α

⎤⎥⎥⎦ =

⎡⎢⎢⎣
KĜ

−ωlĜ + ωl(y − h(θ∗) − η̃) 1
α
M(t)

−ωhη̃ + ωh(y − h(θ∗))
−λα + λβ

⎤⎥⎥⎦ . (81)

We present the following result for static maps, which can be 
easily extended to dynamic systems.

Theorem 4.  Consider the feedback system (81) under Assumption 
5. There exist ω̄, ā > 0 such that for all ω > ω̄ and β|a| ∈ (0, ā)
there exists an open ball B centered at the point (θ̂ , Ĝ, η, α) =

(θ∗, 0, h(θ∗), β) =: Υ  such that for any initial condition starting 
in the ball B, the system (81) has a unique solution and the so-
lution converges exponentially to an O(β/ω + β|a|)-neighborhood 
of Υ . Furthermore, y(t) exponentially converges to an O(β2/ω2

+

β2
|a|2)-neighborhood of h(θ∗).

The proof of this result is given in Appendix.
From Theorem  4, we conclude that the estimate θ̂ converges 

to a neighborhood of the optimum θ∗, characterized by β , a, and 
ω. Its average converges to a point biased from the optimum due 
to higher-order terms in (A.11), which do not appear in quadratic 
maps. As a result, the robust ES with non-zero β introduces a bias 
in both the system states and their averages. As β approaches 0, 
this bias vanishes, aligning the robust ES with the exponential 
uES.

6. Source seeking by a velocity-actuated point mass

In this section, we investigate the problem of source localiza-
tion using an autonomous vehicle modeled as a point mass in a 
two-dimensional plane
ẋ1 = vx1 , ẋ2 = vx2 , (82)

in which the vehicle’s position is represented by the vector [
x1 x2

]T , and its velocity is controlled by the inputs vx1  and 
vx2 . The objective of this problem is to guide the vehicle towards 
the static source of a scalar signal in an environment where 
the vehicle’s position data is not available. The only information 
provided to the vehicle at its current location is the strength of 
the signal, which is assumed to decrease as the distance from the 
source increases. Our specific goal is to detect the source while 
continuously measuring the source signal, ultimately bringing the 
vehicle to a complete stop at the exact location of the source. 
We give a block diagram in Fig.  3, in which we can apply our 
exponential uES and uPT-ES designs by using their corresponding 
µ and α functions.

For simplicity, but without loss of generality, we assume that 
the nonlinear map is quadratic with diagonal Hessian matrix, i.e., 
h(x1, x2) = h∗

− qx1 (x1 − x∗

1)
2
− qx2 (x2 − x∗

2)
2, (83)

where (x∗

1, x
∗

2) is the unknown maximizer, h∗
= h(x∗

1, x
∗

2) is the 
unknown maximum, and qx1 , qx2  are some unknown positive 
constants.

Before presenting our results, let us first introduce the new 
coordinates

x̃1 = x1 − x∗

1 − α sin(ωotµ), (84)

x̃2 = x2 − x∗

2 + α cos(ωotµ), (85)

η̃ = η − h(x∗

1, x
∗

2), (86)

where the signal η is defined in (16). For exponential stability, 
we can choose µ ≡ 1 and α as in (7) for all t ∈ [0, ∞). For 
prescribed-time stability, we can choose µ and α as in (37), (38), 
9

Fig. 3. The developed ES scheme for a velocity-actuated point mass. For 
exponential convergence, choose µ ≡ 1, α = α0e−λt

∀t ∈ [0, ∞) and for 
prescribed-time convergence, choose µ =

T
T−t , α = α0e

λT
(
1− T

T−t

)
∀t ∈ [0, T )

with α0, λ > 0.

respectively, for all t ∈ [0, T ). Then, we summarize the system in 
Fig.  3 as follows 

d
dt

⎡⎢⎣x̃1
x̃2
η̃

α

⎤⎥⎦ =

⎡⎢⎣+kx1µ
2 sin(ωotµ)(y − h∗

− η̃)(1/α)
−kx2µ

2 cos(ωotµ)(y − h∗
− η̃)(1/α)

−ωhµ
2η̃ + ωhµ

2(y − h∗)
−λµ2α

⎤⎥⎦ (87)

with the parameters chosen as 
ωh > 2λ, kxi > λ/qxi , i = 1, 2. (88)

An extension of the exponential uES result in Theorem  1 as 
well as the uPT-ES result in Theorem  2 to the system (87) can be 
easily done. For convenience, we give the uPT-ES result for this 
source seeking problem below without a proof.

Theorem 5.  Consider the feedback system (87) with the parameters 
that satisfy (88) and with the nonlinear map of the form (83). There 
exists ω̄o and for any ωo > ω̄o, there exists an open ball B centered 
at the point (x1, x2, η, α) = (x∗

1, x
∗

2, h
∗, 0) =: Υ  such that for any 

initial condition starting in the ball B, the system (87) has a unique 
solution and the solution converges to Υ  in prescribed time T . Hence, 
y(t) converges to h(x∗

1, x
∗

2) in prescribed time T . Furthermore, the 
velocity inputs remain bounded over [0, T ).

The main contribution of the developed uPT-ES technique in 
Fig.  3 is that we achieve to drive the vehicle directly to the 
source h∗ by keeping the velocities vx1 , vx2  bounded whereas 
the PT-ES technique in Yilmaz and Krstic (2024) (which can be 
suitably modified to fit the structure shown in Fig.  3 with λ = 0, 
α ≡ α0 and µ-function (37)) achieves the convergence of the 
vehicle to a small neighborhood the source with the velocities 
growing unbounded. The boundedness of the velocities vx1 , vx2  in 
our design follows from the fact that the signal y−η converges to 
zero in prescribed time proportionally to α as well as the fact that 
the square of the blow-up function µ is multiplied by the function 
α which decays to zero faster, resulting in the boundedness and 
convergence of the velocities to zero, i.e., 

lim
t→T

(
α(t)µ(t)2

)
= lim

t→T

(
α0

T 2

(T − t)2
eλT

(
1− T

T−t

))
= 0. (89)

7. Application to source seeking problem

We consider the application of the developed ES techniques to 
the problem of source seeking by a velocity-actuated point mass 
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Fig. 4. Static source seeking by an autonomous vehicle (82). The nominal ES 
with low amplitude α0 approaches the source more closely but requires high 
initial velocity, leading to an initial deviation from the source. The exponential 
uES (13), with its exponentially decaying amplitude, avoids this issue.

as defined in Section 6. The velocity of the vehicle in Fig.  3 is 
controlled by the following ES controllers with appropriate µ and 
α functions:

• Controller 1. Nominal ES with µ ≡ 1, α ≡ α0, (i.e., λ =

0). This design boils down to Fig. 1 in Zhang et al. (2007), 
in which the vehicle asymptotically converges to a neigh-
borhood of the source and shows steady-state oscillations 
around it.

• Controller 2. Exponential uES with µ ≡ 1, α-function 
dynamics (7). This design is a modified version of Fig.  1.

• Controller 3. Robust Exponential ES with µ ≡ 1, α-function 
dynamics (78) and additional terms λβ sin(ωot) in vx1  as 
well as −λβ cos(ωot) in vx2 . This design is a modified version 
of Fig.  1 with α-dynamics (78).

• Controller 4. uPT-ES with µ-function (37), α-function (38). 
This design is a modified version of Fig.  2 with q = 2.

We now present the results of four numerical simulations to 
demonstrate the performance of Controllers 1–4 for the source-
seeking problem. The real-time measurement is defined as y(t) =

h(x1(t), x2(t)), where the function h(·) is described in (83) and its 
parameters are chosen as (x∗

1, x
∗

2) = (−1, −1), h∗
= 1, qx1 =

1, qx2 = 0.5.
Controller 1 and 2. The first simulation compares the per-

formance of the nominal ES and exponential uES for a static 
source. The parameters in Fig.  3 are selected as ωh = 1, kx1 =

kx2 = 0.1, λ = 0.045 and ωo = 5. The comparison between 
the nominal ES and exponential uES is shown in Fig.  4. The 
exponential uES exhibits exponential convergence to the source 
at (−1, −1) with circular trajectories and exponentially decaying 
amplitude. On the other hand, the nominal ES with constant 
amplitude asymptotically converges to the vicinity of the source 
and shows steady-state oscillation around it. The nominal design 
with α0 = 0.06 converges closer to the source than the one with 
α0 = 0.3, but it initially moves away from the source due to its 
high initial velocity. Low initial velocity and perfect convergence 
are achieved through our design.

Controller 2 and 3. The second simulation examines the case 
of a time-varying source. The source is modeled as

x∗(t) = 1 − e−0.0003(t−70)2 , (90)
1

10
Fig. 5. Time-varying source seeking by an autonomous vehicle (82). The tra-
jectory of the source is illustrated by yellow circles at 10 s intervals, while 
arrows indicate the direction of time evolution. The robust exponential design 
(81) successfully tracks the source, owing to its amplitude that decays but does 
not vanish, while exponential design (13) fails to track.

x∗

2(t) = − tanh(0.03(t − 70)). (91)

Note that the Gaussian function in (90) and the hyperbolic tan-
gent function in (91) can be referred to as saturating activation 
functions. The performance of the exponential uES and the robust 
exponential ES for tracking the time-varying source is shown in 
Fig.  5. The parameters are set as β = 0.02, kx1 = 0.2, kx2 = 0.3
with α0, ωh, ωo being the same as the first simulation. The robust 
design demonstrates robustness to non-stationary sources with 
adjustable amplitude, while the exponential uES fails to achieve 
convergence.

Controller 2 and 4. The third simulation considers the static 
source problem and implements both the exponential uES design 
and uPT-ES design for comparison. The final time is set to T =

30s, and the rest of the parameters are chosen as in the first 
simulation. As shown in Fig.  6(a), both designs track the same 
trajectory, but the exponential uES cannot reach the source in 
prescribed time. This is because the uPT-ES design performs more 
rapid velocity changes, resulting in bounded but high acceleration 
in the vehicle, as seen in Fig.  6(b).

Controller 4 and Yilmaz and Krstic (2024). In our fourth 
and final simulation, we illustrate the difference between these 
two different prescribed-time ES designs. The delay-free design 
in Yilmaz and Krstic (2024) can be implemented into Fig.  3 by 
choosing λ = 0, α ≡ α0, and µ as in (37). The final time is set to 
T = 30s, and the rest of the parameters are the same as in the 
first simulation. The PT-ES in Yilmaz and Krstic (2024) basically 
improves the convergence of the nominal ES as demonstrated 
in Fig.  7(a). However, we can see in Fig.  7(b) that this comes 
with the cost of velocities growing unbounded. Our design, on 
the other hand, achieves unbiased convergence in prescribed time 
with bounded velocities.

Remark 3.  The capabilities of the developed designs extend 
beyond closed-loop systems assumed to be stable under Assump-
tion  3. By selecting a Lyapunov function as the cost function to 
optimize, as demonstrated in Scheinker and Krstić (2017), we can 
achieve model-free stabilization of unstable dynamic systems. 
Consider the open-loop unstable scalar system 
ẋ = cx + bu, c > 0, (92)
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Fig. 6. Static source seeking for t ∈ [0, 30) in seconds. (a) Both designs follow 
the same trajectory, but the exponential uES (13) falls behind the uPT-ES (39). 
(b) The velocity inputs of the uPT-ES (39) exhibit more rapid changes compared 
to those of the exponential uES (13).

where the control direction b is unknown and non-zero. The 
classical ES controller is given by 

u = aω cos(ωt) −
k
a
sin(ωt)V (x), (93)

where the Lyapunov function V (x) = x2. Performing the change 
of variables x̃ = x − ab sin(ωt), we obtain ̇̃x = cx̃ + cab sin(ωt) −

b k
a sin(ωt)(x̃+ab sin(ωt))2. The average system is ̇̃xa = (c−kb2)x̃a, 

which is exponentially stable for k > c/b2. This implies local 
stability of the x-system for sufficiently large ω, according to the 
averaging theorem (Khalil, 2002, Theorem 10.4). For exponential 
and prescribed-time stabilization at the origin, the controller can 
be updated as follows 

u = µ2
(

αω cos(ωtµ) − αλ sin(ωtµ) −
k
α

sin(ωtµ)V (x)
)

, (94)

where k > c/b2 + λ and the signals µ and α are defined as 
described in the caption of Fig.  3. This approach can be extended 
11
Fig. 7.  Static source seeking for t ∈ [0, 30) in seconds. (a) The convergence of 
our uPT-ES (39) is compared with the one of delay-free PT-ES in Yilmaz and 
Krstic (2024), which is implemented on the 2D vehicle illustrated in Fig.  3 by 
choosing λ = 0, α ≡ α0 , and µ as in (37). (b) The velocity inputs in our design 
are kept bounded, while the inputs in Yilmaz and Krstic (2024) grow unbounded.

to multi-input systems, following the methodology in Scheinker 
and Krstić (2017).

8. Conclusion

In this paper, we address the issue of steady-state oscillations 
in classical ES. We develop accelerated ES algorithms that not 
only eliminate the steady-state oscillations, but also achieves 
unbiased convergence to the extremum exponentially and in pre-
scribed time by employing proper time-varying functions in the 
perturbation and demodulation stage of the ES loop. For tracking 
non-stationary optima, we introduce a robust ES scheme with 
user-adjustable oscillations that gradually decrease but remains 
non-zero. We evaluate the performance of our ES algorithms 
on a source-seeking problem. With bounded velocity inputs, our 
uPT-ES design accurately locates the source, while the delay-
free PT-ES algorithm in Yilmaz and Krstic (2024) converges to 
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a neighborhood of the source with unbounded input growth. 
In our future works, extension of our classical averaging-based 
ES results to the ES based on Lie-bracket approximation will be 
developed.
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Appendix. Proof of Theorem  4

Let us proceed through the proof step by step.
Step 1: State transformation. Consider the following trans-

formations 

θ̃f =
1
α

θ̃, Ĝf =
1
α
Ĝ, η̃f =

1
α2 η̃, (A.1)

which transform (81) to the following system
d
dt

[
θ̃f Ĝf η̃f α

]T
=

⎡⎢⎢⎣
λθ̃f − λ

β

α
θ̃f + KĜf

(λ − ωl − λ
β

α
)Ĝf + ωl

[
ν(θ̃f α + S(t)α) − η̃f α

2
] M(t)

α2

(2λ − ωh − 2λ β

α
)η̃f + ωh

1
α2 ν(θ̃f α + S(t)α)

−λα + λβ

⎤⎥⎥⎦ , (A.2)

where ν is as defined in (19) and satisfies (20).
Step 2: Averaging operation. We rewrite the system (A.2) in 

the time scale τ = ωt as follows
d
dτ

[
θ̃f Ĝf η̃f α

]T
=

1
ω

⎡⎢⎢⎣
λθ̃f − λ

β

α
θ̃f + KĜf

(λ − ωl − λ
β

α
)Ĝf + ωl

[
ν(θ̃f α + S̄(τ )α) − η̃f α

2
] M̄(τ )

α2

(2λ − ωh − 2λ β

α
)η̃f + ωh

1
α2 ν(θ̃f α + S̄(τ )α)

−λα + λβ

⎤⎥⎥⎦ .

(A.3)

where S̄(τ ) = S(τ/ω), M̄(τ ) = M(τ/ω). The average of the system 
(A.3) over the period Π defined in (26) is given by

d
dτ

⎡⎢⎢⎣
θ̃ a
f

Ĝa
f

η̃a
f

αa

⎤⎥⎥⎦ =
1
ω

⎡⎢⎢⎣
(λ − λ

β

αa )θ̃ a
f + KĜa

f

(λ − ωl − λ
β

αa )Ĝa
f

(2λ − ωh − 2λ β

αa )η̃a
f

−λαa
+ λβ

⎤⎥⎥⎦

+
1
ω

⎡⎢⎢⎣
0

ωl
1
Π

∫ Π

0 ν(θ̃ a
f α

a
+ S̄(σ )αa) M̄(σ )

(αa)2
dσ

ωh
1
Π

∫ Π

0 ν(θ̃ a
f α

a
+ S̄(σ )αa) 1

(αa)2
dσ

0

⎤⎥⎥⎦ . (A.4)

It follows from (A.4) that the average equilibrium denoted as [
θ̃
a,e
f Ĝa,e

f η̃
a,e
f αa,e

]T
 satisfies

αa,e
= β, (A.5)

Ĝa,e
f = 0, (A.6)

ωl

Π

∫ Π

0
ν(θ̃ a,e

f β + S̄(σ )β)
M̄(σ )
β2 dσ = 0, (A.7)

1
Π

∫ Π

0
ν(θ̃ a,e

f β + S̄(σ )β)
1
β2 dσ = η̃

a,e
f . (A.8)

Let us postulate the ith element θ̃ a,e
fi

 of θ̃ a,e
f  in the following form 

θ̃
a,e
fi

=

n∑
bijaj + β

n∑ n∑
c ij,kajak + O(β2

|a3|), (A.9)

j=1 j=1 k≥j

12
where bij and c ij,k are real numbers, substitute (A.9) into (A.7), 
perform a Taylor series expansion of ν as in (29) and equate the 
like powers of aj. Then, we obtain bij = 0 ∀i, j ∈ {1, 2 . . . , n}, 
c ij,k = 0 ∀i, j, k ∈ {1, 2, . . . , n} such that j ̸= k as well as 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c1j,j
...

c i−1
j,j
c ij,j
c i+1
j,j
...

cnj,j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= − H−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
4

∂3ν

∂z1∂z2j
(0)

...
1
4

∂3ν

∂zj−1∂z2j
(0)

1
8

∂3ν

∂z3j
(0)

1
4

∂3ν

∂z2j ∂zj+1
(0)

...
1
4

∂3ν

∂z2j ∂zn
(0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (A.10)

Following the same methodology, we compute η̃a,e
f  in view (29), 

(A.8), (A.9). Then, we find the equilibrium of the average system 
(A.4) as follows

θ̃
a,e
fi

= β

n∑
j=1

c ij,ja
2
j + O(β2

|a|3), (A.11)

η̃
a,e
f =

1
4

n∑
i=1

Hi,ia2i + O(β2
|a|4) (A.12)

together with (A.5) and (A.6).
Step 3: Stability analysis. The Jacobian of the average system 

(A.4) at equilibrium is given by

Jaf

=
1
ω

⎡⎢⎢⎢⎢⎢⎢⎣

0n×n K 0n×1 0n×1

ωl
Π

∫ Π

0

∂

(
νM̄

(αa)2

)
∂θ̃f

dσ −ωlIn×n 0n×1
ωl
Π

∫ Π

0

∂

(
νM̄

(αa)2

)
∂αa dσ

ωh
Π

∫ Π

0

∂

(
ν

(αa)2

)
∂θ̃f

dσ 01×n −ωh
ωh
Π

∫ Π

0

∂

(
ν

(αa)2

)
∂αa dσ

01×n 01×n 0 −λ

⎤⎥⎥⎥⎥⎥⎥⎦ .

(A.13)

Considering the structure of (A.13), we get that it is Hurwitz if 
and only if the following inequality is satisfied 

ωl

Π

(∫ Π

0

M̄(σ )
(αa,e)2

∂

∂θ̃f
ν(θ̃ a,e

f αa,e
+ S̄(σ )αa,e)dσ

)
< 0. (A.14)

By performing a Taylor expansion of ν as in (29), we get that 
(A.14) is equal to ωlH + [O(β|a|)]n×n. Let us define 

A =

[
0n×n K

ωlH + [O(β|a|)]n×n −ωlIn×n

]
, (A.15)

which corresponds to 2n× 2n submatrix in the upper left corner 
of (A.13). Then, we compute

det(λAI2n×2n − (1/ω)A) = det
(
(λ2

A + ωl(1/ω)λA)In×n

− ωl(1/ω2)KH

+ [O(β(1/ω2)|a|)]n×n
)
, (A.16)

which, in view of H < 0, proves that Jaf  is Hurwitz for sufficiently 
small β|a|. Then, based on the averaging theorem (Khalil, 2002), 
we show that there exist ω̄, ā > 0 such that for all ω > ω̄

and β|a| ∈ (0, ā), the system has a unique exponentially stable 
periodic solution (θ̃Π (τ ), µΠ (τ ), η̃Π (τ ), αΠ (τ )) of period Π and 
f f f
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this solution satisfies⏐⏐⏐⏐⏐⏐θ̃Π
fi (τ ) − β

n∑
j=1

c ij,ja
2
j

⏐⏐⏐⏐⏐⏐ ≤ O(1/ω + β2
|a|3), (A.17)

⏐⏐⏐ĜΠ
f (τ )

⏐⏐⏐ ≤ O(1/ω), (A.18)⏐⏐⏐⏐⏐η̃Π
f (τ ) −

1
4

n∑
i=1

Hi,ia2i

⏐⏐⏐⏐⏐ ≤ O(1/ω + β2
|a|4), (A.19)⏐⏐αΠ (τ ) − β

⏐⏐ ≤ O(1/ω). (A.20)

In other words, the signals θ̃f (τ ), Ĝf (τ ), η̃f (τ ) converge to an 
O(1/ω+β|a|2)-, O(1/ω)-, and O(1/ω+|a|2)-neighborhood of the 
origin, respectively. The signal α(τ ) converges to β .

Step 4: Convergence to extremum. Considering the results 
in Step 3 and recalling from (A.1) and Fig.  1 with the modified 
α-dynamics (78) that 
θ (t) = α(t)θ̃f (t) + θ∗

+ α(t)S(t), (A.21)

we conclude the exponential convergence of θ (t) to an O(β/ω +

β|a|)-neighborhood of θ∗. Hence, performing a Taylor series ex-
pansion of ν as in (29) and noting (A.21), we conclude the conver-
gence of the output y(t) to an O((β/ω)2 + β2

|a|2)-neighborhood 
of h(θ∗) and complete the proof of Theorem  4. ■
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