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Deep Learning of Delay-Compensated Backstepping
for Reaction—Diffusion PDEs

Shanshan Wang ““, Mamadou Diagne

Abstract—With deep neural network approximations of partial
differential equation (PDE) backstepping, for each new functional
coefficient of the PDE plant, the gains are obtained through a
function evaluation. In this article, we expand this framework
to control of cascaded PDE systems from distinct classes: a
reaction—diffusion plant, which is a parabolic PDE, with input delay,
which is a hyperbolic PDE. The DeepONet-approximated nonlinear
operator for the control gain is a cascade/composition of the op-
erators defined by one hyperbolic PDE of the Goursat form and
one parabolic PDE on a rectangle, both of which are bilinear in
their input functions and not explicitly solvable. For the DeepONet-
approximated delay-compensated PDE backstepping controller,
we guarantee exponential stability in the L2 norm of the plant state
and the H' norm of the input delay state.

Index Terms—Deep learning, delay systems, distributed param-
eter systems, neural networks, partial differential equation (PDE)
backstepping.

I. INTRODUCTION

By focusing on the stabilization of a partial differential equation
(PDE) class with input delay, we introduce the first DeepONet imple-
mentation of PDE backstepping where the nonlinear operator being
approximated is a composition of two operators governed by PDEs of
distinct classes (hyperbolic/Goursat and parabolic/rectangular).

PDE backstepping was introduced for delay compensation in PDE
control in [9], which presented an exponentially stabilizing compen-
sator for scalar reaction—diffusion (RD) PDE with along boundary input
delay. This framework led to delay-adaptive controllers [22], [23] and
compensators designed for input delays that vary spatially [13] or for 3-
DRDPDEs[15]. Likewise, an adaptive output feedback control for cou-
pled hyperbolic systems with unknown plant’s parameters and known
actuator and sensor delays is developed in [1] and tradeoffs between
convergence rate and delay robustness are unraveled by Auriol et al. [3].
Motivated by safe drilling operation management, a delay-compensated
control scheme for a sandwich hyperbolic PDE in the presence of
a sensor delay of arbitrary length was proposed in [19]. Linearized
Aw—-Rascle—Zhang PDEs describing traffic systems as 2 x 2 coupled

Received 20 May 2024; revised 20 January 2025; accepted 22 Jan-
uary 2025. Date of publication 4 February 2025; date of current version
30 May 2025. The work of Shanshan Wang was supported by the
National Natural Science Foundation of China under Grant 62303324.
The work of Mamadou Diagne was supported by NSF CAREER award
under Grant CMMI-2302030 and in part by NSF under Grant CMMI-
2222250. The work of Miroslav Krstic was supported by NSF under
Grant ECCS-2151525 and in part by AFOSR under Grant FA9550-23-
1-0535. Recommended by Associate Editor V. Andrieu. (Corresponding
author: Mamadou Diagne.)

Shanshan Wang is with the Department of Control Science and Engi-
neering, University of Shanghai for Science and Technology, Shanghai
200093, China (e-mail: wssdhu@126.com).

Mamadou Diagne and Miroslav Krstic are with the Department
of Mechanical and Aerospace Engineering, University of California
San Diego, La Jolla, CA 92093 USA (e-mail: mdiagne@ucsd.edu;
krstic@ucsd.edu).

Digital Object Identifier 10.1109/TAC.2025.3538755

, Senior Member, IEEE, and Miroslav Krsti¢

, Fellow, IEEE

hyperbolic PDEs are stabilized in [14] by designing a backstepping
controller that compensates for a delayed distributed input. Moreover,
the conception of bilateral boundary control for the stabilization of mov-
ing shockwaves in congested-free traffic systems that are governed by
hyperbolic PDEs evolving over complementary time-varying domains
is presented in [25] and [26]. Using triggered batch least-squares iden-
tifiers [6], [7], exponential regulation of both the plant and the actuator
states, and exact identification of an unknown boundary input delay in
finite time have been achieved in [ 18] for coupled hyperbolic PDE-ODE
cascade systems. A Lyapunov design of delay-adaptive control laws for
first-order hyperbolic partial integro—differential equations is proposed
in [24].

Methods that speed up the computation of complicated gains with
deep learning have recently emerged [4], [11]. They leverage a break-
through in neural networks, DeepONet [12], which produces arbitrar-
ily close approximations of nonlinear operators (function-to-function
maps), including solutions to PDEs that govern the gains of PDE
controllers. This approach retains the nominal closed-loop stability for
both delay-free hyperbolic [4] and parabolic [11] PDEs. The convex
optimization framework developed in [2] utilizes polynomial kernel
optimization and semidefinite programming to guarantee L? stability
for parabolic and first-order hyperbolic PDEs under a backstepping
controller.

Contribution of this article: A recent step from the development of
DeepONet backstepping for PDEs [4], [11] to the delay-PDE structures
was made in [16]. However, in [16], both the PDE plant and its input
delay dynamics are of the hyperbolic kind and, as a result, the gain
kernel equation is still a single PDE, as in the initial [4], [11]. In
this article, we not only advance to multiple kernel PDEs, but also
to problems where the kernel PDEs are from different PDE classes
and where the control gain function is the output of a composition
of nonlinear operators defined by such multiple PDEs. We develop
DeepONet implementations and stability guarantees for the generalized
version of the backstepping design for an RD PDE with input delay
introduced in [9]. It is important to highlight that obtaining solutions
for stabilizing gain kernel functions of RD PDEs with spatially varying
reactivity and constant boundary input delay is not readily achieved
through conventional methods.

Two kernel PDEs and associated neural operators (NOs) arise as
follows.

1) The PDE for the first kernel (“backstepping kernel”) is
a) in the Goursat form (on a triangular domain);
b) of the second-order hyperbolic type;
¢) with the reactivity function as the operator’s input.
2) The PDE for the second kernel (“predictor kernel”) is
a) on a rectangular domain;
b) of a parabolic type, given exactly by the plant’s RD model;
¢) with the first PDE kernel as the initial condition of the second
PDE, i.e., with the first kernel as the input to the operator
that produces the second kernel.

The control gain is obtained as the output of a composition of the
two nonlinear operators whose overall input is reactivity.

In relation to [11], this article provides a methodology-expanding
advance since the kernel operator in [11] is fed into an even more
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complex nonlinear operator, defined by the RD system, which is not
solvable explicitly since the reactivity function, which acts as a multi-
plicative input to the RD PDE, makes this PDE nonlinear.

With the approximation properties that we prove for the NOs, we
guarantee closed-loop exponential stability (in L? for plant state and in
H'* for input delay state).

Organization of article: The rest of this article is organized as fol-
lows. Section II recalls predictor feedback for RD PDE with boundary
input delay. Sections III and IV present the approximation of predictor
feedback kernels operators and stabilization under DeepONet, respec-
tively. Finally, Section V concludes this article.

II. DELAY-COMPENSATED PDE BACKSTEPPING DESIGN
Consider
1) = Uy (2, t) + A(2)u(z, t) (1)
u(l,t) =U(t — D) (2)

t
where u(z,t), (z,t) € (0,1) x Ry and A(x) € C*([0,1]). Denoting

v(z,t) =U(t + D(z — 1)), we rewrite
up(x, 1) = uga(x,t) + A(x)u(z, t) 3)
u(0,t) =0, wu(l,t) =v(0,t) 4)
Du(z,t) = v (z,t), v(1,t) =U(t). Q)

Using the PDE backstepping method [9], one can map system (3)—(5)
into the following exponentially stable target system:

wi(z,t) = wey(z,t) (6)
w(0,) =0, w(l,t) = 2(0,1) @)
th(l‘,t) = Zz(xvt) (8)
2(1,t) =0 )
where the following transformations have been employed:
wle.t) =u(e,) = [ keguwod 10
0
1
) =vlet)~ [ 2w y)ulw.Ody
0
D [ ale vty an
0
The gain kernel k(x, y) satisfies
koo (2,y) = kyy (2,9) + A(k(z,y) Y(z,y) e (12)
ko, a) = — %/ M(y)dy, k(z,0)=0 (13)
0

where O = {0 <y <z <1}andQ; = {0 <y < x < 1}. The ker-
nel y(z, y) satisfies

Yo (@,y) = D(vyy(2,y) + AW)y(z,y) V(z,y) €Qs  (14)
y(x,1) =0, y(z,0)=0 15)
7(0,y) = k(1,y) (16)

where Qo ={0<z<1,0<y<1} and Qo ={0<z<1,0<
y < 1}. The kernel g satisfies
q(z) = —yy(z,1). 17
From (5), (9), and (11), the nominal exponentially stabilizing boundary
controller is [9]
1

U(t):/0 v(l,y)u(y,t)dw/o q(1 —y)v(y, t)dy.

System (12)—(17) is a cascade of the following two nonlinear operators:
1) the “Goursat kernel map” A — k, whose output k we shall refer to
as the backstepping kernel,
2) the “RD kernel map” k — -, whose output v we refer to as the
predictor kernel.

(18)

For the implementation of the controller in (18), whose gains are
~v(1,y) and ¢(1 —y) = —7,(1 — y, 1), the operator of interest is the
composition operator A — 7.

I1l. ACCURACY OF APPROXIMATION OF BACKSTEPPING KERNEL
OPERATOR WITH DEEPONET

We introduce a space T C C*((0, 1] x [0, 1]) of functions y(x,y)
satisfying v[z] € C?([0,1]) for all z € (0, 1].

Lemma 1. [Bound on RD kernel, with Goursat kernel as initial
condition, proven in Appendix AJ: Forevery A, k(1,-) € C1([0, 1]), the
gain kernel v(z, y) satisfying the PDE system (14)—(16) has a unique
solution in the function space Y with the following property, for all
(z,y) € Qa:

_ 1
AP <P [P 4Ry a9
0
o _ 1
vy (2, D* < (14 QDA)AeQD“/ k(1,y)%dy
0
EY 1 2Dz ! 2
+ (1424 =)e ky(1,9)%dy
D 0
- 1
+ 2De?P?e / Ky, (1, 9)2dy. (20)
0
Denote the sets of functions
K = {k e C*()[k(z,0) =0 vz € [0,1]} 1)
T ={ye€Y|y(z,0) =v(z,1) =0 Vz€]0,1]} (22)

and define the operators .#; : C1[0,1] — K and % : C'[0,1] x
C'0,1] — T, where

H () (z,y) = k(z,y) (23)
Ha(h k(L)) (@,y) = y(2,y) (24)

respectively. This allows us to introduce the operators .2 : C1[0, 1] —
K x C*0,1] x T defined by

%1()“)(1'7y) = (k(x7y)7K1(x)aK2(x7y)) (25)
Ka(a) = 2.2 (ke 2)) + A (x) 6)
Ky (@,y) = koo (,y) — kyy(2,y) — A(y)k(z,y)  @27)

and .45 : C'[0,1] x C1[0,1] — L x Y defined by
'///2()'7k(17'))(x7y) = (’y(a?,y),F(a?,y)) (28)

D(x,y) = Yo (®,y) — Dyyy(2,y) — DA(y)v(2, ).
(29)

Theorem 1. [DeepONet approximation of kernels]: Consider the
operators defined in (25) and (28), along with (12)-(16), (26), (27),
and (29). For all B;, B,/, By» > 0 and € > 0, there exist NOs&//Zl :
C0,1] = K x C'[0,1] x Y and .4, : C[0,1] x C'[0,1] = L x
T such that

60w, y) = 0 2, )

+ o (0 k(1) (2,y) — Ao (h, k(1) (2,y) < (B0)
holds for all Lipschitz A and k with the properties that ||A|. <
B, [[M|lx < By, and ||A"||« < Bj», namely, there exists NOs

Hi, i=1, 2, such that % (1)(z,0) =0, Z (X, k(1,-))(z,0) =
Hs(h, k(1,-))(x,1) = 0, and

|];‘(CL', y)‘ + IQE(k(xWT) + ];:IZ(x7y) - l;:yy(x,y) - }‘(y)i{}(x>y)

dx

+ 15, y) |47z (2, ¥) [ +172 (2, y) = DAyy (2, y) — DA(y)F (2, y)|
+ F2e(2,Y) = Diayy (2, ) — DAY)Ae (2, )] + [kyyy (2, )]
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where
k(z,y) = k(z,y) — k(z,y) = A0 (@,9) A0 (2,y)  (32)
Yz, y) =v(2,y) — Az, y) = A2, k(L,))(z,y)
— k(1)) (z,y).  (33)
Proof 1: Continuity of .#, and .#5 follows from [11], [17], and

Lemma 1, respectively. The result invokes [5, Thm. 2.1].1H

IV. STABILIZATION UNDER DEEPONET GAIN FEEDBACK

The backstepping transformations (10) and (11) fed by the approxi-
mate gain kernel k(z, y) are defined as

w(z,t) = u(x,t) — /Ox l%(x,y)u(y,t)dy (34)
art) = vlant) = [ A ulndy
=D [ dto— oty (35)

where k =7#1 (1), ¥ =#2(x, k(1,-)), and §(x) = —4,(z, 1) together
with the control law (18), where « and -y, are replaced by their
approximations. By differentiation, (12)—(17), (34), and (35) generate
the perturbed target system given as follows:

We (@, 1) = Wag (x,t) + 01 (x)u(z, t) /62$y u(y,t)dy

(36)

W(0,t) =0, w(1,t)=2(0,t) 37)

Dzy(x,t) = 24 (z, 1) / 03(z, y)u(y, t)dy (38)

2(L,t)=0 (39)
where 0;, 1 = 1,2, 3, are defined as

d -~
01(x) = — 2£k(a¢,w) (40)
03(z,9y) = = Ya(@,y) + DYyy(z,y) + DA(y)¥(z,y).  (42)

Note that from (31), the following inequalities hold: ||d;||« <€, =
1,2,3, and ||032 ]| < €.

Proposition 1. [Lyapunov analysis for DeepONet-perturbed target
system, proven in Appendix B]: Consider the target system (36)—(39).
For each D > 0, there exists ¢* > 0 such that for all € € (0,e%),

there exist ¢, ¢a > 0 such that Wy (¢) < Wy (0)coe 1tV > 0, where

Uy () = @) + |21 + 1|2 (1)
Consider (34), (35), and their inverses
u(x,t) = i(x,t) + / I(z,y)i(y, t)dy 43)
0
1
o, t) = (1) + / A 9oy, t)dy
+D /0 B — )5y, H)dy (44)

where [(z, 1), i(z, ), and p(z — y) are inverse kernels.

Proposition 2. [Norm equivalence with DeepONet kernels, proven
in Appendix C]: The following estimates hold between the plant (3)—(5)
and the target system (36)—(39), SoWq(t) < ®(t) < S1¥4(t), where
O(t) = ||u@®)||® + |[v(#)]|* + ||ve(t)]]?, is bounded, and the constants
S1 and S, are given by

R 11
S1 =9+ 2/ / E(z,y)*dzdy + 3/ / Az, y)?dedy
o Jo o Jo

1 1 1 x
i f / 5. (z.y)dedy + 3D / [ ite - yyasdy
0
)2 4+ 4D / /
52:9-1-2/ / i(m,y)2dxdy+3/ / A(z, y)2dady
o Jo o Jo
1 1 1 x
w4 [ [ inerdedy+30* [ [ e - ety
o Jo o Jo
1 x
—|—4D2/ / P (x —y)?dady.
o Jo

Based on the norm-equivalence in Proposition 2, the main result in
the next theorem immediately follows from Proposition 1.

Theorem 2. [Main result—stabilization with DeepONet]: Consider
the system (3)—(5) or, equivalently, system (1) and (2), with any A €
C*([0,1]) whose derivatives A’ and A" are Lipschitz and that satisfy
Mo < Bi, [[A |lso < Bysyand [|A || < Bir,and B;, By, By > 0.
There exists a sufficiently small €*(B;, By, B;») > 0, such that the
feedback controller

Ut) = / 51 y)uly, t)dy — D / 51—y, Do(y,dy  @47)

with two NOs //Zi, i = 1,2, of approximation accuracy € € (0, €"),
in relation to the exact backstepping kernels k(z,y) and ~y(zx,y),
respectively, ensure that the closed-loop system satisfies the following
exponential stability bound:

+4D?q( )2dxdy (45)

+4D%p(0)* (46)

S
B(t) < @(o)sich*cﬂ VE>0.
2
Due to page limitations, not all proofs are fully displayed. We refer to
the unabridged manuscript [20] where simulation results and expanded
proofs are presented.

(48)

V. CONCLUSION

The structure of the approximated nonlinear operator is the key
novelty: 1) reactivity generates one backstepping kernel, which is a
solution to a second-order parabolic Goursat PDE, and 2) the solution
of that Goursat PDE serves as an initial condition to another parabolic
(RD) PDE, to generate a second (predictor) kernel. Each of the two
PDE:s, from distinct classes, gives rise to a separate nonlinear operator,
and taken as a composition, they generate a single nonlinear operator,
from reactivity function to control gain. The numerical implementation
of our results is widely presented in [21], and the code is available
online.!

APPENDIX A
PROOF OF LEMMA 1

For f(z,t) € L?[0,1], we denote || f(¢)[|2, = fo |f(z,t)]?dx.
Lemma 2. [Bounds on Goursat kernel’s derivatives]: For k(z,y)
satisfying (12) and (13), the following holds:

512
‘ky(x7y)‘2 < —=

+ et )
lkyy (2, y)|* < W
IS G 216218’2 +2334)et o
kyyy (2, Y2 < 1202 + 735»’25»262— 21814 ++ 2016
![Online]. Available: https://github.com/Shanshan7/

NeuralOperatorDeepforReaction-DiffusionPDEswithDelay.gitgithub
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N A2 (3622(1 + 22) 4 681* + 19172)
16
N et (612 4+ 1190%)
128 ’

(51

Proof: Let us start by defining G(&,n) = k(z,y), where § = x —
yand n =z —y. Then, ky(z,y) = G¢(&,n) — G, (&, n), where it is
readily shown that

Ge(&,m)* <

|

o 43 322 5 o
2 43 2 o 9 2,43
(1+,\e ) Gl&m)* < T (1+2Ae )
(52)
To arrive at (52), we use the fact that G(&, 1) = k(z,y) and |k(z, y)| <

%e?** as stated in in [11, Thm. 3]. Hence, based on k,(x,y) =
Ge(&:m) — Gy (€,n) and (52), one gets

502 L
ky(xv y)2 S 2Gf(€7 77)2 + 2G77(£7 77)2 S ? + )‘4e4h' (53)
The next step is to find an upper bound of k,,, (z,y) with
kyy(z,y) = Gee(€,m) = 2Geqn(§m) + Gon(&§,m) (54

where the expressions for the terms on the right-hand side are long and
omitted but satisfy

14e4)»

2
<
Gn&(fﬂ?) = 16 (55)
3(202 +4%)  3R2eM (202 +4Y)
2
<
Gee(€,m)° < TR o (56)
BUARZ 4+ 514 | 5a2eB (2 4 1)
2< 7
Gyn(&m)” < 256 + 32 (57)
can be deduced. Thus, from (54) and (55)-(57), one gets

that [kyy (,y)? < 12Gy(§,1)% + 3Gee(§,m)* + 3Gy (&,m)? s
bounded.

The last step is to prove the boundedness of &, (1, y) and k., (1, y).
From (54), we derive that k., (z,y) = Geee(€,m) — 3Geen (1) +
3Geny (&, M) — Gynn(€,m), where the expressions for the terms on the
right-hand side are long and omitted but satisfy the following estimates:

33t 4+ 222 (202 + 301)

2
<
Gnn&(fﬂ?) = 128 (58)
T4 326809502 474
Gec(,m)? < TP BT AT (59)
64
35\2(21/2 +14) 12641(1//24»25»’212)
2 <
Geee(§,m)° < 512 + 6
V2 4 20252 35»4647\(21’2—4—14)
60
+ 64 + 512 (60)
A2 4 5U2R2 41630 A2(44R2 + 37TA%)
2
<
Gmm(fﬂ?) = 32 + 512
22e*4(TOA2A2 4 36172 4 644 + 296
. e*( + ol + + ) ©1)

Hence, the boundedness of kg, (z,y) is established through
the inequality [kyyy(2,9)|* < 36G ¢ (&, 1) + 36Gyee(€,n)* +
4Geee(€,m)% + 4G,y (€,m)?, which completes the proof of
Lemma 2.0

Proof of Lemma 1: Next, we turn our attention to ~(z,y). We
first recall from [8, Thm. 4.1] that, for every k(1,-) € C%([0,1]) C
L?(0, 1), there exists a unique mapping v € C°([0, 1]; L2(0, 1)), with

~v € C1((0,1] x [0, 1]), satisfying v[x] € C?([0, 1]) forall = € (0, 1],
and (14)—(16).

As the next step, we prove the boundedness of the gain kernel y(z, ).
First, we use Agmon’s inequality to obtain that the kernel ~(z,y)
satisfies the following estimate:

1 1
Iy (z,y)|* < / v(w,y)"’der/ Yy(z,y)?dy.  (62)
0 0
With the inequalities
d1 rt 9 !
@5/0 v(z,y) dy:/0 Y(@, y) Ve (z, y)dy
_ 1
SD/\/ v(z,y)*dy (63)
0

derived by using integration by parts and the comparison lemma, we
arrive at the inequality

1 B 1
/ (z,y)?dy < ew“/ 7(0,)*dy. (64)
0 0
Knowing that v(0,y) = k(1,y), one gets
1 - 1
/ V(z,y)*dy < 2P / k(1,y)*dy. (65)
0 0
Along the same arguments, the following holds:
d1 1 1
—5 / vy (2, y) dy = / Vo (@, Y)Yay (2, y)dy  (66)
dz 2 J, 0
!
< DA/ vy (2, y)*dy (67)
0
and leads to the following inequality:
1 !
/ vy (@, y)?dy < ew“/ 7(0,9)*dy. (68)
0 0
From (16), it is obvious that 7, (0, y) = k, (1, y) and therefore
1 B 1
/ vy (@, y)?dy < e2D“’/ ky (L, y)*dy. (69)
0 0

Substituting (65) and (69) into (62), one can deduce that

T 1 = 1
y(z,)|? < 2P / k(L y)?dy + 2P / ky(1,9)%dy. (70)
0 0]

The first term of the right-hand side of (70) is bounded due to the bound-
edness of k(x,y), which translates into |k(1, )| < Ae*. Meanwhile,
based on Lemma 2, we get that |k, (z, y)|? is bounded. Thus, based on
(70), we have proved the boundedness of y(z, y).

Finally, we prove the boundedness of the gain kernel ¢(z).
Since g(x) = —v,(z,1) holds, multiplying the PDE ~,(z,y) =

Dryyy(x,y) + DA(y)y(z,y) by 2y, (z,y), we get
2y vz (2, y) vy (7, )

= 2Dy (%, 9)vyy (2, y) + 2D2(Y)yy (2, y) vy (2, ). (TD)

Integrating (71) in y, we obtain the following equality:
1 1
2/ e (@, y) vy (2, y)dy = Dy (2,1)* — D/ vy (2, y)*dy
0 0

1
+2D/ Ay)yy(z, y)vy (2, y)dy. (72)
0
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Using Young’s inequality, (72) implies that

o ~ 1 1
Yy, 1) < A/ v(x,y)*dy + (1 + X+ 5)/ Yy (z,y)?dy
0 0

+1/1 (z,y)*d
D J, =@y’

In order to find an estimate of the last term of the above equation, let
us consider the following fact:

(73)

d1

1 1
*/ Ve (z,y)*dy < Dk/ Ve (2, y)?dy
0 0

922 (74)

where we have used integration by parts. Hence, comparison lemma
helps to deduce the following bound:

1 - 1
/ Yoz, ) dy Sew“/ 72 (0, 9)*dy
0 0

From (14) and (16), it is obvious that v,(0,y) = Dv,,(0,y) +
Di(y)v(0,y) and 7y, (0, y) = ky, (1, y), which enables one to rewrite
(75) as

1 _
/ Ve (@, y)*dy < 2D262D“/
0 0

Thus, based on the estimate of |k, (z,y)|* in Lemma 2, the bounded-
ness of v, (x, 1) follows from (73), which implies the boundedness of

q(z).

(75)

1
(kyy(L y)2 + )‘Qk(lv y)Q)dy

(76)

| 2

APPENDIX B
PROOF OF PROPOSITION 1
To prove Proposition 1, we first introduce the variable
m(z,t) = w(z,t) — x2(0,t) (77)

which leads to the following scaled target system with homogeneous
boundary conditions:

my(z,t) = Mg (x,t) — 224(0,t) + 01 (x)u(x, t)
+ / 62, y)u(y, H)dy (78)
Dz (x,t) +(x,t) / 03(x, y)u(y, t)dy (79)
m(0,t) =0, m(l,t)=0, 2(1,t)=0. (80)

With A; > 0 to be chosen, let us define the Lyapunov candidate
1
= é/ m(x,t) dx
2

—/ (14 x)(2(x,t) + 2, (x,t))d. (81)

Computing the time derivative of (81) along (78)—(80) and using inte-
gration by parts and Young’s inequality with ; > 0 yet to be chosen,
the following estimate is obtained:
Ay
2Drq

Ay,
D 2,(0,1)2

Vi(t) < —Aulri (8)]% + m(t)]* +

— 520,07 = SIEWI - 220,07 - S 1A

A16

1
2
+ Are(lm@” + [lw@®*) + llu®I* + S5 ()]

+ @) + eI + 112 ()] + 2||U(t)|\2). (82)

Hence, by virtue of the Poincaré inequality, we get that

1 1 €

0 < -4 (§ - 557 — <~ 55) IOI - 320007

_ (1 fe) (IE@) 2 + 12:(0)])

1 Al’f‘l N 2
(5 6D )Z’“(O’t)

A
se(Arrerze 25 @l

(83)

Following Krstic [9], the inverse transformation of the approximate gain
kernel (34) allows to derive a bound of the norm of the state u(zx, t) in
(83) with respect to the norm of the approximate target system’s state

w(x, t). In other words
(z,t) / I(z,y)w(y, t)dy

where the inverse kernel [(z, ) and the kernel k(z, y) satisfy [(x, y) =
k(z,y) + f k(x, €)I(€,y)d¢ [10], and the following conservative
bound holds: [|/[|. < ||| el ®l. Since [k — k| < € it follows that
Ikl < Ikl + €, and using |k(z,y)| < 2e?*®, we obtain ||k <
re?* + e. Hence

u(zx,t) (84)

oo < (heB + ¢)ete+e), (85)
From (77) and (84), we deduce the following relation:
1 x 2
= [ (0 + [ i o) a
0 0
<A+ [lEI2) (I + 2(0,2)%). (86)

Substituting (86) into (83) yields the following bound:

A A 2 2 e
(5 - 550~ + 1)) I

- (B (1 (v 2y aeiii)
s 35 ) SO - (5 - <)

- (3 ea i) s0.0?

- (§-ae(are e gy av i) s

1 ) 5 1 A 2

for the time derivative of the Lyapunov function V(). Setting A; =
3D? 8

and 71 = 5, one can define £*(D) as

8 D>
. . { D 1
€ = min ~ y 8
8(241D +4D + A (1 + ||I]]2) 2
A D
16(2A4,D + 4D + Al)(1 + ||i\|go) + 4A1(2D +1))
(88)
8Dr1 1+|\l||2

4/ (1 + iz
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such that for all € € (0,€"), V;(t) <
defined by

. 1 2 2
c1 —mm{h *26(4(1+ A, + E)(1+ 101%)

PPN |
2D )" 2D

which leads to the following inequality Vi(t) < V1(0)e “tt. One
Wy(t) < max{A1 —} Vi (t).
Therefore, forall € € (0, €*), the exponential stability bound holds with
c2(D) = (A1 + D) max {Ail, %}.

—c1 Vi (t), where ¢;(D,¢) is

(89)

can readily verify that — + =Va(t) <

APPENDIX C
PROOF OF PROPOSITION 2

Lemma 3: For the kernel ~ that satisfies the PDE (14)—(16), the
following estimates hold:

1 1
7( < o=
I |
1 1 D 2D
/ / Yo (2, y)?dyde < ==
0 0

Proof: By integrating both sides of (64), we get (90). Following the
proof of (74)—(76), and integrating (76), with respect to « from O to 1,
we can obtain the second estimate as follows:

1 1 9 DeQDA 9 - 5
/O/O%(m,y) dydz < — /O(kyy(l,y) +A%k(1,y)%)dy

92)
which completes the proof of Lemma 3.1
Lemma 4: 1If the kernel + satisfies the RD PDE (14)—(16), the
following inequalities hold:

/1 Yy, 1)?dz

’ 1 /.2D% 1\ e2D%

g/o ( = kyy(i,y)2+(1+x+5) ﬁky(i,y)2
(2 +3) )

1

/O%Cy(:c,lfdm

1
<ap? [ (kyyy(l,y)2+12ky(1,y)2+1’2k<1,y>2>dy+((w
0

k(1,y)%d (90)

/0 Uy (1,9)? + 321, )?)dy.
1)

93)

+DA+1+2D2< +2A+A)>e2D7\+2D21+2D25J

1
+D+ Dx+ 1)/ (kyy(i,y)2+3\2k(1,y))dy. (94)
0

Proof: To prove (93) and (94), the first step is building the relation-
ship between 7, (z, 1), vy (x, 1), and k(1,y), and the second step is
to prove the boundedness of &, (1,y) and k., (1,y). We recall that
we have proved the boundness of &, (1, y) and k(1, y) in Section III.

To complete the first step, following the method in (71)-(73),
multiply the PDE 74 (2,y) = DYayy (2, y) + DA(y)yz(2,y) by
2yYzy (z,y), which results into the following relation:

29 Yo (T, Y) Yoy (2, Y)

= 2DY Yoy (T, Y) Vayy (%, Y) + 2DM(Y) YV (T, Y)Vay (2, 9). (95)

Integrating (95) in y and using integration by parts, one gets

1 1
2/ YVaw (T, Y) Yoy (T, y)dy = Dygy(z, 1) — D/ Yoy (2, ) dy
0 0

+2D / VYV (2,Y)Vay (2, y)dy. (96)
With the help of Young’s inequality, the following holds:
Yoy (@, 1)? =D / Vo (@,9)?
_ 1 E
- (1 +A+ 7) / Yoy (2, )y
D) Jo
o1
+2 / a(,y)*dy. 97
0

Integrating (73) and (97) in x, one arrives at

1
/'yy(x,l)Qda;:<l+k+ >/ / Vey (7, y)?dydz
0
1o -
+5/ / vm(w,y)QdyderA/ / Vo (2, y)?dyda.
o Jo o Jo

(98)
Knowing that
d1 *
@5/ Y (z,y)*dy
*fD/ Yoy (T, Y) dy+D/ Y)Y (2, ) dy 99)

where integration by parts is used, and then, integrating (99) in x, the
following inequality is deduced:

1 1
/ / Yoy (2, y)*dyda
0 0

1 1 B 1 1
Sf/ %(O,y)zdyw%/ / Yo (@,y)*dydz.  (100)
2D 0 0 0

From (14) and (16), it is obvious that 7, (0,y) = Dv,,(0,y) +
Di(y)v(0,y) and v, (0,y) = kyy (1, ), therefore

1 1
/ / Yoy (,y)*dydz
0 0

<D (1 + e'wi) /Ol(kyy(l,y)2 +22k(1, y))dy.

Let us integrate by parts the following equality:

d 1 1 1

+D/

Hence, taking the integral of (102) with respect to x, the following
holds:

1 1
/ / %cyy(x:y)Qdydm <
+A// / Vo (2, y)2dydx + (A

3D _
< (kyyy(l,y)2 + 22k, (1,
0

-2
2D%

+ (X’De_ +D(+2) (1 + ewl) ) /Ol(kyy(l,y)2

+22k(1, y))dy.

(101)

y)%ﬂy (% y)Zdy

Y Ye (T, Y)Vay (z, y)dy — D/ Yayy (@, y) dy. (102)

1 1
5[) Yy (0, y)*dy

+ ) //'yzyxy dydz

y)? + 2%k(1,y)%)dy

(103)
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Based on (14) and (16), we get that ~,,(0,y) = D7,y (0,vy) +
D}‘(y)’yy (07 y) + D}"/(y)’}/(ov y)> and Vyyy(ov y) = kyyy(L y)~ Since
Yoz (T,Y) = DVpyy (2, y) + DA(y)7a(z,y), it follows that:

1 1 1
/ / Voo (2, y) dydz < 3D3/ (kyyy (1,9)* 4+ 2%k, (1,y)?
0 0 0

_ A _ _ ~ _ _
+22k(1,y)?)dy + 2D? (7 + 2%+ A’) e2P* 1 + x)

1
[ o) + 321, )%)dy (104)
0
and recalling (92) leads to the estimate
1,1 ) e2Dh 1 )
dydr < —= k(1 d 105
/0 /Ovy(wvy) y w_QDA/D y(1,y)7dy (105)

Combining (101), (104), and (105) with Lemma 3, inequalities (93)
and (94) are derived. With Lemma 2, boundedness of k., (z,y) is
established, which completes the proof.ll
Proof of Proposition 2: From (34), we derive the following estimate
of the L? norm of :
2

/01 w(z,t) de = /01 (u(a:,t) — /Oz l;’(ﬂc,y)u(y, t)dy> da
=2 (1 * /01 /01 ’%(x’y)Qdydx) [u(t)]*  (106)

where we use the Cauchy—Schwarz inequality. Then, from (35), the .2
norm of Z satisfies

[ swvrar= [ (s~ [ st
b [ite - ol e

o140 [ [ ate-wiavae) oo

+3 [ [ A o

where we use the Cauchy—Schwarz inequality.
Taking the first derivative of Z(x,t) defined in (35) with respect to
x, we get the following estimates:

/1 (2, 8)2d <4/ / 5 (2, )2 dyda|ut )H2+4D2< (02

/ [ - wPaas ) oI + 4l

where we use the Cauchy—Schwarz inequality. Hence, using (106)—
(108), we derive

1 11
51:9+2/ / k(m,y)dedy—i—?)/ / A(z,y)?dedy
o Jo o Jo
11 1
w1 [ sty 430 [ [t - 2dody
o Jo o Jo
1 x
+4D2/ / §(z —y)*dxdy.
o Jo

Since Y = x — X, S1 in (109) satisfies the following inequalities given
with respect to the error variables:

(107)

(108)

+4D?§(0)? (109)

1 x
S <94 (18 +22D%)e® + 4/ / k(z,y)?dzdy
0 0

11 11
+6/ / 7(x7y)2dxdy+8/ / o (2,y)*dedy+8D?q(0)?
o Jo o Jo
1 x 1 x
+6D2/ / q(a:—y)zdmdy—&—SDQ/ / q(z —y)*dxdy.
o Jo o Jo

(110)
Knowing that g(z) = 7, (x,1)
1 x 1 x
//Wy(w—yJ)Qdydx:/ / 7y (5,1)%dsdz
o Jo o Jo
1
< / Yy(x,1)*dx (111)
0
1 x 1 x
//’Yzy(i'«’—%l)Qdydx:/ / Vey(s,1)*dsdx
o Jo o Jo
1
< / Yoy (2, 1)?dz (112)
0

we have

1 x
Sy §9+(18+22D2)52+4/ / k(z,y)*dzdy+8D%k, (1,1)?
0 0

1 1 1 1
+6/ / W(x,y)dederS/ / Vo (2, y)*dzdy
0 0 0 0

1 1
+6D2/ 'yy(m,l)de—&-SDQ/ Vay (2, 1)*da. (113)
0 0

Combining (113) and Lemmas 3 and 4, we obtain (45).
To prove (46) in Proposition 2, we derive the following estimate of
the L2 norm of u:

2

/Olu(x,t)de = /01 (w(x,t) +/Oz i(x,y)w(y,t)dy) da
<2(1+ [ 9y ) (1)

where the Cauchy—Schwarz inequality has been employed. Then, the
L? norm of v is

1 1 1
[ evrar<s [ [ i yradeloo)?
0 0 0
1 x
+3(1+D2/ / ﬁ(acfy)Qdydx> 12012 (115)
0 0

where we use the Cauchy—Schwarz inequality.

Next, considering the first derivative of v(z, ) with respect to = and
exploiting the Cauchy—Schwarz inequality, the following estimates are
constructed:

/vaxt dx<4//nx
+/0 /0 ﬁ'(x‘y>2dydw>\l O + 4]z @)1 (116)

Then, from (114)—(116), we get

1z 11
So :9+2/ / l(az,y)Qdmdy—i—S/ / A(z, y)2dady
o Jo o Jo

11 1w
—|—4/ / ﬁm(x,y)2dxdy—|—3D2/ / plz —y)?dzdy
—|—4D2/ / p' (x — y)*dzdy.

(114)

2 dyd|is (1) + 4D (ﬁ(0)2

+4D?p( (117)
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Next, we prove the boundedness of Ss. First, we consider 7j(z, y) and
p(x), which satisfy

o) = i) + D [ ite — a0 (118)
n(@,y) = (wy+D/ (z,&)I(&,y)d¢
+D/ (x — (€, y)de. (119)
Knowing that the inverse kernel satisfies
[2ll0 < 1 llocell (120)
Illse < (L4 11l 1] € (121)

and taking the derivative of p and 7, the following holds:

+D/ iz — E)pE)de  (122)
e, 9) = A (2, ) +D/ o, €)I(€,y)d€ + Da(0)i(z, )

+D/ (@ — €)A(E, y)de. (123)

Integrating (120), the following estimate can be derived:

1 T 1 T
/ / Pz — y)dyde < ( / / §(x — y)*dyda
0 0 0 0

1 x
+D2al el + Dl [ [ q’<x—y>2dydx) (124)
(0] 0

1 1 1 x
[ [ ietewravas <an?als [ [ e - 2dgas
0 0 0 0

1 1
Fa4 D) [ [ o dyde + D% G2 )
0 0
(125)

Finally, combining (117) with (85), (120), (121), (125), and Lemmas 3
and 4, one obtains that (46) is bounded and completed the proof for
Proposition 2.
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