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Abstract—With deep neural network approximations of partial
differential equation (PDE) backstepping, for each new functional
coefficient of the PDE plant, the gains are obtained through a
function evaluation. In this article, we expand this framework
to control of cascaded PDE systems from distinct classes: a
reaction–diffusion plant, which is a parabolic PDE, with input delay,
which is a hyperbolic PDE. The DeepONet-approximated nonlinear
operator for the control gain is a cascade/composition of the op-
erators defined by one hyperbolic PDE of the Goursat form and
one parabolic PDE on a rectangle, both of which are bilinear in
their input functions and not explicitly solvable. For the DeepONet-
approximated delay-compensated PDE backstepping controller,
we guarantee exponential stability in the L2 norm of the plant state
and the H1 norm of the input delay state.

Index Terms—Deep learning, delay systems, distributed param-
eter systems, neural networks, partial differential equation (PDE)
backstepping.

I. INTRODUCTION

By focusing on the stabilization of a partial differential equation
(PDE) class with input delay, we introduce the first DeepONet imple-
mentation of PDE backstepping where the nonlinear operator being
approximated is a composition of two operators governed by PDEs of
distinct classes (hyperbolic/Goursat and parabolic/rectangular).

PDE backstepping was introduced for delay compensation in PDE
control in [9], which presented an exponentially stabilizing compen-
sator for scalar reaction–diffusion (RD) PDE with a long boundary input
delay. This framework led to delay-adaptive controllers [22], [23] and
compensators designed for input delays that vary spatially [13] or for 3-
D RD PDEs [15]. Likewise, an adaptive output feedback control for cou-
pled hyperbolic systems with unknown plant’s parameters and known
actuator and sensor delays is developed in [1] and tradeoffs between
convergence rate and delay robustness are unraveled by Auriol et al. [3].
Motivated by safe drilling operation management, a delay-compensated
control scheme for a sandwich hyperbolic PDE in the presence of
a sensor delay of arbitrary length was proposed in [19]. Linearized
Aw–Rascle–Zhang PDEs describing traffic systems as 2 × 2 coupled
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hyperbolic PDEs are stabilized in [14] by designing a backstepping
controller that compensates for a delayed distributed input. Moreover,
the conception of bilateral boundary control for the stabilization of mov-
ing shockwaves in congested-free traffic systems that are governed by
hyperbolic PDEs evolving over complementary time-varying domains
is presented in [25] and [26]. Using triggered batch least-squares iden-
tifiers [6], [7], exponential regulation of both the plant and the actuator
states, and exact identification of an unknown boundary input delay in
finite time have been achieved in [18] for coupled hyperbolic PDE–ODE
cascade systems. A Lyapunov design of delay-adaptive control laws for
first-order hyperbolic partial integro–differential equations is proposed
in [24].

Methods that speed up the computation of complicated gains with
deep learning have recently emerged [4], [11]. They leverage a break-
through in neural networks, DeepONet [12], which produces arbitrar-
ily close approximations of nonlinear operators (function-to-function
maps), including solutions to PDEs that govern the gains of PDE
controllers. This approach retains the nominal closed-loop stability for
both delay-free hyperbolic [4] and parabolic [11] PDEs. The convex
optimization framework developed in [2] utilizes polynomial kernel
optimization and semidefinite programming to guarantee L2 stability
for parabolic and first-order hyperbolic PDEs under a backstepping
controller.

Contribution of this article: A recent step from the development of
DeepONet backstepping for PDEs [4], [11] to the delay-PDE structures
was made in [16]. However, in [16], both the PDE plant and its input
delay dynamics are of the hyperbolic kind and, as a result, the gain
kernel equation is still a single PDE, as in the initial [4], [11]. In
this article, we not only advance to multiple kernel PDEs, but also
to problems where the kernel PDEs are from different PDE classes
and where the control gain function is the output of a composition
of nonlinear operators defined by such multiple PDEs. We develop
DeepONet implementations and stability guarantees for the generalized
version of the backstepping design for an RD PDE with input delay
introduced in [9]. It is important to highlight that obtaining solutions
for stabilizing gain kernel functions of RD PDEs with spatially varying
reactivity and constant boundary input delay is not readily achieved
through conventional methods.

Two kernel PDEs and associated neural operators (NOs) arise as
follows.
1) The PDE for the first kernel (“backstepping kernel”) is

a) in the Goursat form (on a triangular domain);
b) of the second-order hyperbolic type;
c) with the reactivity function as the operator’s input.

2) The PDE for the second kernel (“predictor kernel”) is
a) on a rectangular domain;
b) of a parabolic type, given exactly by the plant’s RD model;
c) with the first PDE kernel as the initial condition of the second

PDE, i.e., with the first kernel as the input to the operator
that produces the second kernel.

The control gain is obtained as the output of a composition of the
two nonlinear operators whose overall input is reactivity.

In relation to [11], this article provides a methodology-expanding
advance since the kernel operator in [11] is fed into an even more
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complex nonlinear operator, defined by the RD system, which is not
solvable explicitly since the reactivity function, which acts as a multi-
plicative input to the RD PDE, makes this PDE nonlinear.

With the approximation properties that we prove for the NOs, we
guarantee closed-loop exponential stability (in L2 for plant state and in
H1 for input delay state).

Organization of article: The rest of this article is organized as fol-
lows. Section II recalls predictor feedback for RD PDE with boundary
input delay. Sections III and IV present the approximation of predictor
feedback kernels operators and stabilization under DeepONet, respec-
tively. Finally, Section V concludes this article.

II. DELAY-COMPENSATED PDE BACKSTEPPING DESIGN

Consider

ut(x, t) = uxx(x, t) + λ(x)u(x, t) (1)

u(0, t) = 0, u(1, t) = U(t−D) (2)

where u(x, t), (x, t) ∈ (0, 1)× R+ and λ(x) ∈ C1([0, 1]). Denoting
v(x, t) = U(t+D(x− 1)), we rewrite

ut(x, t) = uxx(x, t) + λ(x)u(x, t) (3)

u(0, t) = 0, u(1, t) = v(0, t) (4)

Dvt(x, t) = vx(x, t), v(1, t) = U(t). (5)

Using the PDE backstepping method [9], one can map system (3)–(5)
into the following exponentially stable target system:

wt(x, t) = wxx(x, t) (6)

w(0, t) = 0, w(1, t) = z(0, t) (7)

Dzt(x, t) = zx(x, t) (8)

z(1, t) = 0 (9)

where the following transformations have been employed:

w(x, t) = u(x, t)−
∫ x

0

k(x, y)u(y, t)dy (10)

z(x, t) = v(x, t)−
∫ 1

0

γ(x, y)u(y, t)dy

−D

∫ x

0

q(x− y)v(y, t)dy. (11)

The gain kernel k(x, y) satisfies

kxx(x, y) = kyy(x, y) + λ(y)k(x, y) ∀(x, y) ∈ Ω̌1 (12)

k(x, x) = − 1

2

∫ x

0

λ(y)dy, k(x, 0) = 0 (13)

where Ω̌1 = {0 < y ≤ x < 1} and Ω1 = {0 ≤ y ≤ x ≤ 1}. The ker-
nel γ(x, y) satisfies

γx(x, y) = D(γyy(x, y) + λ(y)γ(x, y)) ∀(x, y) ∈ Ω̌2 (14)

γ(x, 1) = 0, γ(x, 0) = 0 (15)

γ(0, y) = k(1, y) (16)

where Ω̌2 = {0 ≤ x ≤ 1, 0 < y < 1} and Ω2 = {0 ≤ x ≤ 1, 0 ≤
y ≤ 1}. The kernel q satisfies

q(x) = −γy(x, 1). (17)

From (5), (9), and (11), the nominal exponentially stabilizing boundary
controller is [9]

U(t) =

∫ 1

0

γ(1, y)u(y, t)dy +

∫ 1

0

q(1− y)v(y, t)dy. (18)

System (12)–(17) is a cascade of the following two nonlinear operators:
1) the “Goursat kernel map” λ �→ k, whose output k we shall refer to

as the backstepping kernel;
2) the “RD kernel map” k �→ γ, whose output γ we refer to as the

predictor kernel.

For the implementation of the controller in (18), whose gains are
γ(1, y) and q(1− y) = −γy(1− y, 1), the operator of interest is the
composition operator λ �→ γ.

III. ACCURACY OF APPROXIMATION OF BACKSTEPPING KERNEL

OPERATOR WITH DEEPONET

We introduce a space Υ ⊂ C1((0, 1]× [0, 1]) of functions γ(x, y)
satisfying γ[x] ∈ C2([0, 1]) for all x ∈ (0, 1].

Lemma 1. [Bound on RD kernel, with Goursat kernel as initial
condition, proven in Appendix A]: For every λ, k(1, ·) ∈ C1([0, 1]), the
gain kernel γ(x, y) satisfying the PDE system (14)–(16) has a unique
solution in the function space Υ with the following property, for all
(x, y) ∈ Ω2:

|γ(x, y)|2 ≤ e2Dλ̄x

∫ 1

0

(k(1, y)2 + ky(1, y)
2)dy (19)

|γy(x, 1)|2 ≤ (1 + 2Dλ̄)λ̄e2Dλ̄x

∫ 1

0

k(1, y)2dy

+

(
1 + λ̄ +

1

D

)
e2Dλ̄x

∫ 1

0

ky(1, y)
2dy

+ 2De2Dλ̄x

∫ 1

0

kyy(1, y)
2dy. (20)

Denote the sets of functions

K = {k ∈ C2(Ω1)|k(x, 0) = 0 ∀x ∈ [0, 1]} (21)

Γ = {γ ∈ Υ|γ(x, 0) = γ(x, 1) = 0 ∀x ∈ [0, 1]} (22)

and define the operators K1 : C1[0, 1] → K and K2 : C1[0, 1]×
C1[0, 1] → Γ, where

K1(λ)(x, y) := k(x, y) (23)

K2(λ, k(1, ·))(x, y) := γ(x, y) (24)

respectively. This allows us to introduce the operators M1 : C1[0, 1] →
K × C1[0, 1]×Υ defined by

M1(λ)(x, y) := (k(x, y),K1(x),K2(x, y)) (25)

K1(x) = 2
d

dx
(k(x, x)) + λ(x) (26)

K2(x, y) = kxx(x, y)− kyy(x, y)− λ(y)k(x, y) (27)

and M2 : C1[0, 1]× C1[0, 1] → Γ×Υ defined by

M2(λ, k(1, ·))(x, y) := (γ(x, y),Γ(x, y)) (28)

Γ(x, y) = γx(x, y)−Dγyy(x, y)−Dλ(y)γ(x, y).
(29)

Theorem 1. [DeepONet approximation of kernels]: Consider the
operators defined in (25) and (28), along with (12)–(16), (26), (27),
and (29). For all Bλ, Bλ′ , Bλ′′ > 0 and ε > 0, there exist NOsM̂1 :

C1[0, 1] → K × C1[0, 1]×Υ and M̂2 : C1[0, 1]× C1[0, 1] → Γ×
Υ such that

|M1(λ)(x, y)−M̂1(λ)(x, y)|
+ |M2(λ, k(1, ·))(x, y)−M̂2(λ, k(1, ·))(x, y)| < ε (30)

holds for all Lipschitz λ and k with the properties that ‖λ‖∞ ≤
Bλ, ‖λ′‖∞ ≤ Bλ′ , and ‖λ′′‖∞ ≤ Bλ′′ , namely, there exists NOs

K̂i, i = 1, 2, such that K̂1(λ)(x, 0) ≡ 0, K̂2(λ, k(1, ·))(x, 0) =
K̂2(λ, k(1, ·))(x, 1) ≡ 0, and

|k̃(x, y)|+
∣∣∣∣2 d

dx
(k̃(x, x)

∣∣∣∣+
∣∣∣k̃xx(x, y)− k̃yy(x, y)− λ(y)k̃(x, y)

∣∣∣
+ |γ̃(x, y)|+|γ̃x(x, y)|+|γ̃x(x, y)−Dγ̃yy(x, y)−Dλ(y)γ̃(x, y)|
+ |γ̃xx(x, y)−Dγ̃xyy(x, y)−Dλ(y)γ̃x(x, y)|+ |k̃yyy(x, y)|
+ |γ̃y(x− y, 1)|+ |γ̃xy(x− y, 1)| < ε (31)
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where

k̃(x, y) = k(x, y)− k̂(x, y) = K1(λ)(x, y)−K̂1(λ)(x, y) (32)

γ̃(x, y) = γ(x, y)− γ̂(x, y) = K2(λ, k(1, ·))(x, y)
− K̂2(λ, k(1, ·))(x, y). (33)

Proof 1: Continuity of M1 and M2 follows from [11], [17], and
Lemma 1, respectively. The result invokes [5, Thm. 2.1].�

IV. STABILIZATION UNDER DEEPONET GAIN FEEDBACK

The backstepping transformations (10) and (11) fed by the approxi-
mate gain kernel k̂(x, y) are defined as

ŵ(x, t) = u(x, t)−
∫ x

0

k̂(x, y)u(y, t)dy (34)

ẑ(x, t) = v(x, t)−
∫ 1

0

γ̂(x, y)u(y, t)dy

−D

∫ x

0

q̂(x− y)v(y, t)dy (35)

where k̂ =K̂1(λ), γ̂ =K̂2(λ, k(1, ·)), and q̂(x) = −γ̂y(x, 1) together
with the control law (18), where γ and γy are replaced by their
approximations. By differentiation, (12)–(17), (34), and (35) generate
the perturbed target system given as follows:

ŵt(x, t) = ŵxx(x, t) + δ1(x)u(x, t) +

∫ x

0

δ2(x, y)u(y, t)dy

(36)

ŵ(0, t) = 0, ŵ(1, t) = ẑ(0, t) (37)

Dẑt(x, t) = ẑx(x, t) +

∫ 1

0

δ3(x, y)u(y, t)dy (38)

ẑ(1, t) = 0 (39)

where δi, i = 1, 2, 3, are defined as

δ1(x) = − 2
d

dx
k̃(x, x) (40)

δ2(x, y) = − k̃xx(x, y) + k̃yy(x, y) + λ(y)k̃(x, y) (41)

δ3(x, y) = − γ̃x(x, y) +Dγ̃yy(x, y) +Dλ(y)γ̃(x, y). (42)

Note that from (31), the following inequalities hold: ‖δi‖∞ ≤ ε, i =
1, 2, 3, and ‖δ3x‖∞ ≤ ε.

Proposition 1. [Lyapunov analysis for DeepONet-perturbed target
system, proven in Appendix B]: Consider the target system (36)–(39).
For each D > 0, there exists ε∗ > 0 such that for all ε ∈ (0, ε∗),
there exist c1, c2 > 0 such that Ψ1(t) ≤ Ψ1(0)c2e

−c1t∀t ≥ 0, where
Ψ1(t) = ‖ŵ(t)‖2 + ‖ẑ(t)‖2 + ‖ẑx(t)‖2.

Consider (34), (35), and their inverses

u(x, t) = ŵ(x, t) +

∫ x

0

l̂(x, y)ŵ(y, t)dy (43)

v(x, t) = ẑ(x, t) +

∫ 1

0

η̂(x, y)ŵ(y, t)dy

+D

∫ x

0

p̂(x− y)ẑ(y, t)dy (44)

where l̂(x, y), η̂(x, y), and p̂(x− y) are inverse kernels.
Proposition 2. [Norm equivalence with DeepONet kernels, proven

in Appendix C]: The following estimates hold between the plant (3)–(5)
and the target system (36)–(39), S2Ψ1(t) ≤ Φ(t) ≤ S1Ψ1(t), where
Φ(t) = ‖u(t)‖2 + ‖v(t)‖2 + ‖vx(t)‖2, is bounded, and the constants
S1 and S2 are given by

S1 = 9 + 2

∫ 1

0

∫ x

0

k̂(x, y)2dxdy + 3

∫ 1

0

∫ 1

0

γ̂(x, y)2dxdy

+ 4

∫ 1

0

∫ 1

0

γ̂x(x, y)
2dxdy + 3D2

∫ 1

0

∫ x

0

q̂(x− y)2dxdy

+ 4D2q̂(0)2 + 4D2

∫ 1

0

∫ x

0

q̂′(x− y)2dxdy (45)

S2 = 9 + 2

∫ 1

0

∫ x

0

l̂(x, y)2dxdy + 3

∫ 1

0

∫ 1

0

η̂(x, y)2dxdy

+ 4

∫ 1

0

∫ 1

0

η̂x(x, y)
2dxdy + 3D2

∫ 1

0

∫ x

0

p̂(x− y)2dxdy

+ 4D2p̂(0)2 + 4D2

∫ 1

0

∫ x

0

p̂′(x− y)2dxdy. (46)

Based on the norm-equivalence in Proposition 2, the main result in
the next theorem immediately follows from Proposition 1.

Theorem 2. [Main result—stabilization with DeepONet]: Consider
the system (3)–(5) or, equivalently, system (1) and (2), with any λ ∈
C1([0, 1]) whose derivatives λ′ and λ′′ are Lipschitz and that satisfy
‖λ‖∞ ≤ Bλ, ‖λ′‖∞ ≤ Bλ′ , and ‖λ′′‖∞ ≤ Bλ′′ , and Bλ, Bλ′ , Bλ′′ > 0.
There exists a sufficiently small ε∗(Bλ, Bλ′ , Bλ′′) > 0, such that the
feedback controller

U(t) =

∫ 1

0

γ̂(1, y)u(y, t)dy −D

∫ 1

0

γ̂y(1− y, 1)v(y, t)dy (47)

with two NOs M̂i, i = 1, 2, of approximation accuracy ε ∈ (0, ε∗),
in relation to the exact backstepping kernels k(x, y) and γ(x, y),
respectively, ensure that the closed-loop system satisfies the following
exponential stability bound:

Φ(t) ≤ Φ(0)
S1

S2

c2e
−c1t ∀t ≥ 0 . (48)

Due to page limitations, not all proofs are fully displayed. We refer to
the unabridged manuscript [20] where simulation results and expanded
proofs are presented.

V. CONCLUSION

The structure of the approximated nonlinear operator is the key
novelty: 1) reactivity generates one backstepping kernel, which is a
solution to a second-order parabolic Goursat PDE, and 2) the solution
of that Goursat PDE serves as an initial condition to another parabolic
(RD) PDE, to generate a second (predictor) kernel. Each of the two
PDEs, from distinct classes, gives rise to a separate nonlinear operator,
and taken as a composition, they generate a single nonlinear operator,
from reactivity function to control gain. The numerical implementation
of our results is widely presented in [21], and the code is available
online.1

APPENDIX A
PROOF OF LEMMA 1

For f(x, t) ∈ L2[0, 1], we denote ‖f(t)‖2
L2 =

∫ 1

0
|f(x, t)|2dx.

Lemma 2. [Bounds on Goursat kernel’s derivatives]: For k(x, y)
satisfying (12) and (13), the following holds:

|ky(x, y)|2 ≤ 5λ̄2

8
+ λ̄4e4̄λ (49)

|kyy(x, y)|2 ≤ 3(32λ̄′2 + 31λ̄4)

256

+
3λ̄2(32λ̄2 + 26λ̄′2 + 23λ̄4)e4̄λ

128
(50)

|kyyy(x, y)|2 ≤ 12λ′′2 + 73λ̄′2λ̄2 + 218λ̄4 + 20λ̄6

64

1[Online]. Available: https://github.com/Shanshan7/
NeuralOperatorDeepforReaction-DiffusionPDEswithDelay.gitgithub
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+
λ̄2e4̄λ(36λ̄′2(1 + λ̄2) + 68λ̄4 + 19λ̄′′2)

16

+
λ̄4e4̄λ (6λ̄′2 + 119λ̄4)

128

)
. (51)

Proof: Let us start by defining G(ξ, η) = k(x, y), where ξ = x−
y and η = x− y. Then, ky(x, y) = Gξ(ξ, η)−Gη(ξ, η), where it is
readily shown that

Gξ(ξ, η)
2 ≤ λ̄2

8

(
1 + λ̄2e4̄λ

)
, Gη(ξ, η)

2 ≤ 3λ̄2

16

(
1 + 2λ̄2e4̄λ

)
.

(52)

To arrive at (52), we use the fact thatG(ξ, η) = k(x, y) and |k(x, y)| ≤
λ̄e2̄λx as stated in in [11, Thm. 3]. Hence, based on ky(x, y) =
Gξ(ξ, η)−Gη(ξ, η) and (52), one gets

ky(x, y)
2 ≤ 2Gξ(ξ, η)

2 + 2Gη(ξ, η)
2 ≤ 5λ̄2

8
+ λ̄4e4̄λ. (53)

The next step is to find an upper bound of kyy(x, y) with

kyy(x, y) = Gξξ(ξ, η)− 2Gξη(ξ, η) +Gηη(ξ, η) (54)

where the expressions for the terms on the right-hand side are long and
omitted but satisfy

Gηξ(ξ, η)
2 ≤ λ̄4e4̄λ

16
(55)

Gξξ(ξ, η)
2 ≤ 3(2λ̄′2 + λ̄4)

128
+

3λ̄2e4̄λ(2λ̄′2 + λ̄4)

128
(56)

Gηη(ξ, η)
2 ≤ 5(4λ̄′2 + 5λ̄4)

256
+

5λ̄2e4̄λ(λ̄′2 + λ̄4)

32
(57)

can be deduced. Thus, from (54) and (55)–(57), one gets
that |kyy(x, y)|2 ≤ 12Gηξ(ξ, η)

2 + 3Gξξ(ξ, η)
2 + 3Gηη(ξ, η)

2 is
bounded.

The last step is to prove the boundedness ofkyy(1, y) andkyyy(1, y).
From (54), we derive that kyyy(x, y) = Gξξξ(ξ, η)− 3Gξξη(ξ, η) +
3Gξηη(ξ, η)−Gηηη(ξ, η), where the expressions for the terms on the
right-hand side are long and omitted but satisfy the following estimates:

Gηηξ(ξ, η)
2 ≤ 3λ̄4 + 2λ̄2e4̄λ(2λ̄′2 + 3λ̄4)

128
(58)

Gηξξ(ξ, η)
2 ≤ λ̄4 + λ̄2e4̄λ(2λ̄′2 + λ̄4)

64
(59)

Gξξξ(ξ, η)
2 ≤ 3λ̄2(2λ̄′2 + λ̄4)

512
+

λ̄2e4̄λ(λ̄′′2 + 2λ̄′2λ̄2)

64

+
λ̄′′2 + 2λ̄′2λ̄2

64
+

3λ̄4e4̄λ(2λ̄′2 + λ̄4)

512
(60)

Gηηη(ξ, η)
2 ≤ λ̄′′2 + 5λ̄′2λ̄2 + 16λ̄4

32
+

λ̄2(44λ̄′2 + 37λ̄4)

512

+
λ̄2e4̄λ(70λ̄′2λ̄2 + 36λ̄′′2 + 64λ̄4 + 29λ̄6)

128
. (61)

Hence, the boundedness of kyyy(x, y) is established through
the inequality |kyyy(x, y)|2 ≤ 36Gηηξ(ξ, η)

2 + 36Gηξξ(ξ, η)
2 +

4Gξξξ(ξ, η)
2 + 4Gηηη(ξ, η)

2, which completes the proof of
Lemma 2.�

Proof of Lemma 1: Next, we turn our attention to γ(x, y). We
first recall from [8, Thm. 4.1] that, for every k(1, ·) ∈ C2([0, 1]) ⊂
L2(0, 1), there exists a unique mapping γ ∈ C0([0, 1];L2(0, 1)), with

γ ∈ C1((0, 1]× [0, 1]), satisfying γ[x] ∈ C2([0, 1]) for all x ∈ (0, 1],
and (14)–(16).

As the next step, we prove the boundedness of the gain kernelγ(x, y).
First, we use Agmon’s inequality to obtain that the kernel γ(x, y)
satisfies the following estimate:

|γ(x, y)|2 ≤
∫ 1

0

γ(x, y)2dy +

∫ 1

0

γy(x, y)
2dy. (62)

With the inequalities

d

dx

1

2

∫ 1

0

γ(x, y)2dy =

∫ 1

0

γ(x, y)γx(x, y)dy

≤ Dλ̄

∫ 1

0

γ(x, y)2dy (63)

derived by using integration by parts and the comparison lemma, we
arrive at the inequality∫ 1

0

γ(x, y)2dy ≤ e2Dλ̄x

∫ 1

0

γ(0, y)2dy. (64)

Knowing that γ(0, y) = k(1, y), one gets∫ 1

0

γ(x, y)2dy ≤ e2Dλ̄x

∫ 1

0

k(1, y)2dy. (65)

Along the same arguments, the following holds:

d

dx

1

2

∫ 1

0

γy(x, y)
2dy =

∫ 1

0

γy(x, y)γxy(x, y)dy (66)

≤ Dλ̄

∫ 1

0

γy(x, y)
2dy (67)

and leads to the following inequality:∫ 1

0

γy(x, y)
2dy ≤ e2Dλ̄x

∫ 1

0

γy(0, y)
2dy. (68)

From (16), it is obvious that γy(0, y) = ky(1, y) and therefore∫ 1

0

γy(x, y)
2dy ≤ e2Dλ̄x

∫ 1

0

ky(1, y)
2dy. (69)

Substituting (65) and (69) into (62), one can deduce that

|γ(x, y)|2 ≤ e2Dλ̄x

∫ 1

0

k(1, y)2dy + e2Dλ̄x

∫ 1

0

ky(1, y)
2dy. (70)

The first term of the right-hand side of (70) is bounded due to the bound-
edness of k(x, y), which translates into |k(1, y)| ≤ λ̄e2̄λ. Meanwhile,
based on Lemma 2, we get that |ky(x, y)|2 is bounded. Thus, based on
(70), we have proved the boundedness of γ(x, y).

Finally, we prove the boundedness of the gain kernel q(x).
Since q(x) = −γy(x, 1) holds, multiplying the PDE γx(x, y) =
Dγyy(x, y) +Dλ(y)γ(x, y) by 2yγy(x, y), we get

2yγx(x, y)γy(x, y)

= 2Dyγy(x, y)γyy(x, y) + 2Dλ(y)yγ(x, y)γy(x, y). (71)

Integrating (71) in y, we obtain the following equality:

2

∫ 1

0

yγx(x, y)γy(x, y)dy = Dγy(x, 1)
2 −D

∫ 1

0

γy(x, y)
2dy

+ 2D

∫ 1

0

λ(y)yγ(x, y)γy(x, y)dy. (72)
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Using Young’s inequality, (72) implies that

γy(x, 1)
2 ≤ λ̄

∫ 1

0

γ(x, y)2dy +

(
1 + λ̄ +

1

D

)∫ 1

0

γy(x, y)
2dy

+
1

D

∫ 1

0

γx(x, y)
2dy. (73)

In order to find an estimate of the last term of the above equation, let
us consider the following fact:

d

dx

1

2

∫ 1

0

γx(x, y)
2dy ≤ Dλ̄

∫ 1

0

γx(x, y)
2dy (74)

where we have used integration by parts. Hence, comparison lemma
helps to deduce the following bound:∫ 1

0

γx(x, y)
2dy ≤ e2Dλ̄x

∫ 1

0

γx(0, y)
2dy. (75)

From (14) and (16), it is obvious that γx(0, y) = Dγyy(0, y) +
Dλ(y)γ(0, y) and γyy(0, y) = kyy(1, y),which enables one to rewrite
(75) as∫ 1

0

γx(x, y)
2dy ≤ 2D2e2Dλ̄x

∫ 1

0

(kyy(1, y)
2 + λ̄2k(1, y)2)dy.

(76)

Thus, based on the estimate of |kyy(x, y)|2 in Lemma 2, the bounded-
ness of γy(x, 1) follows from (73), which implies the boundedness of
q(x).

APPENDIX B
PROOF OF PROPOSITION 1

To prove Proposition 1, we first introduce the variable

m̂(x, t) = ŵ(x, t)− xz(0, t) (77)

which leads to the following scaled target system with homogeneous
boundary conditions:

m̂t(x, t) = m̂xx(x, t)− xzt(0, t) + δ1(x)u(x, t)

+

∫ x

0

δ2(x, y)u(y, t)dy (78)

Dẑt(x, t) = ẑx(x, t) +

∫ 1

0

δ3(x, y)u(y, t)dy (79)

m̂(0, t) = 0, m̂(1, t) = 0, ẑ(1, t) = 0. (80)

With A1 > 0 to be chosen, let us define the Lyapunov candidate

V1(t) =
A1

2

∫ 1

0

m̂(x, t)2dx

+
D

2

∫ 1

0

(1 + x)(ẑ(x, t) + ẑx(x, t))dx. (81)

Computing the time derivative of (81) along (78)–(80) and using inte-
gration by parts and Young’s inequality with r1 > 0 yet to be chosen,
the following estimate is obtained:

V̇1(t) ≤ −A1‖m̂x(t)‖2 + A1

2Dr1
‖m̂(t)‖2 + A1r1

6D
ẑx(0, t)

2

− 1

2
ẑ(0, t)2 − 1

2
‖ẑ(t)‖2 − 1

2
ẑx(0, t)

2 − 1

2
‖ẑx(t)‖2

+A1ε(‖m̂(t)‖2 + ‖u(t)‖2) + ε2‖u(t)‖2 + A1ε

2D
(‖m̂(t)‖2

+ ‖u(t)‖2) + ε(‖ẑ(t)‖2 + ‖ẑx(t)‖2 + 2‖u(t)‖2). (82)

Hence, by virtue of the Poincaré inequality, we get that

V̇1(t) ≤ −A1

(
1

4
− 1

2Dr1
− ε− ε

2D

)
‖m̂(t)‖2 − 1

2
ẑ(0, t)2

−
(
1

2
− ε

)(‖ẑ(t)‖2 + ‖ẑx(t)‖2
)

−
(
1

2
− A1r1

6D

)
ẑx(0, t)

2

+ ε

(
A1 + ε+ 2 +

A1

2D

)
‖u(t)‖2. (83)

Following Krstic [9], the inverse transformation of the approximate gain
kernel (34) allows to derive a bound of the norm of the state u(x, t) in
(83) with respect to the norm of the approximate target system’s state
ŵ(x, t). In other words

u(x, t) = ŵ(x, t) +

∫ x

0

l̂(x, y)ŵ(y, t)dy (84)

where the inverse kernel l̂(x, y) and the kernel k̂(x, y) satisfy l̂(x, y) =
k̂(x, y) +

∫ x

y
k̂(x, ξ)l̂(ξ, y)dξ [10], and the following conservative

bound holds: ‖l̂‖∞ ≤ ‖k̂‖∞e‖k̂‖∞ . Since ‖k − k̂‖∞ < ε, it follows that
‖k̂‖∞ ≤ ‖k‖∞ + ε, and using |k(x, y)| ≤ λ̄e2̄λx, we obtain ‖k̂‖∞ ≤
λ̄e2̄λ + ε. Hence

‖l̂‖∞ ≤ (λe2̄λx + ε)e(λe
2̄λx+ε). (85)

From (77) and (84), we deduce the following relation:

‖u(t)‖2 =

∫ 1

0

(
ŵ(x, t) +

∫ x

0

l̂(x, y)ŵ(y, t)dy

)2

dx

≤ 4(1 + ‖l̂‖2∞)(‖m̂(t)‖2 + z(0, t)2). (86)

Substituting (86) into (83) yields the following bound:

V̇1(t) ≤ −
(
A1

8
− A1

2Dr1
− ε2(1 + ‖l̂‖2∞)

)
‖m̂(t)‖2

−
(
A1

8
− ε

(
4

(
A1 + 2 +

A1

2D

)
(1 + ‖l̂‖2∞)

+A1 +
A1

2D

))
‖m̂(t)‖2 −

(
1

2
− ε

)
‖ẑ(t)‖2

−
(
1

4
− 4ε2(1 + ‖l̂‖2∞)

)
z(0, t)2

−
(
1

4
− 4ε

(
A1 + 2 +

A1

2D

)
(1 + ‖l̂‖2∞)

)
z(0, t)2

−
(
1

2
− ε

)
‖ẑx(t)‖2 −

(
1

2
− A1r1

6D

)
ẑx(0, t)

2 (87)

for the time derivative of the Lyapunov function V (t). Setting A1 =
3D2

8
and r1 = 8

D
, one can define ε∗(D) as

ε∗ = min

{
D

8(2A1D + 4D +A1)(1 + ‖l̂‖2∞)
,
1

2
,

A1D

16(2A1D + 4D +A1)(1 + ‖l̂‖2∞) + 4A1(2D + 1))
,

1

4

√
(1 + ‖l̂‖2∞)

,

√
A1(Dr1 − 4)

8Dr1(1 + ‖l̂‖2∞)

}
(88)
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such that for all ε ∈ (0, ε∗), V̇1(t) ≤ −c1V1(t), where c1(D, ε) is
defined by

c1 = min

{[
1

4
− 2ε

(
4

(
1 +

2

A1

+
1

2D

)
(1 + ‖l̂‖2∞)

+ 1 +
1

2D

)]
,
1− 2ε

2D

}
(89)

which leads to the following inequality V1(t) ≤ V1(0)e
−c1t. One

can readily verify that 1
A1+D

V1(t) ≤ Ψ1(t) ≤ max
{

4
A1

, 6
D

}
V1(t).

Therefore, for all ε ∈ (0, ε∗), the exponential stability bound holds with

c2(D) = (A1 +D)max
{

4
A1

, 6
D

}
.

APPENDIX C
PROOF OF PROPOSITION 2

Lemma 3: For the kernel γ that satisfies the PDE (14)–(16), the
following estimates hold:∫ 1

0

∫ 1

0

γ(x, y)2dydx ≤ e2Dλ̄

2Dλ̄

∫ 1

0

k(1, y)2dy (90)

∫ 1

0

∫ 1

0

γx(x, y)
2dydx ≤ De2Dλ̄

λ̄

∫ 1

0

(kyy(1, y)
2 + λ̄2k(1, y)2)dy.

(91)

Proof: By integrating both sides of (64), we get (90). Following the
proof of (74)–(76), and integrating (76), with respect to x from 0 to 1,
we can obtain the second estimate as follows:∫ 1

0

∫ 1

0

γx(x, y)
2dydx ≤ De2Dλ̄

λ̄

∫ 1

0

(kyy(1, y)
2 + λ̄2k(1, y)2)dy

(92)

which completes the proof of Lemma 3.�
Lemma 4: If the kernel γ satisfies the RD PDE (14)–(16), the

following inequalities hold:∫ 1

0

γy(x, 1)
2dx

≤
∫ 1

0

(
e2Dλ̄

λ̄
kyy(1, y)

2 +

(
1 + λ̄ +

1

D

)
e2Dλ̄

2Dλ̄
ky(1, y)

2

+

(
1

2D
+ λ̄

)
e2Dλ̄k(1, y)2

)
dy (93)

∫ 1

0

γxy(x, 1)
2dx

≤3D2

∫ 1

0

(kyyy(1, y)
2+λ̄2ky(1, y)

2+λ̄′2k(1, y)2)dy+
((

2D

+Dλ̄ + 1 + 2D2

(
λ̄′

λ̄
+ 2λ̄ + λ̄′

))
e2Dλ̄ + 2D2λ̄ + 2D2λ̄′

+D +Dλ̄ + 1

)∫ 1

0

(
kyy(1, y)

2 + λ̄2k(1, y)

)
dy. (94)

Proof: To prove (93) and (94), the first step is building the relation-
ship between γy(x, 1), γxy(x, 1), and k(1, y), and the second step is
to prove the boundedness of kyy(1, y) and kyyy(1, y). We recall that
we have proved the boundness of ky(1, y) and k(1, y) in Section III.

To complete the first step, following the method in (71)–(73),
multiply the PDE γxx(x, y) = Dγxyy(x, y) +Dλ(y)γx(x, y) by
2yγxy(x, y), which results into the following relation:

2yγxx(x, y)γxy(x, y)

= 2Dyγxy(x, y)γxyy(x, y) + 2Dλ(y)yγx(x, y)γxy(x, y). (95)

Integrating (95) in y and using integration by parts, one gets

2

∫ 1

0

yγxx(x, y)γxy(x, y)dy = Dγxy(x, 1)
2 −D

∫ 1

0

γxy(x, y)
2dy

+ 2D

∫ 1

0

λ(y)yγx(x, y)γxy(x, y)dy. (96)

With the help of Young’s inequality, the following holds:

γxy(x, 1)
2 =

1

D

∫ 1

0

γxx(x, y)
2dy

+

(
1 + λ̄ +

1

D

)∫ 1

0

γxy(x, y)
2dy

+ λ̄

∫ 1

0

γx(x, y)
2dy. (97)

Integrating (73) and (97) in x, one arrives at∫ 1

0

γy(x, 1)
2dx =

(
1 + λ̄ +

1

D

)∫ 1

0

∫ 1

0

γxy(x, y)
2dydx

+
1

D

∫ 1

0

∫ 1

0

γxx(x, y)
2dydx+ λ̄

∫ 1

0

∫ 1

0

γx(x, y)
2dydx.

(98)

Knowing that

d

dx

1

2

∫ 1

0

γx(x, y)
2dy

= −D

∫ 1

0

γxy(x, y)
2dy +D

∫ 1

0

λ(y)γx(x, y)
2dy (99)

where integration by parts is used, and then, integrating (99) in x, the
following inequality is deduced:∫ 1

0

∫ 1

0

γxy(x, y)
2dydx

≤ 1

2D

∫ 1

0

γx(0, y)
2dy + λ̄

∫ 1

0

∫ 1

0

γx(x, y)
2dydx. (100)

From (14) and (16), it is obvious that γx(0, y) = Dγyy(0, y) +
Dλ(y)γ(0, y) and γyy(0, y) = kyy(1, y), therefore∫ 1

0

∫ 1

0

γxy(x, y)
2dydx

≤ D
(
1 + e2Dλ̄

)∫ 1

0

(kyy(1, y)
2 + λ̄2k(1, y))dy. (101)

Let us integrate by parts the following equality:

d

dx

1

2

∫ 1

0

γxy(x, y)
2dy = D

∫ 1

0

λ(y)γxy(x, y)
2dy

+D

∫ 1

0

λ′(y)γx(x, y)γxy(x, y)dy −D

∫ 1

0

γxyy(x, y)
2dy. (102)

Hence, taking the integral of (102) with respect to x, the following
holds:∫ 1

0

∫ 1

0

γxyy(x, y)
2dydx ≤ 1

2D

∫ 1

0

γxy(0, y)
2dy

+ λ̄′
∫ 1

0

∫ 1

0

γx(x, y)
2dydx+ (λ̄ + λ̄′)

∫ 1

0

∫ 1

0

γxy(x, y)
2dydx

≤ 3D

2

∫ 1

0

(kyyy(1, y)
2 + λ̄2ky(1, y)

2 + λ̄′2k(1, y)2)dy

+

(
λ̄′De2Dλ̄

λ̄
+D (λ̄ + λ̄′)

(
1 + e2Dλ̄

))∫ 1

0

(kyy(1, y)
2

+ λ̄2k(1, y))dy. (103)
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Based on (14) and (16), we get that γxy(0, y) = Dγyyy(0, y) +
Dλ(y)γy(0, y) +Dλ′(y)γ(0, y), and γyyy(0, y) = kyyy(1, y). Since
γxx(x, y) = Dγxyy(x, y) +Dλ(y)γx(x, y), it follows that:∫ 1

0

∫ 1

0

γxx(x, y)
2dydx ≤ 3D3

∫ 1

0

(kyyy(1, y)
2 + λ̄2ky(1, y)

2

+ λ̄′2k(1, y)2)dy + 2D3

(
λ̄′

λ̄
+ 2λ̄ + λ̄′

)
e2Dλ̄ + λ̄ + λ̄′

)

·
∫ 1

0

(kyy(1, y)
2 + λ̄2k(1, y)2)dy (104)

and recalling (92) leads to the estimate∫ 1

0

∫ 1

0

γy(x, y)
2dydx ≤ e2Dλ̄

2Dλ̄

∫ 1

0

ky(1, y)
2dy. (105)

Combining (101), (104), and (105) with Lemma 3, inequalities (93)
and (94) are derived. With Lemma 2, boundedness of kyyy(x, y) is
established, which completes the proof.�

Proof of Proposition 2: From (34), we derive the following estimate
of the L2 norm of ŵ:∫ 1

0

ŵ(x, t)2dx =

∫ 1

0

(
u(x, t)−

∫ x

0

k̂(x, y)u(y, t)dy

)2

dx

≤ 2

(
1 +

∫ 1

0

∫ 1

0

k̂(x, y)2dydx

)
‖u(t)‖2 (106)

where we use the Cauchy–Schwarz inequality. Then, from (35), the L2

norm of ẑ satisfies∫ 1

0

ẑ(x, t)2dx =

∫ 1

0

(
v(x, t)−

∫ 1

0

γ̂(x, y)u(y, t)dy

− D

∫ x

0

q̂(x− y)v(y, t)dy

)2

dx

≤ 3

(
1 +D2

∫ 1

0

∫ x

0

q̂(x− y)2dydx

)
‖v(t)‖2

+ 3

∫ 1

0

∫ 1

0

γ̂(x, y)2dydx‖u(t)‖2 (107)

where we use the Cauchy–Schwarz inequality.
Taking the first derivative of ẑ(x, t) defined in (35) with respect to

x, we get the following estimates:∫ 1

0

ẑx(x, t)
2dx ≤ 4

∫ 1

0

∫ 1

0

γ̂x(x, y)
2dydx‖u(t)‖2 + 4D2

(
q̂(0)2

+

∫ 1

0

∫ x

0

q̂′(x− y)2dydx

)
‖v(t)‖2 + 4‖vx(t)‖2 (108)

where we use the Cauchy–Schwarz inequality. Hence, using (106)–
(108), we derive

S1 = 9 + 2

∫ 1

0

∫ x

0

k̂(x, y)2dxdy + 3

∫ 1

0

∫ 1

0

γ̂(x, y)2dxdy

+ 4

∫ 1

0

∫ 1

0

γ̂x(x, y)
2dxdy + 3D2

∫ 1

0

∫ x

0

q̂(x− y)2dxdy

+ 4D2q̂(0)2 + 4D2

∫ 1

0

∫ x

0

q̂′(x− y)2dxdy. (109)

Since χ̂ = χ− χ̃, S1 in (109) satisfies the following inequalities given
with respect to the error variables:

S1 ≤ 9 + (18 + 22D2)ε2 + 4

∫ 1

0

∫ x

0

k(x, y)2dxdy

+ 6

∫ 1

0

∫ 1

0

γ(x, y)2dxdy+8

∫ 1

0

∫ 1

0

γx(x, y)
2dxdy+8D2q(0)2

+ 6D2

∫ 1

0

∫ x

0

q(x− y)2dxdy + 8D2

∫ 1

0

∫ x

0

q′(x− y)2dxdy.

(110)

Knowing that q(x) = γy(x, 1)∫ 1

0

∫ x

0

γy(x− y, 1)2dydx =

∫ 1

0

∫ x

0

γy(s, 1)
2dsdx

≤
∫ 1

0

γy(x, 1)
2dx (111)

∫ 1

0

∫ x

0

γxy(x− y, 1)2dydx =

∫ 1

0

∫ x

0

γxy(s, 1)
2dsdx

≤
∫ 1

0

γxy(x, 1)
2dx (112)

we have

S1≤9+(18+22D2)ε2+4

∫ 1

0

∫ x

0

k(x, y)2dxdy+8D2ky(1, 1)
2

+ 6

∫ 1

0

∫ 1

0

γ(x, y)2dxdy + 8

∫ 1

0

∫ 1

0

γx(x, y)
2dxdy

+ 6D2

∫ 1

0

γy(x, 1)
2dx+ 8D2

∫ 1

0

γxy(x, 1)
2dx. (113)

Combining (113) and Lemmas 3 and 4, we obtain (45).
To prove (46) in Proposition 2, we derive the following estimate of

the L2 norm of u:∫ 1

0

u(x, t)2dx =

∫ 1

0

(
ŵ(x, t) +

∫ x

0

l̂(x, y)ŵ(y, t)dy

)2

dx

≤ 2

(
1 +

∫ 1

0

∫ 1

0

l̂(x, y)2dydx

)
‖ŵ(t)‖2 (114)

where the Cauchy–Schwarz inequality has been employed. Then, the
L2 norm of v is∫ 1

0

v(x, t)2dx ≤ 3

∫ 1

0

∫ 1

0

η̂(x, y)2dydx‖ŵ(t)‖2

+ 3

(
1 +D2

∫ 1

0

∫ x

0

p̂(x− y)2dydx

)
‖ẑ(t)‖2 (115)

where we use the Cauchy–Schwarz inequality.
Next, considering the first derivative of v(x, t) with respect to x and

exploiting the Cauchy–Schwarz inequality, the following estimates are
constructed:∫ 1

0

vx(x, t)
2dx≤4

∫ 1

0

∫ 1

0

η̂x(x, y)
2dydx‖ŵ(t)‖2+4D2

(
p̂(0)2

+

∫ 1

0

∫ x

0

p̂′(x− y)2dydx

)
‖ẑ(t)‖2 + 4‖ẑx(t)‖2. (116)

Then, from (114)–(116), we get

S2 = 9 + 2

∫ 1

0

∫ x

0

l̂(x, y)2dxdy + 3

∫ 1

0

∫ 1

0

η̂(x, y)2dxdy

+ 4

∫ 1

0

∫ 1

0

η̂x(x, y)
2dxdy + 3D2

∫ 1

0

∫ x

0

p̂(x− y)2dxdy

+ 4D2p̂(0)2 + 4D2

∫ 1

0

∫ x

0

p̂′(x− y)2dxdy. (117)
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Next, we prove the boundedness of S2. First, we consider η̂(x, y) and
p̂(x), which satisfy

p̂(x) = q̂(x) +D

∫ x

0

q̂(x− ξ)p̂(ξ)dξ (118)

η̂(x, y) = γ̂(x, y) +D

∫ 1

y

γ(x, ξ)l̂(ξ, y)dξ

+D

∫ x

y

q̂(x− ξ)η̂(ξ, y)dξ. (119)

Knowing that the inverse kernel satisfies

‖p̂‖∞ ≤ ‖q̂‖∞e‖q̂‖∞ (120)

‖η̂‖∞ ≤ (1 + ‖l̂‖∞)‖γ̂‖∞e‖q̂‖∞ (121)

and taking the derivative of p̂ and η̂, the following holds:

p̂′(x) = q̂′(x) +Dq̂(0)p̂(x) +D

∫ x

y

q̂′(x− ξ)p̂(ξ)dξ (122)

η̂x(x, y) = γ̂x(x, y) +D

∫ 1

y

γx(x, ξ)l̂(ξ, y)dξ +Dq̂(0)η̂(x, y)

+D

∫ x

y

q̂′(x− ξ)η̂(ξ, y)dξ. (123)

Integrating (120), the following estimate can be derived:∫ 1

0

∫ x

0

p̂′(x− y)2dydx ≤
(∫ 1

0

∫ x

0

q̂′(x− y)2dydx

+D2‖q̂‖2∞‖p̂‖2∞ +D2‖p̂‖2∞
∫ 1

0

∫ x

0

q̂′(x− y)2dydx

)
(124)

∫ 1

0

∫ 1

0

η̂x(x, y)
2dydx ≤ 4D2‖η̂‖2∞

∫ 1

0

∫ x

0

q̂′(x− y)2dydx

+ 4(1 +D2‖l̂‖2∞)

∫ 1

0

∫ 1

0

γ̂x(x, y)
2dydx+ 4D2‖q̂‖2∞‖η̂‖2∞.

(125)

Finally, combining (117) with (85), (120), (121), (125), and Lemmas 3
and 4, one obtains that (46) is bounded and completed the proof for
Proposition 2.

REFERENCES

[1] H. Anfinsen and O. M. Aamo, “Adaptive output-feedback stabi-
lization of 2× 2 linear hyperbolic PDEs with actuator and sensor
delay,” in Proc. 26th Mediterranean Conf. Control Autom., 2018,
pp. 1–6.

[2] P. Ascencio, A. Astolfi, and T. Parisini, “Backstepping PDE design: A
convex optimization approach,” IEEE Trans. Autom. Control, vol. 63, no. 7,
pp. 1943–1958, Jul. 2018.

[3] J. Auriol, U. J. F. Aarsnes, P. Martin, and F. D. Meglio, “Delay-
robust control design for two heterodirectional linear coupled hyperbolic
PDEs,” IEEE Trans. Autom. Control, vol. 63, no. 10, pp. 3551–3557,
Dec. 2018.

[4] L. Bhan, Y. Shi, and M. Krstic, “Neural operators for bypassing gain and
control computations in PDE backstepping,” IEEE Trans. Autom. Control,
vol. 69, no. 8, pp. 5310–5325, 2024.

[5] B. Deng, Y. Shin, L. Lu, Z. Zhang, and G. E. Karniadakis, “Approximation
rates of DeepONets for learning operators arising from advection-diffusion
equations,” Neural Netw., vol. 153, pp. 411–426, 2022.

[6] I. Karafyllis, M. Kontorinaki, and M. Krstic, “Adaptive control by
regulation-triggered batch least squares,” IEEE Trans. Autom. Control,
vol. 65, no. 7, pp. 2842–2855, Jul. 2020.

[7] I. Karafyllis and M. Krstic, “Adaptive certainty-equivalence control with
regulation-triggered finite-time least-squares identification,” IEEE Trans.
Autom. Control, vol. 63, no. 10, pp. 3261–3275, Oct. 2018.

[8] I. Karafyllis and M. Krstic, Input-to-State Stability for PDEs. Berlin,
Germany: Springer, 2018.

[9] M. Krstic, “Control of an unstable reaction-diffusion PDE with long input
delay,” Syst. Control Lett., vol. 58, no. 10, pp. 773–782, 2009.

[10] M. Krstic and A. Smyshlyaev, Boundary Control of PDEs: A Course on
Backstepping Designs. Philadelphia, PA, USA: SIAM, 2008.

[11] M. Krstic, L. Bhan, and Y. Shi, “Neural operators of backstepping con-
troller and observer gain functions for reaction-diffusion PDEs,” Automat-
ica, vol. 164, 2024, Art. no. 111649.

[12] L. Lu, P. Jin, G. Pang, Z. Zhang, and G. E. Karniadakis, “Learning
nonlinear operators via DeepONet based on the universal approximation
theorem of operators,” Nature Mach. Intell., vol. 3, no. 3, pp. 218–229,
2021.

[13] J. Qi and M. Krstic, “Compensation of spatially varying input delay
in distributed control of reaction-diffusion PDEs,” IEEE Trans. Autom.
Control, vol. 66, no. 9, pp. 4069–4083, Sep. 2021.

[14] J. Qi, S. Mo, and M. Krstic, “Delay-compensated distributed PDE con-
trol of traffic with connected/automated vehicles,” IEEE Trans. Autom.
Control, vol. 68, no. 4, pp. 2229–2244, Apr. 2023.

[15] J. Qi, S. Wang, J.-A. Fang, and M. Diagne, “Control of multi-agent
systems with input delay via PDE-based method,” Automatica, vol. 106,
pp. 91–100, 2019.

[16] J. Qi, J. Zhang, and M. Krstic, “Neural operators for PDE backstepping
control of first-order hyperbolic PIDE with recycle and delay,” Syst.
Control Lett., vol. 185, 2024, Art. no. 105714.

[17] A. Smyshlyaev and M. Krstic, “Closed-form boundary state feedbacks for
a class of 1-D partial integro-differential equations,” IEEE Trans. Autom.
Control, vol. 49, no. 12, pp. 2185–2202, Dec. 2004.

[18] J. Wang and M. Diagne, “Delay-adaptive boundary control of coupled
hyperbolic PDE-ODE cascade systems,” IEEE Trans. Autom. Control,
vol. 69, no. 12, pp. 8156–8171, 2024.

[19] J. Wang and M. Krstic, “Delay-compensated control of sandwiched
ODE–PDE–ODE hyperbolic systems for oil drilling and disaster relief,”
Automatica, vol. 120, 2020, Art. no. 109131.

[20] S. Wang, M. Diagne, and M. Krstic, “Deep learning of delay-compensated
backstepping for reaction-diffusion PDEs,” 2023, arXiv:2308.10501.

[21] S. Wang, M. Diagne, and M. Krstić, “Numerical implementation of deep
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