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a b s t r a c t

We employ the recent performance-barrier event-triggered control (P-ETC) for achieving global
exponential convergence of a class of reaction–diffusion PDEs via PDE backstepping control. Rather
than insisting on a strictly monotonic decrease of the Lyapunov function for the closed-loop system,
P-ETC allows the Lyapunov function to increase as long as it remains below an acceptable performance-
barrier. This approach integrates a performance residual—the difference between the value of the
performance-barrier and the Lyapunov function—into the triggering mechanism. The integration adds
flexibility and results in fewer control updates than with regular ETC (R-ETC) that demands a
monotonic decrease of the Lyapunov function. Our P-ETC PDE backstepping design ensures global
exponential convergence of the closed-loop system solution to zero in the spatial L2 norm, without
encountering Zeno phenomenon. To avoid continuous monitoring of the triggering function that
generates events, we develop periodic event-triggered and self-triggered variants (P-PETC and P-STC,
respectively) of the P-ETC. The P-PETC only requires periodic evaluation of the triggering function
whereas the P-STC preemptively computes the time of the next event at the current event time using
the system model and continuously available system states. The P-PETC and P-STC also ensure a Zeno-
free behavior and deliver performance equivalent to that of the continuous-time P-ETC which requires
continuous evaluation of the triggering function, in addition to the continuous sensing of the state.
We provide numerical simulations to illustrate the proposed technique and to compare it with R-ETC
associated with strictly decreasing Lyapunov functions.

© 2025 Elsevier Ltd. All rights are reserved, including those for text and datamining, AI training, and
similar technologies.
1. Introduction

1.1. The state of the art

Event-triggered control (ETC) introduces an alternative to typ-
cal sampled-data control that updates the control input based
n a fixed periodic or aperiodic sampling schedule. Distinctively,

ETC updates the control input only after the occurrence of certain
events generated by an appropriate triggering mechanism that
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depends on system states (Heemels, Johansson, & Tabuada, 2012).
As such, ETC can be construed as a form of sampled-data control
that seamlessly integrates feedback into control update processes.
By leveraging the power of feedback, ETC allows control input to
be updated only when necessary, reducing control updates, while
still maintaining a satisfactory closed-loop system performance.

Generally, ETC is built on two primary elements: a feedback
control law, which ensures desired closed-loop system proper-
ties, and an event-triggering mechanism, which determines when
control input should be updated. To function effectively, ETC must
stave off Zeno behavior—the scenario of occurrence of an infinite
number of control updates within a finite time span. This is
usually achieved via careful design of the event triggering mech-
anism, guaranteeing a minimum dwell-time i.e., a uniform positive
lower bound between two consecutive events. In the recent years,
an array of impressive results related to ETC have been presented
for systems governed by both linear and nonlinear ODEs (Girard,
2015; Heemels et al., 2012; Liu & Jiang, 2015; Mazo & Tabuada,
2008; Tallapragada & Cortés, 2016; Taylor, Ong, Cortés, & Ames,
2021). This has spurred exploration into ETC strategies for sys-
tems described by PDEs (Espitia, 2020; Espitia, Girard, Marchand,
data mining, AI training, and similar technologies.
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& Prieur, 2016; Espitia, Karafyllis, & Krstic, 2021; Katz, Fridman,
& Selivanov, 2021; Lhachemi, 2024; Rathnayake & Diagne, 2024a;
Rathnayake, Diagne, Espitia & Karafyllis, 2022; Rathnayake, Di-
agne, & Karafyllis, 2022; Wang, Krstic, 2023a, 2023b). Of particu-
ar relevance to our current study are Rathnayake, Diagne, Espitia
t al. (2022) and Rathnayake, Diagne, and Karafyllis (2022), which
ropose event-triggered boundary control strategies for a class

of reaction–diffusion PDEs, using dynamic event-triggers under
anti-collocated and collocated boundary sensing and actuation.

One significant limitation of ETC strategies, both for ODE and
DE systems, lies in the necessity for continuous monitoring of
vent-triggering functions to detect events. This does not lend
tself well to digital implementation. For these strategies, we use
he term continuous-time event-triggered control (CETC). To ad-
ress this issue, one approach involves designing a periodically-
hecked event-triggering condition, leading to what is commonly
eferred to as periodic event-triggered control (PETC) (Heemels,
onkers, & Teel, 2013). Here, the event-triggering condition is

checked at regular intervals, and at each instant, a decision is
made regarding the necessity of a new control update. Another
solution is self-triggered control (STC) (Heemels et al., 2012), which
reemptively calculates next event time at current event time,
ased on predictions utilizing state measurements and insights
nto plant dynamics. Both PETC and STC maintain the resource ef-
iciency of CETC. With PETC, the control input is updated aperiod-
cally at events, even though the triggering condition is checked
eriodically. Similarly, in STC, the control input is updated ape-
iodically at events, while also computing the time of the next
vent. This makes both types of control amenable to digital im-
lementations, as the triggering condition or next event time
an be processed in standard time-sliced digital software. Dur-
ng the past few years, several interesting works devoted to
oth PETC (Borgers et al., 2018; Fu & Mazo Jr, 2018; Heemels &

Donkers, 2013; Heemels et al., 2013; Linsenmayer, Dimarogonas,
 Allgöwer, 2019; Seidel et al., 2024; Wang, Postoyan, Nešić,
 Heemels, 2020) and STC (Anta & Tabuada, 2010; Cao, Niu,
 Zou, 2023; Mazo, Anta, & Tabuada, 2009; Mazo & Tabuada,

2008; Wan, Luan, Karimi, & Liu, 2021; Yang, Belta, & Tron, 2019;
Yi, Liu, Dimarogonas, & Johansson, 2019) of ODE systems have
een published. To the best of our knowledge, only the stud-
es Rathnayake and Diagne (2023, 2024b), Selivanov and Fridman
(2016), Wakaiki and Sano (2019, 2020) have explored STC or/and
ETC strategies for infinite-dimensional systems. In Selivanov
nd Fridman (2016), the authors develop a PETC approach for a

network of semilinear diffusion PDEs with in-domain actuation
and distributed or point measurements. Leveraging semigroup
theory, Wakaiki and Sano (2020) discuss a full-state feedback
ETC mechanism for infinite-dimensional systems faced with un-

bounded control operators, while Wakaiki and Sano (2019) intro-
uce a full-state feedback STC approach for infinite-dimensional
ystems with bounded control operators. In Rathnayake and Di-
gne (2024b), the authors present the first PETC and STC PDE
ackstepping boundary control design for a class of reaction–
iffusion PDEs using boundary measurements. The observer-based
ETC extension to diffusion PDEs with moving boundaries featur-
ng the one-phase Stefan problem is discussed in Rathnayake and
iagne (2023).

1.2. Contributions

In this study, we employ the recently introduced performance-
arrier event-triggered control (P-ETC) (Ong & Cortés, 2024) for
ontrol of a class of reaction–diffusion PDEs via PDE backstepping
ontrol. This novel approach offers significantly longer dwell-
imes between events compared to the recently devised dy-
amic event-triggered boundary control method for a class of
2

reaction–diffusion PDEs (Rathnayake, Diagne, Espitia et al., 2022;
Rathnayake, Diagne, & Karafyllis, 2022). The contributions of this
paper are threefold. Before delving into their specifics, it is essen-
tial to clarify the terminology, particularly the term performance-
barrier taken from Ong and Cortés (2024), which forms the crux
of our novel approach.

The term performance-barrier is inspired by the safety-critical
ontrol literature (Ames et al., 2019; Ames, Xu, Grizzle, & Tabuada,
2017; Krstic, 2024; Taylor et al., 2021), although our context does
not directly deal with safety. In our study, performance refers
to the nominal decrease of the Lyapunov function, which serves
as a measure of system convergence. On the other hand, barrier
alludes to a boundary or threshold that the system should ideally
not cross. Together, the performance-barrier terminology encap-
sulates the idea of comparing the Lyapunov function’s behavior
to an acceptable nominal decrease, treating it as a boundary that
should not be violated.

In Rathnayake, Diagne, Espitia et al. (2022), Rathnayake, Di-
agne, and Karafyllis (2022), the triggering mechanism forces a
monotonic decrease in the Lyapunov function of the closed-loop
system by ensuring its time derivative remains strictly negative.
In terms of performance, this guarantees the Lyapunov function
decreases faster than a specific exponentially decaying signal,
which incorporates the initial data. We refer to this latter signal
as the performance-barrier. Our hypothesis is that by allowing
some flexibility in the Lyapunov function’s behavior—letting it
deviate from a strict monotonic decrease but still respecting
the performance-barrier—we can achieve longer dwell-times be-
tween events leading to less frequent control updates. This idea
was carried out in the work of Ong and Cortés (2024) for ODEs,
hich develops an event-triggered control design that integrates
oth the time derivative and the value of the Lyapunov function

into the triggering criterion.
To operationalize this idea, we utilize the concept of a perfor-

mance residual (Ong & Cortés, 2024), which represents the differ-
ence between the value of the performance-barrier and the Lya-
punov function. By incorporating this residual into the triggering
mechanism, we allow the Lyapunov function greater flexibility
in its behavior, eliminating the need for it to decrease mono-
tonically at all times. Given that the triggering function is con-
tinuously monitored, this methodology is termed performance-
barrier continuous-time event-triggered control (P-CETC). Mean-
while, we label the strategies introduced in Rathnayake, Diagne,
spitia et al. (2022), Rathnayake, Diagne, and Karafyllis (2022) as

regular continuous-time event-triggered control (R-CETC) where
the term regular is used to refer to the strictly decreasing nature
of the associated Lyapunov functions. Notably, the P-CETC offers
longer dwell-times at any given state compared to the R-CETC.
Importantly, this is achieved while excluding Zeno behavior from
the closed-loop system and still maintaining adherence to the
performance-barrier which leads to the global exponential con-
vergence of the closed-loop system solution to zero in the spatial
L2 norm. The design of the P-CETC and analysis of its closed-loop
ystem properties are our first contribution.
Moreover, we develop periodic and self-triggered variants of

he P-CETC that ensure performance equivalence with the original
P-CETC. These are inspired by the regular PETC (R-PETC) and
regular STC (R-STC) proposed in Rathnayake and Diagne (2024b)
to overcome the need of continuous monitoring of the triggering
functions of the R-CETC (Rathnayake, Diagne, Espitia et al., 2022;
Rathnayake, Diagne, & Karafyllis, 2022). The performance-barrier
periodic event-triggered control (P-PETC) is the result of a careful
redesign of the continuous-time event-triggering function, modi-
fied to necessitate only periodic evaluations. We derive a periodic
event triggering function by determining an upper bound on the
underlying continuous-time event-triggering function between
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Fig. 1. Overview of the designs discussed in this paper.

two consecutive periodic evaluations. This leads to the specifi-
cation of the explicit maximum allowable sampling diameter for
P-PETC strategy. Since the event-triggering function is evaluated
periodically, it inherently prevents Zeno behavior. The proposed
performance-barrier self-triggered control (P-STC) strategy in-
volves designing a state dependent function with a uniform and
positive lower bound. Evaluating this function at the current
event time provides the time duration until the next event, based
on the system states. This function is constructed using upper and
lower bounds on the variables of the original continuous-time
event trigger. Since the function maintains a uniform positive
lower bound, the closed-loop system is inherently Zeno-free. Our
second and third contributions are, respectively, the design and
nalysis of the closed-loop system properties of the P-PETC and
-STC.
In fact, the proposed P-CETC, P-PETC, and P-STC generalize

he full-state feedback versions of the R-CETC, R-PETC, and R-
TC introduced in Rathnayake and Diagne (2024b), Rathnayake,
iagne, Espitia et al. (2022), Rathnayake, Diagne, and Karafyllis

(2022) by incorporating Lyapunov functions that are not strictly
decreasing. Furthermore, we have developed designs for han-
dling a class of reaction–diffusion PDEs with a spatially vary-
ng reaction coefficient, which was not addressed in Rathnayake
nd Diagne (2024b), Rathnayake, Diagne, Espitia et al. (2022),

Rathnayake, Diagne, and Karafyllis (2022). Without major mod-
ifications, the P-ETC triggering mechanisms proposed in this pa-
per are also applicable to full-state feedback control of cou-
pled hyperbolic PDEs (Espitia, 2020), diffusion PDEs with moving
oundaries (Rathnayake & Diagne, 2024a), and PDE-ODE cas-

cades (Wang, Krstic, 2023a, 2023b). Fig. 1 provides an overview of
he designs. A preliminary version of the P-CETC design for a con-
stant parameter reaction–diffusion PDE appears in our conference
aper Rathnayake, Diagne, Cortes, and Krstic (2024).

1.3. Organization

The rest of the paper is organized as follows. In Section 2, we
present the continuous-time control and its emulation. Section 3
presents the P-ETC designs that comprise the P-CETC, P-PETC,
nd the P-STC. A numerical example is provided in Section 4 to
llustrate the results, and conclusions are provided in Section 5.

1.4. Notation

R+ is the positive real line whereas N is the set of natural
numbers including zero. By C0(A; Ω), we denote the class of
continuous functions on A ⊆ Rn, which takes values in Ω ⊆ R.
y Ck(A; Ω), where k ≥ 1, we denote the class of continuous
3

functions on A, which takes values in Ω and has continuous
erivatives of order k. L2(0, 1) denotes the equivalence class of
ebesgue measurable functions f : [0, 1] → R such that ∥f ∥ =∫ 1
0 |f (x)|2

)1/2
< ∞. Let u : [0, 1] × R+ → R be given. u[t]

enotes the profile of u at certain t ≥ 0, i.e.,
(
u[t]

)
(x) = u(x, t),

or all x ∈ [0, 1]. For an interval J ⊆ R+, the space C0
(
J; L2(0, 1)

)
s the space of continuous mappings J ∋ t → u[t] ∈ L2(0, 1).

2. Continuous-time control and emulation

Let us consider the following one-dimensional reaction–
diffusion PDE with a spatially varying reaction coefficient

ut (x, t) = εuxx(x, t) + λ(x)u(x, t), ∀x ∈ (0, 1), (1)

θ1ux(0, t) = −θ2u(0, t), (2)

ux(1, t) = −qu(1, t) + U(t), (3)

for all t > 0. The plant parameters ε, λ(x), and q are such that
 , q > 0, and λ ∈ C2([0, 1];R+), and the coefficients θ1, θ2

satisfy θ1θ2 = 0, θ1 + θ2 = 1. The system state is defined as
u : [0, 1] × [0, ∞) → R, and U(t) is the continuous-time control
input. The initial condition is such that u[0] ∈ L2(0, 1). Note that
θ1 and θ2 are either 0 or 1, and θ1 ̸ = θ2. The case θ1 = 1, θ2 = 0
leads to a Neumann boundary condition at x = 0, whereas the
case θ1 = 0, θ2 = 1 leads to a Dirichlet boundary condition at

= 0.

Remark 1. Consider the following one-dimensional linear
reaction–advection–diffusion PDE with spatially varying diffusion
ε̄(x̄), advection b̄(x̄), and reaction λ̄(x̄) coefficients:

ūt (x̄, t) = ε̄(x̄)ūx̄x̄(x, t) + b̄(x̄)ūx̄(x̄, t) + λ̄(x̄)ū(x̄, t),

∀x̄ ∈ (0, 1), (4)

ū(0, t) = 0, (5)

¯ x̄(1, t) = −q̄ū(1, t) + Ū(t), (6)

for all t > 0 with an initial condition such that ū[0] ∈ L2(0, 1)
and a boundary control input Ū(t), where ε̄ ∈ C4([0, 1];R+), λ̄ ∈

C2([0, 1];R+), b̄ ∈ C3([0, 1];R), and q̄ > 0. Using a so-called
gauge transformation (see Section 4.8 of Krstic and Smyshlyaev
(2008)), the system (4)–(6) can be transformed to (1)–(3), with
θ1 = 0 and θ2 = 1. Therefore, the results developed in this paper
are applicable to a more general linear parabolic PDE having the
form (4)–(6).

In this section, we briefly present the continuous-time PDE
backstepping boundary control design for the system (1)–(3). This
is followed by its emulation for event-triggered boundary control.

2.1. Backstepping control design

Assumption 1. The parameters q, ε > 0, λ ∈ C2([0, 1];R+)
satisfy the following relation:

q >
λmax

2ε
+

θ1

2
, (7)

where

λmax ≜ max
x∈[0,1]

λ(x). (8)

Assumption 1 is important in ensuring the stability of the
target system under PDE backstepping control with dynamic
event-triggering. This is because we intentionally avoid using
the signal u(1, t) in the nominal control law. Such avoidance is
crucial for dynamic ETC design due to the challenges associated
with obtaining a meaningful bound on the rate of change of
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u(1, t). However, an eigenfunction expansion of the solution of
(1)–(3) with U(t) = 0 shows that the system is unstable when
minx∈[0,1] λ(x) > ε π2/4θ1 , no matter what q > 0.

Consider the invertible backstepping transformation

w(x, t) = u(x, t) −

∫ x

0
K (x, y)u(y, t)dy, (9)

defined in the domain 0 ≤ y ≤ x ≤ 1, where K (x, y) satisfies

Kxx(x, y) − Kyy(x, y) =
λ(y)
ε

K (x, y), (10)

θ1Ky(x, 0) = −θ2K (x, 0), (11)

K (x, x) = −
1
2ε

∫ x

0
λ(y)dy, (12)

for 0 ≤ y ≤ x ≤ 1. Then, using standard arguments in PDE back-
stepping boundary control, we can show that the transformation
(9)–(12) and a control law U(t) chosen as

U(t) =

∫ 1

0
k(y)u(y, t)dy, (13)

where

k(y) = ℘K (1, y) + Kx(1, y), (14)

with

℘ = q −
1
2ε

∫ 1

0
λ(y)dy, (15)

map the system (1)–(3) into the following target system:

wt (x, t) = ε wxx(x, t), (16)

1wx(0, t) = −θ2w(0, t), (17)

wx(1, t) = −℘ w(1, t). (18)

The inverse transformation of (9)–(12) is given by

u(x, t) = w(x, t) +

∫ x

0
L(x, y)w(y, t)dy, (19)

where L(x, y) satisfies

Lxx(x, y) − Lyy(x, y) = −
λ(x)
ε

L(x, y), (20)

θ1Ly(x, 0) = −θ2L(x, 0), (21)

L(x, x) = −
1
2ε

∫ x

0
λ(y)dy, (22)

for 0 ≤ y ≤ x ≤ 1. Following arguments similar to those provided
n Liu (2003), Smyshlyaev and Krstic (2004), it can be shown
that the PDE systems (10)–(12) and (20)–(22) admit unique C3

olutions in the domain 0 ≤ y ≤ x ≤ 1, provided that λ ∈

C2([0, 1]).

2.2. Emulation of the backstepping boundary control

Our objective is to drive the plant (1)–(3) to zero in the
spatial L2 norm by sampling the continuous-time controller U(t)
given by (13) at a certain sequence of time instants {tj}j∈N. The
haracterization of these time instants will be based on several
dynamic event triggers, which we will detail later. The control
nput is held constant between two successive time instants and
s updated when a certain condition is met. We define the control
nput for t ∈ [tj, tj+1), j ∈ N as

Uj ≜ U(tj) =

∫ 1

0
k(y)u(y, tj)dy. (23)

Accordingly, the boundary condition (3) is modified as follows:
ux(1, t) + qu(1, t) = Uj, (24)
4

for t ∈ [tj, tj+1), j ∈ N. The deviation between the continuous-
ime control law and its sampled counterpart, referred to as the
nput holding error, is defined as

d(t) ≜
∫ 1

0
k(y)

(
u(y, tj) − u(y, t)

)
dy, (25)

for t ∈ [tj, tj+1), j ∈ N. It can be shown that the backstepping
transformation (9)–(12) applied on the system (1),(2),(23),(24)
between tj and tj+1, yields the following target system, valid for
t ∈ [tj, tj+1), j ∈ N:

wt (x, t) = ε wxx(x, t), (26)

θ1wx(0, t) = −θ2w(0, t), (27)

wx(1, t) = −℘ w(1, t) + d(t). (28)

Below we present the well-posedness of the closed-loop sys-
em (1),(2),(23),(24) between two consecutive sampling instants
tj and tj+1.

Proposition 1 (Well-Posedness Between Control Updates). For ev-
ry u[tj] ∈ L2(0, 1), there exists a unique solution u : [tj, tj+1] ×

0, 1] → R between two time instants tj and tj+1 such that u ∈
0
(
[tj, tj+1]; L2(0, 1)

)
∩ C1

(
(tj, tj+1)× [0, 1]

)
with u[t] ∈ C2([0, 1])

hich satisfies (2),(24) for t ∈ (tj, tj+1] and (1) for t ∈ (tj, tj+1], x ∈

(0, 1).

Proposition 1 is a straightforward application of Theorem 4.11
n Karafyllis and Krstic (2019). This will be used through out the
paper to establish the well-posedness of the closed-loop system
in the hybrid time domain T =

⋃J−1
j=0 [tj, tj+1] × {j} where T ⊂

≥0 × N and J is possibly ∞ and/or tJ = ∞.

3. Performance-barrier event-triggered control

In this section, we introduce the design of the performance-
arrier event-triggered control (P-ETC) across three configura-
ions: continuous-time event-triggered, periodic event-triggered,
nd self-triggered control (P-CETC, P-PETC, and P-STC, respec-

tively). Before delving into P-ETC, we will briefly discuss the
regular continuous-time event-triggered control (R-CETC), which
is analogous to the designs introduced in Rathnayake, Diagne,
Espitia et al. (2022), Rathnayake, Diagne, and Karafyllis (2022).

3.1. Preliminaries

In Rathnayake, Diagne, Espitia et al. (2022), Rathnayake, Di-
agne, and Karafyllis (2022), the authors propose observer-based
-CETC approaches for a class of reaction–diffusion PDEs with

constant coefficients. The full-state feedback design for the case
ith a spatially varying reaction coefficient follows essentially the
ame steps. Therefore, we briefly present the results of the design
elow without going into the details of the derivations.
Events under the R-CETC are generated by the following dy-

namic event-trigger:

t rj+1 = inf
{
t ∈ R+|t > t rj , Γ r (t) > 0, j ∈ N

}
, (29)

with t r0 = 0. The function Γ r (t) is given by

Γ r (t) = d2(t) − γmr (t), (30)

where γ > 0 is an event-trigger design parameter. The function
d(t) satisfies (25) for all t ∈ [t rj , t

r
j+1), j ∈ N, and after the control

nput is updated at each t = t rj , d(t
r
j ) becomes zero by the virtue

f (25). The dynamic variable mr (t) evolves according to the ODE
r r 2 2 2
ṁ (t) = − ηm (t) − ρd (t) + β1∥u[t]∥ + β2u (1, t), (31)
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valid for all t ∈ (t rj , t
r
j+1), j ∈ N with mr (t r0) = mr (0) > 0

and mr (t r−j ) = mr (t rj ) = mr (t r+j ), and η , ρ , β1, β2 > 0 being
event-trigger parameters.

Under Assumption 1 with appropriately chosen event-trigger
arameters (see Section 3.2.1), and by applying the event-

triggered control input

U r
j =

∫ 1

0
k(y)u(y, t rj )dy, (32)

in a zero-order hold manner between events generated by the
vent-trigger (29)–(31), it can be shown that

• The time between two consecutive events is positively and
uniformly lower bounded by a constant τ > 0, i.e., t rj+1−t rj ≥

τ , j ∈ N, where

τ =
1
a
ln
(
1 +

σa
(1 − σ )(a + γ ρ)

)
, (33)

with σ ∈ (0, 1) and

a = 1 + ρ1 + η > 0. (34)

Here, ρ1 is given by

ρ1 = 3ε2k2(1), (35)

where k(y) is given by (14).
• The dynamic variable mr (t) governed by (31) with mr (0) >

0, satisfies mr (t) > 0 for all t > 0.
• A Lyapunov candidate defined as

V r (t) ≜
B
2
∥w[t]∥2

+ mr (t), (36)

for a suitably chosen B > 0 (see Section 3.2.1) and with
w being the target system state governed by (26)–(28),
satisfies

V r (t) ≤ e−b∗tV0, (37)

for all t > 0, where V0 = V r (0) and for some b∗ > 0.
• The closed-loop solution of (1),(2),(23),(24),(29)–(32) glob-

ally exponentially converges to zero in the spatial L2 norm,
satisfying the estimate

∥u[t]∥ ≤ Me−
b∗
2 t
√

∥u[0]∥2 + mr (0), (38)

for some M, b∗ > 0. Definitions of M and b∗ are provided in
Section 3.2. □

We refer to the signal e−b∗tV0 in (37) as the performance-
arrier that should not be violated. By differentiating (36) for t ∈

(t rj , t
r
j+1), j ∈ N along the solutions of (26)–(28),(31) and subject

o Assumption 1 along with appropriately chosen event-trigger
parameters, one can obtain that

V̇ r (t) ≤ −b∗V r (t), (39)

for t ∈ (t rj , t
r
j+1), j ∈ N. The relation (39) indicates that the

R-CETC forces the Lyapunov function (36) to strictly decrease
long the system trajectories. This stringent condition may limit
ur ability to harness the full potential of ETC for achieving

sparse control updates. A more flexible approach might involve
a triggering mechanism that permits the Lyapunov function to
deviate from a monotonic decrease, yet remain compliant with
the performance-barrier e−b∗tV0. Such flexibility could potentially
result in longer intervals between events, i.e., an increase in
dwell-times. In Section 3.2, we introduce designs that embody
his flexible approach.

3.2. P-ETC

We incorporate a performance residual, defined as the differ-
nce between the value of the performance-barrier e−b∗tV and
0

5

the Lyapunov function in the construction of the novel trigger-
ing mechanism. This inclusion is made with the intention of
imparting greater flexibility to the behavior of the closed-loop
ystem Lyapunov function, thereby permitting it to deviate from a
onotonic decrease while adhering to the nominal performance.
In Section 3.2.2, we introduce the P-CETC design, followed by

its extensions to P-PETC and P-STC designs in Sections 3.2.3 and
3.2.4, respectively. These extensions aim to eliminate the need
for continuous checking of the triggering function required in the
-CETC. Prior to detailing these designs, we state the following
onditions on the parameters involved.

3.2.1. Selection of event-trigger parameters
The designs to be introduced contain several parameters re-

ferred to as event-trigger parameters: γ , η , c, β1, β2, ρ. Below, we
present the conditions for appropriate choices of these parame-
ters.

The parameters γ , η , c > 0 are arbitrary design parameters,
and β1, β2 > 0 are chosen as

β1 =
α1

γ (1 − σ )
, β2 =

α2

γ (1 − σ )
, (40)

where σ ∈ (0, 1) and

α1 = 3
∫ 1

0

(
εk′′(y) + εk(1)k(y) + λ(y)k(y)

)2
dy, (41)

2 = 3
(
εqk(1) + εk′(1)

)2
, (42)

with k(y) given by (14). Subject to Assumption 1, let a parameter
 > 0 be chosen as

ρ =
ε κB
2

, (43)

where B, κ > 0 are chosen such that

B
(

ε min
{
℘ −

θ1

2
,
1
2

}
−

ε

2κ

)
− 2β1L̃2 − 2β2

− 4β2

∫ 1

0
L2(1, y)dy > 0, (44)

with ℘ given by (15). Due to Assumption 1, it definitely holds
hat ℘ = q −

1
2ε

∫ 1
0 λ(y)dy > θ1/2. In (44), L̃ is

L̃ = 1 +

(∫ 1

0

∫ x

0
L2(x, y)dydx

)1/2
, (45)

with L(x, y) satisfying (20)–(22).

3.2.2. P-CETC
Let Ip = {tp0 , t

p
1 , t

p
2 , . . .} denote the sequence of event-times

associated with the P-CETC.1 Let the event-trigger parameters
η , γ , c, β1, β2, ρ > 0 be selected as outlined in Section 3.2.1. The
roposed P-CETC strategy consists of two components:

(1) An event-triggered boundary control input Up
j

Up
j =

∫ 1

0
k(y)u(y, tpj )dy, (46)

valid for all t ∈ [tpj , t
p
j+1), j ∈ N. Accordingly, the boundary

condition (3) becomes

ux(1, t) + qu(1, t) = Up
j . (47)

(2) A dynamic event-trigger determining the event-times

tpj+1 = inf
{
t ∈ R+|t > tpj , Γ p(t) > 0

}
, (48)

1 A preliminary version of the P-CETC design appears in Rathnayake et al.
(2024).



B. Rathnayake, M. Diagne, J. Cortés et al. Automatica 174 (2025) 112181

m
p

p

t
t

i

m
a

g

0

≥

t
m

t

(

with tp0 = 0 and Γ p(t) defined as

Γ p(t) ≜ d2(t) − γmp(t) −
c
ρ
W p(t). (49)

Here mp(t) satisfies
ṁp(t) = − ηmp(t) − ρd2(t) + β1∥u[t]∥2

+ β2u2(1, t)
+ cW p(t),

(50)

for t ∈ (tpj , t
p
j+1), j ∈ N, where mp(tp0 ) = mr (t r0) > 0,

mp(tp−j ) = mp(tpj ) = mp(tp+j ), d(t) is given by (25) for
t ∈ [tpj , t

p
j+1), j ∈ N, and W p(t) is defined as

W p(t) ≜ e−b∗tV0 − V p(t). (51)

In (51), V p(t) is defined as

V p(t) ≜
B
2
∥w[t]∥2

+ mp(t), (52)

with

V p(0) = V r (0) = V0, (53)

w satisfying the target PDE (26)–(28) for t ∈ [tpj , t
p
j+1), j ∈

N, and B > 0 chosen to satisfy (44). The exponential decay
b∗ in (51) is defined as

b∗ ≜ min
{2b

B
, η

}
> 0, (54)

with b > 0 given by

b =
εB
4

− β1L̃2 − 2β2

∫ 1

0
L2(1, y)dy. (55)

Here, L(x, y) satisfies (20)–(22), and L̃ is given by (45). Note
from (44) that b > 0.

The term W p(t) ≜ e−b∗tV0 − V p(t) is the so-called perfor-
ance residual, which is the difference between the value of the
erformance-barrier e−b∗tV0 and the Lyapunov function V p(t).

The decay rate b∗ is the nominal exponential convergence rate
guaranteed under the R-CETC briefed in Section 3.1. We introduce
this residual into the triggering mechanism allowing the Lya-
punov function to occasionally increase, provided it stays below
the nominal performance-barrier e−b∗tV0.

Next we present Lemmas 1 and 2 which are instrumental in
roving the main results of the P-CETC that will be presented in

Theorem 1.

Lemma 1. Under the P-CETC event-trigger (48)–(55), it holds that
d2(t) ≤ γmp(t) +

c
ρ
W p(t), and consequently, mp(t) > 0, for all

∈ [0, sup(Ip)), where Ip is the set of event-times Ip = {tpj }j∈N with
p
j = 0.

Proof. The P-CETC events are triggered to guarantee Γ p(t) ≤ 0,
i.e., d2(t) ≤ γmp(t) +

c
ρ
W p(t) for t ∈ [0, sup(Ip)). This inequality

n combination with (50) yields:
ṁp(t) ≥ − (η + γ ρ)mp(t) + β1∥u[t]∥2

+ β2u2(1, t)
≥ − (η + γ ρ)mp(t),

for t ∈ (tpj , t
p
j+1), j ∈ N. Thus, considering the time-continuity of

mp(t), we obtain the following estimate:

mp(t) ≥ mp(tpj )e
−(η+γ ρ)(t−tpj ), (56)

for t ∈ [tpj , t
p
j+1], j ∈ N. Recall that we have chosen mp(t0) =

p(0) > 0. Therefore, it follows from (56) that mp(t) > 0 for
ll t ∈ [0, tp1 ]. Again using (56) on [tp1 , t

p
2 ], we can show that

mp(t) > 0 for all t ∈ [tp1 , t
p
2 ]. Applying the same reasoning

successively to the future intervals, it can be shown that mp(t) >
0 for t ∈ [0, sup(Ip)). This completes the proof. □

6

Lemma 2. Assume that an event has occurred at t = t∗ ≥ 0 under
the P-CETC event-trigger (48)–(55). If the next event time t = tp
enerated by the P-CETC event-trigger is finite, then the next event

time t = t r generated by the R-CETC event-trigger (29)–(31) is less
than or equal to tp, i.e., t r ≤ tp, provided that mr (t∗) = mp(t∗) > 0
and W p(t) ≥ 0 for all t ∈ [t∗, t r ]. The equality holds if W p(t) = 0
for all t ∈ [t∗, t r = tp].

Proof. Consider the time period t ∈ [t∗,min{t r , tp}]. Then, sub-
tracting (31) from (50) and assuming it is provided that W p(t) ≥

 for t ∈ [t∗,min{t r , tp}], we obtain that

ṁp(t) − ṁr (t) = −η
(
mp(t) − mr (t)

)
+ cW p(t)

 −η
(
mp(t) − mr (t)

)
, (57)

for all t ∈ (t∗,min{t r , tp}). Here, the equality holds if W p(t) = 0
for all t ∈ [t∗,min{t r , tp}]. Solving (57) for mp(t) − mr (t) in

∈ [t∗,min{t r , tp}] and recalling the assumption that mp(t∗) =
r (t∗), we obtain

mp(t) − mr (t) ≥ e−η(t−t∗)(mp(t∗) − mr (t∗)
)

= 0,

and therefore,

mp(t) ≥ mr (t), ∀t ∈ [t∗,min{t r , tp}]. (58)

Here, the equality holds if W p(t) = 0 for all t ∈ [t∗,min{t r , tp}].
Assume that t r > tp. Then, we have from (58) that

mp(t) ≥ mr (t), ∀t ∈ [t∗, tp], (59)

and from (48),(49) that

d2(tp) = γmp(tp) +
c
ρ
W p(tp), (60)

and from (29),(30) that

d2(tp) < γmr (tp). (61)

But (59)–(61) is a contradiction. Thus, t r ≤ tp, with the equality
being true if W p(t) = 0 for all t ∈ [t∗, t r = tp]. This completes
he proof. □

Theorem 1 (Results under P-CETC). Consider the P-CETC approach
46)–(55) under Assumption 1, which generates a set of event-times
Ip = {tpj }j∈N with tp0 = 0. It holds that

Γ p(t) ≤ 0 for all t ∈
[
0, sup(Ip)

)
. (62)

Consequently, if the event-trigger parameters η , γ , c, β1, β2, ρ > 0
are chosen as outlined in Section 3.2.1, then the following results
hold:

R1: The set of event-times Ip generates an increasing sequence.
Specifically, it holds that tpj+1 − tpj ≥ τ > 0 where τ is given
by (33). Thus tpj → ∞ as j → ∞ excluding Zeno behavior.

R2: For every u[0] ∈ L2(0, 1), there exists a unique solution u :

R+ × [0, 1] → R such that u ∈ C0(R+; L2(0, 1) ∩ C1(Jp ×

[0, 1]) with u[t] ∈ C2([0, 1]) which satisfies (2),(46),(47) for
all t > 0 and (1) for all t > 0, x ∈ (0, 1), where Jp = R+ \ Ip.

R3: The dynamic variable mp(t) governed by (50)–(55) with
mp(0) = mr (0) > 0 satisfies mp(t) > 0 for all t > 0.

R4: As a result of R1-R3, the Lyapunov candidate V p(t) given by
(52),(53) satisfies

V̇ p(t) ≤ −b∗V p(t) + c
(
e−b∗tV0 − V p(t)

)
, (63)

for all t ∈ (tpj , t
p
j+1), j ∈ N, and consequently,

V p(t) ≤ e−b∗tV0, (64)

for all t > 0, where b∗ > 0 is given by (54).



B. Rathnayake, M. Diagne, J. Cortés et al. Automatica 174 (2025) 112181

W

Γ

p
η

a
D

W

s
T
s
t

e
i
(
o
(

p

i
b
t

c

f

c

V
f
t
a
g
w

i
t
t

Fig. 2. Evolution of the Lyapunov function V p(t) and the performance residual
p(t).

R5: The closed-loop solution of (1),(2),(46)–(55) globally expo-
nentially converges to zero in the spatial L2 norm satisfying

∥u[t]∥ ≤ Me−
b∗
2 t
√

∥u[0]∥2 + mp(0), (65)

where b∗ is given by (54) and

M =

√
2L̃2

B
max

{BK̃ 2

2
, 1
}
. (66)

Here, K̃ = 1+

(∫ 1
0

∫ x
0 K 2(x, y)dydx

)1/2
where K (x, y) satisfies

(10)–(12).

Proof. Under the P-CETC, recall from Lemma 1 that it holds that
p(t) ≤ 0 and mp(t) > 0 for t ∈ [0, sup(Ip)). Consider the time
eriod t ∈ [0, sup(Ip)). By selecting the event-trigger parameters
 , γ , c, β1, β2, ρ > 0 as outlined in Section 3.2.1 and using similar
rguments provided in the proof of Theorem 2 in Rathnayake,
iagne, Espitia et al. (2022), we show that V p(t) given by (52)

satisfies

V̇ p(t) ≤ −b∗V p(t) + cW p(t), (67)

for t ∈ (tpj , t
p
j+1), j ∈ N. Taking the time derivative of W p(t) given

by (51) and using (67), we show that
Ẇ p(t) = −b∗e−b∗tV0 − V̇ p(t)

≥ −(b∗
+ c)W p(t),

(68)

for t ∈ (tpj , t
p
j+1), j ∈ N. Then, noting that W p(t) is continuous and

p(0) = 0, we obtain that

W p(t) ≥ e−(b∗
+c)(t−tpj )W p(tpj )

≥ e−(b∗
+c)(t−tpj ) ×

i=j∏
i=1

e−(b∗
+c)(tpi −tpi−1)W p(0)

≥ e−(b∗
+c)tW p(0) = 0.

(69)

for all t ∈ [0, sup(Ip)). Thus, recalling Lemma 2, we state that
tpj+1−tpj ≥ τ where τ > 0 is the minimal-dwell time of the R-CETC
as given by (33), and tpj → ∞ as j → ∞ excluding Zeno behavior.
The well-posedness of the controlled-plant (1),(2),(46),(47) in the
ense of R2 of Theorem 1 is a direct consequence of Proposition 1.
he solution for all t > 0 is constructed iteratively between con-
ecutive triggering times. Since the system is Zeno-free, we obtain
hat mp(t) governed by (50) with mp(0) > 0 satisfies mp(t) > 0,
V p(t) satisfies (63) for all t ∈ (tpj , t

p
j+1), j ∈ N, and W p(t) ≥ 0, i.e.,

−b∗tV0 ≥ V p(t) for all t > 0. Thus, following classical arguments
nvolving the bounded invertibility of the transformations (9)–
12) and (19)–(22), we obtain the global exponential convergence
f the solution of (1),(2),(46)–(55) satisfying the decay estimate
65),(66). This completes the proof. □
7

Fig. 3. Behavior of the Lyapunov function V p(t) under different choices of c .

Unlike the R-CETC, which mandates the Lyapunov function
to strictly decrease, the P-CETC (as well as P-PETC and P-STC,
which will be discussed later) offers more flexibility to the Lya-
unov function. The relation (63) implies that the time derivative

of the Lyapunov function does not have to be negative at all
times. Specifically, when e−b∗tV0 − V p(t) is large, meaning the
Lyapunov function is significantly below the performance-barrier,
V̇ p(t) can be positive, allowing V p(t) to increase. Conversely,
when e−b∗tV0 − V p(t) is small, indicating the Lyapunov function
is close to the performance-barrier, V̇ p(t) is compelled to de-
crease, even becoming negative. If e−b∗tV0 = V p(t), then V̇ p(t)
s definitely negative, preventing the Lyapunov function from
reaching the performance-barrier and ensuring it remains below
his threshold. Fig. 2 illustrates the evolution of V p(t) and the
residual W p(t) = e−b∗tV0 − V p(t) in the simulation example
considered in Section 4.

Remark 2. The parameter c > 0 in the P-CETC event-trigger
(48)–(55) plays a pivotal role in shaping the behavior of the
Lyapunov function V p(t) given by (52). For any c such that 0 <

< ∞, it follows from R4 of Theorem 1 that V̇ p(t) ≤ −b∗V p(t)+
c
(
e−b∗tV0 − V p(t)

)
, for all t ∈ (tpj , t

p
j+1), j ∈ N, and consequently,

V p(t) ≤ e−b∗tV0, for all t > 0. As described earlier, this allows the
Lyapunov function to increase during certain periods as long as
it remains below the nominal performance-barrier. As c → ∞,
the Lyapunov function approaches the performance-barrier, i.e.,
V p(t) → e−b∗tV0. Conversely, setting c = 0 reduces the P-CETC to
the R-CETC, resulting in V̇ p(t) ≤ −b∗V p(t). This demands a strict
decrease in the Lyapunov function while ensuring V p(t) ≤ e−b∗tV0
or all t > 0. Fig. 3 illustrates the behavior of the Lyapunov
function for different choices of c in the simulation example
onsidered in Section 4.

Remark 3. Recall from R4 of Theorem 1 that V p(t) ≤ e−b∗tV0,
for all t > 0. Therefore, it follows from Lemma 2 that the time
of the next event generated by the P-CETC approach (48)–(55)
is greater than or equal to the time of the next event generated
by the R-CETC approach (29)–(31), with the equality occurring if

p(t) = e−b∗tV0 for all times between events. If V p(t) deviates
rom being equal to the barrier e−b∗tV0 for any period between
wo events, the time of the next event generated by the P-CETC
pproach will be strictly greater than the time of the next event
enerated by the R-CETC approach. As mentioned in Remark 2,
hen c → ∞, we have that V p(t) → e−b⋆tV0 for all t > 0 (see

Fig. 3 also). For a parameter c chosen such that 0 < c < ∞,
t is unlikely that V p(t) = e−b∗tV0 for all times between events,
hereby almost always resulting in an event time strictly greater
han that generated by the R-CETC.

Remark 4. Due to R4 of Theorem 1, in the absence of distur-
bances, the violation of the performance barrier by the Lyapunov
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function is not possible. However, in the presence of disturbances,
he performance barrier may be violated. Particularly, when time
reaches large values, the performance residual W p(t) = e−b⋆tV0−

V p(t) becomes more susceptible to disturbances. To guard the P-
CETC design against disturbances, the following modification to
the triggering mechanism can be made:

Γ p(t) ≜ d2(t) − γmp(t) −
c
ρ

max
{
0,W p(t)

}
, (70)

with mp(t) satisfying
ṁp(t) = − ηmp(t) − ρd2(t) + β1∥u[t]∥2

+ β2u2(1, t)
+ c max

{
0,W p(t)

}
,

(71)

for t ∈ (tpj , t
p
j+1), j ∈ N, and mp(tp0 ) = mr (t r0) > 0, mp(tp−j ) =

mp(tpj ) = mp(tp+j ).
With this modification, if the Lyapunov function violates the

erformance barrier due to a disturbance (i.e.,W p(t) < 0), P-CETC
hands over the operation to R-CETC. This should be seen not as
a drawback, but rather as a safety feature of the design. When
disturbances occur, sparse control updates are unfavorable, and
frequent control updates are advised to minimize the time the
plant operates in open loop. The above modification achieves this
by handing over the operation to R-CETC whenever a disturbance
large enough to violate the performance barrier occurs, as R-CETC
generates more frequent control updates compared to P-CETC.
Since R-CETC forces the Lyapunov function to strictly decrease
(see (39)), it is even possible for the Lyapunov function to fall
below the performance barrier again, leading to the operation
eing handed back to P-CETC.

3.2.3. P-PETC
In this subsection, we present the P-PETC approach derived

rom the P-CETC scheme (46)–(55), redesigning the triggering
unction Γ p(t) from (49) to Γ̃ p(t) for periodic evaluation. This ad-
justment, coupled with event-triggered control updates, ensures
Γ p(t) remains non-positive and mp(t) remains positive along
the P-PETC closed-loop system solution. As a result, convergence
properties equivalent to R4 and R5 in Theorem 1 holds for the
-PETC closed-loop system as well.
Let Ĩp = {t̃p0 , t̃

p
1 , t̃

p
2 , . . .} denote the sequence of event-times

ssociated with the P-PETC. Let the parameters γ , c, β1, β2, ρ > 0
be selected as outlined in Section 3.2.1, and let η > 0 be selected
ater. The proposed P-PETC strategy consists of two components:

1. An event-triggered boundary control input Ũp
j

Ũp
j =

∫ 1

0
k(y)u(y, t̃pj )dy, (72)

valid for all t ∈ [t̃pj , t̃
p
j+1), j ∈ N. Accordingly, the boundary

condition (3) becomes

ux(1, t) + qu(1, t) = Ũp
j . (73)

2. A periodic event-trigger determining the event-times
t̃pj+1 = inf

{
t ∈ R+|t > t̃pj , Γ̃ p(t) > 0,

t = nh, h > 0, n ∈ N
}
,

(74)

with t̃p0 = 0. Here, h is the sampling period satisfying

0 < h ≤ τ , (75)

with τ given by (33), and Γ̃ p(t) defined as
Γ̃ p(t) =(a + γ ρ)eahd2(t) − γ ρd2(t) − γ amp(t)

−
ac
ρ

e−chW p(t).
(76)

Here, a is given by (34), d(t) satisfies (25) along the solution
of (1),(2), (72),(73) for all t ∈ [t̃p, t̃p ), j ∈ N, and mp(t)
j j+1

8

is governed by the ODE (50)–(55) along the solution of
(1),(2),(72),(73) for t ∈ (t̃pj , t̃

p
j+1), j ∈ N.

Next we present Lemmas 3 and 4 and Proposition 2 which are
nstrumental in proving the main results of the P-PETC presented
n Theorem 2.

Lemma 3. Consider the P-PETC approach (72)–(76) which gener-
ates an increasing set of event-times Ĩp = {t̃pj }j∈N with t̃p0 = 0. For
d(t) given by (25), it holds that(
ḋ(t)

)2
≤ ρ1d2(t) + α1∥u[t]∥2

+ α2|u(1, t)|2, (77)

along the solution of (1),(2),(72),(73) for all t ∈
(
nh, (n + 1)h

)
nd any n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩ N. Here, ρ1, α1 and α2 are given by

(35),(41), and (42), respectively.

The proof is very similar to that of Lemma 2 in Rathnayake,
Diagne, Espitia et al. (2022), and hence omitted.

Lemma 4. Consider the P-PETC approach (72)–(76) under Assumptio
which generates an increasing set of event-times Ĩp = {t̃pj }j∈N with
˜
p
0 = 0. If the event-trigger parameters γ , c, β1, β2, ρ > 0 are
chosen as outlined in Section 3.2.1, and η > 0 is chosen such that

η ≤
2b
B

, (78)

with b > 0 given by (55) and B satisfying (44), then for the
esidual W p(t) given by (51), the followings hold along the solution
f (1),(2),(26)–(28),(50)–(55),(72)–(76):

W p(t) ≥ e−(b∗
+c)(t−nh)W p(nh) with b∗

= η , (79)

for all t ∈
[
nh, (n + 1)h

)
and any n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩ N and

W p(t) ≥ 0, i.e., V p(t) ≤ e−b∗tV0 with b∗
= η , (80)

for all t > 0.

Proof. By selecting the event-trigger parameters γ , c, β1, β2, ρ >

 as outlined in Section 3.2.1 with η > 0 and differentiating (52)
along the solutions of (26)–(28), (50)–(55) in t ∈ (nh, (n + 1)h)
nd n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩ N, one can obtain that

V̇ p(t) ≤ −

(2b
B

)B
2
∥w[t]∥2

− ηmp(t) + cW p(t). (81)

If mp(t) > 0, then, we could have obtained the estimate (67)
from (81). However, it is still not known that mp(t) would remain
ositive along the P-PETC solution (1),(2),(50)–(55),(72)–(76). Yet,

if η is selected as in (78), we obtain from (81) that V̇ p(t) ≤

−η

(
B
2∥w[t]∥2

+mp(t)
)
+cW p(t)− B

2

(
2b
B −η

)
∥w[t]∥2

≤ −b∗V p(t)+

cW p(t). Note above that b∗
= η since b∗

= min
{

2b
B , η

}
as given

by (54) and η ≤
2b
B . Then, following similar arguments as in (67)–

(69), we obtain the estimate (79) valid for all t ∈
[
nh, (n + 1)h

)
nd any n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩ N. Similarly, we derive (80) which

is valid for all t > 0 owing to the event-times under the P-PETC
72)–(76) forming an increasing sequence. We omit the details of
this derivation to avoid repetition. □

Although Lemma 4 establishes that V p(t) ≤ e−b∗tV0 for any t >

 along the P-PETC solution (1),(2),(50)–(55),(72)–(76) with the
event-trigger parameters γ , c, β1, β2, ρ > 0 chosen as outlined
in Section 3.2.1, and η > 0 chosen to satisfy (78), we are not
et in a position to assert the global exponential convergence
roperties (65),(66). The reason is that the positivity of mp(t)

along the P-PETC solution (1),(2),(50)–(55),(72)–(76) has not been
proven, which is essential for ensuring the positive definiteness
of V p(t) given by (52).



B. Rathnayake, M. Diagne, J. Cortés et al. Automatica 174 (2025) 112181

{

0

i

n
a

f

(

i

d

z

n

Proposition 2. Consider the P-PETC approach (72)–(76) under
Assumption 1, which generates an increasing set of event-times
t̃pj }j∈N with t̃p0 = 0. If the event-trigger parameters γ , c, β1, β2, ρ >
are chosen as outlined in Section 3.2.1, and η > 0 is selected as in

(78), then Γ p(t) given by (49) satisfies
Γ p(t)

≤
1
a

(
(a + γ ρ)d2(nh)ea(t−nh)

− γ ρd2(nh)

− γ amp(nh) −
ac
ρ

e−c(t−nh)W p(nh)
)
e−η(t−nh),

(82)

where a is given by (34) and h is the sampling period chosen as
in (75), along the solution of (1),(2),(50)–(55),(72)–(76) for all t ∈[
nh, (n + 1)h

)
and any n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩ N.

Proof. Given the event-trigger parameters γ , c, β1, β2, ρ > 0 are
chosen as outlined in Section 3.2.1 and setting η > 0 as specified
n (78), it holds that, W p(t) ≥ e−(b∗

+c)(t−nh)W p(nh) with b∗
= η,

for all t ∈
[
nh, (n+1)h

)
and any n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩N, as derived

in Lemma 4. Thus, from (49), it follows that

Γ p(t) ≤ d2(t) − γmp(t) −
c
ρ
e−(η+c)(t−nh)W p(nh), (83)

for all t ∈
[
nh, (n+ 1)h

)
and any n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩N, along the

solution of (1),(2),(50)–(55),(72)–(76). Let us define

Γ p∗(t) ≜ d2(t) − γmp(t). (84)

Taking the time derivative of (84) in t ∈ (nh, (n + 1)h) and
∈
[
t̃pj /h, t̃

p
j+1/h

)
∩N, using Young’s inequality, the relation (77),

nd the dynamics of mp(t) given by (50), we get
Γ̇ p∗(t) = 2d(t)ḋ(t) − γ ṁp(t)

≤ d2(t) +
(
ḋ(t)

)2
− γ ṁp(t)

≤
(
1 + ρ1 + γ ρ

)
d2(t) + γ ηmp(t) − (γ β1 − α1)∥u[t]∥2

− (γ β2 − α2)u2(1, t) − γ cW p(t),

(85)

By using (84) to substitute d2(t) into (85), we arrive at the
ollowing estimate:
Γ̇ p∗(t) ≤ (1 + ρ1 + γ ρ)Γ p∗(t) + γ (a + γ ρ)mp(t)

− (γ β1 − α1)∥u[t]∥2
− (γ β2 − α2)u2(1, t) − γ cW p(t),

(86)

where a is given by (34). The closed-loop system (1),(2),(72)–
76) has a unique solution for t ∈ [t̃pj , t̃

p
j+1], j ∈ N as per

Proposition 1, and the system (50)–(55) has a solution with
mp(t) ∈ C0([t̃pj , t̃

p
j+1];R). Since both sides of (86) are well-behaved

n t ∈ (nh, (n+ 1)h) and n ∈
[
t̃pj /h, t̃

p
j+1/h

)
∩N, we can assert the

existence of a non-negative function ι(t) ∈ C0
(
(t̃pj , t̃

p
j+1);R+

)
such

that
Γ̇ p∗(t) =(1 + ρ1 + γ ρ)Γ p∗(t) + γ (a + γ ρ)mp(t)

− (γ β1 − α1)∥u[t]∥2
− (γ β2 − α2)u2(1, t)

− γ cW p(t) − ι(t),
(87)

for all t ∈ (nh, (n + 1)h) and n ∈
[
t̃pj /h, t̃

p
j+1/h

)
∩ N. Additionally,

by using (84) to substitute d2(t) into (50), we can rewrite the
ynamics of mp(t) as follows:

ṁp(t) = − ρΓ p∗(t) − (γ ρ + η)mp(t) + β1∥u[t]∥2

+ β2u2(1, t) + cW p(t),
(88)

for t ∈ (nh, (n+ 1)h) and n ∈
[
t̃pj /h, t̃

p
j+1/h

)
∩N. Then, combining

(87) with (88), we obtain the following ODE system

̇(t) = Az(t) + v(t), (89)

where

z(t) =

[
Γ p∗(t)

p

]
, A =

[
1 + ρ1 + γ ρ γ

(
a + γ ρ

)]
,

m (t) −ρ −(γ ρ + η)

9

v(t) =

[(
−(γ β1 − α1)∥u[t]∥2

− (γ β2 − α2)u2(1, t) − γ cW p(t) − ι(t)
)

β1∥u[t]∥2
+ β2u2(1, t) + cW p(t)

]
.

From (89), we obtain

z(t) = eA(t−nh)z(nh) +

∫ t

nh
eA(t−ξ )v(ξ )dξ ,

for all t ∈ [nh, (n + 1)h) and n ∈
[
t̃pj /h, t̃

p
j+1/h

)
∩ N, using which

we show

Γ p∗(t) = CeA(t−nh)z(nh) +

∫ t

nh
CeA(t−ξ )v(ξ )dξ , (90)

where

C =
[
1 0

]
.

The matrix A has two distinct eigenvalues −η and 1+ ρ1. There-
fore, using matrix diagonalization, we express the matrix expo-
nential eAt as

eAt =
ρ

a

[
−γ −

a+γ ρ

ρ

1 1

][e−ηt 0

0 e
(
1+ρ1

)
t

][
1 a+γ ρ

ρ

−1 −γ

]
.

Moreover, it can be shown that
CeA(t−ξ )v(ξ )

= −

((
γ β1 − α1

)
g1(t − ξ ) − β1g2(t − ξ )

)
∥u[ξ ]∥

2

−

((
γ β2 − α2

)
g1(t − ξ ) − β2g2(t − ξ )

)
u2(1, ξ )

− c
(
γ g1(t − ξ ) − g2(t − ξ )

)
W p(ξ )

− g1(t − ξ )ι(ξ ),

(91)

where

g1(t) =
1
a

(
−γ ρ + (a + γ ρ)eat

)
e−ηt ,

g2(t) =
γ (a + γ ρ)

a

(
−1 + eat

)
e−ηt .

We can easily observe that g1(t) > 0 for all t ≥ 0. We also obtain
that

γ g1(t) − g2(t) = γ e−ηt > 0,

for all t ≥ 0. Furthermore, noting that γ βi/αi = 1/(1−σ ), i = 1, 2
from (40), and recalling (33), we show that(
γ βi − αi

)
g1(t − ξ ) − βig2(t − ξ )

=
αi(a + γ ρ)

a

(
1 +

σa
(1 − σ )(a + γ ρ)

− ea(t−ξ )
)
e−η(t−ξ )

=
αi(a + γ ρ)

a

(
eaτ − ea(t−ξ )

)
e−η(t−ξ ),

(92)

for i = 1, 2. As nh ≤ ξ ≤ t < (n + 1)h, and h ≤ τ , we
note from (92) that

(
γ βi − αi

)
g1(t − ξ ) − βig2(t − ξ ) > 0 for

i = 1, 2. Thus, from (91) along with the fact that W p(t) ≥ 0 from
Lemma 4, we are certain that CeA(t−ξ )v(ξ ) ≤ 0 for all t, ξ such that
h ≤ ξ ≤ t < (n + 1)h, and n ∈

[
t̃pj /h, t̃

p
j+1/h

)
∩ N. Considering

this fact along with (90), the following inequalities can be derived
for t ∈ [nh, (n + 1)h)
Γ p∗(t) ≤ CeA(t−nh)z(nh)
≤ g1(t − nh)Γ p∗(nh) + g2(t − nh)mp(nh)

≤
1
a

(
−γ (a + γ ρ)mp(nh) − γ ρΓ p∗(nh)

+ (a + γ ρ)
(
Γ p∗(nh) + γmp(nh)

)
ea(t−nh)

)
e−η(t−nh).

(93)

By substituting Γ p∗(nh) using (84) into (93) and recalling (83),
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we obtain the inequality (82) that is valid for t ∈ [nh, (n + 1)h)
ompleting the proof. □

Theorem 2 (Results under P-PETC). Consider the P-PETC (72)–(76)
under Assumption 1, which generates an increasing set of event-
times Ĩp = {t̃pj }j∈N with t̃p0 = 0. For every u[0] ∈ L2(0, 1),
there exists a unique solution u : R+ × [0, 1] → R such that

∈ C0(R+; L2(0, 1) ∩ C1(J̃p × [0, 1]) with u[t] ∈ C2([0, 1]) which
satisfies (2),(72),(73) for all t > 0 and (1) for all t > 0, x ∈ (0, 1),
where J̃p = R+\ Ĩp. If the event-trigger parameters γ , c, β1, β2, ρ >
are chosen as outlined in Section 3.2.1, and η > 0 is selected as in

(78), then the following results hold:

R1: Γ p(t) given by (49) satisfies Γ p(t) ≤ 0 along the solution of
(1),(2),(50)–(55),(72)–(76) for all t > 0.

R2: The dynamic variable mp(t) governed by (50)–(55) with
mp(0) = mr (0) > 0 satisfies mp(t) > 0 along the solution
of (1),(2),(72)–(76) for all t > 0.

R3: The Lyapunov candidate V p(t) given by (52),(53) satisfies (63)
all t ∈ (t̃pj , t̃

p
j+1), j ∈ N and (64) for all t > 0, with b∗

= η.
R4: The closed-loop solution of (1),(2),(72)–(76) globally expo-

nentially converges to zero in the spatial L2 norm satisfying
the estimate (65),(66) with b∗

= η.

Proof. The well-posedness of the closed-loop system (1), (2),
72),(73) directly follows from Proposition 1. The system’s solu-
ion for all t > 0 is constructed iteratively between consecutive
vents. Given that the parameters γ , c, β1, β2, ρ are chosen in
ccordance with Section 3.2.1, and with η > 0 selected as
ndicated in (78), Lemma 4 ensures that W p(t) ≥ 0 for all t > 0.
The subsequent analysis focuses on the dynamics of Γ p(t) and

p(t) during the interval t ∈ [t̃pj , t̃
p
j+1) along the solutions of (1),

2), (50)–(55), (72)–(76). Suppose an event is triggered at t = t̃pj
and mp(t̃pj ) > 0. Following the event at t = t̃pj , the control input
is updated. Thus, we have from (49) that Γ p(t̃pj ) = −γm(t̃pj ) −
c
ρ
W p(t̃pj ) < 0. Then, Γ p(t) will at least stay non-positive until

t = t̃pj + τ , where τ is the minimal dwell-time of the P-CETC
(see R1 of Theorem 1). This suggests that Γ p(t) remains non-
ositive in t ∈ [t̃pj , t̃

p
j + h), since h ≤ τ . At every t = nh, n > 0,

he periodic event-trigger (74)–(76) is evaluated, leading to an
vent trigger only if Γ̃ p(nh) > 0, necessitating a control input
pdate. In cases where Γ̃ p(nh) ≤ 0, an update is not required
s Γ p(t) remains non-positive due to (82). This is because the

RHS of (82) is definitely non-positive when Γ̃ p(nh) ≤ 0. Thus,
p(t) will remain non-positive at least until t = t̃pj+1 where

Γ̃ p(t̃p−j+1) > 0. As Γ p(t) ≤ 0 for t ∈ [t̃pj , t̃
p
j+1), we write from

(48) and (49) that d2(t) ≤ γmp(t) +
c
ρ
W p(t) for t ∈ [t̃pj , t̃

p
j+1).

Then, considering the dynamics of mp(t) given by (50), we get
̇ p(t) ≥ −(η + γ ρ)mp(t) for t ∈ (t̃pj , t̃

p
j+1), which leads to mp(t) ≥

e−(η+γ ρ)(t−t̃pj )mp(t̃pj ) > 0 for t ∈ [t̃pj , t̃
p
j+1). The time continuity

of mp(t) leads to mp(t̃p−j+1) = mp(t̃pj+1) > 0. Therefore, after the
control input has been updated at t = t̃pj+1, we obtain the equality
Γ p(t̃pj+1) = −γmp(t̃pj+1) −

c
ρ
W p(t̃pj+1) < 0. In a similar way, we

can analyze the behavior of Γ p(t) and mp(t) in all t ∈ [t̃pj , t̃
p
j+1)

for any j ∈ N starting from the first event at t̃p0 = 0 where
mp(0) > 0 to prove that Γ p(t) ≤ 0 for all t ∈ [t̃pj , t̃

p
j+1), j ∈ N

and mp(t) > 0 for all t > 0. As it holds that mp(t) > 0 for
all t > 0, the positive definiteness of V p(t) is confirmed. Thus,
following similar arguments in the proof of Theorem 1, it can be
hown that V p(t) satisfies (63) for all t ∈ (t̃pj , t̃

p
j+1), j ∈ N, and (64)

for all t > 0 as well as the global L2-exponential convergence
f the closed-loop system solution to zero satisfying the estimate

(65),(66). This completes the proof. □
10
3.2.4. P-STC
In this subsection, we develop the P-STC approach based on

the P-CETC (46)–(55). This is accomplished by determining an
upper bound on d2(t) and lower bound on mp(t), both of which
are the constituent terms of the continuous-time event triggering
function Γ p(t) given by (49). We prove that updating the control
nput at specific times prescribed by the self-trigger ensures Γ p(t)
remains non-positive and mp(t) remains positive along the P-STC
closed-loop system solution. As a result, convergence proper-
ties equivalent to R4 and R5 in Theorem 1 holds for the P-STC
closed-loop system as well.

Let Ǐp = {ťp0 , ť
p
1 , ť

p
2 , . . .} denote the sequence of event-times

associated with the P-STC. Let the parameters γ , c, β1, β2, ρ > 0
be selected as outlined in Section 3.2.1, and the parameter η > 0
be selected as in (78). The proposed P-STC strategy consists of
two components:

(1) An event-triggered boundary control input

Ǔp
j =

∫ 1

0
k(y)u(y, ťpj )dy, (94)

for all t ∈ [ťpj , ť
p
j+1), j ∈ N. Accordingly, the boundary

condition (3) becomes

ux(1, t) + qu(1, t) = Ǔp
j . (95)

(2) A self-trigger determining the event-times

ťpj+1 = ťpj + Gp(ťpj ), (96)

with ťp0 = 0 where Gp(t) is a uniformly and positively
lower-bounded function defined as

Gp(t) ≜ max
{
τ , τ̌ (t)

}
. (97)

Here, τ > 0 is given by (33) and

τ̌ (t) ≜
1

2λmax + η + c
ln

(
γmp(t) +

γ ρH(t)
2λmax+η

+
c
ρ
W p(t)

H(t) +
γ ρH(t)
2λmax+η

)
,

(98)

where the dynamics of mp(t) satisfy (50)–(55) along the
solution of (1),(2),(94),(95) for t ∈ (ťpj , ť

p
j+1), j ∈ N, and

H(t) ≜ 2∥k∥2
(
2 +

ε2
∥k∥2

λ2
max

)
∥u[t]∥2, (99)

with k(y) given by (14).

In the following lemma, we derive an upper bound on d2(t)
and a lower bound on mp(t) which are instrumental in proving
the main results presented in Theorem 3.

Lemma 5. Consider the P-STC approach (94)–(99) under Assumption
which generates an increasing set of event times {ťpj }j∈N with ťpj = 0.
hen, for the closed-loop system (1),(2),(94),(95) and the error d(t)
iven by (25), the following estimates hold

∥u[t]∥2
≤

(
1 +

ε2
∥k∥2

λ2
max

)
∥u[ťpj ]∥

2e2λmax(t−ťpj ), (100)

and

d2(t) ≤ H(ťpj )e
2λmax(t−ťpj ), (101)

for all t ∈ [ťpj , ť
p
j+1), j ∈ N where k(y) and H(t) are given by

(14) and (99), respectively. Further, if the event-trigger parameters
 , c, β1, β2, ρ > 0 are chosen as outlined in Section 3.2.1, and

η > 0 is chosen as in (78), then W p(t) given by (51) satisfies the
following relations

p −(b∗
+c)(t−ťp) p p ∗
W (t) ≥ e j W (ťj ) with b = η , (102)
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for all t ∈
[
ťpj , ť

p
j+1

)
, j ∈ N, and

W p(t) ≥ 0, i.e., V p(t) ≤ e−b∗tV0 with b∗
= η , (103)

for all t > 0 whereas mp(t) governed by (50)–(55) satisfies

mp(t) ≥mp(ťpj )e
−η(t−ťpj )

−
ρH(ťpj )

2λmax + η
e−η(t−ťpj )

(
e(2λmax+η)(t−ťpj ) − 1

)
,

(104)

for all t ∈ [ťpj , ť
p
j+1), j ∈ N.

Proof. Consider the positive definite function

E(t) =
1
2

∫ 1

0
u2(x, t)dx. (105)

Taking its time derivative along the solution of (1),(2),(94),(95)
and using Young’s inequality, we show that

̇ (t) ≤ −εqu2(1, t) + λmax∥u[t]∥2
+

ε ν

2
u2(1, t) +

ε

2ν
(Ǔp

j )
2,

(106)

for all t ∈ (ťpj , ť
p
j+1), j ∈ N and some ν > 0. Let us select ν as

= λmax/2ε. Then, one can rewrite (106) as

̇ (t) ≤ − ε

(
q −

λmax

4ε

)
u2(1, t) + λmax∥u[t]∥2

+
ε2

λmax
(Ǔp

j )
2,

(107)

for t ∈ (ťpj , ť
p
j+1), j ∈ N. Using Cauchy–Schwarz inequality on

(94) and considering (105), we obtain (Ǔp
j )

2
≤ 2∥k∥2E(ťpj ). Thus,

ecalling Assumption 1 from which it follows that q > λmax/4ε,
we write (107) as Ė(t) ≤ 2λmaxE(t) +

2ε2∥k∥2
λmax

E(ťpj ), for t ∈

(ťpj , ť
p
j+1), j ∈ N. As a result, we show that E(t) ≤ e2λmax(t−ťj)E(ťpj )+

ε2∥k∥2

λ2max
E(ťpj )

(
e2λmax(t−ťpj ) − 1

)
, for t ∈ [ťpj , ť

p
j+1), j ∈ N from which

we obtain (100). By applying the Cauchy–Schwarz inequality and
oung’s inequality to (25) over the interval t ∈ [ťpj , ť

p
j+1), we

get d2(t) ≤ 2∥k∥2
∥u[ťpj ]∥

2
+ 2∥k∥2

∥u[t]∥2. Then, using (100),
e obtain (101). As the event-trigger parameters γ , β1, β2, ρ are

selected as outlined in Section 3.2.1, and η > 0 is selected as in
78), we obtain the relations (102) and (103) following the same
arguments in Lemma 4. Thus, considering the dynamics of mp(t)
iven by (50)–(55) and the relations (101) and (103), we show

that ṁp(t) ≥ −ηmp(t) − ρH(ťpj )e
2λmax(t−ťpj ), for t ∈ (ťpj , ť

p
j+1), j ∈ N

from which we obtain (104). This completes the proof. □

Theorem 3 (Results under P-STC). Consider the P-STC approach
94)–(99) under Assumption 1, which generates an increasing set of
vent-times Ǐp = {ťpj }j∈N with ťp0 = 0. For every u[0] ∈ L2(0, 1),
here exists a unique solution u : R+ × [0, 1] → R such that
∈ C0(R+; L2(0, 1) ∩ C1(J̌p × [0, 1]) with u[t] ∈ C2([0, 1]) which

satisfies (2),(94),(95) for all t > 0 and (1) for all t > 0, x ∈ (0, 1),
where J̌p = R+\ Ǐp. If the event-trigger parameters γ , c, β1, β2, ρ >

are chosen as outlined in Section 3.2.1, and η > 0 is selected as in
(78), then the following results hold:

R1: Γ p(t) given by (49) satisfies Γ p(t) ≤ 0 along the solution of
(1),(2),(50)–(55),(94)–(99) for all t > 0.

R2: The dynamic variable mp(t) governed by (50)–(55) with
mp(0) = mr (0) > 0 satisfies mp(t) > 0 along the solution
of (1),(2),(94)–(99) for all t > 0.

R3: The Lyapunov candidate V p(t) given by (52),(53) satisfies (63)
for all t ∈ (ťpj , ť

p
j+1), j ∈ N and (64) for all t > 0, with b∗

= η.
11
R4: The closed-loop solution of (1),(2),(94)–(99) globally expo-
nentially converges to zero in the spatial L2 norm satisfying
the estimate (65),(66) with b∗

= η.

Proof. The well-posedness of the closed-loop system (1), (2),
(94),(95) is a direct consequence of Proposition 1. The system’s
solution for all t > 0 is obtained by iteratively applying Proposition
between events. Given that the parameters γ , c, β1,
β2, ρ > 0 are chosen in accordance with Section 3.2.1 and η > 0
is set as per (78), Lemma 5 ensures that W p(t) ≥ 0 for all
t > 0 under the P-STC framework (94)–(99). Let us consider the
function Γ p(t) given by (49), along the trajectories (1), (2), (50)–
(55), (94)–(99). If an event occurs at time t = ťpj and mp(ťpj ) > 0,
he subsequent control input update ensures, as per (49), that
p(ťpj ) = −γmp(ťpj ) −

c
ρ
W p(ťpj ) < 0. Moreover, Γ p(t) stays non-

ositive at least until the time t = ťpj + τ , with τ being the
inimal dwell-time of the P-CETC (refer to R1 of Theorem 1). We
ave from (101) that d2(t) ≤ H(ťpj )e

2λmax(t−ťpj ) and from (102) and
(104) that

γmp(t) +
c
ρ
W p(t) ≥ γmp(ťpj )e

−η(t−ťpj ) +
c
ρ
e−(η+c)(t−ťpj )W p(ťpj )

−
γ ρH(ťpj )

2λmax + η
e−η(t−ťpj )

(
e(2λmax+η)(t−ťpj ) − 1

)
,

≥ γmp(ťpj )e
−(η+c)(t−ťpj ) +

c
ρ
e−(η+c)(t−ťpj )W p(ťpj )

−
γ ρH(ťpj )

2λmax + η
e2λmax(t−ťpj ) +

γ ρH(ťpj )

2λmax + η
e−(η+c)(t−ťpj ),

for t ∈ [ťpj , ť
p
j+1). Note that the RHS of (101) is an increasing

function of t whereas the RHS of (104) is a decreasing function
of t . Then, if there exists a positive solution t† > ťpj that satisfies

H(ťpj )e
2λmax(t†−ťpj )

= γmp(ťpj )e
−(η+c)(t†−ťpj ) +

c
ρ
e−(η+c)(t†−ťpj )W p(ťpj )

−
γ ρH(ťpj )

2λmax + η
e2λmax(t†−ťpj ) +

γ ρH(ťpj )

2λmax + η
e−(η+c)(t†−ťpj ),

(108)

we are certain that d2(t) ≤ γmp(t) +
c
ρ

(
e−b∗tV p

0 − V p(t)
)
i.e.,

Γ p(t) ≤ 0 for t ∈ [ťpj , t
†). This is because the LHS of (108)

is an upper bound on d2(t†), and the RHS of (108) is a lower
bound on γmp(t†)+ c

ρ
W p(t†). Solving (108) for t†, we obtain that

t† = ťpj + τ̌ (ťpj ), where τ̌ (t) is given by (98). If t† > ťpj + τ , the
ext event is set as ťpj+1 = t†. If t† ≤ ťpj + τ , then the next event
s set as ťpj+1 = ťpj + τ . Since the next event time is given by
96),(97), it is ensured that Γ p(t) ≤ 0 for t ∈ [ťpj , ť

p
j+1) while

preventing the Zeno phenomenon. Using the same reasoning as
in the proof of Theorem 2, we show that mp(t) > 0 for all t > 0,
onfirming the positive definiteness of V p(t). Therefore, similar
rguments in the proof of Theorem 1 show that V p(t) satisfies

(63) for all t ∈ (ťpj , ť
p
j+1), j ∈ N, and (64) for all t > 0, ensuring

the global L2-exponential convergence of the closed-loop system
olution to zero, satisfying the estimate (65), (66). This completes
the proof. □

Remark 5. In Rathnayake and Diagne (2024b), the authors
evelop observer-based PETC and STC strategies equipped with

strictly decreasing Lyapunov functions, for a class of reaction–
diffusion PDEs. We refer to them as regular PETC (R-PETC) and
regular STC (R-STC) to differentiate them from the P-PETC and
P-STC introduced in Sections 3.2.3 and 3.2.4, respectively. It is
important to underscore that the P-PETC and P-STC proposed



B. Rathnayake, M. Diagne, J. Cortés et al. Automatica 174 (2025) 112181

R
f
s
c

t

P
a

g
r

s
0
a
(

c
t

g
m

Fig. 4. Results under the R/P-CETC.
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here generalize the full-state feedback versions of the R-PETC and
-STC proposed in Rathnayake and Diagne (2024b) by allowing
or Lyapunov functions that are not decreasing at all times. By
etting c = 0, one can recover the R-PETC and R-STC from the
orresponding P-PETC and P-STC.

Remark 6. For the R/P-CETC, R-PETC, and R-STC, the event-
rigger parameter η > 0 can be freely selected (see Theorem 1
and the Rathnayake and Diagne (2024b)). However, for both P-
ETC and P-STC, η > 0 should be chosen such that η ≤ 2b/B,
s specified by (78). Some readers might question if this upper

bound constraint on η places the P-PETC and P-STC at a disadvan-
tage compared to the R-PETC and R-STC. However, we would like
to emphasize that increasing η beyond 2b/B does not enhance the
theoretical convergence guarantee (performance-barrier). This is
because the exponential decay b∗ in the estimate (37) and (64) is
iven by b∗

= min
{ 2b

B , η
}
(see (54)). Thus, for η > 2b

B , the decay
ate remains b∗

=
2b
B , regardless of how large η becomes.

4. Numerical simulations

To illustrate the efficacy of the proposed designs, we con-
ider a reaction–diffusion system with constant parameters ε =

.1, λ(x) ≡ λmax = λ = 0.25, q = 2, θ1 = 1, θ2 = 0,
nd the initial conditions u[0] = 10x2(x − 1)2. The gain kernels
10)–(12) and (20)–(22) have explicit solutions, and readers are
referred to Rathnayake, Diagne, Espitia et al. (2022) for details.
The parameters for the event-triggers are chosen as follows:
m(0) = 10−4, and σ = 0.9. It can be shown using (41), (42)
that α1 = 0.3466, α2 = 0.5405. Therefore, from (40), we obtain
β1 = 3.4665, β2 = 5.4055. Let us choose B and κ as B = 3308.7
and κ = 5 so that (44) is satisfied. Then, from (43), we obtain
ρ = 827.1872. We choose η = 0.0383 so that (78) is satisfied. The
omputed minimal dwell-time is 0.01s. Thus, we use ∆t = 0.001s
o time discretize the plant dynamics using the implicit Euler
scheme. We set h = 0.01s as the sampling period for the R/P-
PETC approaches. Space discretization is done using a step size
of ∆x = 0.005. We use c = 1 for the P-CETC and P-PETC for
generating Figs. 4 and 5, whereas we use c = 0.01 for the P-STC
for generating Fig. 6. The R-CETC, R-PETC, and R-STC results are
enerated by setting c = 0 in the corresponding P-ETC design, as
entioned in Remark 5.
 c

12
In Figs. 3–6, we compare the R-ETC to the P-ETC under
ontinuous-time event-triggered, periodic event-triggered, and
self-triggered configurations. From Figs. 3, 5(a), and 6(a), we
can observe that the Lyapunov functions under the P-CETC, P-
PETC, and P-STC are above their regular counterparts R-CETC,
R-PETC, and R-STC, respectively. This is while still respecting
the performance-barrier e−b∗tV0, indicating the flexibility of the
performance-barrier-based approach. Notably, Lyapunov func-
tions under the P-CETC and P-PETC sometimes even increase
while respecting the performance-barrier. Consequently, we can
observe in Figs. 4(b) and 5(c) that the dwell-times under the P-
CETC and P-PETC are significantly larger than those under the R-
CETC and R-PETC, respectively. Similarly, Figs. 4(c) and 5(d) show
that the P-CETC and P-PETC result in less frequent control updates
han the R-CETC and R-PETC. In Fig. 6(c), the dwell-times under
the P-STC start larger than the R-STC, but as time progresses,
the dwell-times for both approaches converge to similar values.
From Figs. 4(a) and 5(b), we can observe that the closed-loop
signal ∥u[t]∥ under the P-CETC and P-PETC takes longer to con-
verge than the R-CETC and R-PETC, respectively, whereas ∥u[t]∥
under the P-STC and R-STC converges to zero at similar rates.
Nevertheless, it is crucial to emphasize that performance-barrier-
based designs converge faster than the performance-barrier itself.
The closed-loop signal ∥u[t]∥ under these designs adheres to the
decay estimate given by Eqs. (65),(66). In Table 1, we show the
average dwell-times for the proposed strategies over a period of
00s. It is worth noting that the average dwell-time does not
ully depict the nature of the dwell-times. It is intended to give
he reader an idea of how increasing c affects dwell-times. We
bserve that under the P-CETC and P-PETC, the average dwell-
ime over 500s increases as c increases and tends to saturate
round 10s. Under the P-STC, the average dwell-time over 500s
nitially increases with c and then starts to decrease as c increases
urther. This can be understood via (98), where the factor 1/(2λ+

η + c) causes the dwell-time to decrease as c increases beyond a
certain threshold.

5. Conclusions

This paper has developed a new approach for event-triggered
oundary control, called performance-barrier event-triggered
ontrol, for a class of reaction–diffusion PDEs. The core of this
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Fig. 5. Results under the R/P-PETC.
Fig. 6. Results under the R/P-STC.
Table 1
Average dwell-times (Avg. DTs) in seconds over a period of 500 s. The case c = 0 corresponds to the R-ETC, whereas
the cases c ∈ {0.001, 0.01, 0.1, 1, 10, 100} correspond to the P-ETC. Note that the average dwell-time does not fully
depict the nature of the dwell-times. It is only intended to show of how increasing c affects dwell-times.

Regular Performance-Barrier

c=0 c=0.001 c=0.01 c=0.1 c=1 c=10 c=100

CETC Avg. DTs [s] 0.6104 6.8585 9.596 11.9984 10.3245 10.3261 10.3422
PETC Avg. DTs [s] 0.6178 7.077 9.7182 12.391 10.3325 10.3258 10.3387
STC Avg. DTs [s] 0.1037 0.1433 0.2369 0.4269 0.3682 0.1366 0.05
Z
t
p
a

strategy lies in allowing for the Lyapunov function of the closed-
loop system to diverge from a strictly monotonic decrease as
long as it remains below an acceptable performance-barrier.
While ensuring that this performance is met, this novel method
can result in longer dwell times between events compared to
egular methods that enforce a constant decrease in the Lyapunov
function.

The concept of performance residual–the difference between
the value of the performance-barrier and the Lyapunov function–
lays a crucial role in achieving these results. Integrating this
 t

13
concept into the triggering mechanism allows for enhanced flex-
ibility in the behavior of the Lyapunov function. It is also proven
that the new performance-barrier event-triggered control strat-
egy ensures global exponential convergence of the closed-loop
system solution to zero in the spatial L2 norm and guarantees a
eno-free behavior. Furthermore, we have successfully extended
he performance-barrier event-triggered control method to its
eriodic event-triggered and self-triggered variants. These vari-
nts, designed to avoid the need for continuous monitoring of
he event-trigger, are shown to provide performance equivalent
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h
f
f

to that of their continuous-time event-triggered counterpart. We
ave conducted numerical simulations that illustrate the per-
ormance of the proposed control designs. A natural direction
or future research is the design of observer-based variants of
performance-barrier-based designs.

References

Ames, A. D., Coogan, S., Egerstedt, M., Notomista, G., Sreenath, K., & Tabuada, P.
(2019). Control barrier functions: Theory and applications. In 2019 18th
European control conference (pp. 3420–3431). IEEE.

Ames, A. D., Xu, X., Grizzle, J. W., & Tabuada, P. (2017). Control barrier function
based quadratic programs for safety critical systems. IEEE Transactions on
Automatic Control, 62(8), 3861–3876.

Anta, A., & Tabuada, P. (2010). To sample or not to sample: Self-triggered
control for nonlinear systems. IEEE Transactions on Automatic Control, 55(9),
2030–2042.

Borgers, D. P., Postoyan, R., Anta, A., Tabuada, P., Nešić, D., & Heemels, W.
(2018). Periodic event-triggered control of nonlinear systems using
overapproximation techniques. Automatica, 94, 81–87.

Cao, Z., Niu, Y., & Zou, Y. (2023). Self-triggered multi-mode control of Markovian
jump systems. Automatica, 149, Article 110837.

Espitia, N. (2020). Observer-based event-triggered boundary control of a linear
2× 2 hyperbolic systems. Systems & Control Letters, 138, Article 104668.

Espitia, N., Girard, A., Marchand, N., & Prieur, C. (2016). Event-based control of
linear hyperbolic systems of conservation laws. Automatica, 70, 275–287.

Espitia, N., Karafyllis, I., & Krstic, M. (2021). Event-triggered boundary con-
trol of constant-parameter reaction–diffusion PDEs: a small-gain approach.
Automatica, 128, Article 109562.

Fu, A., & Mazo Jr, M. (2018). Decentralized periodic event-triggered control with
quantization and asynchronous communication. Automatica, 94, 294–299.

Girard, A. (2015). Dynamic triggering mechanisms for event-triggered control.
IEEE Transactions on Automatic Control, 60(7), 1992–1997.

Heemels, W., & Donkers, M. (2013). Model-based periodic event-triggered
control for linear systems. Automatica, 49(3), 698–711.

Heemels, W., Donkers, M., & Teel, A. R. (2013). Periodic event-triggered control
for linear systems. IEEE Transactions on Automatic Control, 58(4), 847–861.

Heemels, W., Johansson, K. H., & Tabuada, P. (2012). An introduction to event-
triggered and self-triggered control. In 2012 51st IEEE conference on decision
and control (pp. 3270–3285). IEEE.

Karafyllis, I., & Krstic, M. (2019). Input-to-state stability for PDEs. Springer.
Katz, R., Fridman, E., & Selivanov, A. (2021). Boundary delayed observer-

controller design for reaction-diffusion systems. IEEE Transactions on
Automatic Control.

Krstic, M. (2024). Inverse optimal safety filters. IEEE Transactions on Automatic
Control, 69(1), 16–31. http://dx.doi.org/10.1109/TAC.2023.3278788.

Krstic, M., & Smyshlyaev, A. (2008). Boundary control of PDEs: A course on
backstepping designs. SIAM.

Lhachemi, H. (2024). Event-triggered finite-dimensional observer-based out-
put feedback stabilization of reaction–diffusion PDEs. IEEE Transactions
on Automatic Control, 69(8), 5651–5657. http://dx.doi.org/10.1109/TAC.2024.
3378835.

Linsenmayer, S., Dimarogonas, D. V., & Allgöwer, F. (2019). Periodic event-
triggered control for networked control systems based on non-monotonic
Lyapunov functions. Automatica, 106, 35–46.

Liu, W. (2003). Boundary feedback stabilization of an unstable heat equation.
SIAM Journal on Control and Optimization, 42(3), 1033–1043.

Liu, T., & Jiang, Z.-P. (2015). A small-gain approach to robust event-triggered
control of nonlinear systems. IEEE Transactions on Automatic Control, 60(8),
2072–2085.

Mazo, M., Anta, A., & Tabuada, P. (2009). On self-triggered control for linear
systems: Guarantees and complexity. In 2009 European control conference
(pp. 3767–3772). IEEE.

Mazo, M., & Tabuada, P. (2008). On event-triggered and self-triggered control
over sensor/actuator networks. In 2008 47th IEEE conference on decision and
control (pp. 435–440). IEEE.

Ong, P., & Cortés, J. (2024). Performance-barrier-based event-triggered control
with applications to network systems. IEEE Transactions on Automatic Control,
69(7), 4230–4244.

Rathnayake, B., & Diagne, M. (2023). Observer-based periodic event-triggered
boundary control of the one-phase Stefan problem. IFAC-PapersOnLine, 56(2),
11415–11422.

Rathnayake, B., & Diagne, M. (2024a). Observer-based event-triggered boundary
control of the one-phase Stefan problem. International Journal of Control,
97(12), 2975–2986.

Rathnayake, B., & Diagne, M. (2024b). Observer-based periodic event-triggered
and self-triggered boundary control of a class of parabolic PDEs. IEEE
Transactions on Automatic Control, 69(12), 8836–8843. http://dx.doi.org/10.
1109/TAC.2024.3419639.
14
Rathnayake, B., Diagne, M., Cortes, J., & Krstic, M. (2024). Performance-barrier-
based event-triggered boundary control of a class of reaction-diffusion PDEs.
In 2024 American control conference (pp. 5313–5319). IEEE.

Rathnayake, B., Diagne, M., Espitia, N., & Karafyllis, I. (2022). Observer-based
event-triggered boundary control of a class of reaction–diffusion PDEs. IEEE
Transactions on Automatic Control, 67(6), 2905–2917.

Rathnayake, B., Diagne, M., & Karafyllis, I. (2022). Sampled-data and event-
triggered boundary control of a class of reaction–diffusion PDEs with
collocated sensing and actuation. Automatica, 137, Article 110026.

Seidel, M., Hertneck, M., Yu, P., Linsenmayer, S., Dimarogonas, D. V., &
Allgöwer, F. (2024). A window-based periodic event-triggered consensus
scheme for multi-agent systems. IEEE Transactions on Control of Network
Systems.

Selivanov, A., & Fridman, E. (2016). Distributed event-triggered control of
diffusion semilinear PDEs. Automatica, 68, 344–351.

Smyshlyaev, A., & Krstic, M. (2004). Closed-form boundary state feedbacks for
a class of 1-D partial integro-differential equations. IEEE Transactions on
Automatic Control, 49(12), 2185–2202.

Tallapragada, P., & Cortés, J. (2016). Event-triggered stabilization of linear
systems under bounded bit rates. IEEE Transactions on Automatic Control,
61(6), 1575–1589.

Taylor, A. J., Ong, P., Cortés, J., & Ames, A. D. (2021). Safety-critical event triggered
control via input-to-state safe barrier functions. IEEE Control Systems Letters,
5(3), 749–754.

Wakaiki, M., & Sano, H. (2019). Stability analysis of infinite-dimensional event-
triggered and self-triggered control systems with Lipschitz perturbations.
arXiv preprint arXiv:1911.12916.

Wakaiki, M., & Sano, H. (2020). Event-triggered control of infinite-dimensional
systems. SIAM Journal on Control and Optimization, 58(2), 605–635.

Wan, H., Luan, X., Karimi, H. R., & Liu, F. (2021). Dynamic self-triggered controller
codesign for Markov jump systems. IEEE Transactions on Automatic Control,
66(3), 1353–1360.

Wang, J., & Krstic, M. (2023a). Event-triggered adaptive control of a parabolic
PDE-ODE cascade with piecewise-constant inputs and identification. IEEE
Transactions on Automatic Control.

Wang, J., & Krstic, M. (2023b). Event-triggered adaptive control of coupled
hyperbolic PDEs with piecewise-constant inputs and identification. IEEE
Transactions on Automatic Control, 68(3), 1568–1583. http://dx.doi.org/10.
1109/TAC.2022.3159292.

Wang, W., Postoyan, R., Nešić, D., & Heemels, W. (2020). Periodic event-
triggered control for nonlinear networked control systems. IEEE Transactions
on Automatic Control, 65(2), 620–635.

Yang, G., Belta, C., & Tron, R. (2019). Self-triggered control for safety critical
systems using control barrier functions. In 2019 American control conference
(pp. 4454–4459). IEEE.

Yi, X., Liu, K., Dimarogonas, D. V., & Johansson, K. H. (2019). Dynamic event-
triggered and self-triggered control for multi-agent systems. IEEE Transactions
on Automatic Control, 64(8), 3300–3307.

Bhathiya Rathnayake received his B.Sc. in Engineering,
specializing in Electrical and Electronic Engineering,
from the University of Peradeniya, Sri Lanka, in 2017.
He earned his M.S. degree in Computer and Systems
Engineering from Rensselaer Polytechnic Institute, New
York, USA, in 2022. Currently, he is pursuing his Ph.D.
degree in Robotics, Intelligent Systems, and Control at
UC San Diego, California, USA. His research interests
include control of infinite dimensional systems and
event-triggered control.

Mamadou Diagne is an Associate Professor with the
Department of Mechanical and Aerospace Engineering
at the University of California San Diego, affiliated with
the Department of Electrical and Computer Engineer-
ing. He completed his Ph.D. in 2013 at University
Claude Bernard Lyon I in Villeurbanne (France). Be-
tween 2017 and 2022, he was an Assistant Professor
with the Department of Mechanical Aerospace and
Nuclear Engineering at Rensselaer Polytechnic Institute,
Troy, New York. From 2013 to 2016, he was a Post-
doctoral Scholar, first at the University of California

San Diego, and then at the University of Michigan. His research focuses on
the control of distributed parameter systems, adaptive control, delay systems
and extremum seeking control. He serves as Associate Editor for Automatica,
Systems & Control Letters and ASME Journal of Dynamic Systems, Measurement,
and Control. He is Vice-Chair for Industry of the IFAC Technical Committee
on Adaptive and Learning Systems. He received the NSF Career Award in
2020.

http://refhub.elsevier.com/S0005-1098(25)00073-1/sb1
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb1
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb1
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb1
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb1
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb2
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb2
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb2
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb2
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb2
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb3
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb3
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb3
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb3
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb3
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb4
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb4
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb4
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb4
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb4
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb5
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb5
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb5
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb6
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb6
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb6
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb7
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb7
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb7
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb8
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb8
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb8
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb8
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb8
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb9
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb9
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb9
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb10
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb10
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb10
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb11
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb11
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb11
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb12
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb12
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb12
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb13
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb13
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb13
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb13
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb13
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb14
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb15
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb15
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb15
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb15
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb15
http://dx.doi.org/10.1109/TAC.2023.3278788
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb17
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb17
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb17
http://dx.doi.org/10.1109/TAC.2024.3378835
http://dx.doi.org/10.1109/TAC.2024.3378835
http://dx.doi.org/10.1109/TAC.2024.3378835
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb19
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb19
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb19
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb19
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb19
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb20
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb20
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb20
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb21
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb21
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb21
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb21
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb21
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb22
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb22
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb22
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb22
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb22
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb23
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb23
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb23
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb23
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb23
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb24
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb24
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb24
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb24
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb24
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb25
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb25
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb25
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb25
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb25
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb26
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb26
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb26
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb26
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb26
http://dx.doi.org/10.1109/TAC.2024.3419639
http://dx.doi.org/10.1109/TAC.2024.3419639
http://dx.doi.org/10.1109/TAC.2024.3419639
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb28
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb28
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb28
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb28
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb28
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb29
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb29
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb29
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb29
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb29
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb30
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb30
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb30
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb30
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb30
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb31
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb31
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb31
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb31
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb31
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb31
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb31
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb32
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb32
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb32
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb33
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb33
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb33
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb33
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb33
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb34
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb34
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb34
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb34
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb34
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb35
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb35
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb35
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb35
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb35
http://arxiv.org/abs/1911.12916
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb37
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb37
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb37
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb38
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb38
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb38
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb38
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb38
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb39
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb39
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb39
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb39
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb39
http://dx.doi.org/10.1109/TAC.2022.3159292
http://dx.doi.org/10.1109/TAC.2022.3159292
http://dx.doi.org/10.1109/TAC.2022.3159292
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb41
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb41
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb41
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb41
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb41
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb42
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb42
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb42
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb42
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb42
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb43
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb43
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb43
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb43
http://refhub.elsevier.com/S0005-1098(25)00073-1/sb43


B. Rathnayake, M. Diagne, J. Cortés et al. Automatica 174 (2025) 112181

A
A
M
t
A
P
A
P
S

Jorge Cortés received the Licenciatura degree in math-
ematics from Universidad de Zaragoza, Zaragoza, Spain,
in 1997, and the Ph.D. degree in engineering mathe-
matics from Universidad Carlos III de Madrid, Madrid,
Spain, in 2001. He held postdoctoral positions with
the University of Twente, Twente, The Netherlands,
and the University of Illinois at Urbana-Champaign,
Urbana, IL, USA. He was an Assistant Professor with
the Department of Applied Mathematics and Statistics,
University of California, Santa Cruz, CA, USA, from 2004
to 2007. He is a Professor and Cymer Corporation

Endowed Chair in High Performance Dynamic Systems Modeling and Control
at the Department of Mechanical and Aerospace Engineering, University of
California, San Diego, CA, USA. He is a Fellow of IEEE, SIAM, and IFAC. His
research interests include distributed control and optimization, network science,
nonsmooth analysis, reasoning and decision making under uncertainty, network
neuroscience, and multi-agent coordination in robotic, power, and transportation
networks.
15
Miroslav Krstic is Distinguished Professor of Mechan-
ical and Aerospace Engineering, holds the Alspach
endowed chair, and is the founding director of the
Center for Control Systems and Dynamics at UC San
Diego. He also serves as Senior Associate Vice Chancel-
lor for Research at UCSD. As a graduate student, Krstic
won the UC Santa Barbara best dissertation award and
student best paper awards at CDC and ACC. Krstic has
been elected Fellow of seven scientific societies – IEEE,
IFAC, ASME, SIAM, AAAS, IET (UK), and AIAA (Assoc.
Fellow) – and as a foreign member of the Serbian

Academy of Sciences and Arts and of the Academy of Engineering of Serbia. He
has received the Richard E. Bellman Control Heritage Award, Bode Lecture Prize,
SIAM Reid Prize, ASME Oldenburger Medal, Nyquist Lecture Prize, Paynter Out-
standing Investigator Award, Ragazzini Education Award, IFAC Nonlinear Control
Systems Award, IFAC Ruth Curtain Distributed Parameter Systems Award, IFAC
daptive and Learning Systems Award, Chestnut textbook prize, AV Balakrishnan
ward for the Mathematics of Systems, Control Systems Society Distinguished
ember Award, the PECASE, NSF Career, and ONR Young Investigator awards,

he Schuck (’96 and ’19) and Axelby paper prizes, and the first UCSD Research
ward given to an engineer. Krstic has also been awarded the Springer Visiting
rofessorship at UC Berkeley, the Distinguished Visiting Fellowship of the Royal
cademy of Engineering, the Invitation Fellowship of the Japan Society for the
romotion of Science, and four honorary professorships outside of the United
tates. He serves as Editor-in-Chief of Systems & Control Letters and has been

serving as Senior Editor in Automatica and IEEE Transactions on Automatic
Control, as editor of two Springer book series, and has served as Vice President
for Technical Activities of the IEEE Control Systems Society and as chair of the
IEEE CSS Fellow Committee. Krstic has coauthored eighteen books on adaptive,
nonlinear, and stochastic control, extremum seeking, control of PDE systems
including turbulent flows, and control of delay systems


	Performance-barrier event-triggered control of a class of reaction–diffusion PDEs
	Introduction
	The state of the Art
	Contributions
	Organization
	Notation

	Continuous-time Control and Emulation
	Backstepping Control Design
	Emulation of the Backstepping Boundary Control

	Performance-barrier Event-triggered Control
	Preliminaries
	P-ETC
	Selection of Event-trigger Parameters
	P-CETC
	P-PETC
	P-STC


	Numerical Simulations
	Conclusions
	References


