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a b s t r a c t

This paper introduces two innovative control schemes, event-triggered extremum seeking control
(ET-ESC) and periodic event-triggered extremum seeking control (PET-ESC), designed for real-time
optimizing multivariable systems. The classical extremum seeking control is augmented with static
and dynamic triggering conditions to enable aperiodic and less frequent updates of the system’s input
signals, offering the so-called resource-aware control design. Our convergence analysis is built upon
time-scaling combined with Lyapunov and averaging theories for discontinuous systems. Both ET-
ESC and PET-ESC assign an exponentially stable behavior to the resulting average system, which is
equivalent to a practical asymptotic convergence to a small neighborhood of the extremum point.
We guarantee Zeno behavior avoidance by establishing a minimum dwell time to avoid infinitely fast
switching. In particular, the PET-ESC utilizes impulsive systems within a hybrid systems framework.
Performance optimization matches one of the classical continuous-time extremum algorithms while
balancing system performance with actuation resource consumption. Our ET-ESC and PET-ESC algo-
rithms are the first of their kind and allow for arbitrarily large inter-sampling times unlocking the
restriction imposed by existing sampled-data ESC. Extensive simulations validate the feasibility and
effectiveness of our designs, illustrating the advantages of ET-ESC and PET-ESC.

© 2025 Elsevier Ltd. All rights are reserved, including those for text and datamining, AI training, and
similar technologies.
t

1. Introduction

Continuous-time extremum seeking with periodic dither sig-
als. The concept of extremum seeking control (ESC) was intro-
uced 100 years ago by the French Engineer Maurice Leblanc
lready in 1922 (Leblanc, 1922) and its proof of stability under

feedback control about 20 years ago (Krstić & Wang, 2000).
To hold the output of a nonlinear map within the vicinity of
its extremum, ESC, based on the perturbation method, adds
a periodic excitation-dither signal of small amplitude to the
map’s input and estimates its gradient by using periodic de-
modulation signals. When the parameters of the nonlinear map

✩ Preliminary versions of this paper were partially presented at the 14th IFAC
International Workshop on Adaptive and Learning Control Systems (Rodrigues
et al., 2022), Casablanca, 2022, and the 22nd World Congress of the International
Federation of Automatic Control (Rodrigues et al., 2023), Yokohama, 2023. This
paper was recommended for publication in revised form by Associate Editor
Tongwen Chen under the direction of Editor Florian Dorfler.
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are available, it is possible to obtain exactly the gradient of
the nonlinearity and the control objective can be defined as
its stabilization. However, because of parametric uncertainties,
the gradient is not always known and this control task is not
always straightforward. Despite the several ESC strategies found
in the literature, the methods based on perturbations (dither
signals) are the oldest and remain quite popular even today.
Following (Krstić & Wang, 2000), major theoretical extensions
of ESC include discrete-time systems (Choi, Krstić, Ariyur, & Lee,
2002), stochastic systems (Liu & Krstić, 2010; Manzie & Krstić,
2009), multivariable systems (Ghaffari, Krstić, & Nes̆ic, 2012),
non-cooperative games (Frihauf, Krstić, & Başar, 2012), time de-
lays (Oliveira, Krstić, & Tsubakino, 2017; Zhu, Fridman, & Oliveira,
2023), and even more general classes of infinite-dimensional sys-
ems governed by partial differential equations (PDEs) (Oliveira
& Krstić, 2022). Recent advances in the field consider unbi-
ased (Yilmaz, Diagne, & Krstić, 2023), prescribed-time (Yilmaz
& Krstić, 2024) and safe (Williams, Scheinker, Huang, Taylor, &
Krstić, 2024) extremum seeking control.

Sampled-data extremum seeking control. A few results on
sampled-data ESC have emerged recently, including the two-
input sampled-data ESC with square dither vectors introduced
data mining, AI training, and similar technologies.
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in (Zhu et al., 2023). More precisely, in (Zhu et al., 2023), a time-
delay approach to averaging is employed to derive an averaging
ystem and its associated sampled-data control scheme. Practical
tability, along with the explicit characterization of the maximum
llowable period of the dither signal and the sampling period, is

established in (Zhu et al., 2023). Relying on the barrier function
method, the authors in (Hazeleger, Nesić, & van de Wouw, 2022)
construct a sampled-data extremum-seeking framework for the
constrained optimization of a class of nonlinear dynamical sys-
tems with measurable constrained variables. By assuming that
the parametric initialization satisfies the constraints, Hazeleger
t al. (2022) prove the stability of the resulting closed-loop

system with the input constraints satisfied under the proposed
optimization algorithm. Indeed, the result in (Hazeleger et al.,
2022) extends earlier findings in (Teel & Popović, 2001) (see
lso (Khong, Nesić, Tan, & Manzie, 2013)), where ESC for dynamic

plants is tackled by adding specific constraints. One must em-
phasize that the notion of sampling in (Teel & Popović, 2001)
differs from that of (Zhu et al., 2023). In (Teel & Popović, 2001),
he sampling mechanism involves a set of measurements and
 sampling/waiting period assumed to exist. In contrast, Zhu

et al. (2023) achieve stability subject to a maximum sampling
adius as in traditional sampled-data control. While sampled-
ata control allows the design of feedback laws suitable for
igital platforms, a significant drawback is the constraint on the
ampling period, which limits flexibility in achieving arbitrarily
parse inter-sampling intervals.

Event-triggered control. An alternative approach to sampled-
data design (Nesić & Teel, 2001) is event-triggered control (ETC),
which executes the control task non-periodically in response to
a triggering condition designed as a function of the plant’s state.
TC is often used in the context of networked control systems
NCS) to reduce control effort, thereby optimizing the use of
imited resources, such as energy, communication bandwidth,
r computational power (Hespanha, Naghshtabrizi, & Xu, 2007;

Tabuada, 2007). In ETC, the control update only occurs when
the error between the current state and the equilibrium set
exceeds a value that might induce instability or lack of robustness
to a certain extent (Borgers & Heemels, 2013), by allowing a
on-decreasing Lyapunov function. Pioneering works towards the
evelopment of ETC include the construction of digital com-

puter design (Monaco & Normand-Cyrot, 1985), the event-based
ID design (Åarzén, 1999), and the event-based controller for

stochastic systems (Åström & Bernhardsson, 1999). Extended ETC
esigns have been explored for NCS with high complexity for
oth linear (Heemels, Donkers, & Teel, 2013; Heemels, Johansson,
 Tabuada, 2012; Yook, Tilbury, & Soparkar, 2002) and non-
inear (Abdelrahim, Postoyan, Daafouz, & Nes̆ić, 2016; Tabuada,
2007) systems. Further results in (Borgers & Heemels, 2014; Hetel
t al., 2017) and (Xing, Wen, Liu, Su, & Cai, 2017) deal with the

robustness against perturbations and parametric uncertainties,
respectively. In (Zhang, Liu, & Jiang, 2021), ETC is designed to
atisfy a cyclic-small-gain condition such that the stabilization
f a class of nonlinear time-delay systems is guaranteed. As
ell, the authors in (Cheng & Li, 2019) proposed distributed

event-triggered leaderless and leader-follower consensus con-
rol laws for general linear multi-agent networks. Abdelrahim
t al. (2016) present an output-feedback ETC design that sta-

bilizes a class of nonlinear systems by combining techniques
from event-triggered and time-triggered control. Periodic event-
triggered control (PETC), first introduced in (Heemels et al., 2013),
nhances the practicality of ETC for digital implementation by
voiding the constant monitoring of its triggering condition. In-
tead, it allows for periodic evaluation to detect events while
2

maintaining aperiodic updates of the control law.

Contributions of the present work.We design an event-triggered
and periodic event-triggered control (ET-ESC and PET-ESC) for
extremum seeking with static maps, which, as far as we know,
has not been explored in the field. Our designs are not extensions
of (Teel & Popović, 2001; Zhu et al., 2023), nor are they based
on a ‘‘dwell-time’’ imposed by dead zones (Mu, Li, & Seem,
2016; Shao, Teel, Tan, Liu, & Wang, 2020). Instead, they rely on
state-dependent static and dynamic triggering conditions (Girard,
2014; Tabuada, 2007). Our approach combines ETC and ESC tech-
niques to allow for an arbitrarily large inter-event time, unlocking
the maximum sampling constraint required in (Zhu et al., 2023).
Both static and dynamic triggering conditions that exclude the
occurrence of Zeno phenomenon are constructed by proving the
xistence of a minimal dwell-time between two successive event
riggers. We established the avoidance of the Zeno phenomenon
or both the average and the original system. Most importantly,
we prove that ET-ESC ensures local exponential stability in the
average sense and local asymptotic convergence of the unknown
parameters to the neighborhood of their optimum. In contrast
to Zhu et al. (2023), we employ continuous dither signals and ex-
ploit the averaging theory for discontinuous systems (Plotnikov,
1980). The non-periodic nature of the ETC approach does not pose
 limitation for applying the averaging result for discontinuous

systems by Plotnikov (Plotnikov, 1980) — see Appendix A —
ince the perturbation-probing signals of the ESC are still periodic
functions. In contrast, the discontinuities in our approach arise
from the states, not from periodic perturbations. It is important
to highlight that our method differs from Poveda and Teel (2017),
which applies ETC in the context of ‘‘extremization’’. While Poveda
nd Teel (2017) address a similar real-time optimization problem,

it utilizes a different topology based on hybrid ESC, which, unlike
our approach, does not rely on the classical periodic-perturbation
framework (Krstić & Wang, 2000), that underpins our current
ork. Furthermore, we introduce a periodic event-triggered ex-
remum seeking control (PET-ESC) design that overcomes the
eed for continuous monitoring of the triggering condition to
etect events, making it more suitable for digital implementation.
he PET-ESC allows for the periodic evaluation of the event-
riggering condition while preserving an aperiodic update of
he control law (Heemels et al., 2013). The stability analysis of
both ET-ESC and PET-ESC are essentially based on time-scaling,
averaging theory for discontinuous systems, and Lyapunov’s di-
rect method. In summary, our contribution introduces the first
systematic approach for multivariable event-triggered and peri-
odic event-triggered extremum seeking based on the classical
periodic-perturbation methods (Krstić & Wang, 2000). Previous
conference versions focusing on the scalar case were presented
in (Rodrigues, Hsu, Oliveira, & Diagne, 2022) and (Rodrigues, Hsu,
Oliveira, & Diagne, 2023).

Organization of the contribution. This paper is organized as fol-
lows: Section 2 presents the formulation of the control problem.
or both static and dynamic cases, the triggering conditions are
resented in Section 3. Stability and convergence results of mul-

tivariable static and dynamic ET-ESC are presented in Section 4.
ection 5 presents the PET-ESC approach. Simulation results are

discussed in Section 6 and concluding remarks in Section 7.

Notation. Throughout the manuscript, the 2-norm (Euclidean)
of vectors and induced norm of matrices are denoted by double
bars ∥ · ∥ while absolute value of scalar variables are denoted
by single bars | · |. The terms λmin(·) and λmax(·) denote the
minimum and maximum eigenvalues of a given positive definite
matrix, respectively. Consider ε ∈ [−ε0 , ε0] ⊂ R and the
mappings δ1(ε) and δ2(ε), where δ1 : [−ε0 , ε0] → R and δ2 :

[−ε0 , ε0] → R. One states that δ1(ε) has magnitude order of
δ2(ε), i.e., δ1(ε) = O(δ2(ε)), if there exist positive constants k and
c such that |δ (ε)| ≤ k|δ (ε)|, for all |ε| < c.
1 2
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Fig. 1. Event-triggered based on extremum seeking scheme. The key distinction is the piecewise linearity of θ̂ (t). This comes from the fact that ESC dynamics
s essentially an integrator and the fact that the integrator’s input u(t) is being made piecewise-constant by ETC. Hence, the piecewise linearity of θ̂ (t), with a
superimposition of the sinusoidal perturbation S(t), is the one feature of ET-ESC that is worth highlighting in the input θ (t) of the nonlinear map y(t) = Q (θ (t)) to
be optimized.
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2. Problem formulation

We define the following nonlinear static map

Q (θ (t)) = Q ∗
+

1
2
(θ (t) − θ∗)TH∗(θ (t) − θ∗) , (1)

where Q ∗
∈ R is the extremum point, H∗

= H∗T
∈ Rn×n is the

Hessian matrix, θ∗
∈ Rn is the optimizer, θ (t) ∈ Rn is the input

map designed as the real-time estimate θ̂ (t) ∈ Rn of θ∗, additively
perturbed by the vector of sinusoids S(t), i.e.,

θ (t) = θ̂ (t) + S(t) . (2)

The output of the nonlinear map (1) can be written as y(t) =

(θ (t)). Fig. 1 shows the closed-loop structure of the event-
riggered-based extremum seeking control system to be designed.

Remark 1. If a given general map Q (θ (t)) is at least locally
quadratic, our methodology applies and provide convergence
uarantees within a neighborhood of the extremum. For maps

that are not locally quadratic, and may not yield exponential
stability of the average system, the approach developed in (Tan,
Nesic, & Mareels, 2006) lead to asymptotic practical (not expo-
nential) stability. Indeed, the averaging theory used in (Tan et al.,
2006) is not feasible for systems on Banach spaces or closed-loop
ynamics with discontinuous right-hand sides.

The following assumptions are considered throughout the pa-
per.

Assumption 1. The unique optimizer vector θ∗
∈ Rn, the Hessian

atrix H∗ and the scalar Q ∗
∈ R are unknown parameters of the

nonlinear map (1). Moreover, H∗
= H∗T has known definite sign.

Assumption 2. The matrix product H∗K is Hurwitz, where K ∈

Rn×n is the diagonal control gain matrix, such that for any given
Q = Q T > 0 there exists a P = PT > 0 that satisfies the Lyapunov
equation

K TH∗TP + PH∗K = −Q . (3)

Furthermore, the sum of the induced norms of the matrices
K TH∗TP and PH∗K is upper bounded by a known positive constant
β ,

∥K TH∗TP∥ + ∥PH∗K∥ ≤ β , (4)
3

and the least eigenvalue of the matrix Q is lower bounded by a
known positive constant α,

α ≤ λmin(Q ) . (5)

First, let us clarify Assumptions 1 and 2.
Assumption 1 does not require a full-knowledge of the map’s

parameters as θ∗, Q ∗ and H∗ remain unknown. The symmetry
ondition imposed on H∗ simplifies the problem and is essential
or the stability analysis. Additionally, if Q : Rn

→ R, then H∗ can
lways be expressed as symmetric.
Assumption 2 is trivially satisfied when the control gain matrix

K is diagonal and H∗ has definite sign, with K < 0 for a positive
definite Hessian matrix (H∗ > 0) in minimization problems or

> 0 for a negative definite Hessian matrix (H∗ < 0) in
aximization problems (Ghaffari et al., 2012). Note that the free

parameters α and β can be sufficiently small or large to satisfy
he inequalities (4) and (5), respectively.

2.1. Continuous-time extremum seeking

Let us define the estimation error

θ̃ (t) = θ̂ (t) − θ∗ , (6)

and the Gradient estimate by the demodulation

Ĝ(t) = M(t)y(t) , (7)

with dither vectors (see (Ghaffari et al., 2012; Krstić, 2014))

S(t) = [a1 sin (ω1t) , . . . , an sin (ωnt)]T , (8)

M(t) =

[
2
a1

sin (ω1t) , . . . ,
2
an

sin (ωnt)
]T

, (9)

of nonzero amplitudes ai. Moreover, the probing frequencies ωi’s
an be selected as

ωi = ω′

iω , i ∈ {1, . . . , n} , (10)

where ω is a positive constant and ω′

i is a rational number.

Assumption 3. The probing frequencies satisfy

ω′

i /∈

{
ω′

j ,
1
2
(ω′

j + ω′

k) , ω
′

j + 2ω′

k , ω′

k ± ω′

l

}
, (11)

for all i, j, k and l.
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Assumption 3 imposes a choice of probing frequencies such
s ωi ̸ = ωj in order to guarantee convergence (Ghaffari et al.,

2012)—a key condition that differentiates the multi-input from
he single-input ESC. In addition, in the convergence analysis of
SC schemes, the user must choose ωi/ωj as rational and ωi+ωj ̸ =

k for distinct i, j and k. Such conditions are directly satisfied if
ssumption 3 is verified.
From (2) and (6), one has

θ (t) = θ̃ (t) + S(t) + θ∗ , (12)

and, hence, by plugging (12) into (1), y(t) can be written as

y(t) = Q ∗
+

1
2
(θ̃ (t) + S(t))TH∗(θ̃ (t) + S(t))

= Q ∗
+

1
2
θ̃ T (t)H∗θ̃ (t) + ST (t)H∗θ̃ (t)

+
1
2
ST (t)H∗S(t) . (13)

Thus, from (7), (13) and following (Ghaffari et al., 2012), the
radient estimate in the average sense, is given by

Ĝ(t) = M(t)Q ∗
+

1
2
M(t)θ̃ T (t)H∗θ̃ (t)

+ M(t)ST (t)H∗θ̃ (t) +
1
2
M(t)ST (t)H∗S(t) . (14)

Now, defining

H (t) := M(t)ST (t)H∗
= H∗

+ ∆(t)H∗ , (15)

where the elements of the ∆(t) ∈ Rn×n are given by

∆ii(t) = − cos(2ωit) , (16)

ij(t) = 2
aj
ai

sin(ωit) sin(ωjt)

=
aj
ai

cos((ωi − ωj)t) −
aj
ai

cos((ωi + ωj)t) , (17)

for all i ̸ = j, and using (15), one can rewrite (14) as follows

Ĝ(t) = H(t)θ̃ (t) + M(t)Q ∗
+

1
2
H(t)S(t) + ϑ(t) , (18)

ϑ(t) :=
1
2
M(t)θ̃ T (t)H∗θ̃ (t) . (19)

The term ϑ(t) given above is quadratic in θ̃ (t) and, therefore, may
be neglected in a local analysis (Krstić, 2014). Thus, hereafter the
radient estimate is given by

Ĝ(t) = H(t)θ̃ (t) + M(t)Q ∗
+

1
2
H(t)S(t) . (20)

From the time-derivative of (6) and the ESC scheme depicted in
Fig. 1, the dynamics that govern θ̂ (t) and θ̃ (t) writes
̇̃ (t) =

̇̂
θ (t) = u(t) , (21)

where u is an ESC law to be designed.
By taking the time-derivative of (20), with the help of (15) and

21), one gets the following differential equation
̇̂G(t) = f (t, θ̃ (t), u(t))

= H(t)u(t) + w(t, θ̃ (t)) , (22)

where

w(t, θ̃ (t)) = ∆̇(t)H∗θ̃ (t) + Ṁ(t)Q ∗
+

1
2
∆̇(t)H∗S(t)

+
1
2
H∗Ṡ(t) +

1
2
∆(t)H∗Ṡ(t) . (23)

For all t ≥ 0, the continuous-time feedback law
u(t) = KĜ(t) , ∀t ≥ 0 (24)
4

is a stabilizing controller for the average version of (22), since the
gain K is chosen such that H∗K is Hurwitz. Indeed, by plugging
24) into (22), and computing the closed-loop average system,
one can write:
̇̂Gav(t) = H∗KĜav(t) , ∀t ≥ 0 . (25)

Our goal is to design a stabilizing controller for the closed-loop
system (22) and (23) in a sampled-and-hold fashion (Abdelrahim,
Postoyan, Daafouz, Nes̆ić, & Heemels, 2018) by emulating the
continuous-time control law (24). Here, the control law is only
pdated for a given sequence of time instants (tk)k∈N defined
y an event-generator that preserves stability and robustness.

More precisely, the execution of the control task is orchestrated
by a monitoring mechanism that invokes control updates when
the difference between the current value of the output and its
previously computed value at time tk becomes too large (Heemels
et al., 2012).

2.2. Emulation of the continuous-time extremum seeking design

Defining the control input for all t ∈ [tk, tk+1), k ∈ N, as

uk = KĜ(tk) (26)

we introduce the error vector, that is to say the deviation of the
output signal as

e(t) := Ĝ(tk) − Ĝ(t) , ∀t ∈ [tk , tk+1) , k ∈ N . (27)

Now, using the event-triggered control law (26), adding and
subtracting the term H(t)KĜ(t) and KĜ(t) to (21) and (22), respec-
tively, one arrives at the Input-to-State Stable (ISS) representation
of (21) and (22) with respect to the error vector (27) and the
time-varying disturbance w(t, θ̃ (t)):
̇̂G(t) = H(t)KĜ(t) + H(t)Ke(t) + w(t, θ̃ (t)) , (28)

̇̃
θ (t) = KH(t)θ̃ (t) + Ke(t) + KM(t)Q ∗

+
1
2
KH(t)S(t) , (29)

∀t ∈ [tk , tk+1) , k ∈ N.

2.3. Event-triggered control designs

Definitions 1 and 2 use the nonlinear mapping Ξ : Rn
×Rn

↦ →

, given by

Ξ (Ĝ, e) = σ α∥Ĝ(t)∥2
− β∥e(t)∥∥Ĝ(t)∥ , (30)

with σ ∈ (0, 1) being a parameter of the static and dynamic
event-triggers to be designed. The mapping Ξ (Ĝ, e) is designed
to appropriately re-compute the control law (26) and update the
ZOH actuator depicted in Fig. 1 such that the asymptotic stability
of the closed-loop system is achieved (Heemels et al., 2012).

Definition 1 (Static Triggering Condition). Let Ξ (Ĝ, e) in (30) be the
nonlinear mapping and K the control gain in (26). The event-
triggered controller with static-triggering condition consists of
two components:

1. A set of increasing sequence of time I = {t0 , t1 , t2 , . . .}
with t0 = 0 generated under the following rules:

• If
{
t ∈ R+

: t > tk ∧ Ξ (Ĝ, e) < 0
}

= ∅, then the set
of the times of the events is I = {t0 , t1 , . . . , tk}.

• If
{
t ∈ R+

: t > tk ∧ Ξ (Ĝ, e) < 0
}

̸ = ∅, next event
time is given by

tk+1 = inf
{
t ∈ R+

: t > tk ∧ Ξ (Ĝ, e) < 0
}

, (31)

consisting of the static event-trigger mechanism.
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Fig. 2. Static event-triggered extremum seeking.

2. A feedback control action (26) updated at time tk, for all
t ∈ [tk, tk+1), k ∈ N.

Fig. 2 represents the block diagram of ET-ESC scheme with a
static triggering rule.

Although the aperiodicity of the control update is guaranteed
by the static event generation mechanism (31), it is often conve-
ient to use its filtered version to increase the inter-event times,
hich motivates the following definition (Girard, 2014).

Definition 2 (Dynamic Triggering Condition). Let Ξ (Ĝ, e) in (30) be
he nonlinear mapping and K the control gain in (26), γ > 0 a
positive constant and υ(t) the solution of the dynamics

υ̇(t) = −µυ(t) + Ξ (Ĝ, e) , µ > 0 , υ(0) ≥ 0 . (32)

The event-triggered controller with dynamic triggering condition
onsists of two components:

1. A set of increasing sequence of time I = {t0 , t1 , t2 , . . .}

with t0 = 0 generated under the following rules:

• If
{
t ∈ R+

: t > tk ∧ υ(t) + γΞ (Ĝ, e) < 0
}

= ∅,
then the set of the times of the events is
I = {t0 , t1 , . . . , tk}.

• If
{
t ∈ R+

: t > tk ∧ υ(t) + γΞ (Ĝ, e) < 0
}

̸ = ∅,
next event time is given by

tk+1 = inf
{
t ∈ R+

: t > tk ∧ υ(t) + γΞ (Ĝ, e) < 0
}

,

(33)

which is the dynamic event-trigger mechanism.

2. A feedback control action (26) updated at time tk, for all
t ∈ [tk, tk+1), k ∈ N.

For all t ∈ (tk, tk+1), υ(t0) = υ(0) ≥ 0, υ(t−k ) = υ(tk) = υ(t+k ).

Fig. 3 represents the block diagram of ET-ESC scheme with a
dynamic triggering rule.

3. Average closed-loop system and its triggering conditions

Now, we introduce a suitable time scale to carry out the
stability analysis of the closed-loop system.

From (10), one can notice that the dither frequencies ωi in (8)
and (9), as well as their combinations (16) and (17), are rational.

Furthermore, there exists a time period T such that

T = 2π × LCM
{

1
ωi

}
, ∀i {1 , 2 , . . . , n} , (34)

where LCM denotes the least common multiple such that it is
possible to define the time-scale for the dynamics (28)–(29) with
5

Fig. 3. Dynamic event-triggered extremum seeking.

the transformation t̄ = ωt , where

ω :=
2π
T

. (35)

3.1. Time-scaling procedure

Hence, the system (28), (29) and (32) can be rewritten as,
t ∈ [tk , tk+1) , k ∈ N,
dĜ(t̄)
dt̄

=
1
ω

F1

(
t̄, Ĝ, θ̃ , υ ,

1
ω

)
, (36)

dθ̃ (t̄)
dt̄

=
1
ω

F2

(
t̄, Ĝ, θ̃ , υ ,

1
ω

)
, (37)

dυ(t̄)
dt̄

=
1
ω

F3

(
t̄, Ĝ, θ̃ , υ ,

1
ω

)
, (38)

where

F1

(
t̄, Ĝ, θ̃ , υ ,

1
ω

)
= H(t̄)KĜ(t̄) + H(t̄)Ke(t̄)

+ w(t̄, θ̃ (t̄)) , (39)

F2

(
t̄, Ĝ, θ̃ , υ ,

1
ω

)
= KH(t̄)θ̃ (t̄) + Ke(t̄)

+ KM(t̄)Q ∗
+

1
2
KH(t̄)S(t̄) , (40)

F3

(
t̄, Ĝ, θ̃ , υ ,

1
ω

)
= −µυ(t̄) + Ξ (Ĝ, e) . (41)

From the above dynamics, a corresponding averaging system can
be introduced using Plotnikov (1980). Note that the right-hand
side of (36)–(38) is aperiodically discontinuous in the states since
the triggering events are not periodic. However, the system is still
eriodic in time, which justifies the averaging theory (Plotnikov,

1980)—see Appendix A.
Analogously, Eqs. (36) and (37) can be written for the static-

triggering condition in Definition 1 by omitting υ(t̄).

3.2. Closed-loop average system

Due to lack of space, we restrict ourselves to show the closed-
oop average system for the case of dynamic triggering. However,
he same developments can be properly written for the static-
riggering condition in Definition 1 by omitting υ(t̄) in (36), (37),
and eliminating (38).

Defining the augmented state as follows

XT (t̄) :=
[
ĜT (t̄) , θ̃ T (t̄) , υ(t̄)

]
, (42)

the system (36)–(41) reduces to
dX(t̄)

=
1

F

(
t̄, X,

1
)

, (43)

dt̄ ω ω
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where F T
=
[
F T

1 , F T
2 , F3

]
. Note that (43) is characterized by a

mall parameter 1/ω as well as a T -periodic function F

(
t̄, X,

1
ω

)
n t̄ and, thereby, the averaging method can be performed on(

t̄, X,
1
ω

)
at lim

ω→∞

1
ω

= 0, as shown in (Khalil, 2002; Plotnikov,

1980). The averaging method allows for determining in what
sense the behavior of a constructed average autonomous system
approximates the behavior of the non-autonomous system (43).
By employing the averaging technique to (43), we derive the
following average system
dXav(t̄)

dt̄
=

1
ω

Fav (Xav) , (44)

av (Xav) =
1
T

∫ T

0
F (δ , Xav, 0) dδ , (45)

where the averaging terms are given below

Sav(t̄)=
1
T

∫ T

0
S(δ)dδ = 0 , Ṡav(t̄)=

1
T

∫ T

0
Ṡ(δ)dδ = 0 , (46)

av(t̄)=
1
T

∫ T

0
M(δ)dδ = 0 , Ṁav(t̄)=

1
T

∫ T

0
Ṁ(δ)dδ = 0 , (47)

∆av(t̄)=
1
T

∫ T

0
∆(δ)dδ=0 , ∆̇av(t̄)=

1
T

∫ T

0
∆̇(δ)dδ = 0 , (48)

and, consequently,

Hav(t̄)=
1
T

∫ T

0
H(δ)dδ = H∗ , Ḣav(t̄)=

1
T

∫ T

0
Ḣ(δ)dδ = 0 . (49)

Using (46)–(49), the average states of Ĝ(t̄), e(t̄) and θ̃ (t̄) in (23)
and (28) are, for all t̄ ∈ [t̄k, t̄k+1),
dĜav(t̄)

dt̄
=

1
ω
H∗KĜav(t̄) +

1
ω
H∗Keav(t̄) , (50)

eav(t̄) = Ĝav(t̄k) − Ĝav(t̄) , (51)

since the average value of w(t, θ̃ (t)) in (23) is

wav(t̄, θ̃av(t̄)) = ∆̇av(t̄)H∗θ̃av(t̄) + Ṁav(t̄)Q ∗

+
1
2
∆̇av(t̄)H∗Sav(t̄) +

1
2
H∗Ṡav(t̄) +

1
2
∆av(t̄)H∗Ṡav(t̄) = 0 . (52)

Hence, from (50) it is easy to verify the ISS relationship of Ĝav(t̄)
with respect to the averaged measurement error eav(t̄) in (51).
Moreover, from (20), one has

Ĝav(t̄) = H∗θ̃av(t̄) , (53)

and, consequently,
˜av(t̄) = H∗−1Ĝav(t̄) . (54)

Taking the time-derivative of (54), we get
dθ̃av(t̄)

dt̄
=

1
ω
KH∗θ̃av(t̄) +

1
ω
Keav(t̄) , (55)

which retains the ISS property from eav(t̄) to θ̃av(t̄). Therefore,
average event-triggers can be introduced for the average system
as well.

Defining the average version of Ξ (Ĝ, e) as follows

Ξ (Ĝav, eav) = σ α∥Ĝav(t̄)∥2
− β∥eav(t̄)∥∥Ĝav(t̄)∥ , (56)

we construct the average event-triggered mechanisms, according
o the following definitions.

Definition 3 (Average Static Triggering Condition). Let Ξ (Ĝav, eav)
in (56) be the nonlinear mapping and K the control gain in
6

(26). The event-triggered controller with average static-triggering
condition in the new time-scale consists of two components:

1. A set of increasing sequence of time I = {t̄0 , t̄1 , t̄2 , . . .}

with t̄0 = 0 generated under the following rule:

• If
{
t̄ ∈ R+

: t̄ > t̄k ∧ Ξ (Ĝav, eav) < 0
}

= ∅, then the
set of the times of the events is I = {t̄0 , t̄1 , . . . , t̄k}.

• If
{
t̄ ∈ R+

: t̄ > t̄k ∧ Ξ (Ĝav, eav) < 0
}

̸ = ∅, next
event time is given by

t̄k+1 = inf
{
t̄ ∈ R+

: t̄ > t̄k ∧ Ξ (Ĝav, eav) < 0
}

,

(57)

which is the average static event-trigger mechanism.

2. A feedback control action updated at the triggering in-
stants:

uk = KĜav(t̄k) , (58)

for all t̄ ∈ [t̄k , t̄k+1), k ∈ N.

Definition 4 (Average Dynamic Triggering Condition). Let Ξ (Ĝav, eav)
n (56) be the nonlinear mapping and K the control gain in (26),
µ > 0 be a positive constant and υav(t̄) be the solution of the
dynamics
dυav(t̄)

dt̄
= −

µ

ω
υav(t̄) +

1
ω

Ξ (Ĝav, eav) , µ > 0 , υ(0) ≥ 0 . (59)

Consequently, the event-triggered controller with
dynamic-triggering condition consists of two components:

1. A set of increasing sequence of time I = {t̄0 , t̄1 , t̄2 , . . .}

with t̄0 = 0 generated under the following rule:

• If
{
t̄ ∈ R+

: t̄>t̄k ∧ υav(t̄)+γΞ (Ĝav, eav)<0
}

=∅, then
the set of the times of the events is I = {t̄0 , t̄1 , . . . , t̄k}.

• If
{
t̄ ∈ R+

: t̄>t̄k ∧ υav(t̄)+γΞ (Ĝav, eav)<0
}

̸ =∅, next
event time is given by

t̄k+1= inf
{
t̄ ∈ R+

: t̄>t̄k ∧ υav(t̄)+γΞ (Ĝav, eav)<0
}

,

(60)

which is the average dynamic event-trigger mechanism.

2. A feedback control action updated at the triggering instants
given by (58).

For all t̄ ∈ (t̄k, t̄k+1), υav(t̄0) = υav(0) and υav(t̄−k ) = υav(t̄k) =

av(t̄+k ).

The two event-triggering mechanisms discussed above guar-
ntee the asymptotic stabilization of Ĝav(t̄) and, consequently,

that of θ̃av(t̄). Since H∗ is invertible, both Ĝav(t̄) and θ̃av(t̄) con-
verge to the origin according to the averaging theory (Khalil,
2002).

Remark 2. From the time-scaling relation t̄ = ωt , where ω is
a constant, the static and dynamic triggering mechanisms of the
averaging and the original system are equivalent in the average
sense.

Next, the stability analysis will be carried out considering the
static and dynamic event-triggering mechanisms. Note that, in
both strategies it is considered the total lack of knowledge of the
nonlinear map (1), i.e., the Hessian H∗, the optimizer θ∗ and the
extremum Q ∗ are unknown parameters.
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In Section 4, when analyzing the closed-loop average system,
we employ and adapt the Lyapunov-based formalism originally
presented in (Tabuada, 2007) and (Girard, 2014), for the static and
ynamic triggering mechanisms, respectively.

4. Stability analysis for the static and dynamic event-
riggering extremum seeking controllers

Theorem 1 states the local asymptotic stability and the expo-
nential convergence to a neighborhood of the extremum point
y means of the dynamic event-trigger, while Corollary 1 clar-
fies the relation between static and the dynamic event-trigger
hrough their convergence behaviors and control performance.
he static event-trigger is a particular case of the dynamic one.

Theorem 1 (Dynamic Event-Triggered Mechanism). Consider the
closed-loop average dynamics of the gradient estimate (50), the
average error vector (51) and the average dynamic event-triggered
echanism given by Definition 4. Under Assumptions 1–3 and con-
idering the quadratic mapping Ξ (Ĝav, eav) given by (56), for ω >

0,defined in (35), sufficiently large, the equilibrium Ĝav(t) = 0 is
locally exponentially stable and θ̃av(t) converges exponentially to
zero. In particular, there exist constants m ,Mθ ,My > 0 such that

∥θ (t) − θ∗
∥ ≤ Mθ exp(−mt) + O

(
a +

1
ω

)
, (61)

|y(t)−Q ∗
| ≤ My exp(−mt) + O

(
a2 +

1
ω2

)
, (62)

where a =

√∑n
i=1 a

2
i , with ai defined in (8) and the constants Mθ

and My depending on the initial condition θ (0). In addition, there
exists a lower bound τ ∗ for the inter-event interval tk+1 − tk for all
k ∈ N precluding the Zeno behavior.

Proof. See Appendix B. □

Corollary 1 (Static Event-Triggered Mechanism). Under the con-
ditions of Theorem 1, but considering the average static event-
riggered mechanism given by Definition 3, the same qualitative-
tability properties hold as well as inequalities (61) and (62), for
ppropriate constants Mθ , My and m.

Corollary 1 is intuitive since the event times of the static
approach defined by

tk+1 = inf
{
t ∈ R+

: t > tk ∧ Ξ (Ĝ, e) < 0
}

,

can be seen as a special case of the dynamic one

tk+1= inf
{
t ∈ R+

: t > tk ∧ υ(t) + γΞ (Ĝ, e) < 0
}

= inf
{
t ∈ R+

: t > tk ∧
υav(t)

γ
+ Ξ (Ĝ, e) < 0

}
,

when the parameter γ is sufficiently large, i.e., γ tending to infin-
ity. Indeed, from Fig. 3, we can verify that the input of the enable
lock (υ(t)+γΞ (Ĝ, e)) is dominated by the second term when γ

increases, and the resulting triggering topology is reduced to the
tatic event-trigger (see Fig. 2). In particular, inequalities (61) and
62) are satisfied with constants

m =
α(1 − σ )
2λmax(P)

, (63)

Mθ =

√
λmax(P̄)
λmin(P̄)

∥θ (0) − θ∗
∥ , (64)

My = ∥H∗
∥
λmax(P̄)

∥θ (0) − θ∗
∥
2

λmin(P̄)
7

+ 2∥H∗
∥

√
λmax(P̄)
λmin(P̄)

∥θ (0) − θ∗
∥O

(
a +

1
ω

)
, (65)

where P̄ = H∗TPH∗. Eqs. (63)–(65) can be analogously ob-
tained from the steps carried out in the proof of Theorem 1—see
(B.48)–(B.50) in Appendix B.

In Theorem 1 and Corollary 1, the main difference between
the classical ESC approach and its event-triggered versions appear
in the constant m in inequalities (61) and (62). The parameter

dictates the rate of exponential decay. For the static ET-ESC:
m =

α(1−σ )
2λmax(P)

; hence, the convergence rate is a fraction of the
continuous approach and tends to get slower by increasing the
parameter σ ∈ (0 , 1). On the other hand, in our dynamic ET-
ESC approach the convergence rate is m =

1
2 min

{
(1−σ )α
λmax(P)

, µ

}
— see Appendix B, Eq. (B.48) — and its behavior is governed
y both parameters σ and µ. For the same value of σ , the

convergence rates under the static and the dynamic triggering
conditions are equivalent if µ ≥ α(1 − σ )/(λmax(P)). When µ <

(1− σ )/(λmax(P)), the dynamic event trigger results in a slower
onvergence rate compared to the static event trigger.
The motivation and need for the dynamic trigger is clear in

he sense of reducing the number of switching and then not
verloading the bandwidth of the channel to be used in the
xecution of the control loop. However, this improvement may
e followed by reduced convergence rates. Next, we present a
eriodic event triggered extremum seeking control (PET-ESC).

5. Periodic event-triggered extremum seeking

Unlike the classical event-triggered extremum seeking ap-
proach discussed previously, in PET-ESC, the event-triggering
ondition is checked at regular intervals, and the control action
s updated on an aperiodic basis only when the condition is
atisfied. This methodology results in two clear advantages, as
iscussed in (Heemels et al., 2013): (a) as the event-triggering

condition has to be verified only at the periodic sampling times,
instead of continuously, it makes the implementation suitable in
standard time-sliced embedded systems architectures; and (b)
additionally, the strategy has an inherently guaranteed minimum
inter-event time of (at least) one sampling interval of the event-
triggering condition, which is easy to tune directly and precludes
the possibility of the Zeno behavior naturally.

Our PET-ESC design utilizes a static triggering condition and an
impulsive system description of the relationship between jumps
and flows, following the hybrid systems’ paradigm (Goebel, San-
felice, & Teel, 2012; Heemels et al., 2015). Recalling the sampled-
and-hold control law in (26), one can write

u(t) = KĜ(tk) , ∀t ∈ (tk , tk+1] , (66)

where tk = kh, k ∈ N and h > 0, is defined as the periodic
sampling times at which the triggering condition is verified. The
sampling period h must be less than the minimum dwell-time of
the event-triggered mechanism (Heemels et al., 2013).

Therefore, define the sequence of time tk = kh, k ∈ N,
onsidering that the control signal is updated only when given
event-triggering conditions are satisfied. We redesign controller
(26) as

u(t) = K Ĝ (t) , ∀t ∈ R+ , (67)

where Ĝ (t) is a left-continuous signal, given for t ∈ (tk , tk+1],
∈ N, by

Ĝ (t) =

{
Ĝ(tk) , when C (Ĝ(tk) , Ĝ (tk)) > 0 ,

Ĝ (t ) , when C (Ĝ(t ) , Ĝ (t )) ≤ 0 ,
(68)
k k k
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with some initial value for Ĝ (0). Hence, the value of Ĝ (t) can be
nterpreted as the most recently transmitted measurement of the
radient estimate Ĝ to the controller at time t . Whether or not

new gradient measurements are transmitted to the controller is
based on the event-triggering condition C . In particular, if at time
tk it holds that C (Ĝ(tk) , Ĝ (tk)) > 0, the signal Ĝ(tk) is transmitted
through the controller and Ĝ as well as the control value u are
updated accordingly. In case C (Ĝ(tk) , Ĝ (tk)) ≤ 0, no new gradient
information is sent to the controller, in which case the input u is
not updated and kept the same for (at least) another sampling
interval implying that no control computations are needed and
no new gradient measurements and control values have to be
transmitted.

Let us refine the static event-triggering condition (Definition 1)
y choosing C (Ĝ(t) , Ĝ (t)) := −

Ξ (Ĝ,e)
β

, with Ξ (Ĝ, e) given in (30)
and redefining the error vector as e(t) := Ĝ (tk) − Ĝ(t) , ∀t ∈

tk , tk+1), such that

C (Ĝ(t) , Ĝ (t)) = ∥e(t)∥∥Ĝ(t)∥ − σ̄ 2
∥Ĝ(t)∥2 , σ̄ 2

:=
σ α

β
. (69)

Now, defining ξ (t̄) := [ĜT (t̄) , Ĝ T (t̄)]T ∈ R2n, the event-triggered
ondition (69) can be rewritten in the quadratic form

C (ξ (t̄)) = ξ T (t̄)Q ξ (t̄) , Q =

[
(1 − σ̄ 2)I −I

−I I

]
. (70)

Since uav(t̄) = KĜav(t̄k), Eq. (50) can be rewritten as
dĜav(t̄)

dt̄
=

1
ω
H∗uav(t̄) and a complete average model of the PET-ESC system

is given by
dĜav(t̄)

dt̄
=

1
ω
H∗uav(t̄) , (71)

uav(t̄) = K Ĝav(t̄) , (72)

Ĝav(t̄) =

{
Ĝav(t̄k) , when C (Ĝ(t̄k) , Ĝ (t̄k)) > 0 ,

Ĝav(t̄k) , when C (Ĝ(t̄k) , Ĝ (t̄k)) ≤ 0 .
(73)

The sub-system (71)–(73) combines continuous-time dynamics
ith discrete-time phenomena since it has the ‘‘flow’’ of con-
inuous dynamics with the discrete ‘‘jumps’’ occurring at each
ampling instant. We define ξav(t̄) := [Ĝav(t̄) , Ĝav(t̄)]T ∈ R2n and

ξav(t̄) :=

[
Ĝav(t̄)
Ĝav(t̄)

]
, (74)

Ā :=

[
0 H∗K
0 0

]
, J1 :=

[
I 0
I 0

]
, J2 :=

[
I 0
0 I

]
, (75)

to arrive to the impulsive system⎧⎪⎨⎪⎩
dξav(t̄)

dt̄
=

1
ω
Āξav(t̄)

dτ̄av(t̄)
dt̄

=
1
ω

, when τ̄ (t̄) ∈ [0 , ωh] , (76)

[
ξ+
av(t̄)

τ̄+(t̄)

]
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

[
J1ξav(t̄)

0

]
, when C (ξav(t̄k)) > 0 , τ̄ (t̄) = ωh,[

J2ξav(t̄)

0

]
, when C (ξav(t̄k)) ≤ 0 , τ̄ (t̄) = ωh,

(77)

where τ̄av(t̄) ∈ R+ keeps track of the time elapsed since the last
sampling time. Now, discretizing the impulsive system (71)–(73),
t the sampling times t̄k = kωh, k ∈ N, where we take τ̄ (0) = ωh,
nd defining the state variable ξav(k) := ξav(t̄k) (and assuming ξ to
e left-continuous), we obtain the discrete-time piecewise linear
8

(PWL) model

ξav(k + 1) =

{
A1ξav(k), when ξ T

av(k)Q ξav(k) > 0,

A2ξav(k), when ξ T
av(k)Q ξav(k) ≤ 0,

(78)

where

A1 = eĀωhJ1 =

[
I + ωhH∗K 0

I 0

]
, (79)

A2 = eĀωhJ2 =

[
I ωhH∗K
0 I

]
. (80)

Theorem 2 demonstrates how local asymptotic stability of the
extremum seeking based on a periodic event-triggered scheme.

Theorem 2 (Periodic Event-Triggered Mechanism). Consider the
verage dynamics of the impulsive system based on periodic event-
riggered mechanism (71)–(73). Under Assumptions 1–3 and con-
sidering the quadratic mapping C (ξ ) given by (70) and evaluated
periodically at every sampling time tk = kh, for h > 0, defined in
(66) sufficiently small, and ω > 0, defined in (35), sufficiently large,
the equilibrium Ĝav(t) = 0 is locally exponentially stable and θ̃av(t)
converges exponentially to zero. In particular, there exist constants
m ,Mθ ,My > 0 such that

∥θ (t) − θ∗
∥ ≤ Mθ exp(−ρt) + O

(
a +

1
ω

)
, (81)

|y(t)−Q ∗
| ≤ My exp(−ρt) + O

(
a2 +

1
ω2

)
, (82)

where a =

√∑n
i=1 a

2
i , with ai defined in (8) and the constants Mθ

and My depending on the initial condition θ (0).

Proof. See Appendix C. □

In this section, we do not employ any quantitative analysis
for determining the value of h = tk+1 − tk simply because such
uantitative approaches are usually very conservative leading to
mall estimates for h. However, a quantitative approach, similar
to quantitative analysis for extremum seeking via a time-delay
approach (Pan, Zhu, Fridman, & Wu, 2024; Zhu & Fridman, 2022;
Zhu et al., 2023) remains important as it informs the choice of the
system’s discretization time step.

6. Simulation results

We consider the multivariable nonlinear map (1) with an input
θ (t) ∈ R2, an output y(t) ∈ R, and unknown parameters

H =

[
100 30
30 20

]
> 0 , (83)

Q ∗
= 10 and θ∗

=
[
2 4

]T . The dither vectors (8) and (9)
have parameters a1 = a2 = 0.1, ω1 = 0.1 [rad/sec], and
ω2 = 0.7 [rad/sec], as in (Ghaffari et al., 2012), and we select
the event-triggered parameters σ = 0.5, α = 1, β = 3.1521,
µ = 0.4320 and γ = 0.0542. The control gain matrix is

K = 10−2

[
−25 0
0 −25

]
and initial condition is υ(0) = 0. The

sampling period for PET-ESC implementation was chosen as h =

10−2 sec.
In Fig. 4, the three cases of static, dynamic and periodic event-

triggered extremum seeking designs are simulated, with initial
condition θ̂ (0) =

[
2.5, 6

]T .
The comparison between ET-ESC (both static and dynamic)

and PET-ESC strategies highlights differences regarding event-
triggering rates and computational efficiency. From Figs. 4(b),
4(d) and 4(f), θ (t) and θ (t) asymptotically converge to a small
1 2
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Fig. 4. Static, Dynamic and Periodic Event-triggered Extremum Seeking.

neighborhood θ∗

1 and θ∗

2 , respectively. Recall that ET-ESC ap-
proaches require continuous monitoring of the triggering rule,
PET-ESC does not. From Figs. 4(a) and 4(e), PET-ESC and static
T-ESC show similar event-triggering rates while in the dynamic
T-ESC the inter-event times are notably larger, as shown in

Fig. 4(c).
Hereafter, we have considered the simulations only for the

dynamic ET-ESC by using a set of initial conditions. For i =

1, . . . , 100,
ˆ (0) =

[
2 − 2 cos

( 2π
100 i

)
, 4 − 2 sin

( 2π
100 i

)]T
.

As shown in Fig. 5, the input signals U1(t) and U2(t) ensure
both θ1(t) and θ2(t) tending asymptotically to θ∗

1 and θ∗

2 .
Finally, Table 1 summarizes the statistical data obtained for a

et of 5400 simulations of 300 s. For any value σ , it is possible to
erify that the interval between executions as well as the disper-
ion measures (mean deviation, variance and standard deviation)
re greater when the dynamic strategy is employed. For instance,
n average, with σ = 0.001, the static strategy performs 1021 up-
ates while the dynamic one needs 755 updates. When, σ = 0.9,
he static case requires 46 updates versus 15 for the dynamic case.
lthough the control objective is achieved with both strategies, it
s worth noting that the dynamic strategy achieves the extremum
mploying less control effort and requiring a small number of
ontrol updates when compared with the static approach (see
Table 1).
o

9

Fig. 5. Dynamic Event-triggered Extremum Seeking Control.

7. Conclusion

We propose a static and dynamic multivariable event-triggered
extremum seeking (ET-ESC) scheme based on the perturbation
ethod for nonlinear static maps. Our approach represents a
ignificant advancement, as it removes the upper bound on the
sampling radius typically imposed by classical sampled-data ESC.
This allows us to effectively optimize nonlinear maps in real-time
without relying on prior knowledge of their parameters, with
guaranteed practical exponential stability to the non-average
(real) system and asymptotic convergence to a small neighbor-
hood of the extremum. For ET-ESC, we demonstrated that our
designs prevent Zeno behavior in both the average and original
systems.

Furthermore, we propose a periodic event-triggered extremum
eeking control (PET-ESC) algorithm that is inherently Zeno-
ree. Our PET-ESC design, inspired by the hybrid systems frame-
ork, enables periodic monitoring of the triggering condition
ith sufficiently small sampling period, while still allowing for
periodic updates of the control law. The PET-ESC algorithm
uarantees asymptotic convergence to a small neighborhood of
he extremum in the non-averaged system.

Our design applies to static maps and, as such, does not
epend on relatively small dither frequencies, which are only
equired for dynamic maps. For dynamic maps, an alternative
pproach involving an internal control loop that stabilizes and,
ore importantly, accelerates the system dynamics could elimi-
ate the need for small dither frequencies as well. In this sense,
he proposed approaches could also be expanded to any other
ptimizing method if a stabilizing extremum seeking control
aw is known a priori for a given class of dynamic systems of
inite or infinite dimensions (Oliveira & Krstić, 2022). Although
our present contribution focused on the classical gradient-based
extremum seeking approach, the results can be generalized to
the Newton-based approach proposed in (Ghaffari et al., 2012).
Additionally, our design methodology applies to extremum seek-
ing systems involving time-varying maps, as discussed in (Poveda,
Krstić, & Başar, 2023). Moreover, using the heuristic Luus-Jaakola
lgorithm (Premaratne, Halgamuge, Tan, & Mareels, 2020) for

maps with functions that are neither convex nor differentiable
r locally Lipschitz is an interesting perspective.
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Table 1
Statistics of the inter-event intervals, tk+1 − tk .

Mean Mean Deviation Variance Standard Deviation

σ Static Dynamic Static Dynamic Static Dynamic Static Dynamic

0.001 0.2939 0.3974 0.5088 0.7330 13.9295 22.3420 3.7322 4.7268
0.003 0.3301 0.7370 0.5670 1.3255 15.5122 39.9080 3.9386 6.3173
0.005 0.3818 0.8633 0.6512 1.5367 17.6344 48.3978 4.1993 6.9569
0.007 0.4365 1.0187 0.7369 1.7873 19.3296 56.6231 4.3965 7.5248
0.008 0.4260 0.7903 0.7179 1.4177 18.8293 43.4613 4.3393 6.5925
0.010 0.4686 0.9245 0.7843 1.6425 20.8145 53.0984 4.5623 7.2869
0.020 0.6191 1.3454 1.0229 2.3079 28.7969 73.6432 5.3663 8.5816
0.040 0.8192 1.5215 1.3319 2.5772 40.4228 85.4836 6.3579 9.2457
0.050 0.9848 1.9907 1.5642 3.2645 48.6906 109.4917 6.9779 10.4638
0.060 1.1553 2.4570 1.8035 3.9291 55.7665 133.7192 7.4677 11.5637
0.090 1.4664 2.9279 2.2550 4.5974 74.3021 163.4882 8.6199 12.7862
0.200 1.9571 5.1650 3.1000 7.7201 102.7835 286.3306 10.1382 16.9213
0.400 3.4475 9.3378 5.3195 12.8145 180.9892 479.3062 13.4532 21.8931
0.500 3.9839 10.5757 6.1247 14.4068 218.1339 566.1838 14.7694 23.7946
0.700 5.0007 14.7065 7.6219 18.9248 259.6896 677.2911 16.1149 26.0248
0.800 5.6172 16.5772 8.4851 21.8088 297.7478 807.1438 17.2554 28.4103
0.900 6.6610 20.2129 10.1423 25.3364 445.3767 876.5687 21.1039 29.6069
t
t

f

s
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Appendix A. Average of discontinuous system

It is important to clarify that the following averaging result
or differential inclusions with discontinuous right-hand sides
y Plotnikov (Plotnikov, 1980) takes into account discontinuities
ot in the periodic perturbations, but in the states. In our case,
erturbations of the classical ESC scheme remains periodic while
he discontinuities induced by the increasing sequence of event
imes are not periodic.

From (Plotnikov, 1980), let us consider the differential inclu-
sion
dx
dt

∈ εX(t, x) , x(0) = x0 , (A.1)

where x is an n-dimensional vector, t is time, ε is a small pa-
rameter, and X(t, x) is a multivalued function that is T -periodic
n t and puts in correspondence with each point (t, x) of a certain
omain of the (n+ 1)-dimensional space a compact set X(t, x) of

the n-dimensional space. Let us put in correspondence with the
inclusion (A.1) the average inclusion
dξ
dt

∈ εX̄(ξ ) , ξ (0) = x0 , (A.2)

where X̄(ξ ) =
1
T

∫ T
0 X(τ , ξ )dτ .

Theorem 3. Let a multivalued mapping X(t, x) be defined in the
domain Q {t ≥ 0 , x ∈ D ⊂ Rn} and let in this domain the set X(t, x)
be a nonempty compactum for all admissible values of the arguments
and the mapping X(t, x) be continuous and uniformly bounded and
satisfy the Lipschitz condition with respect to x with a constant λ, i.e.,
X(t, x) ⊂ SM (0), δ(X(t, x′) − X(t, x′′)) ≤ λ∥x′

− x′′
∥, where δ(P,Q )

is the Hausdorff distance between the sets P and Q , i.e., δ(P,Q ) =

min {d|P ⊂ Sd(Q ),Q ⊂ Sd(P)}, Sd(N) being the d-neighborhood of a
set N in the space Rn; the mapping X(t, x) be T-periodic in t; for
all x ∈ D′

⊂ D the solutions of inclusion (A.2) lie in the domain
0

10
D together with a certain ρ-neighborhood. Them for each L > 0
here exist ε0(L) > 0 and c(L) > 0 such that for ε ∈ (0 , ε0

] and
∈ [0, Lε−1

]:

(1) for each solution x(t) of the inclusion (A.1) there exists a
solution ξ (t) of the inclusion (A.2) such that

∥x(t) − ξ (t)∥ ≤ cε = O(ε); (A.3)

(2) for each solution ξ (t) of the inclusion (A.2) there exists a
solution x(t) of the inclusion (A.1) such that the inequality
(A.3) holds.

Thus the following estimate is valid: δ(R̄(t), R′(t)) ≤ cε = O(ε),
where R̄(t) is a section of the family of solutions of the inclusion (A.2)
and R′(t) is the closure of the section R(t) of the family of solutions
of the inclusion (A.1).

Theorem 4. Let all the conditions of Theorem 3 and also the
ollowing condition be fulfilled: the R-solution R̄(t) of inclusion (A.2)
is uniformly asymptotically stable. Then there exist ε0 > 0 and c > 0
such that for 0 < ε ≤ ε0

δ(R̄(t), R′(t)) ≤ cε = O(ε) , (A.4)

for all t ≥ 0.

Appendix B. Proof of Theorem 1

The proof of the theorem is again divided into two parts:
stability analysis and avoidance of Zeno behavior.

B.1. Stability analysis

First, notice that the dynamic triggering mechanism (33) en-
ures, for all t ∈ [tk , tk+1),

υav(t̄) + γΞ (Ĝav, eav) ≥ 0 , (B.1)

Ξ (Ĝav, eav) ≥ −
1
γ

υav(t̄) . (B.2)

Now, with the help of (B.2), the following estimate of (59) holds
dυav(t̄)

dt̄
= −

µ

ω
υav(t̄) +

1
ω

Ξ (Ĝav, eav)

≥ −
µ

υav(t̄) −
1

υav(t̄) = −
1
(

µ +
1
)

υav(t̄) . (B.3)

ω ω γ ω γ



V.H.P. Rodrigues, T.R. Oliveira, L. Hsu et al. Automatica 174 (2025) 112161

(

s

r

Invoking (Khalil, 2002, Comparison Lemma, pp. 102), the solution
υ̂av(t̄) of the following first-order dynamics
dυ̂av(t̄)

dt̄
= −

1
ω

(
µ +

1
γ

)
υ̂av(t̄) , υ̂av(0) = υav(0) > 0 , (B.4)

precisely,

υ̂av(t̄) = exp
(

−
1
ω

(
µ +

1
γ

)
t̄
)

υ̂av(0) > 0 , ∀t̄ ≥ 0 , (B.5)

is a lower bound for υav(t̄). To verify this fact, notice that, from
B.3) and (B.4),
d(υav(t̄) − υ̂av(t̄))

dt̄
≥ −

1
ω

(
µ +

1
γ

)
(υav(t̄) − υ̂av(t̄)) . (B.6)

Thus,

υav(t̄) − υ̂av(t̄) ≥ exp
(

−
1
ω

(
µ +

1
γ

)
t̄
)
(υav(0) − υ̂av(0))  

=0

(B.7)

and

υav(t̄) ≥ υ̂av(t̄) > 0 , ∀t̄ ≥ 0 . (B.8)

Now, since υav(t̄) > 0, for all υav(t̄) ̸ = 0, consider the following
Lyapunov candidate for the average system:

Vav(t̄) = ĜT
av(t̄)PĜav(t̄) + υav(t̄) , PT

= P > 0 . (B.9)

The Rayleigh–Ritz inequality writes:

λmin(P)∥Ĝav(t̄)∥2
≤ ĜT

av(t̄)PĜav(t̄) ≤ λmax(P)∥Ĝav(t̄)∥2 . (B.10)

The time-derivative of (B.9) is given by
dVav(t̄)

dt̄
=

dĜT
av(t̄)
dt̄

PĜav(t̄) + ĜT
av(t̄)P

dĜav(t̄)
dt̄

+
dυav(t̄)

dt̄
, (B.11)

which, by using Eqs. (50) and (59), can be rewritten as
dVav(t̄)

dt̄
=−

1
ω
ĜT
av(t̄)Q Ĝav(t̄)+

1
ω
eTav(t̄)K

TH∗TPĜav(t̄)

+
1
ω
ĜT
av(t̄)PH

∗Keav(t̄)−
µ

ω
υav(t̄)+

1
ω

Ξ (Ĝav, eav) . (B.12)

Under Assumption 2, the following inequality is derived
dVav(t̄)

dt̄
≤−

α

ω
∥Ĝav(t̄)∥2

+
β

ω
∥eav(t̄)∥∥Ĝav(t̄)∥+

1
ω

Ξ (Ĝav, eav) .

(B.13)

Plugging (56) into (B.13), one has
dVav(t̄)

dt̄
≤ −

(1 − σ )α
ω

∥Ĝav(t̄)∥2
−

µ

ω
υav(t̄) . (B.14)

Now, using (B.9) and (B.10), inequality (B.14) can be upper
bounded as follows
dVav(t̄)

dt̄
≤ −

(1 − σ )α
ω λmax(P)

ĜT
av(t̄)PĜav(t̄) −

µ

ω
υav(t̄) (B.15)

≤ −
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
(ĜT

av(t̄)PĜav(t̄) + υav(t̄)) (B.16)

≤ −
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
Vav(t̄) , ∀t̄ ∈ [t̄k, t̄k+1) . (B.17)

Then, invoking the Comparison Principle (Khalil, 2002, Compari-
on Lemma), an upper bound for V̄av(t̄) for Vav(t̄)

Vav(t̄) ≤ V̄av(t̄) , ∀t̄ ∈ [t̄k, t̄k+1) , (B.18)

is given by the solution of the dynamics
dV̄av(t̄)

= −
1

min
{
(1 − σ )α

, µ

}
V̄ (t̄), V̄ (t̄ )=V (t̄ ). (B.19)
dt̄ ω λmax(P)
av av k av k
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Hence, ∀t̄ ∈ [t̄k, t̄k+1), one has:

V̄av(t̄) = exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)
V̄av(t̄k) . (B.20)

Using (B.19) and (B.20), the inequality (B.18) is rewritten as

Vav(t̄) ≤ exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)
Vav(t̄k) . (B.21)

By defining, t̄+k and t̄−k as the right and left limits of t̄ = t̄k,
espectively, it easy to verify that

Vav(t̄−k+1) ≤ exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
(t̄−k+1 − t̄+k )

)
Vav(t̄+k ).

Since Vav(t̄) is continuous, Vav(t̄−k+1) = Vav(t̄k+1) and Vav(t̄+k ) =

Vav(t̄k), and therefore,

Vav(t̄k+1)≤ exp
(

−
1
ω

min
{
(1−σ )α
λmax(P)

, µ

}
(t̄k+1−t̄k)

)
Vav(t̄k).

(B.22)

To handle the discontinuities in the Lyapunov function at
each triggering event, we have defined the Lyapunov function
piecewise over intervals between triggering times. Then, we an-
alyze the Lyapunov function’s value just before and after each
triggering event to manage the jumps. As done in (Heemels
et al., 2013; Rathnayake, Diagne, Espitia, & Karafyllis, 2022), by
establishing a recursive analysis that shows how the Lyapunov
function decreases across these intervals, we demonstrate that
the Lyapunov function’s value after each jump is consistently
lower than before. This ensures an overall exponential decrease
in the Lyapunov function over all time, as follows.

Hence, for any t̄ ≥ 0 in t̄ ∈ [t̄k, t̄k+1), k ∈ N, one has

Vav(t̄) ≤ exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
(t̄ − t̄k)

)
Vav(t̄k)

≤ exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
(t̄ − t̄k)

)
× exp

(
−

1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
(t̄k − t̄k−1)

)
Vav(t̄k−1)

≤ · · · ≤

≤ exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
(t̄−t̄k)

)
×

i=k∏
i=1

exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
(t̄i − t̄i−1)

)
Vav(t̄i−1)

= exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)
Vav(0) . (B.23)

From (B.9), it follows

ĜT
av(t̄)PĜav(t̄) ≤ Vav(t̄) . (B.24)

Consequently, combining (B.23) and (B.24), one gets

ĜT
av(t̄)PĜav(t̄) ≤ exp

(
−

1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

× Vav(0) ,

= exp
(

−
1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

(
ĜT
av(0)PĜav(0) + υav(0)

)
. (B.25)

Since there exists a positive scalar κ such that

υav(0) ≤ κĜT
av(0)PĜav(0) , (B.26)
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it is possible to write

ĜT
av(t̄)PĜav(t̄) ≤ exp

(
−

1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

× (1 + κ) ĜT
av(0)PĜav(0) . (B.27)

Therefore, from (B.10), one gets

λmin(P)∥Ĝav(t̄)∥2
≤ exp

(
−

1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

× (1 + κ) λmax(P)∥Ĝav(0)∥2 . (B.28)

Then,

∥Ĝav(t̄)∥2
≤ exp

(
−

1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×
(1 + κ) λmax(P)

λmin(P)
∥Ĝav(0)∥2

=

[
exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P)

λmin(P)
∥Ĝav(0)∥

]2

. (B.29)

Equivalently,

∥Ĝav(t̄)∥2
−

[
exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P)

λmin(P)
∥Ĝav(0)∥

]2

≤ 0 . (B.30)

Hence,[
∥Ĝav(t̄)∥ + exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P)

λmin(P)
∥Ĝav(0)∥

]

×

[
∥Ĝav(t̄)∥ − exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P)

λmin(P)
∥Ĝav(0)∥

]
≤ 0 (B.31)

and

∥Ĝav(t̄)∥ ≤ exp
(

−
1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P)

λmin(P)
∥Ĝav(0)∥ . (B.32)

Although the analysis has been focused on the convergence of
ˆ av(t̄) and, consequently, Ĝ(t), the obtained results through (B.32)
can be easily extended to the variables θ̃av(t̄) and θ̃ (t). From
Assumption 1, the quadratic matrix H∗ has linearly indepen-
ent rows and columns. Furthermore, from Assumption 2, P is

a symmetric and positive definite matrix. Thus, there exist a
matrix R with independent columns such that P = RTR and,
consequently, P̄ = H∗TPH∗ is a symmetric and positive defi-
nite matrix (Strang, 2016, Section 6.5). Thus, by using (53), the
uadratic term ĜT

av(t̄)PĜav(t̄) in (B.9) is written as

ĜT
av(t̄)PĜav(t̄) = θ̃ T

av(t̄)P̄ θ̃av(t̄) , (B.33)

with the Rayleigh–Ritz inequality

λmin(P̄)∥θ̃av(t̄)∥2
≤ θ̃ T

av(t̄)P̄ θ̃av(t̄) ≤ λmax(P̄)∥θ̃av(t̄)∥2 . (B.34)
12
Therefore, inequality (B.27) can be rewritten as

θ̃ T
av(t̄)P̄ θ̃av(t̄) ≤ exp

(
−

1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

× (1 + κ) θ̃ T
av(0)P̄ θ̃av(0) . (B.35)

Now, by considering inequalities (B.34) and (B.35), and following
the steps between (B.27) and (B.32), one obtains

∥θ̃av(t̄)∥ ≤ exp
(

−
1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ̃av(0)∥ . (B.36)

Since the differential equation (37) has discontinuous right-hand
size, (40) is T -periodic in t and satisfy the Lipschitz condition.
From (B.36), by invoking (Plotnikov, 1980, Theorem 2), the θ̃av(t̄)
is asymptotically stable. That is

∥θ̃ (t) − θ̃av(t)∥ ≤ O

(
1
ω

)
. (B.37)

Using the triangle inequality (Apostol, 1957), one has

∥θ̃ (t)∥ ≤ ∥θ̃av(t)∥ + O

(
1
ω

)
≤ exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ̃av(0)∥ + O

(
1
ω

)
. (B.38)

Furthermore,

∥Ĝ(t) − Ĝav(t)∥ ≤ O

(
1
ω

)
, (B.39)

and again using the triangle inequality (Apostol, 1957), one ob-
tains

∥Ĝ(t)∥ ≤ ∥Ĝav(t)∥ + O

(
1
ω

)
≤ exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ̃av(0)∥ + O

(
1
ω

)
. (B.40)

Now, from (12), we have

θ (t) − θ∗
= θ̃ (t) + S(t) , (B.41)

whose norm satisfies

∥θ (t) − θ∗
∥ = ∥θ̃ (t) + S(t)∥ ≤ ∥θ̃ (t)∥ + ∥S(t)∥

≤ exp
(

−
1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ (0) − θ∗

∥

+ O

(
a +

1
ω

)
. (B.42)

Defining the error variable

ỹ(t) := y(t) − Q ∗ , y(t) = Q (θ (t)), (B.43)

and using Cauchy–Schwarz inequality (Steele, 2008), we get

|ỹ(t)| = |y(t) − Q ∗
| = |(θ (t) − θ∗)TH∗(θ (t) − θ∗)|

≤ ∥H∗
∥∥θ (t) − θ∗

∥
2 , (B.44)



V.H.P. Rodrigues, T.R. Oliveira, L. Hsu et al. Automatica 174 (2025) 112161

a

O

M

i

T

t
t

i
t
l
m

n
o

and, with the help of (B.42),

|ỹ(t)| ≤ ∥H∗
∥

[
exp

(
−

1
ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ (0) − θ∗

∥
2

+ 2 exp
(

−
1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

×

√
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ (0) − θ∗

∥O

(
a +

1
ω

)
+O

(
a +

1
ω

)2
]

. (B.45)

Since exp
(
−min

{
(1−σ )α
λmax(P)

, µ

}
t̄
ω

)
≤ exp

(
−min

{
(1−σ )α
λmax(P)

, µ

}
t̄
2ω

)
nd from (Khalil, 2002, Definition 10.1), ∥H∗

∥O
(
a +

1
ω

)2
is of

order O
(
a +

1
ω

)2
. Hence, (B.44) leads to

|y(t) − Q ∗
| ≤ exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

× ∥H∗
∥

[
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ (0) − θ∗

∥

+2

√
(1 + κ) λmax(P̄)

λmin(P̄)

(
a +

1
ω

)⎤⎦ ∥θ (0) − θ∗
∥

+ O

(
a2 + 2

a
ω

+
1
ω2

)
. (B.46)

Knowing that a , ω > 0 and using Young’s inequality a
ω

≤
a2
2 +

1
2ω2 , one gets

|y(t) − Q ∗
| ≤ exp

(
−

1
2ω

min
{
(1 − σ )α
λmax(P)

, µ

}
t̄
)

∥H∗
∥

×

[
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ (0) − θ∗

∥

+2

√
(1 + κ) λmax(P̄)

λmin(P̄)

(
a +

1
ω

)⎤⎦ ∥θ (0) − θ∗
∥

+ O

(
a2 +

1
ω2

)
(B.47)

since O
(
2a2 + 2/ω

)
= 2O

(
a2 + 1/ω2

)
is of order(

a2 + 1/ω2
)
(Khalil, 2002, Definition 10.1).

Now, defining the positive constants:

m =
1
2
min

{
(1 − σ )α
λmax(P)

, µ

}
, (B.48)

θ =

√
(1 + κ)λmax(P̄)

λmin(P̄)
∥θ (0) − θ∗

∥ , (B.49)

My = ∥H∗
∥
(1 + κ) λmax(P̄)

λmin(P̄)
∥θ (0) − θ∗

∥
2

+ 2∥H∗
∥

√
(1 + κ) λmax(P̄)

λmin(P̄)

(
a +

1
ω

)
∥θ (0) − θ∗

∥ , (B.50)

inequalities (B.42) and (B.47) satisfy (61) and (62).

B.2. Avoidance of Zeno behavior

Notice that, from (56) and (60), and using the Peter–Paul
nequality (Warner, 1971), we can write cd ≤

c2
+

ϵd2 , for all
2ϵ 2 e

13
c, d, ϵ > 0, with c = ∥eav(t̄)∥, d = ∥Ĝav(t̄)∥, ϵ =
σ λmin(Q )
2∥PH∗K∥

and
t̄ ∈ [tk , tk+1). The following holds

υav(t̄)+γ

[
σ α∥Ĝav(t̄)∥2

−β∥eav(t̄)∥∥Ĝav(t̄)∥
]

≥

υav(t̄)+γ

[
σ α∥Ĝav(t̄)∥2

−
β

2

(
σ α

β
∥Ĝav(t̄)∥2

+
β

σ α
∥eav(t̄)∥2

)]
= υav(t̄) + γ

(
q∥Ĝav(t̄)∥2

− p∥eav(t̄)∥2
)

, (B.51)

where

q =
σ α

2
and p =

β2

2σ α
. (B.52)

The minimum dwell-time of the event-triggered framework is
given by the time it takes for the function

φav(t̄) =

√
γ p∥eav(t̄)∥√

υav(t̄) + γ q∥Ĝav(t̄)∥2
, (B.53)

to go from 0 to 1. The derivative of φav(t̄) in (B.53) is given by

dφav(t̄)
dt̄

=

√
γ peTav(t̄)

deav(t̄)
dt̄

∥eav(t̄)∥
√

υav(t̄) + γ q∥Ĝav(t̄)∥2

−

√
γ p∥eav(t̄)∥

2(υav(t̄) + γ q∥Ĝav(t̄)∥2)3/2

×

(
dυav(t̄)

dt̄
+ γ qĜT

av(t̄)
dĜav(t̄)

dt̄

)
. (B.54)

Now, from (32), (50), (51) and (B.51), one arrives at
deav(t̄)

dt̄
= −

dĜav(t̄)
dt̄

, (B.55)dĜav(t̄)
dt̄

 ≤
1
ω

∥H∗K∥∥Ĝav(t̄)∥ +
1
ω

∥H∗K∥∥eav(t̄)∥ , (B.56)

dυav(t̄)
dt̄

≥ −
µ

ω
υav(t̄) +

q
ω

∥Ĝav(t̄)∥2
−

p
ω

∥eav(t̄)∥2 (B.57)

and from (B.54) the following inequality holds
dφav(t̄)

dt̄
≤

∥H∗K∥

ω

√
p
q

+
∥H∗K∥

ω
φav(t̄) +

1
2ω γ

φ3
av(t̄)

+
∥H∗K∥

ω

√
q
p
φ2
av(t̄) +

µ

2ω
φav(t̄)

+
γ q∥Ĝav(t̄)∥2

2ω(υav(t̄) + γ q∥Ĝav(t̄)∥2)

(
−µ −

1
γ

+ 2∥H∗K∥

)
φav(t̄) .

(B.58)

According to Girard (2014, Proposition 2), the minimum inter-
event time for a dynamic event-triggered mechanism cannot
be smaller than that for a static event-triggered mechanism.
his limiting situation arises when the parameter γ is suffi-

ciently large, i.e., γ tending to infinity or |H∗K | ≤ µ/2. In
he first case, the dynamic triggering topology is reduced to
he static one. In the second one, the filter (32) responds too
quickly compared to the filtered signal Ξ (Ĝ, e) in (30), result-
ng in minimal benefit from filtering the signal. Consequently,
he dynamic event-triggered mechanism does not guarantee a
onger minimum inter-event time than the static event-triggered
echanism (Girard, 2014, Proposition 6). Therefore, to prevent

Zeno behavior in the dynamic event-triggered mechanism, it is
ecessary to consider just the scenario where the lower bound τ ∗

f the minimum inter-event time for both the dynamic and static
vent-triggered mechanisms coincide. Therefore, from (B.58), it
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follows that:

ω
dφav(t̄)

dt̄
≤ ∥H∗K∥

√
p
q
+2∥H∗K∥φav(t̄)+ ∥H∗K∥

√
q
p
φ2
av(t̄) . (B.59)

Then, by invoking (Khalil, 2002, Comparison Lemma), an upper
bound φ̃av(t̄) for φav(t̄) according to

φav(t̄) ≤ φ̃av(t̄) , φav(0) = φ̃av(0) = 0 , ∀t̄ ∈ [t̄k, t̄k+1) , (B.60)

is given by the solution of the equation
dφ̃av(t̄)

dt̄
=

∥H∗K∥

ω

√
q
p

(√
p
q

+ φ̃av(t̄)
)2

. (B.61)

The solution of (B.61), with the initial condition φ̃av(0) = 0, is
iven by

φ̃av(t̄) =

√
p
q

1 −
∥H∗K∥

ω

q
p t̄

−

√
p
q
. (B.62)

Since φav(t) in (B.53) is an average version of

(t) =

√
γ p∥e(t)∥√

υ(t) + γ q∥Ĝ(t)∥2
, by invoking (Plotnikov, 1980, The-

rem 2), one can write

|φ(t) − φ̃av(t)| ≤ O

(
1
ω

)
. (B.63)

By using the Triangle inequality (Apostol, 1957), one has

φ(t) ≤ φav(t) + O

(
1
ω

)
≤ φ̃av(t) + O

(
1
ω

)

=

√
p
q

1 − ∥H∗K∥
q
p t

−

√
p
q

+ O

(
1
ω

)
. (B.64)

Now, defining

φ̂(t) :=

√
p
q

1 − ∥H∗K∥
q
p t

−

√
p
q

+ O

(
1
ω

)
, (B.65)

a lower bound on the inter-event time of original system using
he static ET-ESC is given by the time it takes for the function
(B.65) to go from 0 to 1. This is at least equal to

τ ∗
=

1
∥H∗K∥

p
q

1 − O(1/ω)
1 +

√
p/q − O(1/ω)

, (B.66)

and the Zeno behavior is avoided in the original system as well.
Indeed, the Zeno behavior is avoided not only for the average

losed-loop system in time t̄ but also for the original system in
ime t since t̄ = ωt is only a time compression (dilation) for
sufficiently large (small), which means that τ̄ ∗

=ω τ ∗ is still a
inite number, establishing a minimum switching time to rule
ut any Zeno behavior in time t ∈ R+ or t̄ ∈ R+. With this in
and, we could still obtain similar lower bounds for the inter-
xecution time τ̄ ∗ (or τ ∗) in (B.66) through inequality (B.59)

and the subsequent analysis, reminding that |φ(t)| ≤ |φav(t)| +
(1/ω).

Appendix C. Proof of Theorem 2

Consider the PWL model (78)–(80) and a piecewise quadratic
(PWQ) Lyapunov function of the form

V (ξav) =

{
ξ T
avP1ξav, when ξ T

avQ ξav > 0,

ξ T P ξ , when ξ T Q ξ ≤ 0.
(C.1)
av 2 av av av

14
Thus, by invoking (Heemels et al., 2013, Theorem III.4), if h =

k+1 − tk is sufficiently small and there exist matrices P1, P2 and
calars ρ > 0, αij > 0, βij > 0 and κi > 0, for all i, j ∈ {1, 2},
satisfying the following linear matrix inequalities

e−2ρ ωhPi − AT
i PjAi + (−1)iαijQ + (−1)jβijAT

i QAi ≥ 0 , (C.2)

i + (−1)iκiQ ≥ 0 , (C.3)

then, the average periodic event-triggered extremum seeking
(71)–(73) is at least locally exponentially stable such that

∥ξav(t̄)∥ ≤ c exp
(

−ρ
t̄
ω

)
∥ξav(0)∥ , c > 0 , ∀t̄ ∈ R+ , (C.4)

where ρ is the lower bound on the decay rate. Now, from (74),
ξav(t̄) := [ĜT

av(t̄) , G T
av(t̄)]

T and we can use ∥ĜT
av(t̄)∥ to get a lower

bound for the left-hand side of (C.4) and define a constant MĜ >

∥ξav(0)∥ which upper bounds the right-hand side of (C.4), such
that

∥Ĝav(t̄)∥ ≤ MĜ exp
(

−ρ
t̄
ω

)
∥Ĝav(0)∥ ∀t̄ ∈ R+ . (C.5)

Since H∗ is invertible and, from (53), θ̃av(t̄) = H∗−1Ĝav(t̄), the fol-
lowing inequality is established
∥H∗−1

∥
−1

∥θ̃av(t̄)∥ ≤ ∥H∗θ̃av(t̄)∥ ≤ ∥H∗
∥∥θ̃av(t̄)∥ and, therefore,

we can state that

∥θ̃av(t̄)∥ ≤ ∥H∗−1
∥MĜ∥H

∗
∥ exp

(
−ρ

t̄
ω

)
∥θ̃av(0)∥

≤ Mθ exp
(

−ρ
t̄
ω

)
∥θ̃av(0)∥ , (C.6)

Mθ > ∥H∗−1
∥MĜ∥H

∗
∥ . (C.7)

Since the differential equation (37) has discontinuous right-hand
side, (40) is T -periodic in t and satisfy the Lipschitz condi-
tion. From (C.6), by invoking the Averaging Theorem (Plotnikov,
1980, Theorem 2), then θ̃av(t̄) is asymptotically stable, and con-
sequently,

∥θ̃ (t) − θ̃av(t)∥ ≤ O

(
1
ω

)
. (C.8)

Using the triangle inequality (Apostol, 1957), one has

∥θ̃ (t)∥ ≤ ∥θ̃av(t)∥ + O

(
1
ω

)
≤ Mθ exp(−ρt)∥θ̃av(0)∥ + O

(
1
ω

)
. (C.9)

Furthermore, from (C.5) and the application of the Averaging
Theorem (Plotnikov, 1980, Theorem 2), one can conclude

∥Ĝ(t) − Ĝav(t)∥ ≤ O

(
1
ω

)
, (C.10)

and again using the triangle inequality (Apostol, 1957), one ob-
tains

∥Ĝ(t)∥ ≤ ∥Ĝav(t)∥ + O

(
1
ω

)
≤ MĜ exp(−ρt)∥Ĝav(0)∥ + O

(
1
ω

)
. (C.11)

Now, from (12), we have

θ (t) − θ∗
= θ̃ (t) + S(t) , (C.12)

whose norm satisfies

∥θ (t) − θ∗
∥ = ∥θ̃ (t) + S(t)∥ ≤ ∥θ̃ (t)∥ + ∥S(t)∥
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n
(

O

≤ Mθ exp(−ρt)∥θ (0) − θ∗
∥ + O

(
a +

1
ω

)
. (C.13)

By defining the error variable

ỹ(t) := y(t) − Q ∗ , y(t) = Q (θ (t)), (C.14)

and using the Cauchy–Schwarz inequality (Steele, 2008), we get

|ỹ(t)| = |y(t) − Q ∗
| = |(θ (t) − θ∗)TH∗(θ (t) − θ∗)|

≤ ∥H∗
∥∥θ (t) − θ∗

∥
2 , (C.15)

and with the help of (C.13), one obtains

|ỹ(t)| ≤ ∥H∗
∥
[
M2

θ exp(−2ρt)∥θ (0) − θ∗
∥
2

+2Mθ exp(−ρt)∥θ (0) − θ∗
∥O

(
a +

1
ω

)
+ O

(
a +

1
ω

)2
]

.

(C.16)

Since exp(−2ρt) ≤ exp(−ρt) and from (Khalil, 2002, Defi-
ition 10.1), ∥H∗

∥O
(
a +

1
ω

)2
is of order O

(
a +

1
ω

)2
, inequality

C.16) leads to

|y(t) − Q ∗
| ≤ exp(−ρt)∥H∗

∥M2
θ ∥θ (0) − θ∗

∥
2

+ 2 exp(−ρt)∥H∗
∥Mθ

(
a +

1
ω

)
∥θ (0) − θ∗

∥

+ O

(
a2 + 2

a
ω

+
1
ω2

)
. (C.17)

Recalling that a , ω > 0 and using Young’s inequality a
ω

≤
a2
2 +

1
2ω2 , one gets

|y(t) − Q ∗
| ≤ exp(−ρt)∥H∗

∥M2
θ ∥θ (0) − θ∗

∥
2

+ 2 exp(−ρt)∥H∗
∥Mθ

(
a +

1
ω

)
∥θ (0) − θ∗

∥

+ O

(
a2 +

1
ω2

)
(C.18)

since O
(
2a2 + 2/ω

)
= 2O

(
a2 + 1/ω2

)
is of order(

a2 + 1/ω2
)
(Khalil, 2002, Definition 10.1). Now, defining the

following positive constant

My = ∥H∗
∥M2

θ ∥θ (0) − θ∗
∥
2
+

+ 2∥H∗
∥Mθ

(
a +

1
ω

)
∥θ (0) − θ∗

∥ , (C.19)

inequalities (C.13) and (C.18) satisfy (81) and (82), which com-
pletes the proof.
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