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Semiglobal Safety-Filtered Extremum Seeking
With Unknown CBFs
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Abstract—We introduce a safe extremum-seeking al-
gorithm that achieves the minimization of an unknown
objective function while ensuring that an unknown, yet
measured, control barrier function (CBF) remains above
an arbitrarily small negative value for all time. In other
words, “practical safety” is maintained during the entire
period of convergence to the constrained extremum. Our
design is based on quadratic program (QP) CBF style fil-
ters for safety, which is applied in an average and esti-
mated sense. Using nonsmooth analysis tools, we guaran-
tee semiglobal practical asymptotic (SPA) stability of the
global constrained optimum, practical convergence to the
safe set if starting in a condition violating the CBF, and
practical safety for all time—semiglobally—if starting in
safe set. The safety result of this article is analogous with
modern notions of SPA stability, guaranteeing that, for any
small violation of safety, there exist design coefficients that
guarantee that such a small violation is not exceeded. This
article outlines a set of sufficient conditions on the barrier
and objective functions, and by way of a Lyapunov argu-
ment, we demonstrate that nonconvex constrained opti-
mization problems can be solved. We present these results
in the setting of a static map and a dynamical system. A
simulation example illustrates the results.

Index Terms—Constrained optimization, extremum seek-
ing (ES), safe control.

I. INTRODUCTION

G IVEN only measurements of the control barrier function
(CBF) and without knowledge of the analytical form of

the constraint, we present a constrained ES algorithm, which
emulates the quadratic program (QP) CBF safety filters, despite
the unavailable gradient of the CBF, and which minimizes
an unknown but measured cost, while guaranteeing practical
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safety semiglobally. We further demonstrate through a Lyapunov
argument that a class of nonconvex constrained optimization
problems (where both the objective function and the constraint
function may be nonconvex globally) can be solved under a
suitable choice of design coefficients. The following results are
achieved:

1) practical asymptotic stabilization—semiglobally;
2) practical convergence to the safe set—semiglobally;
3) practical safety for all time—semiglobally—if starting in

the safe set.

A. Literature

1) Extremum Seeking (ES): ES is a powerful control
method for dynamic systems with uncertainties. The first for-
mal stability proof for ES feedback was given in [26]. Since
then, various studies, extensions, and improvements of the
ES algorithm have been made including the development of
algorithms for semiglobal convergence [47], for maps with
multiple extrema [46], extensions for multivariable maps [17],
continuous and discrete stochastic generalizations [29], perfor-
mance improvements for parameter convergence [2], [19], [33],
for stabilizing open-loop unstable time-varying systems with
unknown control directions [42], [43], for application to par-
tial differential equations [34], for fixed-time Nash equilibrium
seeking in time-varying networks [35], and for many other prob-
lems [39]. ES methods have also enabled the use of deep neural
networks for time-varying systems without retraining [41], and
have improved the robustness of generative convolutional neural
networks beyond the span of their training data [40].

2) Constrained ES: ES has been studied in cases where
constraints are unknown, often assuming convexity. This in-
cludes switching ES algorithms using projection maps [10], non-
linear programming techniques that smoothly switch between
the gradient of the constraint and the objective [28], and solving
convex problems using the saddle point of a “modified barrier
function” [27]. The authors in [15] and [16] also study saddle
point dynamics and provide a Lie bracket-based analysis. In [6],
the gradient of the objective is projected onto the gradient of
the constraint. In addition, various ES control laws have been
studied where the constraint is known: simplex-like constraints
on optimization parameters [36], constrained inputs to avoid
actuator saturation [44], a switching framework where optimiza-
tion parameters lie in a known set [37], and a form of ES with a
bounded update law [43].
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A number of notable data-sampled optimization schemes have
been studied. Steady-state constraint satisfaction is achieved in
the framework of [20] as well as semiglobal practical asymptotic
(SPA) stability, based on the data sampled schemes of [49]. Other
data sampled frameworks are presented in [22], which study
general classes of optimization schemes.

3) CBFs and Safety Filters: The literature on safe control
has significantly expanded recently due to the seminal work
in [5], [52]. Many applications and other inspired works have
emerged from QP-CBF designs, including incorporation with
learning frameworks [14], [51], applications in robotic and
automotive systems [38], [50], and designs involving observers
under disturbances in dynamics and measurements [3], among
others [9], [30].

Recent studies have explored input-to-state safety CBFs,
where the violation of a safe set is bounded by the magnitude of
disturbances [23]. Inverse optimal safety filters for disturbances
of unlimited and unknown magnitude, both deterministic and
stochastic, were introduced in [24]. Designs for CBFs of high
relative degree were presented in [25], and high-order CBF
conditions were studied in [21] and [56]. Higher order CBFs
have been applied in optimal trajectory planning for autonomous
vehicles [57]. Prescribed-time safety filters were designed in [1],
and approximate optimal controllers, where safety violations are
part of the value function, were formulated as an alternative to
the QP-based approach [12].

B. Results and Contributions of This Article

1) Goal of Safety-Filtered Constrained ES and How it is
Achieved: This article presents an ES algorithm designed to
minimize an unknown objective function J(θ) over parameters
θ, while ensuring system safety. Safety, represented by an un-
known, yet measured, function h(θ), is maintained by keeping
h positive.

Therefore, our algorithm tackles the following problem:

min
θ

J(θ) s.t. h(θ) ≥ 0

where h(θ) and J(θ) are measured but analytically unknown
with unknown gradients. The algorithm presented has the fol-
lowing approximate characteristics:

1) if h(θ(t0) ≥ 0 then h(θ(t)) ≥ 0 for all t ∈ [0,∞);
2) if h(θ(t0)) < 0 then h(θ(t)) → h+ for some h+ ≥ 0 as

t → ∞;
where we allow initial conditions that may start unsafe—a
situation not often considered in safety literature. Unsafe initial
conditions approach safety, and safe initial conditions remain
approximately safe for all time.

The classical unconstrained ES algorithm approximates the
dynamics θ̇ = −∇J(θ), performing gradient descent to mini-
mize J . In the QP-CBF safety filter framework [5], −∇J(θ)
serves as “nominal control,” and a safety term us can be com-
puted from h(θ), ∇h(θ), and ∇J(θ) [53]. The safety-filtered
dynamics θ̇ = −∇J(θ) + us satisfy ḣ(θ) + ch(θ) ≥ 0, ensur-
ing the safe set remains forward invariant. ES can estimate
∇J(θ) and gradients of other unknown functions, allowing us

to be applied to the ES dynamics. Thus, the Safe ES algorithm

Fig. 1. Safe ES schematic—the quantity A(GJ ,Gh, ηh) = min

{||Gh||−2,M+}max{GT
J Gh − cηh, 0} ≥ 0 is a state-dependent, scalar

function.

approximates θ̇ = −∇J(θ) + us, where us is an approximation
of the QP-derived safety term. The block diagram of Safe ES is
shown in Fig. 1.

2) Results of the article: The framework from [32] and
significant prior works [45], [47], [48] establishes SPA stability
properties of ES. Using these results, we demonstrate that the
Safe ES algorithm achieves SPA stability to the constrained op-
timum, and furthermore we demonstrate that “practical safety”
may be achieved in addition to practical stability. Practical
safety guarantees that for any violation of safety, however small,
there exist design constants that can achieve it for all time. We
make use of the two time scales built into the design, in which
the estimated gradients converge fast, relative to the convergence
of the parameter θ. Due to the approximation that ES provides,
we do not expect to exactly solve the constrained optimization
problem. Overall, the results are encompassed by the following
three statements:

1) practical asymptotic stabilization—semiglobally;
2) practical convergence to the safe set—semiglobally;
3) practical safety for all time—semiglobally—if starting in

the safe set.
Furthermore, our conditions onJ andh enable solving various

nonconvex constrained optimization problems. We include an
example at the end of this article.

Safe ES allows the designer two degrees of freedom concern-
ing safety:

1) the choice of the c;
2) the design of h.

Choosing c small slows the overall movement of the parameter
toward the unsafe region when initialized in the safe set, and
specifies the tradeoff between the favoring of safety and the
favoring of the objective. The design of h may be derived from
any signal such that a sufficient safety margin is already built in.
For example, consider some measured signal s(θ(t)) : Rn �→ R
which must never go below 0.5. Then, one may conservatively
design h(θ(t)) = s(θ(t))− 0.6 if one is sure that the chosen
perturbation signal and transient of the algorithm will not cause
a large safety violation.

3) Contributions: We design an ES algorithm to solve con-
strained optimization problems where both the cost function and
the constraint function are unknown but measurable. This is the
first ES algorithm—to our knowledge—to apply a QP-based
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safety filter with an unknown CBF and solve nonconvex con-
strained optimization in continuous time. A Lyapunov argument
demonstrating SPA stability of the controller to the constrained
optimum reveals conditions on J and h that are more general
than convexity.

Our main result is “practical safety,” analogous to “practical
stability” in modern ES schemes. For an arbitrarily small safety
violation, there exist design constants that ensure system trajec-
tories do not exceed that violation if they start in the safe set.
This guarantee of preventing violation (in a practical sense) for
all time, rather than just asymptotically, leverages the two time
scales in the algorithm. In addition, we allow initial conditions
far outside the safe set and guarantee practical convergence to
the safe set semiglobally.

4) Added Value Over Conference Versions: We expand
upon the conference presentation [54], which only included
theorem statements due to page limits. Here, we present the full
results, including proofs using nonsmooth tools, and introduce
Safe ES results for dynamical systems. We also further elaborate
on practical safety. The first ever attempt to incorporate a CBF-
QP safety filter with ES, offering only a local analysis of a scalar
parameter under restrictive assumptions on J and h, is detailed
in [53]. Safe ES was also recently implemented in applications
to particle accelerator systems [55].

5) Notation: We denote R>0 and R≥0 as the set of positive
and nonnegative real numbers, respectively. For a differentiable
function Q : Rn → R, we denote the gradient as ∇Q : Rn →
Rn. For a vector v ∈ Rn, the notation ‖v‖ denotes the Euclidean
norm. The continuous function β : R≥0 → R≥0 is of class K if
β(0) = 0 and it is strictly increasing. The continuous function
β : R≥0 × R≥0 → R≥0 is of class KL if it is strictly increasing
in its first argument and strictly decreasing to zero in its second
argument. The image of a function h is denoted by Im(h). The
open ball around a point p is Br(p) = {θ ∈ Rn : ‖θ − p‖ < r}
and the closed ball is B̄r(p). For some nonzero vector v, we may
denote the normalized vector as v̂ = v/‖v‖. The boundary and
interior of a set C are denoted as bd(C) and Int(C), respectively.
We use the term “SPA stability” to refer to the notion of SPA
stability [45]. A function f(x, ε) is O(ε) if for any compact set
Ω there exists a positive pair (ε∗, k) such that ‖f(x, ε)‖ ≤ kε
for all ε ∈ (0, ε∗] for all x ∈ Ω. The convex hull of a set S is
co(S). Given a ∈ Rn and b ∈ Rm, we often use the notation
u = (a, b) = [aT , bT ]T ∈ Rn+m when stacking vectors, and a
slight abuse of notation when indexing components of a stacked
vector so that u1 = a ∈ Rn and u2 = b ∈ Rm.

II. ASSUMPTIONS

We define

C = {θ ∈ Rn : h(θ) ≥ 0} (1)

called the “safe set.” We also define the notation of a superlevel
set of h, parameterized by the parameter ρ ≤ 0 as

Cρ = {θ ∈ Rn : h(θ) ≥ ρ, ρ ∈ Im(h) ∩ R≤0}. (2)

The sets of the form Cρ always contain C along with some unsafe
region given by ρ, a nonpositive value in the image of h. We also
use the following assumptions throughout.

Assumption 1 (Objective Function Conditions): The objec-
tive functionJ : Rn → R is differentiable with locally Lipschitz
Jacobian and satisfies the following:

1) θ∗c ∈ C is the unique constrained minimizer of J on C
denoted as J∗ = J(θ∗c);

2) if there exists a θ such that ∇J(θ) = 0 for θ ∈ C, then
θ = θ∗c.

Assumption 2 (Barrier Function Conditions): The barrier
(or safety) function h : Rn → R is differentiable with locally
Lipschitz Jacobian and satisfies the following:

1) the safe set C is nonempty;
2) for anyCρ, there exists aL ∈ (0,∞) such that‖∇h(θ)‖ >

L for θ ∈ {h(θ) ≤ 0} ∩ Cρ.
Assumption 3 (Optimizer Condition): If ∇h(θ)T∇J(θ) =

‖∇h(θ)‖ ‖∇J(θ)‖ (∇h(θ) and ∇J(θ) are collinear) for θ ∈
bd(C), then θ = θ∗c.

Assumption 4 (Angle Condition): For any ρ ∈ Im(h) ∩ R<0,
there exists a r∗ > 0 and f ∗ ∈ [0, 1) such that

∇J(θ)T∇h(θ)

‖∇J(θ)‖ ‖∇h(θ)‖ ≤ f ∗ (3)

for θ ∈ {ρ ≤ h(θ) ≤ 0}, θ /∈ Br∗(θ
∗
c).

Assumption 5 (Radial Unboundedness): The function
V (θ) = max{−h(θ), 0}+max{J(θ)− J∗, 0} is positive def-
inite and ‖θ − θ∗c‖ → ∞ ⇒ V → ∞.

Assumption 6 (Bounded Levels ofh): All sets Cρ are compact.
Assumption 7 (ES Constants): The design constants are cho-

sen as ωf, ωi, δ, a, k, c > 0, where ωi/ωj are rational with fre-
quencies ωi chosen such that ωi 
= ωj and ωi + ωj 
= ωk for
distinct i, j, and k.

In our analysis, we use Assumptions 1–3 to establish a unique
equilibrium in the dynamics of a so-called “exact system,” which
our ES scheme approximates. This equilibrium is identically
the constrained optimizer θ∗c. Assumptions 4–6 facilitate the
subsequent Lyapunov analysis.

Assumption 3 ensures a single equilibrium by imposing con-
straints on the gradients of J and h at their boundary. This
condition aligns with principles from optimization theory. The
gradient condition is also apparent in Fig. 2 in the tangency of
the levels of J with h = 0.

Assumption 4 focuses on the cosine of the angle between
∇J(θ) and ∇h(θ) far away from the constrained equilibrium,
but only in the unsafe set, θ ∈ {ρ ≤ h(θ) ≤ 0}. It aids in de-
riving a Lyapunov function with a universally negative time
derivative, applicable, for instance, in scenarios with semiinfinite
safe sets, as depicted in Fig. 2. Proposition 1 illustrates that for
a large class of problems, quadratic and positive definite J with
linearh, Assumption 4 holds. The proof is given in the Appendix.

Proposition 1: If J is a quadratic, positive definite function
andh is a linear function satisfying Assumption 2, then Assump-
tion 4 is satisfied.

Assumption 5 ensures that the objective function does not
asymptotically plateau as θ extends away from the equilibrium
in safe directions. Our main results hinge upon the satisfaction
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Fig. 2. Depiction of sets and levels of h and J with J̄1 < J∗ < J̄2. The
safe set C is shaded in dark green, which is contained by the set Cρ
defined by both dark and light green shading. The radius r∗ relates to
the “angle condition” given in Assumption 4.

of either Assumptions 4 and 5 or Assumption 6. The latter,
asserting all sets Cρ are compact, exhibits sufficient strength
to establish SPA stability in the reduced system. However, for
scenarios with semiinfinite safe sets, the Assumptions 4 and 5
become necessary for our main results to hold.

The assumptions listed here a minimal set of a nonrestrictive
conditions we have gathered that guarantee the main results of
this article. There are indeed slightly less restrictive assumptions
that may be taken instead, relaxing some of the conditions. For
example, Assumptions 4 is truly only necessary if some Cρ is
an unbounded set and ‖∇J(θ)‖ grows unbounded on Cρ. If
‖∇J(θ)‖ does not grow unbounded on this Cρ (a set which can
be bounded or not), Assumption 4 is unnecessary.

III. PRELIMINARIES ON NONSMOOTH LYAPUNOV ANALYSIS

In this section, we introduce concepts of regularity, the
set-valued Lie derivative, and stability theorems. Nonsmooth
analysis tools are necessary as we use the Lyapunov function
Vα(θ) = max{−αh(θ), 0}+max{J(θ)− J∗, 0} for the main
stability results of this article.

A. Generalized Gradient and Set-Valued Lie Derivative

Definition 1: Let V : Rn → R be locally Lipschitz and let
ΩV be a set of measure zero containing the points where V is
not differentiable. The generalized gradient is defined as

∂V (x) = co
{
lim
i→∞

∇V (xi) : xi → x, xi /∈ ΩV

}
. (4)

The definition of the generalized gradient states that if we
consider any sequence xi converging to x such that it avoids
a measure zero set where V (xi) is not differentiable; then the
convex combination of all such sequences of ∇V (xi) is ∂V (x).

Recall that Rademacher’s Theorem states if V is Lipschitz,
then it is differentiable almost everywhere; see [11, Thm 2.5.1]
and [13, eq. (37)] for more information on generalized gradients.

Regularity of a Lyapunov function proves to be very useful in
calculating generalized derivatives. The classical definition of
regularity can be seen in [11], but the following known class
of regular functions is sufficient background for this article,
rewritten from [11, Proposition 2.3.12].

Proposition 2: For a finite collection of functions (k =
1, 2, . . . ,m) let gk : Rn → R be differentiable (or more gener-
ally regular and locally Lipschitz) functions, and let V : Rn →
R be defined as the maximum of the collection of functions

V (x) = max{gk(x) : k = 1, 2, . . . ,m}. (5)

Then
1) V is regular and locally Lipschitz;
2) let IV (x) denote the set of indices k for which V (x) =

gk(x), then

∂V (x) = co {∇gi(x) : i ∈ IV (x)} . (6)

The generalized gradient has been defined and a rule given to
calculate it (6) for functions of the form (5).

We now define a set-valued form of the Lie derivative, uti-
lizing the generalized gradient [13]. It can be more generally
defined for a differential inclusion, but we have defined it as
follows for a differential equation:

ẋ = f(x) (7)

with f : Rn → Rn locally Lipschitz.
Definition 2: Let V : Rn → R be locally Lipschitz. The set-

valued Lie derivative of V with respect to f in (7) is defined as

LfV (x) = {a ∈ R : f(x)T p = a for all p ∈ ∂V (x)}. (8)

If V (x) is differentiable at x, then the usual time derivative
coincides with the set-valued Lie derivative V̇ = LfV (x) =
{f(x)T∇V (x)}. However, if V (x) is not differentiable at x
then LfV (x) will represent the convex hull of the set of all
possible time derivatives obtained atxwhen approachingx from
all possible directions as defined by the generalized gradient.

B. Stability and Invariance Results

The next two stability results are nonsmooth versions of
Lasalle’s invariance principle and Nagumo’s theorem. The fol-
lowing result is based on [7] and [13].

Theorem 1: Let V : Rn → R be locally Lipschitz and reg-
ular. Let S ⊂ Rn be compact and positively invariant for (7).
Suppose maxLfV (x) ≤ 0 for all x ∈ S . Then, all solutions
of (7), with x(t0) ∈ S , converge to the largest invariant set M
contained in

S ∩ {x ∈ Rn : 0 ∈ LfV (x)}. (9)

The next result is a statement of Nagumo’s theorem [31], more
simply reformulated from [8, Sec. 4.2].
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Theorem 2: Suppose S ⊆ Rn is a closed set. Then, S is
invariant with respect to (7) if and only if

f(x) ∈ TS(x) for all x ∈ bd(S) (10)

where TS(x) is Bouligand’s tangent cone defined as

TS(x) =
{
z : lim inf

τ→0

dist(x+ τz,S)
τ

= 0

}
(11)

with the distance from a set defined asdist(y,S) = infw∈S ‖y −
w‖ for some y ∈ Rn.

The tangent coneTS(x) essentially describes the set of vectors
pointing tangent along the boundary ofS or “inward.” For exam-
ple, consider C = {h(θ) ≥ 0}, for hwith properties given in As-
sumption 2. Then, for θ ∈ bd(C), TC(θ) = {z : ∇h(θ)T z ≥ 0}.

The following lemma makes clear many of the assumptions
and restrictions on J and h we have considered in this article.

Lemma 1: Consider the locally Lipschitz function Vα :
Rn → R defined as

Vα(θ) = max{−αh(θ), 0}+max{J(θ)− J∗, 0} (12)

for some parameter α > 0 under the Assumptions 1–3. Then
1) Vα is regular and can be written as

Vα(θ) = max {−αh(θ), J(θ)− J∗,−αh(θ)

+ J(θ)− J∗} . (13)

2) Let either Assumptions 4–5 hold, or 6 hold. Then, for
any ρ < 0, there is a sufficiently large α > 0 such that
the following holds for the set R = {Vα(θ) ≤ V̄ } ∩ Cρ
for any V̄ > 0:

a) the tangent cone TR(θ) is

TR(θ) = {v : max{ξT v : ξ ∈ ∂W (θ)} ≤ 0} (14)

for θ 
= θ∗c, with

W (θ) = max{ − h(θ) + max{ρ,−V̄ /α}
J(θ)− J∗ − V̄

J(θ)− J∗ − V̄ − αh(θ)} (15)

b) the set R = {θ : W (θ) ≤ 0} is compact and {W (θ) =
0} ≡ bd(R);

c) for W (θ) = 0, 0 /∈ ∂W (θ).
The aforementioned lemma shows the regularity of Vα, under

the assumed properties of J and h, whenα is chosen sufficiently
large. It also provides simple expressions for tangent cones on
sets involving the levels of Vα using mainly the results of [11],
and useful properties of these sets.

IV. GLOBAL CONVERGENCE OF THE EXACT ALGORITHM

Before conducting analysis of the ES scheme for unknown
functions, we study the optimization algorithm in its exact form
in which we assume that all gradients are known, in order to
find the appropriate Lyapunov function, which will be used in
the next section. Consider the following dynamics:

θ̇ = F (θ) = −∇J(θ)

+
∇h(θ)

‖∇h(θ)‖2 max{∇J(θ)T∇h(θ)− ch(θ), 0}.

(16)

Note that there is no risk of dividing by zero in the expression
of (16) as ∇h(θ) = 0 ⇒ h(θ) > 0 by Assumption 2. Therefore,
lim‖∇h(θ)‖→0 F (θ) = −∇J(θ) on compact sets.

The differential inequality ḣ+ ch ≥ 0 is commonly used to
show the forward invariance of the safe set [5], where it is
assumed that the initial condition of any given trajectory is
safe. But it also shows attractivity to the safe set in the case
where h(θ(t)) < 0, for some t, implying that ḣ(θ(t)) > 0, and
therefore, h is increasing. So unsafe trajectories become “more
safe” in an exponential fashion. Therefore, the family of sets Cρ
is also positively invariant, and not just the case of ρ = 0. We
state this formally as follows.

Proposition 3: Under Assumption 2, the dynamics (16) sat-
isfy dh(θ(t))

dt + ch(θ(t)) ≥ 0 for all θ ∈ Rn and C is forward
invariant. Moreover, all sets Cρ are forward invariant and
h(θ(t)) ≥ h(θ(t0))e

−ct for all θ(t0) ∈ Rn.
Proof: We can express the exact dynamics as (16) under

Assumption 2 and simply compute

dh(θ(t))

dt
+ ch(θ) = −∇J(θ)T∇h(θ) + ch(θ)

+ max{∇J(θ)T∇h(θ)− ch(θ), 0} ≥ 0 (17)

where we use the fact that −x+max{x, 0} ≥ 0 for any x ∈
R. By the comparison principle, h(θ(t)) ≥ h(θ(t0))e

−ct for all
θ(t0) ∈ Rn and all sets Cρ are forward invariant. �

This proposition will help us later establish global conver-
gence of the algorithm for trajectories starting outside of C.

We now discuss the equilibrium of (16). The previous proposi-
tion has guaranteed that the equilibrium of the algorithm cannot
lie in an unsafe region, as ḣ(θ) > 0 for h(θ) < 0. Therefore,
consider solving for F (θe) = 0 for h(θe) ≥ 0 under Assump-
tions 1–3. Clearly if ∇J(θe) = 0, then θe = θ∗c by Assump-
tion 1. If ∇J(θe) 
= 0 for h(θe) ≥ 0, computing the inner
product ∇J(θe)TF (θe) shows that F (θe) = 0 only when the
following two things are true at the same time:

1) h(θe) = 0;
2) ∇h(θe) and ∇J(θe) are collinear.
Then, by Assumption 3, this implies θe = θ∗c. All in all, we

have that

F (θe) = 0 ⇒ θe = θ∗c. (18)

It turns out that the inner product ∇J(θ)TF (θ) is also always
negative for h(θ) ≥ 0 and θ 
= θ∗c. Therefore, we can formulate
the Lyapunov function V1(θ) = J(θ)− J(θe) in order to prove
stability for θ ∈ C. Computing V̇1 = ∇J(θ)TF (θ), we have

V̇1 = − ‖∇J(θ)‖2

+
∇J(θ)T∇h(θ)

‖∇h(θ)‖2 max{∇J(θ)T∇h(θ)− ch(θ), 0}

(19)
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which is clearly negative definite if ∇J(θ)T∇h(θ)− ch(θ) ≤
0. If not

V̇1 = −∇J(θ)T
(
I − ∇h(θ)∇h(θ)T

‖∇h(θ)‖2
)
∇J(θ)

− c
∇J(θ)T∇h(θ)

‖∇h(θ)‖2 h(θ). (20)

The quadratic first term is negative (unless θ = θ∗c) and the
second term is negative semidefinite on θ ∈ {h(θ) ≥ 0} ∪
{∇J(θ)T∇h(θ)− ch(θ) > 0}, θ 
= θ∗c. Because the set C :=
{h(θ) ≥ 0} is forward invariant, and V1 is a smooth Lyapunov
function on C, we have the following Lemma.

Lemma 2: Let Assumptions 1–3 hold. The function V1(θ) =
J(θ)− J(θe) is a Lyapunov function for the equilibrium θ∗c on
C, yielding strictly V̇1 < 0 for all θ ∈ C \ {θ∗c}. The dynamics
(16) are asymptotically stable to the constrained minimizer θ∗c
for θ(t0) ∈ C.

Proof: Step 1: Construct a forward invariant set R =
{V1(θ) ≤ V̄ } ∩ C for any V̄ > 0: We represent this set as R =
{W (θ) ≤ 0} with W (θ) = max{V1(θ)− V̄ ,−h(θ)}. The set
is compact, and can be shown to be forward invariant with
Theorem 2 by showing F (θ) ∈ TR(θ). The tangent cone can
be expressed using generalized gradients of W as

TR(θ) = {v : max{ξT v : ξ ∈ ∂W (θ)} ≤ 0}. (21)

For details showing that R has the regularity properties neces-
sary to prove the aforementioned statement, see the arguments
in the proof of Statement 2(a), Lemma 1—we omit demon-
strating these regularity properties due to space. Now, check
the negativity of F (θ)T p where p ∈ ∂W (θ) for θ ∈ bd(R).
If θ /∈ {h(θ) = 0}, then F (θ)T p = V̇1 < 0, as shown in (19)
and (20). If θ ∈ {h(θ) = 0}, then p = −λ1∇h(θ) + λ2∇J(θ),
for λ1 + λ2 = 0, λ1 ≥ 0, λ2 ≥ 0. Then, F (θ)T p = −λ1ḣ(θ) +
λ2V̇1(θ) < 0 by Proposition 3 and using the fact that V̇1(θ) < 0.
By Theorem 2, R is forward invariant

Step 2. Apply Theorem 1: The result holds because V̇1(θ) < 0
on the compact invariant set R \ {θ∗c}. �

Because Theorem 1 requires a compact invariant set, the
aforementioned proof uses the boundary of the safe set (a
potentially unbounded set) and a level of the Lyapunov function
V1 = V̄ in order to construct this compact invariant set. This
idea is used again in the next lemma where we use the boundary
h = ρ of a set Cρ and the levels of a different Lyapunov function
Vα.

In light of Proposition 3 (attractivity to C) and Lemma 2
(convergence withinC), it should be intuitive to the reader that all
trajectories eventually converge on the equilibrium point θ∗c. We
can demonstrate this fact with the following Lyapunov argument
on any invariant set in Lemma 3.

We use Theorem 1 in the following lemma to prove global
asymptotic stability. In order to use Theorem 1, we first construct
a compact invariant set R using the intersection of Cρ and a
sublevel set of the Lyapunov function Vα. A function W is used
to define the set R and check that the dynamics F (θ) point
“inward” to R at its boundary. The boundary is not smooth,
which is why generalized gradients are key tool. Based on the

assumptions on the functions J and h, an essential idea in
achieving global stability is the fact that we can design the set
R to be arbitrarily large, encompassing any initial condition.

Lemma 3: Let Assumptions 1–3 hold, and either Assump-
tions 4 and 5 or Assumption 6 hold. Consider the Lypaunov
function

Vα(θ) = max{−αh(θ), 0}+max{J(θ)− J(θ∗c), 0}. (22)

For any invariant set Cρ, there exists α ∈ (0,∞) such that
maxLfVα(x) < 0 for θ ∈ Cρ \ {θ∗c}. The dynamics (16) are
globally asymptotically stable to the constrained minimizer θ∗c.

Proof: Step 1: Show that for any set Cρ, there is a sufficiently
large α > 0 such that R = {Vα(θ) ≤ V̄ } ∩ Cρ is compact and
invariant for any 0 < V̄ < ∞: From Lemma 1,Vα is regular and
R is compact, therefore, we can determine if F (θ) lies in TR(θ)
by showing that F (θ)T p < 0 for p ∈ ∂W (θ) and θ ∈ {W (θ) =
0} \ {θ∗c} with

W (θ) = max{ − h(θ) + max{ρ,−V̄ /α}
J(θ)− J∗ − V̄

J(θ)− J∗ − V̄ − αh(θ)}. (23)

Also in Lemma 1, we showed that for sufficiently large α > 0,
p 
= 0 for W (θ) = 0. Therefore, we assume, by default, in the
following cases of h that 1) α > 0 is sufficiently large based on
any fixed ρ < 0 and 2) θ ∈ {W (θ) = 0} \ {θ∗c}.

Case 1: h(θ) > 0. Then, W (θ) = J(θ)− J∗ − V̄ and
∂W (θ) = {∇J(θ)} 
= {0}. With p = ∇J(θ), it is clear from
(19) and (20) that V̇1 = F (θ)T p < 0 for any α > 0.

Case 2: h(θ) = 0. Then, ∂W (θ) = co{∇J(θ),∇J(θ)−
α∇h(θ)}. For some p ∈ ∂W (θ), p = ∇J(θ)− αλ∇h(θ), for
0 ≤ λ ≤ 1. If ∇J(θ)T∇h(θ) ≤ 0, then

F (θ)T p = −‖∇J(θ)‖2 + αλ∇J(θ)T∇h(θ) < 0 (24)

for any α > 0.
If ∇J(θ)T∇h(θ) > 0, then by Assumption 3

F (θ)T p = ∇J(θ)T
(
∇h(θ)T∇h(θ)

‖∇h(θ)‖2 − I

)
∇J(θ)

− αλ∇J(θ)T∇h(θ) < 0 (25)

for any α > 0.
Case 3: h(θ) < 0. So, ∂W (θ) = co{−∇h(θ),∇J(θ)−

α∇h(θ)}. For some p ∈ ∂W (θ), we have p = −λ1∇h(θ) +
λ2(−α∇h(θ) +∇J(θ)), with 0 ≤ λ1, λ2 ≤ 1 and λ1 + λ2 =
1.

We define the lumped quantities

m(θ) = ∇h(θ)T∇J(θ)− ch(θ) (26)

f(θ) = ∇J(θ)T∇h(θ)/(‖∇J(θ)‖‖∇h(θ)‖) ≤ 1. (27)

If θ lies in a region where m(θ) ≤ 0, then ∇J(θ)Th(θ) ≤
ch(θ) < 0 and one can easily show F (θ)T p < 0. Otherwise,
if m(θ) > 0, then

F (θ)T p = c|h(θ)|
(
−λ1 + λ2

(
−α+ f(θ)

‖∇J(θ)‖
‖∇h(θ)‖

))
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− λ2‖∇J(θ)‖2
(
1− f2(θ)

)
. (28)

We consider θ to lie in a region such that m(θ) > 0 in the
following two subcases.

Case 3a: Assumption 6 holds. Then, set Cρ is compact so
choose

α > sup
θ∈Cρ

‖∇J(θ)‖
L

(29)

using Assumption 2 (which states ‖∇h(θ)‖ > L > 0 forh(θ) <
0). This yields F (θ)T p < 0 for all θ ∈ Cρ \ {θ∗c}, therefore R
is forward invariant by Theorem 2. Note that this argument also
holds if ‖∇J(θ)‖ is bounded on a potentially unbounded set Cρ.

Case 3b: Assumptions 4 and 5 hold. Assume the nontrivial
scenario where ‖∇J(θ)‖ is unbounded on Cρ. Then, from As-
sumption 4, there exists a scalar f ∗ and set Br∗(θ

∗
c) such that

0 < f(θ) ≤ f ∗ < 1 for all θ /∈ Br∗(θ
∗
c). Let f̃ = 1− f ∗2 with

f̃ ∈ (0, 1). Then, for any θ /∈ Br∗(θ
∗
c)

F (θ)T p = − c|h(θ)|(λ1 + αλ2)

+ λ2‖∇J(θ)‖
(
c|ρ|
L

− f̃‖∇J(θ)‖
)

(30)

using Assumption 2. From the expression in the aforemen-
tioned equation, ‖∇J(θ)‖ > |ρ|c/Lf̃ implies F (θ)T p < 0 for
θ /∈ Br∗(θ

∗
c) regardless of α. Therefore, consider ‖∇J(θ)‖ ≤

|ρ|c/Lf̃ . From (28), we have

F (θ)T p ≤ c|h(θ)|
(
−λ1 + λ2

(
−α+

c|ρ|
L2f̃

))

− λ2‖∇J(θ)‖2
(
1− f2(θ)

)
(31)

for any θ such that ‖∇J(θ)‖ ≤ |ρ|c/Lf̃ . Therefore, choosing

α > max

{
sup

θ∈Br∗ (θ∗
c)

‖∇J(θ)‖
L

,
c|ρ|
L2f̃

}
(32)

yields F (θ)T p < 0 for all θ ∈ Cρ \ {θ∗c}.
So F (θ)T p < 0 for all θ ∈ Cρ \ {θ∗c}, and R is forward in-

variant by Theorem 2. Note that α does not depend on V̄ [see
(29) and (32)] although α in general depends on ρ. This is very
important, because otherwise the set R cannot be guaranteed to
be made arbitrarily large (by means of choosing a large V̄ ) in
order to encompass any initial condition of (16).

For any Δ > 0 and initial condition, θ(t0) ∈ B̄Δ(θ
∗
c), we are

always able to find aCρ such that B̄Δ(θ
∗
c) ⊆ Cρ. Then, we choose

α > 0 as in the cases 1–3, as a function of ρ. Then, we find
a V̄ > 0 such that B̄Δ(θ

∗
c) ⊆ R, recalling that R = {Vα(θ) ≤

V̄ } ∩ Cρ. In the case 3(b), we use Assumption 5 to guarantee the
existence of this V̄ . In Case 3(a), any chosen set Cρ is compact
by assumption and V̄ can be taken as the maximum of Vα on
Cρ. So, any trajectory of (16) is contained on R; see Fig. 3 for
the depiction of the sets.

Step 2. Show maxLfVα(θ) < 0 for all θ ∈ R \ {θ∗c}: Now
that we have demonstrated, using the generalized gradient of
W , that R is a compact forward invariant set, we must show
that maxLfVα(θ) < 0 for all θ ∈ R \ {θ∗c} in order to claim
asymptotic stability to θ∗c using Theorem 1. Using Proposition 2,

Fig. 3. Depiction of Vα = V̄ subsuming the set of initial conditions in
‖θ − θ∗c‖ ≤ Δ, where the shaded region marks R.

for any p ∈ ∂Vα(θ), p takes the same form as that of p ∈ ∂W (θ)
using the three cases in Step 1. This is due to the similar form
of Vα in (13) and W in (15) and the rule for computing the
generalized gradients in Proposition 2. We showed in Step 1
that F (θ)T p < 0 in each case, therefore, for the same α chosen
in Step 1, maxLfVα(θ) < 0 for all x ∈ R \ {θ∗c}. Therefore,
the dynamics (16) are asymptotically stable to the constrained
minimizer θ∗c. �

The aforementioned proof relies on the invariance of Cρ,
where we are guaranteed that for any unsafe initial condition
h(θ(0)) = ρ, we will never leave the set Cρ, and in addition,
the boundaries of the sublevel set of the Lyapunov function Vα.
The choice of α is simple if sets Cρ are compact as we know
trajectories will never leave the bounded superlevel sets of h,
and the supremum in (29) exists. If Cρ are not all compact, then
we must have a radially unbounded Vα to argue that trajectories
will never leave the bounded sublevel sets of V and some other
set, Cρ.

The Lyapunov function parameter α depends on the size
of the set of the initial conditions, because it is dependent on
the invariant set Cρ. The parameter α used to prove stability
of some initial condition h(θ(0)) = −1 may be insufficient to
prove the stability of the initial condition h(θ(0)) = −2. But,
a Lyapunov function with α chosen to prove the stability of
the initial condition h(θ(0)) = −2, will indeed be sufficient in
showing the stability of h(θ(0)) = −1.

This Lyapunov function has an interesting connection to
recent literature: we note that a similar Lyapunov function for
“gradient flow” systems in a nonlinear programming setting was
used to show local stability [4].

V. SAFE ES

We introduce the Safe ES scheme for analytically unknown
functions h and J in this section. We will then derive a “reduced
model” following the framework of [32]. The reduced model is
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essentially derived from (33)–(37), making the filtered estimate
(34)–(37) algebraic under the appropriate time transformation
and singular perturbation. Nesić et al. [32] showed that the
reduced model must be SPA stable in a for the algorithm itself
in (33)–(37) to be SPA stable. We demonstrate that indeed SPA
stability can be shown with the help of an invariant set from the
boundaries of a sublevel set of the Lyapunov function used in
Lemma 3, {Vα(θ) ≤ V̄ }, and a sufficiently large set Cρ. Then,
we present our notion of practical safety and extend the results
to dynamical systems.

A. Algorithm Design

We introduce the algorithm

˙̂
θ = kωf(−GJ

+min{‖Gh‖−2,M+}max{GT
JGh − cηh, 0}Gh)

(33)

ĠJ = − ωf(GJ − (J(θ̂(t) + S(t))− ηJ)M(t)) (34)

η̇J = − ωf(ηJ − J(θ̂(t) + S(t))) (35)

Ġh = − ωf(Gh − (h(θ̂(t) + S(t))− ηh)M(t)) (36)

η̇h = − ωf(ηh − h(θ̂(t) + S(t))) (37)

where the state variables θ̂, GJ , Gh ∈ Rn, ηJ , ηh ∈ R. The
overall dimension of the system is 3n+ 2. The map is evaluated
at θ, defined by

θ(t) := θ̂(t) + S(t) . (38)

The integer n denotes the number of parameters one wishes
to optimize over. The design coefficients are k, c, δ, ωf,M

+ ∈
R>0. The perturbation signal S and demodulation signal M are
given by

S(t) = a [sin(ω1t), . . . , sin(ωnt)]
T (39)

M(t) =
2

a
[sin(ω1t), . . . , sin(ωnt)]

T (40)

and contain additional design parameters ωi, a ∈ R>0.

B. Deriving the Reduced Model

First, we derive the reduce model. Defining

F0 (ξ) := −ξ1 +min{‖ξ2‖−2,M+}max{ξT1 ξ2 − cξ4, 0}ξ3
(41)

with

ξT := [GT
J , ηJ , G

T
h , ηh] (42)

ζT (t, θ, ξ, a) := [(J(θ)− ξ2)M(t)T , J(θ)

(h(θ)− ξ4)M(t)T , h(θ)] (43)

we can rewrite (33)–(37) as

˙̂
θ = kωfF0(ξ) (44)

ξ̇ = −ωf(ξ − ζ(t, θ, ξ, a)) (45)

recalling θ = θ̂ + S(t). Letting τ = ωft, the system in the new
time scale is

dθ̂

dτ
= kF0(ξ) (46)

dξ

dτ
= −

(
ξ − ζ

(
τ

ωf
, θ̂ + S

(
τ

ωf

)
, ξ, a

))
. (47)

We can take the average of the system (see Proposition 4 in
Appendix) to compute

dθ̃av

dτ
= kF0(ξav) (48)

dξav

dτ
= −

(
ξav − μ(θ̂av, a)

)
(49)

D(θ̂av) := [∇J(θ̂av)
T , J(θ̂av),∇h(θ̂av)

T , h(θ̂av)]
T (50)

μ(θ̂av, a) := D(θ̂av) +O(a). (51)

Making another time transformation s = kτ , we have

dθ̂av

ds
= F0(ξav) (52)

k
dξav

ds
= −

(
ξav − μ(θ̂av, a)

)
. (53)

Taking k = 0, we now derive the singularly perturbed (or “re-
duced”) system with a quasi-steady state

zs := ξav = μ(θ̂av, a). (54)

Defining

y = ξav − μ(θ̂av, a) (55)

the boundary layer system (with τ = s/k) is

dy

dτ
= −

(
ξav − μ(θ̂av, a)

)
= −y. (56)

The boundary layer system is globally asymptotically stable
uniformly in ξav and t0. The reduced system is

dθr
ds

= F0(μ(θr, a)) = F0 (D(θr) +O(a)) . (57)

The reduced-order model is an estimate of the original system
(33)–(37) (in a different time scale) because we will later choose
k to be small. A small k implies the slowness of the dynamics of
(33) relative to (34)–(37). Therefore, the singular perturbation
makes the filters in (34)–(37) fast, capturing the effect of a
small k. Note that the singular perturbation is performed on
an averaged version of the original system.

C. SPA Stability of the Reduced Model

The reduced system in (57) and (16) are similar with the
distinct difference that the gradients and measurements of J
and h are perturbed by a small O(a) disturbance. We make the
claim below that under a sufficiently small a, the reduced model
is SPA stable. Using results from [32], this demonstrates that the
algorithm itself in (33)–(37) to be SPA stable.

Lemma 4: Let Assumptions 1–3, 7 hold. Also, let either 4
and 5 hold or 6 hold. Then there exists a βθ ∈ KL such that:
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for any positive pair Δ, ν, there exists a a∗ > 0 such that for all
a ∈ (0, a∗) the reduced system (57) satisfies

‖θ(t)− θ∗c‖ ≤ βθ(‖θ(0)− θ∗c‖, s) + ν (58)

for all ‖θ(0)− θ∗c‖ ≤ Δ.
Proof: To show the SPA stability of (57) we make use of anal-

ogous arguments used in the proof of Lemma 3, assuming either
Assumptions 4 and 5 or Assumption 6. Consider a set of initial
conditions around the constrained minimizer θr(t0) ∈ B̄Δ(θ

∗
c),

then there exist a larger ball B̄Δ(θ
∗
c) ⊂ B̄Δ∗(θ∗c) with 0 < Δ <

Δ∗. There must exist a Cρ such that B̄Δ(θ
∗
c) ⊂ B̄Δ∗(θ∗c) ⊂ Cρ.

Then, there exists an α > 0, corresponding to Vα(θ), and a
V̄ such that such that R = {Vα(θ) ≤ V̄ } ∩ Cρ is compact and
invariant for (16) any 0 < V̄ < ∞ by Lemma 3. Therefore,
we choose a V̄ such that B̄Δ(θ

∗
c) ⊂ B̄Δ∗(θ∗c) ⊂ R. See the

depiction in Fig. 3—The set R subsumes the ball of initial
conditions along with a slightly larger ball around the Δ ball.

Under Assumptions 1–2, there exists a M+, amax > 0 such
that for all a ∈ (0, amax), the disturbed dynamics in (57) can be
written as

dθr
ds

= F0(D(θr) +O(a)) = F (θr) +O(a) (59)

for all θr ∈ R, Lemma 5 in the Appendix.
In other words, if one chooses a small enough and M+

large enough, then the reduced dynamics (57) are simply the
exact dynamics in (16) with an additive O(a) disturbance.
Furthermore, one can make the set R forward invariant with
sufficiently small a under the same arguments used in Step
1 in the proof of Lemma 3. The vector F (θr) +O(a) lies
in TR(θr) if (F (θr) +O(a))T p < 0 for each θr on bd(R).
Since F (θr)

T p < 0 on this compact region (Lemma 3), there
exists a sufficiently small a that that (F (θr) +O(a))T p < 0
for θ ∈ bd(R). This proves semiglobal stability of (57). To
achieve the “practical” part of the SPA stability of (57), a further
reduction of a is needed and an analogous argument to that used
in Step 2 in the proof of Lemma 3. Recall for p ∈ ∂Vα(θr),
we have that F (θr)

T p < 0 and we are interested in the nega-
tivity of F (θr)

T p+O(a)T p < 0. For any δ > 0 ball, B̄δ(θ
∗
c),

there exists a V̄δ > 0 such that {Vα(θr) ≤ V̄δ} ⊆ B̄δ(θ
∗
c) and a

sufficiently small a > 0 such that trajectories of (57) converge
to the set {Vα(θr) ≤ V̄δ} by Theorem 2. This can be accom-
plished, with R′ = R \ {Vα(θr) ≤ V̄δ} by choosing a such that
‖O(a)T p‖ < |C| for θr ∈ bd(R) where C is the maximum of
F (θr)

T p on the set R′. Therefore, (57) is SPA stable for small
a. �

D. Main Results in Static Plants

We make the conclusion below with z = ξ − μ(θ̃, a) and
θ̃ = θ̂ − θ∗c, guaranteeing practical asymptotic stabilization—
semiglobally.

Theorem 3 (SPA Stability): Let Assumptions 1–3 and 7 hold.
Also, let either 4 and 5 hold or 6 hold. Then, there exists
βθ, βξ ∈ KL such that: for any positive pair (Δ, ν) there exist
M+, ω∗

f , a
∗ > 0, such that for any ωf ∈ (0, ω∗

f ), a ∈ (0, a∗),
there exists k∗(a) > 0 such that for any k ∈ (0, k∗(a)) the

solutions to (44) and (45) satisfy

‖θ̃(t)‖ ≤ βθ

(
‖θ̃(t0)‖, k · ωf · (t− t0)

)
+ ν (60)

‖z(t)‖ ≤ βξ (‖z(t0)‖, ωf · (t− t0)) + ν (61)

for all ‖(θ̃(t0), z(t0))‖ ≤ Δ, and all t ≥ t0 ≥ 0.
Sketch of proof: The proof of Theorem 3 follows [32, Proof

of Thm. 1]—we will summarize it this paragraph using termi-
nology from [45]. The reduced system (57) is SPA stable in a
uniformly in small a, demonstrated in Lemma 4. Using [47,
Lemma 1], this implies the average system (48)–(49) is SPA
stable in k, a. This further implies the original system (46)–(47)
is SPA stable in k, a, ωf uniformly in k, a, ωf in time scale s.
Performing the appropriate transformations from s to t, we
achieve the result of Theorem 3.

Clarifying some key points: This argument uses the two
results, [45, Lemma 2] and [47, Lemma 1], which are fundamen-
tally based on [48, Thm. 1]. In [48, Thm. 1], several important
key facts are stated, which are as follows.

1) There is a time scale separation (by a factor k) between
the convergence of parameter θ̃ and the convergence of
the boundary layer variable z.

2) The class KL functions governing the convergence of the
reduced model and boundary layer model are the same
functions which govern the slow and fast states of the
actual system (see [48, Remarks 8 and 15] for the choice
of measuring functions).

3) We use the sameKL function to describe the convergence
of an average system as that of the actual system, see [48,
Sect. V, “Classical Averaging”].

Equation (61) tell us about convergence of estimated quanti-
ties ξ(t) to their exact values D(θ̃(t) + θ∗c). Using (51), we can
write

e := ξ −D(θ̃ + θ∗c) (62)

‖e(t)‖ ≤ βξ(‖z(t0)‖, ωf(t− t0)) + v + |O(a)|. (63)

The variable e can be thought of as the error of the esti-
mated quantities—various measurements and gradients of the
static maps. Note, the functions βθ and βξ are independent of

a, k, and ωf [45]. Because ˙̃
θ is proportional to k (44), we can

choose a k such that the change in θ̃(t) over some time interval
can be small relative to the change in e(t) over the same interval.
The steady-state offset in the error e(t) can also be made small
after some amount of time, with a small a. From Lemma 5,
we know that there must be a small enough disturbance in
the estimated quantities such that the dynamics can be written
as the sum of the exact dynamics and a disturbance, but only
after the transient of βξ has been sufficiently diminished.

Therefore, we make the following claim encompassing:
1) practical convergence to the safe set—semiglobally;
2) practical safety for all time—semiglobally—if starting in

the safe set.
These two claims, implied by (64), demonstrate that an

exponential bound on h in time is achieved for any sign of
h(θ(t0)), which cannot be merely inferred directly from the
design coefficient bounds given in Theorem 3.
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Theorem 4: (Semiglobal Practical Convergence to Safe Set
and Semiglobal Practical Safety) Let Assumptions 1–3 and 7
hold. Also, let either 4 and 5 hold or 6 hold. For any Δ > 0
and any δ > 0: there exists M+, a∗∗, ω∗∗

f > 0 such that for any
a ∈ (0, a∗∗), ωf ∈ (0, ω∗∗

f ), there exists k∗∗(a) > 0 such that for
any k ∈ (0, k∗∗(a))

h(θ(t)) ≥ h(θ(t0))e
−ckωf(t−t0) +O(δ) (64)

for all t ∈ [t0,∞] and there exists a T ∈ [t0,∞] such that

h(θ̂(t)) ≥ h(θ(t0))− δ for t0 ≤ t ≤ T (65)

h(θ̂(t)) ≥ h(θ(t0))e
−kωfc(t−T ) − δ for T ≤ t < ∞ (66)

for all ‖[θ̃(t0)T , z(t0)T ]‖ ≤ Δ.
Proof: Step 1: Show for appropriate ranges of design coeffi-

cients, there exists a T > 0 such that for t ≥ T , the dynamics of
θ̂ simplify.

Consider (44)–(45) written as

˙̂
θ = kωfF0

(
D(θ̂) + e(t)

)
(67)

‖e(t)‖ ≤ βξ(‖z(t0)‖, ωf(t− t0)) + v + |O(a)|. (68)

with the bounds (63) restated, for some Δ, ν > 0 using Theo-
rem 3, which follows from the assumptions. Theorem 3 states
that there exist ranges of coefficients of M+, a, ωf, k achiev-
ing the aforementioned bound, as well as the existence of an
invariant set R, which contains the set of initial conditions.
Furthermore, there exists an ε∗ such that for all ε, we can choose
a ν > 0 and restricta to a smaller range such that ν + |O(a)| < ε
in (68), for 0 < ε < ε∗ by Lemma 5.

In summary, for an appropriate ν and a (and appropriate
ranges for the other design coefficients), there exist a timeT > 0,
after which (67) can be written as

˙̂
θ = kωf

(
F (θ̂) + r(t)

)
(69)

where r(t) = O(ν + a) = O(ε).
We will summarize the contents of Step 1 in this paragraph.

After a time T > 0, the dynamics of the parameter can be
written as the sum of the “exact” gradient-based scheme and
a time-dependent disturbance. The time T > 0 depends on the
first choosing v (by Theorem 3, this choice defines the ranges
of coefficients), and then, restricting a further. The time T > 0
represents the time during which the estimated quantities’ error
below a threshold ε∗ > 0, which exists by Lemma 5.

Step 2: Construct an approximate safe inequality for T ≤ t ≤
∞.

For any δ > 0, take ν and a, satisfying the condition ν +
|O(a)| < ε in Step 1, and sufficiently small to satisfy ‖r(t)‖ <
δc/b because r(t) = O(ν + a). The quantity b > 0 is the supre-
mum of ‖∇h(θ̂)‖ on R. From the result of Step 1, there exists
a T > 0 such that (69) is true.

Next, compute ḣ+ ckωfh as

ḣ(θ̂) + ckωfh(θ̂) = kωf(F (θ̂)T∇h(θ̂) + ch(θ̂)

+ r(t)T∇h(θ̂)) (70)

ḣ(θ̂) + ckωfh(θ̂) ≥ − δckωf (71)

because F (θ̂)T∇h(θ̂) + ch(θ̂) ≥ 0 by Proposition 3 and be-
cause r(t)T∇h(θ̂) ≥ −δc.

The approximate safety inequality ḣ+ ckωfh+ δckωf ≥ 0
implies, by the comparison principle, for T ≤ t < ∞

h(θ̂(t)) ≥ (h(θ̂(T )) + δ)e−kωfc(t−T ) − δ. (72)

Step 3. Summarize and refine bounds:
For the period of time t0 ≤ t ≤ T , one can find a range of

k, sufficiently small, to achieve an arbitrarily small change the
parameter (without affecting T > 0). Using the range of k given
by Theorem 3, take k small such that

h(θ̂(t)) ≥ h(θ(t0))− δ (73)

for t0 ≤ t ≤ T . Using h(θ̂(T )) + δ ≥ h(θ(t0)), which follows
from the aforementioned, we summarize the bounds for all t > 0

h(θ̂(t)) ≥ h(θ(t0))− δ for t0 ≤ t ≤ T (74)

h(θ̂(t)) ≥ h(θ(t0))e
−kωfc(t−T ) − δ for T ≤ t < ∞. (75)

Already, one can simply stop here and present the result as
is. In summary, for any δ > 0, one achieves the bounds above
by means of further restriction of the design coefficients that are
given in Theorem 3.

Step 5: When h(θ(t0)) ≥ 0, bound h(θ̂(t)) with a single
inequality.

Consider first (74). Because e−kωfc(t−t0) ≤ 1 on t0 ≤ t ≤ T ,
we multiply the term h(θ(t0)) by e−kωfc(t−t0) in (74) to yield

h(θ̂(t)) ≥ h(θ(t0))e
−kωfc(t−t0) − δ for t0 ≤ t ≤ T. (76)

Next, consider (75), and using the fact that e−kωfc(t0−T ) ≤ 1,
we have the following, similarly:

h(θ̂(t)) ≥ h(θ(t0))e
−kωfc(t−t0) − δ for T ≤ t < ∞. (77)

Step 6: construct a single inequality, which holds for t0 ≤ t < ∞
and all h(θ(t0)).

Consider the Taylor expansion of e−kωfc(t−t0) about k =
0 for t0 ≤ t ≤ T , which is e−kωfc(t−t0) = 1 +O(k). Then,
h(θ(t0)) = h(θ(t0))e

−kωfc(t−t0) +O(k) and

h(θ̂(t)) ≥ h(θ(t0))e
−kωfc(t−t0) − δ +O(k) for t0 ≤ t ≤ T

(78)
following from (76). Using a similar argument with
e−kωfc(t0−T ) = 1 +O(k), we achieve

h(θ̂(t)) ≥ h(θ(t0))e
−kωfc(t−t0) − δ +O(k) for T ≤ t < ∞.

(79)
from (77). With an appropriately small k, we have

h(θ̂(t)) ≥ h(θ(t0))e
−kωfc(t−t0) +O(δ) for t0 ≤ t < ∞.

(80)
Note that this result makes use of the fact that the time T

is independent of k. Because the estimator error convergence
rate given by βξ(Δ, ωf(t− t0)) is independent of k, there will
be some finite time at which estimators are very close to their true
values. During this finite time, we are able to shrink the change
in h by restricting k. This result also relies on Theorem 3 and
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a specific choice of ν to select particular intervals on a, ωf, k,
which yield us the exponential safety result we seek. Therefore,
the intervals of a, ωf, k given in Theorem 4 are perhaps a more
strict set of intervals than the ones given in Theorem 3—if the
user desires the type of safety given in (64).

Furthermore, this safety result is analogous to the statement
on stability. The stability result says that for any set of initial
conditions, one should be able to adjust a, ωf, k such that tra-
jectories are ν-practically stable. The safety result says that for
any set of initial conditions, one should be able to adjust a, ωf, k
such that trajectories are δ-practically stable.

E. Main Results for Dynamical Systems

We follow a similar outline of the transformations and prob-
lem formulation given in [32]. Consider the dynamic system

ẋ = f(x, u), yh = gh(x), yJ = gJ(x) (81)

where f : Rn × R → R and gh, gJ : Rn → R. We will take yJ
as our signal of performance and yh as a measure of safety.
Assume there exist the control law parameterized by θ as

u = β(x, θ) (82)

where θ ∈ Rn. The closed-loop system is

ẋ = f(x, β(x, θ)). (83)

Assumption 8: There exists a function l : Rn → Rn such that
f(x, β(x, θ)) = 0 if and only if x = l(θ). And, for each θ ∈
Rn, the equilibrium x = l(θ) of (83) is globally asymptotically
stable, uniformly in θ.

Under a singular perturbation and time-scale transformation,
the performance map will take the form J(·) = gJ(l(·)) and
the barrier function h(·) = gh(l(·)). We allow the perturbation
frequencies ωi to be scaled by a parameter ωs. This is necessary
to achieve results for dynamical systems, as the perturbation
frequencies must be adjusted to be slower than the plant. Set the
ith component of the perturbation and demodulation signals as
ωst as Si(ωst) = a sin(ωiωst), Mi(ωst) = (2/a) sin(ωiωst).

We must redefine ζ using the measurements of safety and
performance as yh, yJ , as follows:

ζT (ωst, θ, ξ, a) := [(yJ − ξ2)M(ωst)
T , yJ

(yh − ξ4)M(ωst)
T , yh]. (84)

The definition of ξ and F0 are given by (41) and (42). Under the
transformation θ = θ̂ + S(ωst), we have the proposed scheme
for dynamical systems as

ẋ = f(x, β(x, θ̂ + S(ωst)))

˙̂
θ = kωfωsF0(ξ)

ξ̇ = −ωfωs(ξ − ζ(ωst, θ̂ + S(ωst), ξ, a)). (85)

Letting σ = ωst in the new time scale, we write the system as

ωs
dx

dσ
= f(x, β(x, θ̂ + S(σ)))

dθ̂

dσ
= kωfF0(ξ)

dξ

dσ
= −ωf(ξ − ζ(σ, θ̂ + S(σ), ξ, a)). (86)

We construct a reduced system by letting ωs = 0 and taking
x = l(θ̂ + S(σ)). Using the time scale τ = σωf

dθs
dτ

= kF0(ξs)

dξs
dτ

= −
(
ξs − ζ

(
τ

ωf
, θs + S

(
τ

ωf

)
, ξs, a

))
. (87)

Also, we have that yh = gh(l(θ̂ + S(τ/ωf))) and yJ =

gJ(l(θ̂ + S(τ/ωf))) appearing as terms in ζ.
With J(θ) := gJ(l(θ)) and h(θ) := gh(l(θ)), the system (87)

is the same as (46) and (47). The system was demonstrated to
be SPA stable. Therefore, we make the following conclusion
based on similar arguments using averaging and singular per-
turbation results in Theorem 3, and the safety result in Theo-
rem 4. Let z1(t) = ξ(t)− μ(θ̂(t), a), z2(t) = x(t)− l(θ̂(t) +

S(ωst)), and θ̃(t) = θ̂(t)− θ∗c.
Theorem 5 (Stability and Safety for Dynamical Systems):

With J(θ) := gJ(l(θ)) and h(θ) := gh(l(θ)), let Assump-
tions 1–3, 7, and 8 hold. Also, let either 4 and 5 hold or 6
hold. Then, there existβθ, βξ, βx ∈ KL such that for any positive
triple (Δ, ν, δ), there exists a∗ > 0 and ω∗

f > 0 such that for any
a ∈ (0, a∗) and ωf ∈ (0, ω∗

f ), there exists k∗(a) > 0 such that
for any k ∈ (0, k∗(a)), there exists ω∗

s(a, ωf, k) > 0 such that
for any ωs ∈ (0, ω∗

s(a, ωf, k)), the solutions to (85) satisfy

‖θ̃(t)‖ ≤ βθ

(
‖θ̃(t0)‖, kωfωs(t− t0)

)
+ ν (88)

‖z1(t)‖ ≤ βξ (‖z1(t0)‖, ωfωs(t− t0)) + ν (89)

‖z2(t)‖ ≤ βx (‖z2(t0)‖, (t− t0)) + ν (90)

and

h(θ(t)) ≥ h(θ(t0))e
−ckωfωs(t−t0) +O(δ) (91)

for all ‖(θ̃(t0), z1(t0), z2(t0))‖ ≤ Δ, and all t ≥ t0 ≥ 0.
The proof of (88)–(90) follows that of [32]. The proof of

(91) follows naturally using the arguments in Theorem 4 (the
argument is made in exactly the same manner when considering
the bounds (88) and (89) in time scale σ). The only difference
in the result compared to the static case follows from the fact that
the parameter dynamics are scaled by the factor kωfωs resulting
in the time constant in (91) as ckωfωs instead of ckωf as in (64).

VI. EXAMPLE

We present an example that demonstrates the capability of
the Safe ES algorithm as well as the geometry of the Lyapunov
function, which proves the main stability result of this article.
The unknown CBF ish(θ) = cos(θ1)− θ2. This barrier function
yields a nonconvex, semiinfinite safe set. The objective function
isJ(θ) = θ21 + (θ2 − 2)2 with an unconstrained optimum at θ =
(0, 2).

One can check, for this problem, that our assumptions hold.
First, we check Assumption 3 by computing the expression for
∇h(θ)T∇J(θ) = ‖∇h(θ)‖‖∇J(θ)‖ for h(θ) = 0. After some
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Fig. 4. Trajectories θ̂ along with the safe boundary h(θ) = 0 and level
sets of Vα with α = 20. The safe set is below the curve h(θ) = 0.

algebra, we arrive at the following condition in θ1:

q(θ1) = 2θ1 sin(θ1) + 2 cos(θ1)− 4

+ 2
√

θ21 + (cos(θ1)− 2)2
√

sin(θ1)2 + 1 = 0 (92)

which can be shown to have a unique solution at θ1 = 0 and
a corresponding value θ2 = 1, which is the single constrained
minimizer of J on C.

Next, we check that Assumption 4 holds—perhaps one of the
more unintuitive assumptions. After some algebra

∇J(θ)T∇h(θ)

‖∇J(θ)‖‖∇h(θ)‖ = d1(θ2)
θ1 + d2(θ2)√
θ21 + d22(θ2)

(93)

where d1(θ2) = − sin(θ2)/
√

sin(θ2)2 + 1 and d2(θ2) = θ2 −
2. Recall we must check (93) is strictly less than 1 for ρ ≤
h(θ) ≤ 0, for any ρ < 0, far away from constrained minimizer
of J on C—this implies θ2 must be bounded, but θ1 can be large.
This means that d1(θ2), d2(θ2) must be bounded with d2(θ2)
having a more strict bound—approximately ‖d2(θ2)‖ ≤ 0.707.
As ‖θ1‖ grows large, it is clear than (93) tends toward 0.707,
strictly less than 1. Other assumptions are straightforward to
check.

In Fig. 4, we plot trajectories of the Safe ES algorithm, θ̂(t),
from various initial conditions. Design constants are chosen as
a = 0.2, c = 1, k = 0.005, ωf = 0.5, M+ = 104, ω1 = 10, and
ω2 = 13. We also show the shape of the level sets of a hy-
pothesized Lyapunov function Vα for a value of α = 20. (Note:
we prove that a sufficiently large α exists to demonstrate SPA
stability, but it is complicated to check analytically if α = 20 is
sufficient for a specific region of interest.) In the unsafe region,
the contribution of h in Vα becomes noticeable in the wiggles
of the level of Vα. This is because the practical safety result
guarantees that trajectories “climb” the levels of h in order to

Fig. 5. Plot of θ̂(t) from θ̂(t0) = (−15, 0) with estimates GJ (t) and
Gh(t) compared with the true gradients ∇J(θ̂) and ∇h(θ̂).

escape to a safe region, and therefore h appears as a term in
Vα in the unsafe region. In Fig. 5, we show that the gradient
estimates GJ and Gh track their true values in time from the
(unsafe) initial condition θ̂(t0) = (−15, 0).

The trajectories shown are typical of safety filtered control,
with θ̂(t) slithering smoothly around unsafe regions. The ge-
ometric conditions on the static maps of the problem allow
the constrained optimizer to be found, globally, with minor
violations of safety along the way. Trajectories that start safe
(or become safe) do not wander far out of the safe set for the rest
of time, and all trajectories converge to a small region around
the constrained optimum.

VII. CONCLUSION

This article presents Safe ES, an ES controller designed
to minimize an unknown objective function while ensuring
the practical positivity of an unknown, yet measured CBF. In
our approach, we add an approximation of a QP-based safety
filter in the dynamics of the controller, advancing the current
set of ES methodologies used to solve nonconvex constrained
optimization problems. We use nonsmooth analysis tools and a
key Lyapunov argument to help us achieve our main theoretical
results. The notion of practical safety, akin to practical stability,
uses known results, which tell us that the estimates of the
unknown gradients of the problem converge relatively fast (with
respect to the parameter).

APPENDIX

A. Proof of Proposition 1

Proof: Let J(θ) = 1
2θ

TPθ with P � 0 and h(θ) = hT
1 θ +

h0, with some constrained minimizer θ∗c. We assume J has a
global minimizer at 0 without loss of generality as we can always
shift the coordinates to the form assumed.
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Suppose Assumption 4 is not satisfied. Then, ∃ρ < 0 for all
r > 0 for all f ∈ [0, 1) such that

f < ĥT
1

Pθ

‖Pθ‖ ≤ 1 (94)

for θ ∈ {ρ ≤ hT
1 θ + h0 ≤ 0} ∩ {‖θ − θ∗c‖ ≥ r}. Note ĥ1 :=

h1/‖h1‖. Take r = 1 and f = 1− 1
8 (

λmin

λmax
)2 where 0 < λmin ≤

λmax are the smallest and largest eigenvalues of P . For two
unit vectors u and v, we can write ‖u− v‖ =

√
2(1− uT v).

Therefore, with the inner product bound in (94) and the choice
of f , we have∥∥∥∥ĥ1 −

Pθ

‖Pθ‖

∥∥∥∥ =

√
2

(
1− ĥT

1

Pθ

‖Pθ‖

)
∈ [0, λmin/2λmax) .

(95)
The closeness relation between the two unit vectors ĥ1 and
Pθ/‖Pθ‖ implies that, for any point θ, there is a unit vector
d̂ = d̂(θ) such that

ĥ1 = Pθ/‖Pθ‖+ εd̂ (96)

for ε ∈ [0, λmin/2λmax).
Because θ ∈ {ρ ≤ hT

1 θ + h0 ≤ 0}, we have

ρ− h0 ≤ ‖h1‖‖θ‖θ̂T ĥ1 ≤ −h0

ρ− h0 ≤ ‖h1‖‖θ‖
(
θ̂TPθ

‖Pθ‖ + εθ̂T d̂

)
≤ −h0 (97)

substituting ĥ1. The following quantity is strictly positive

θ̂TPθ

‖Pθ‖ + εθ̂T d̂ >
λmin

λmax
− λmin

2λmax
=

λmin

2λmax
> 0. (98)

Therefore, (97) cannot hold for sufficiently large ‖θ‖ because
θ ∈ {‖θ − θ∗c‖ ≥ 1}. �

B. Proof of Lemma 1

Proof: Statement (1): follows from that fact that max
{a, 0}+max{b, 0} = max{a, b, a+ b, 0} for any real a, b.
In our case, a = −αh(θ) and b = J(θ)− J∗. We also have
that max{−αh(θ), J(θ)− J∗,−αh(θ) + J(θ)− J∗, 0} =
max{−αh(θ), J(θ)− J∗,−αh(θ) + J(θ)− J∗} because
h(θ) ≥ 0 implies J(θ)− J∗ ≥ 0, by Assumption 1. By [11,
Proposition 2.3.12], Vα is regular because h(θ), J(θ) each are
regular because they are differentiable, and Vα can be expressed
as a point-wise maximum of regular functions.

Statement (2a): follows directly from [11, Proposition 2.1.2
and Thm. 2.4.7], if two conditions are met. The first condition is
that the set R can be written as a sublevel set of a Lipschitz and
regular function, as in R = {W (θ) ≤ 0}. The second condition
is that for W (θ) = 0, 0 /∈ ∂W (θ).

First, let J̃(θ) = J(θ)− J∗. We can express R as

R = {θ : W (θ) ≤ 0}

where

W (θ) = max{−h(θ) + ρ∗, J̃(θ)− V̄ , J̃(θ)− V̄ − αh(θ)}

and ρ∗ = max{ρ,−V̄ /α}. So, W is Lipschitz and regular
by [11, Proposition 2.3.12].

Now we must show for W (θ) = 0, 0 /∈ ∂W (θ). We consider
θ lying in the three sets spanning Rn. We use Proposition 2 to
compute the generalized gradients of W .

Case 1 h(θ) > 0: Then, W (θ) = J̃(θ)− V̄ and ∂W (θ) =
{∇J(θ)} 
= {0} by Assumption 1.

Case 2 h(θ) = 0: Then, W (θ) = J̃(θ)− V̄ = J̃(θ)− V̄ −
αh(θ). So ∂W (θ) = co{∇J(θ),∇J(θ)− α∇h(θ)}. For some
p ∈ ∂W (θ), p = ∇J(θ)− αλ∇h(θ), for 0 ≤ λ ≤ 1. Because
θ 
= θ∗c, by Assumption 3 we have that p 
= 0.

Case 3 h(θ) < 0: So ∂W (θ) = co{−∇h(θ),∇J(θ)−
α∇h(θ)}. For some p ∈ ∂W (θ), we have the expression
p = −λ1∇h(θ) + λ2(−α∇h(θ) +∇J(θ)), with 0 ≤ λ1, λ2 ≤
1 and λ1 + λ2 = 1.

If Assumption 6 holds, clearly p 
= 0 for sufficiently large
α because ‖∇h(θ)‖ > L by Assumption 2. Choosing α >
L−1 maxθ∈Cρ ‖∇J(θ)‖, guarantees that −α∇h(θ) +∇J(θ) 
=
0, and therefore, p 
= 0.

If Assumptions 4 and 5 hold, then ∇h(θ) 
= s∇J(θ) for
s > 0 outside some ball around θ∗c. We can choose α >
L−1 supθ∈Br∗ (θ∗

c)
‖∇J(θ)‖. Then, p 
= 0. This demonstrates

Statement (2a) and Statement (2c).
Statement (2b): R is compact due to either Assumptions 4

and 5 holding, or 6 holding.
Now we prove {W (θ) = 0} ≡ bd(R).
Step 1: Show if θ ∈ bd(R), then θ ∈ {W (θ) = 0}. By con-

tradiction, suppose θ ∈ bd(R) and θ ∈ {W (θ) < 0}. By conti-
nuity of W , there exists a Bε(θ) such that W (y) < 0 for all y ∈
Bε(θ). Therefore, Bε(θ) ⊆ {W (θ) < 0}. But Bε(θ) ∩Rc =
Bε(θ) ∩ {W (θ) > 0} = ∅, which contradicts θ ∈ bd(R).

Step 2: Show if θ ∈ {W (θ) = 0}, then θ ∈ bd(R). By contra-
diction, suppose θ ∈ {W (θ) = 0} and θ /∈ bd(R). Then, θ /∈ R̄
or θ ∈ Int(R). If θ /∈ R̄, then θ /∈ R because R is closed, which
implies W (θ) > 0, which is a contradiction. If θ ∈ Int(R),
then there exists a Bε(θ) such that Bε(θ) ⊆ Int(R) ⊆ R. Since
θ ∈ {W (θ) = 0}, then W (θ) achieves a local maximum on
Bε(θ), which implies 0 ∈ ∂W (θ) by [11, Proposition 2.3.2],
which is a contradiction as 0 /∈ ∂W (θ) by Statement (2a). �

C. Lemma 5

We group the quantities as the function Q as follows:

Q(θ)T := [∇J(θ)T ,∇h(θ)T , h(θ)] (99)

representing (16) as a function of the estimated vari-
ables F = F (Q(θ)). And with a small disturbance w(t)T =
[w1(t)

T , w2(t)
T , w3(t)] we can consider a system, with distur-

bances to Q, written as

θ̇ = F (Q(θ) + w(t)). (100)

Lemma 5 (Additive Disturbance): Under Assumptions 1 and
2, for any compact set Ω, there exists a M+, ε∗ > 0 such that
for all ε ∈ (0, ε∗) and ‖w‖ < ε, the disturbed dynamics in (100)
can be written as

F (Q(θ) + w(t)) = −∇J(θ)+
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∇h(θ)

‖∇h(θ)‖2 max{∇J(θ)T∇h(θ)− ch(θ), 0}+O(ε) (101)

for all θ ∈ Ω.
Proof: Step 1 (Rewrite Dynamics, Grouping Terms):Note that

terms w(t), wi(t) = O(‖w‖) for i ∈ {1, 2, 3}. We write the
perturbed dynamics F (Q(θ) + w(t)) = Fw as

Fw = −∇J(θ)− w1(t) + min{‖∇h(θ) + w2(t)‖−2,M+}·

max{(∇J(θ) + w1(t))
T (∇h(θ) + w2(t))−

c(h(θ) + w3(t)), 0}(∇h(θ) + w2(t))

= −∇J(θ) + min{‖∇h(θ) + w2(t)‖−2,M+}·

max{∇J(θ)T∇h(θ)− ch(θ), 0}∇h(θ) +O(‖w‖)
(102)

where we group terms proportional to wi as O(‖w‖) and note
that the max term is proportional (or zero) to its argument.

Step 2 (Find Large Enough M+, Small Enough w): Next, we
find a suitably large M+ such that the max term is not active
when min{‖∇h(θ) + w2(t)‖−2,M+} = M+. First, Consider
the infimum

G = inf
θ∈S

‖∇h(θ)‖ > 0 (103)

S = Ω ∩ {∇J(θ)T∇h(θ)− ch(θ) ≥ 0}. (104)

We have that G > 0 because for θ ∈ {h(θ) ≤ 0} ∩ S ,
‖∇h(θ)‖ > L > 0 (Assumption 2), and for θ ∈ S \ {h(θ) ≤
0}, we have that∇J(θ)T∇h(θ) > 0, which implies ‖∇h(θ)‖ >
0.

Now, we choose ‖w2(t)‖ < G/2 and M+ > 4/G2. There-
fore

1

‖∇h(θ) + w2(t)‖2
≤ 1

(G/2)2
=

4

G2
< M+ (105)

for θ ∈ S . Taking ε∗ = G/2, we can express the dynamics
without the min term as

Fw = −∇J(θ) +
max{∇J(θ)T∇h(θ)− ch(θ), 0}

‖∇h(θ) +O(ε)‖2 ∇h(θ)+

O(ε)

(106)

for 0 < ε < ε∗. Note also the bound for the term

1

‖∇h(θ) +O(ε)‖2 < M+ (107)

holding for θ ∈ S for all 0 < ε < ε∗. In (106), we have now also
taken the whole vector w(t) as ε-small for simplicity. Note we
also could have chosen ε∗ = μG (and the bound on ‖w2(t)‖) for
any μ ∈ (0, 1). If taking μ to be larger than 1/2 (we took it as
exactly 1/2), this would have forced a larger choice of M+.

Step 3 (Find anO(ε) Approximation of ‖∇h(θ) +O(ε)‖−2):
We now state two results. The first follows from the triangle in-
equality, and then, squaring both sides of the resulting inequality

‖∇h(θ) +O(ε)‖ ≤ ‖∇h(θ)‖+ ‖O(ε)‖

⇒ ‖∇h(θ) +O(ε)‖2 ≤ ‖∇h(θ)‖2 + ‖O(ε)‖2+

2‖O(ε)‖‖∇h(θ)‖

⇒ ‖∇h(θ) +O(ε)‖2 − ‖∇h(θ)‖2 = O(ε). (108)

The second next result uses the previous result, and determines
a bound on d(θ), with

d(θ) =

∥∥∥∥ 1

‖∇h(θ) +O(ε)‖2 − 1

‖∇h(θ)‖2

∥∥∥∥ . (109)

We have

d(θ) =

∥∥∥∥‖∇h(θ)‖2 − ‖∇h(θ) +O(ε)‖2
‖∇h(θ) +O(ε)‖2‖∇h(θ)‖2

∥∥∥∥ (110)

=

∥∥∥∥‖∇h(θ)‖2 − ‖∇h(θ)‖2 +O(ε)

‖∇h(θ) +O(ε)‖2‖∇h(θ)‖2

∥∥∥∥ (111)

=
‖O(ε)‖

‖∇h(θ) +O(ε)‖2‖∇h(θ)‖2

⇒ 1

‖∇h(θ) +O(ε)‖2 − 1

‖∇h(θ)‖2 = O(ε) (112)

for θ ∈ S . We used the fact in the final line that 1/(‖∇h(θ) +
O(ε)‖2‖∇h(θ)‖2) < M+/G2 is bounded [see (107)] for θ ∈ S .
We now use (112) to express 1/(‖∇h(θ) +O(ε)‖2) in (106) as

Fw = −∇J(θ) + max{∇J(θ)T∇h(θ)− ch(θ), 0}(
1

‖∇h(θ)‖2 +O(ε)

)
∇h(θ) +O(ε) (113)

= −∇J(θ) +
max{∇J(θ)T∇h(θ)− ch(θ), 0}

‖∇h(θ)‖2 ∇h(θ)

+O(ε). (114)

D. Averaging

Proposition 4 (Averaging in C1): Suppose Q : Rn → R is
differentiable with locally Lipschitz Jacobian, then under As-
sumption 7, the following averages can be computed as

1

Π

∫ Π

0

Q(θ + S(t))M(t)dt = ∇Q(θ) +O(a) (115)

1

Π

∫ Π

0

Q(θ + S(t))dt = Q(θ) +O(a2). (116)

Proof: With Si(t) = a sin(ω′
it) and Mi(t) =

2
a sin(ω′

it), we
take the period to be Π given as

Π = 2π × LCM

{
1

ω′
i

}
, i ∈ {1, 2, . . . , n} (117)

where LCM is the least common multiple. Consider

1

Π

∫ Π

0

Si(t)Mj(t)dt =

{
1, if i = j
0, if i 
= j

(118)

1

Π

∫ Π

0

Si(t)Sj(t)dt =

{
a2

2 , if i = j
0, if i 
= j

(119)

and note that Q(θ + S(t)) can be Taylor expanded [18, Thm.
B.6] around θ as

Q(θ + S(t)) = Q(θ) + S(t)TDQ(θ) +O(a2). (120)
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Now let us expand the left-hand side of (115) as

1

Π

∫ Π

0

Q(θ + S(t))M(t)dt =
1

Π

∫ Π

0

(
Q(θ)M(t)

+ S(t)TDQ(θ)M(t) +O(a2)M(t)
)
dt (121)

into three terms. The term Q(θ)M(t) averages to zero because
M has zero average. The term S(t)TDQ(θ)M(t) averages to
DQ(θ) by (118). The last term can be written as O(a) because
M ∝ 1/a. Therefore,

1

Π

∫ Π

0

Q(θ + S(t))M(t)dt = DQ(θ) +O(a). (122)

Because S(t) averages to 0, expanding (116), we have

1

Π

∫ Π

0

Q(θ + S(t))dt =
1

Π

∫ Π

0

(
Q(θ) + S(t)TDQ(θ)

+O(a2)
)
dt (123)

= Q(θ) +O(a2). (124)

�
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[47] Y. Tan, D. Nešić, and I. Mareels, “On non-local stability properties of
extremum seeking control,” Automatica, vol. 42, no. 6, pp. 889–903,
2006. [Online]. Available: https://www.sciencedirect.com/science/article/
pii/S0005109806000690

[48] A. R. Teel, L. Moreau, and D. Nesic, “A unified framework for input-
to-state stability in systems with two time scales,” IEEE Trans. Autom.
Control, vol. 48, no. 9, pp. 1526–1544, Sep. 2003.

[49] A. R. Teel and D. Popovic, “Solving smooth and nonsmooth multivariable
extremum seeking problems by the methods of nonlinear programming,”
in Proc. Amer. Control Conf., 2001, pp. 2394–2399.

[50] L. Wang, A. D. Ames, and M. Egerstedt, “Safety barrier certificates for
collisions-free multirobot systems,” IEEE Trans. Robot., vol. 33, no. 3,
pp. 661–674, Jun. 2017.

[51] Y. Wang et al., “Enforcing hard constraints with soft barriers: Safe re-
inforcement learning in unknown stochastic environments,” in Proc. Int.
Conf. Mach. Learn., 2023, pp. 36593–36604.

[52] P. Wieland and F. Allgöwer, “Constructive safety using control barrier
functions,” in IFAC Proc. Vols., vol. 40, no. 12, pp. 462–467, 2007.
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