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Ensembles of Hyperbolic PDEs:
Stabilization by Backstepping

Valentin Alleaume and Miroslav Krstic , Fellow, IEEE

Abstract—For the quite extensively developed par-
tial differential equations (PDE) backstepping method-
ology for coupled linear hyperbolic PDEs, we provide
a generalization from finite collections of such PDEs,
whose states at each location in space are vector-
valued, to previously unstudied infinite (continuum) en-
sembles of such hyperbolic PDEs, whose states are
function-valued. The motivation for studying such systems
comes from traffic applications (where driver and vehicle
characteristics are continuously parametrized), fluid and
structural applications, and future applications in popula-
tion dynamics, including epidemiology. Our design is of an
exponentially stabilizing scalar-valued control law for a PDE
system in two independent dimensions, one spatial dimen-
sion and one ensemble dimension. In the process of gener-
alizing PDE backstepping from finite to infinite collections
of PDE systems, we generalize the results for PDE back-
stepping kernels to the continuously parametrized Goursat-
form PDEs that govern such continuously parametrized
kernels. The theory is illustrated with a simulation example,
which is selected so that the kernels are explicitly solvable,
to lend clarity and interpretability to the simulation results.

Index Terms—Analysis of PDEs, calculus, mathematics,
optimization and control.

I. INTRODUCTION

THIS article extends the results on control of finitely-many
coupled hyperbolic partial differential equations (PDEs),

using the PDE backstepping method, to control of infinitely
many (uncountably many, i.e., a continuum of) such PDEs.

A. Backstepping for Coupled Hyperbolic PDEs

Even though PDE backstepping was first developed for
parabolic systems [31], the hyperbolic PDE class is nowadays a
more natural PDE class from which to begin the study of PDE
backstepping. This is because in the easier, hyperbolic case [4],
[24], only a single derivative in space arises.
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The relative ease of dealing with PDEs with a single derivative
in space has resulted in the control of hyperbolic PDEs growing
into a rich area of research. The greatest progress in the hyper-
bolic case has been in the development of feedback laws that sta-
bilize coupled hyperbolic systems with fewer inputs than PDEs.
A pair of coupled hyperbolic PDEs was stabilized first, with a
single boundary input in [9]. An extension to n+ 1 hyperbolic
PDEs with a single input was introduced in [13], an extension
to n+m PDEs with boundary actuation on m “homodirec-
tional” PDEs in [20] and [21], an extension to cascades with
ordinary differential equations (ODEs) in [17], an extension to
“sandwiched” ODE-PDE-ODE systems in [36] and [37], and an
extension to coupled hyperbolic PDEs with a zero characteristic
speed [10]. Redesigns robust to delays are provided in [2] and
[3]. PDE backstepping-based output-feedback regulation with
disturbances is proposed in [11] and [12]. Adaptive versions of
backstepping designs for coupled hyperbolic PDEs are provided
in the book [1].

We focus here on the extensions of the watershed result in [13],
which considered a finite ensemble of coupled first-order hyper-
bolic PDEs, to infinite/continuum ensembles of PDEs, under a
single input. The capability provided in [13] had had an impact
in multiple application domains: for fluid flows, in canals with
sediments [14] and in canals with unmixed fluids [15], inflexible
structures modeled by the Timoshenko model of elasticity [6]
and in multilayer beams [18], in traffic flows [5], [22], [42] with
multiple classes of vehicles (small, medium, trucks) and drivers
(young and old, fresh and tired, aggressive and defensive, etc.),
and for multiphase flow in oil drilling (oil, water, natural gas,
and “mud” for evacuating rock cuttings during drilling).

B. From Coupled PDEs, and Ensemble ODEs, to
Ensemble PDEs

There is no reason to “quantize” populations into unnatural
and arbitrary finite clusters or quantiles when they actually exist
on a continuum. Particularly obvious is that vehicles in traffic
exist on a continuum relative to weight/inertia and power, and
that drivers certainly are on a continuum relative to age or fatigue,
drowsiness, and mood. The case for advancing the control of
hyperbolic PDE ensembles from finite to continuum/infinite
ensembles is further amplified by the fact that, in the continuum
limit, the theory becomes notationally cleaner and conceptually
clearer.

We, therefore, consider coupled hyperbolic PDEs on a one-
dimensional domain, normalized for clarity to the unit interval
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x ∈ [0, 1]. The ensemble variable y parametrizes the PDEs
within the ensemble. For notational convenience, we also nor-
malize y so that it belongs to [0,1]. In conclusion, we have
a PDE system with independent variables(x, y) ∈ [0, 1]2. This
may appear as a PDE on a square (2-D) domain but it is not.
Partial derivatives in space appear only with respect to x, with
no derivatives in y. Only interconnections among the ensemble
members appear, as integrals in y. Hence, the problem consid-
ered is an infinite collection of 1-D PDEs, with a scalar/single
input at one boundary. Such PDEs are sometimes referred to as
“quasi-2D” or, in a colloquial discourse, even as “1.5-D” PDEs.

From the stabilization perspective, there is a major distinc-
tion between 2-D and quasi-2D (namely, ensemble 1-D) PDEs.
While 2-D PDEs are, in general, not stabilizable using scalar-
valued boundary control (requiring, instead, boundary control
that varies not only with time but also with the spatial location
on the boundary of the 2-D domain), the quasi-2D PDE class we
consider lends itself to stabilization using a single PDE input.
This drastic difference, primarily from the applicability point of
view, is one of the strong motivators for the study of ensemble
PDE stabilization.

One can regard many of the existing results on PDE backstep-
ping control as results for ensemble PDE systems. The majority
of such results are for parabolic PDEs. For instance, the result
for coupled parabolic PDEs [29], a distant parabolic cousin of
the hyperbolic results in [13], [20], and [21], is for a finite
ensemble of parabolic PDEs. PDE backstepping results in any
dimension higher than one, in particular, in 2-D, can be regarded
as a very basic form of ensemble PDEs. For instance, the 2-D
Navier-Stokes PDE governing the infinite-channel (Poiseuille)
flow in [33] is governed by the boundary-controlled 1-D ensem-
ble PDE [33, eq. (67)] in the y-direction, which we partly quote
here for convenience

ut =
1

Re

(
uyy − 4π2k2u

)
+ 8πkiy(y − 1)u+ · · · (1)

and where k ∈ R, usually referred to as the wavenumber, is the
Fourier transform variable in the x-dimension (streamwise) and
represents an ensemble variable. A similar but slightly more
general ensemble structure can be noted in the 2-D magnetohy-
drodynamic (Hartmann) flow [39, eq. (59)]. But the 2-D PDEs
in [33] and [39] are not ensemble PDEs in the fully general
sense because they do not exhibit coupling among the PDEs in
the wavenumber k.

The only 2-D PDE example tackled, thus, far with back-
stepping, which exhibits a general ensemble structure is the
spatially periodic flow on an annulus, called the “convection
loop,” in which the thermal dynamics [32, eq. (15)], which are
boundary-controlled in the direction of the radial coordinate r,
are coupled in the annular coordinate θ through the integral in
φ. However, unlike the hyperbolic ensembles in this article,
for which we permit only a scalar input, an angle-dependent
(i.e., function of space) boundary control is employed in [32,
eq. (31)]. Finally, one can recognize a rudimentary form of
a PDE ensemble system in the 1-D reaction–diffusions PDE
with delayed distributed actuation [28, eqs. (7)–(12)], but this
system also employs a functional input, parametrized by the

ensemble variable x, rather than a scalar input like in this
article.

The notion of ensemble systems has generated a rich literature
on infinite-dimensional non-PDE systems. A few references
that may stand out for being broadly known are [7], [8], [16],
[19], [25], [26], [40]. The inspiration for such systems comes
from physics and other disciplines. This ODE-like ensemble
control literature deals predominantly (though not exclusively)
with controllability. It does not deal with stabilization. Given
that ensemble systems are infinite-dimensional, with ensemble
variables taking real (rather than integer) values, it is relevant to
see their connection with PDE systems, as well as to recognize
that, unlike PDEs, the operations that arise in the models of those
ensemble systems exclude derivatives (while possibly including
integrals) with respect to the ensemble variables. Hence, the
research on control of ensemble PDEs is an important extension
in two directions: an extension of PDE control to ensemble
PDEs and an extension of the ODE-like ensemble control to
PDE ensembles.

The difference between a 1-D ensemble PDE with a single
input and a 2-D PDE with a single input is that the latter would,
in general, not necessarily be stabilizable, if open-loop unstable.
Our problem is solvable because decoupling the single PDE from
the ensemble suffices for stabilization, since it is the coupling
that causes instability in open loop. Such a property highlights
the interest of 1-D ensemble PDE over 2-D PDE and is promising
for future applications.

C. Application Inspiration

The framework we introduce here, while primarily inspired
by traffic and its continuum of classes of vehicles and drivers,
is also applicable to fluids that are continuously stratified, struc-
tures that are not layered/laminated from discrete materials but
manufactured with a continuous variation of materials, and many
other applications that we expect to come to the attention of the
research community as a result of this control design capability
becoming known.

While in this article we focus on ensembles of coupled hyper-
bolic PDEs with boundary actuation, there is interest in this topic
for other classes of PDEs, both for mathematical and application-
driven reasons. One class is ensemble parabolic PDEs, which in-
corporates the dynamics of Lithium-ion batteries. Another class
is coupled first-order hyperbolic PDEs with in-domain bilinear
actuation, which incorporates numerous classes of population
dynamics, ranging from biotechnology to epidemiology. This
range of potential future developments underscores our interest
in this topic and the relevance of the developments in this article.

D. Organization

The class of ensemble hyperbolic PDEs is introduced in
Section II. The PDE backstepping control design is pre-
sented in Section III. Closed-loop stability is shown in Sec-
tion IV. Kernels that arise in the target system are derived in
Section V. Kernels that arise in the backstepping transforms and
the control law are studied in Section VI. Simulation results are
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presented in Section VII. Finally, Section VIII concludes this
article.

E. Contribution

This article generalizes the result of [13] from finitely many
to infinitely (uncountably) many PDEs; from vector ensembles
to functional ensembles. In addition to performing the necessary
generalizations of all the technical results in [13] from Euclidean
to Hilbert spaces, there are unique technical challenges that we
have to overcome in infinite dimension, such as the continuity of
the characteristic curves with respect to the ensemble variable,
which we tackle in Section VI-B.

II. COUPLED HYPERBOLIC PDE ENSEMBLE WITH

BOUNDARY ACTUATION

We adapt the results of Di Meglio’s et al. [13] to the case
where the homodirectional portion of the coupled hyperbolic
PDE system is no longer a finite-dimensional vector, u(t, x) =
[u1(t, x), . . . , un(t, x)]

T, with a spatial variable x ∈ [0, 1], but
an uncountably infinite-dimensional vector, namely, an ensem-
ble, denoted by u(t, x, y), where y ∈ [0, 1]. Note that even if x
and y are formally similar, they do not serve the same purpose:
x is the spatial variable, whereas y is the ensemble variable.
There is convection (differentiation) in the x variable but no
convection in the y variable (only integration). It is without loss
of generality that both x and y are taken in the unit interval—any
other finite interval can be shifted and scaled to the unit interval.
(It should not be surprising that the unit interval is favored both
for the spatial interval in the PDE literature and for the ensemble
interval in the ensemble ODE control literature.)

We consider control design for an ensemble of coupled hy-
perbolic PDEs governed by

ut(t, x, y) + λ(x, y)ux(t, x, y) =

∫ 1

0

θ(x, y, η)u(t, x, η)dη

+W (x, y)v(t, x) (2)

vt(t, x)− μ(x)vx(t, x) =

∫ 1

0

Ξ(x, y)u(t, x, y)dy

(3)

with boundary conditions

u(t, 0, y) = q(y)v(t, 0) (4)

v(t, 1) = U(t) (5)

and where (2) and (4) are verified for every y ∈ [0, 1]. This
system is the ensemble equivalent of the system in DiMeglio’s
and al [13] with some adaptations to the infinite dimensional
context, the most noticeable one being the coupling terms that
are now integrals over y instead of summations over i.

In system (2)–(5), θ ∈ C0([0, 1]3,R), Ξ,W ∈ C([0, 1]2,R)
are the coupling terms, λ, μ ∈ C0([0, 1]2,R∗

+)× C0([0, 1],R∗
+)

are the transport terms, q ∈ L2 is the coupling term on the x = 0
boundary, and U(t) ∈ R is the control applied on the x = 1
boundary of the v equation at time t. Note that, contrary to what
is done in [9], we do not impose q �= 0 and we just need ||q||2

to be bounded. We want to show the direct connection between
system (2)–(5) and the system introduced in [13].

So, we proceed by considering a PDE with a state u[t, x] ∈
E, where E is the Hilbert space of square-integrable functions
of y ∈ [0, 1] and 〈p , g〉E =

∫ 1

0 p(y)g(y)dy denotes Es inner
product. In what follows, the notation u[t, x] := u(t, x, ·) serves
to suppress the dependence on y in u(t, x, y), whereas {·} serves
to denote an action of an operator on its argument (such an
operator may be finite or infinite-dimensional, diagonal, integral,
or differential). We denote as L(E) the space of linear operators
whose arguments are vectors in E (i.e., functions of y).

With this notation, we consider a PDE system on a domain
with a spatial variable x ∈ [0, 1], with time t ≥ 0, whose state
(u, v) has a component u that takes values in E for each (t, x)
and a component v that takes real values for each (t, x), and
which is governed by the equations

ut[t, x] +L(x){ux[t, x]} = Θ(x){u[t, x]}
+W [x]v(t, x) (6)

vt(t, x)− μ(x)vx(t, x) = 〈Ξ[x] , u[t, x]〉E (7)

with boundary conditions

u[t, 0] = qv(t, 0) (8)

v(t, 1) = U(t) (9)

where q ∈ E and, for each x ∈ [0, 1], W [x], Ξ[x] are vectors in
E (i.e., functions of y) and Θ(x),L(x) ∈ L(E). The integral
operator Θ(x) is defined, for x ∈ [0, 1], as

∀a ∈ E, Θ(x){a}(y) =
∫ 1

0

θ(x, y, η)a(η)dη (10)

and, using θ(x, y, η) = λ(x, y)δ(y − η), where δ is Dirac’s delta
function, the positive diagonal multiplication operator L is
defined, as a special case of Θ, as

∀x ∈ [0, 1] ∀a ∈ E, L(x){a}(y) = λ(x, y)a(y)

with ∀y ∈ [0, 1], λ(x, y) > 0. (11)

For an integral operator defined as in (10) we define its adjoint
operator Θt(x)

∀a ∈ E, Θt(x){a}(y) =
∫ 1

0

θ(x, η, y)a(η)dη. (12)

Using Fubini’s theorem, we observe that it satisfies

∀a, b ∈ E2, 〈a , Θ(x){b}〉E = 〈Θt(x){a} , b〉E (13)

III. BACKSTEPPING DESIGN

The target system is sought in the “cascade” form

αt[t, x] +L(x){αx[t, x]} = Θ(x){α[t, x]}+W [x]β(t, x)

+

∫ x

0

κ[x, ξ]β(t, ξ)dξ

+

∫ x

0

C(x, ξ){α[t, ξ]}dξ (14)

βt(t, x)− μ(x)βx(t, x) = 0 (15)

with boundary conditions

α[t, 0] = qβ(t, 0) (16)
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Fig. 1. Interrelation among various technical and principal results in
this article, leading to the main result on feedback stabilization in Theo-
rem 1. Theorem 2 establishes stability of the target system and Theorem
3 establishes the well posedness of the kernels of the ensemble back-
stepping transformation.

β(t, 1) = 0 (17)

where q is the same arbitrary vector of E as in (8), and where
the kernel κ[x, ξ] ∈ E and the operator C(x, ξ) ∈ L(E) are yet
to be specified, with T being the triangular domain

T = {0 ≤ ξ ≤ x ≤ 1} . (18)

In order to better visualize how the different PDE’s are coupled
in systems (2)–(5) and (6)–(9) one can refers to [13, Figs. 1 and
2]. With k[x, ξ], which denotes a vector in E (i.e., a function of
y), and a scalar-valued k̃(x, ξ), both of which are functions of
x and ξ in T yet to be specified, we introduce the backstepping
transformation

α[t, x] = u[t, x] (19)

β(t, x) = v(t, x)−
∫ x

0

〈k[x, ξ] , u[t, ξ]〉Edξ

−
∫ x

0

k̃(x, ξ)v(t, ξ)dξ. (20)

In order to deal with the joint state γ(t, x) =

(
α[t, x]
β(t, x)

)
and

w(t, x) =

(
u[t, x]
v(t, x)

)
, we introduce E∗ = E × R and 〈·, ·〉∗ its

canonical inner product. We define

k∗(x, ξ) =

(
k[x, ξ]

k̃(x, ξ)

)
. (21)

Fig. 2. Visualization of the continuity of sf (y, x, ξ) regarding the pa-
rameter y with fixed (x, ξ). This point is the abscissa at which the de-
creasing function t 
→ z(t) intersects the increasing function t 
→ w(y, t),
continuously parameterized by y.

Such that (20) rewrites

β(t, x) = v(t, x)−
∫ x

0

〈k∗(x, ξ) , w(t, ξ)〉∗ dξ. (22)

We denote α[t] = α(t, ·, ·) and introduce the L2
x,y norm of the

joint system∥∥∥∥
(
α[t]
β[t]

)∥∥∥∥
x,y

=

√∫ 1

0

‖α[t, x]‖2E + β(t, x)2dx

=

√∫ 1

0

‖γ(t, x)‖2∗dx. (23)

Our goal is to find conditions for (k, k̃) to yield (15). After some
calculation (see Appendix B), we derive a sufficient condition
for this equality to be true: the kernels k and k̃ verifying for
(x, ξ) ∈ T the ensemble (in y) coupled system of first-order
hyperbolic PDEs (in x and ξ) given by

μ(x)kx[x, ξ]−L(ξ){kξ[x, ξ]} =
(
(L′ +Θt)(ξ)

)
{k[x, ξ]}

+ Ξ[ξ]k̃(x, ξ) (24)

μ(x)k̃x(x, ξ) + μ(ξ)k̃ξ(x, ξ) = − μ′(ξ)k̃(x, ξ)

+ 〈W [ξ] , k[x, ξ]〉E (25)

with boundary conditions

(L(x) + μ(x)Id){k[x, x]} = − Ξ[x] (26)

μ(0)k̃(x, 0) = 〈q,L(0){k[x, 0]}〉E . (27)

The existence of solutions (k, k̃) of this system, which are
regular enough, is for now assumed, but will be proved in
Theorem 3. For the reader’s fuller clarity, we point out that the
“scalar-valued” form of the Goursat PDEs for (k, k̃), in spatial
variables (x, ξ) and ensemble variable y, on the “prysm-shaped”
(3-D) domain 0 ≤ ξ ≤ x ≤ 1, 0 ≤ y ≤ 1, is given by

μ(x)k̃x(x, ξ) + μ(ξ)k̃ξ(x, ξ)
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= −μ′(ξ)k̃(x, ξ) +

∫ 1

0

W (x, y)k(x, ξ, y)dy (28)

μ(x)kx(x, ξ, y)− λ(ξ, y)kξ(x, ξ, y)

= λx(ξ, y)k(x, ξ, y) +

∫ 1

0

θ(ξ, η, y)k(x, ξ, η)dη

+ Ξ(ξ, y)k̃(x, ξ) (29)

with boundary conditions

k(x, x, y) = − Ξ(x, y)

λ(x, y) + μ(x)
(30)

k̃(x, 0) =
1

μ(0)

∫ 1

0

q(y)λ(0, y)k(x, 0, y)dy (31)

where k(x, ξ, η) = k[x, ξ](η).
We now formulate the main result about the controller design,

similar to [13, Th. 3.2].
Theorem 1 (Stability of the system): Suppose that W,Θ ∈

C0([0, 1], E), λ, μ ∈ C1([0, 1]2,R∗
+)× C1([0, 1],R∗

+), and Θ ∈
C0([0, 1],L(E)) is uniformly bounded (in the sense of operator
norm associated with ‖ · ‖E). Then, the control law

U(t) =

∫ 1

0

〈k∗(1, ξ) , w(t, ξ)〉∗ dξ (32)

where k∗ is a continuous solution of system (24)–(27) as defined
as in (22), guarantees that the closed-loop system (6)–(9), (32)
is exponentially stable in the ensemble L2

x,y norm given by

[
∫ 1

0 (
∫ 1

0 u2(t, x, y)dy + v2(t, x))dx]1/2.
It is helpful to note from (15), (17) that the state β of the

autonomous system βt = μβx, β(t, 1) = 0 converges to zero in
finite time, upon which, the remaining ensemble dynamics of
the system α = u are governed, based on (19), (14), (16), by

ut(t, x, y) = − λ(x, y)ux(t, x, y)

+

∫ 1

0

θ(x, y, η)u(t, x, η)dη

+

∫ 1

0

∫ x

0

c(x, ξ, y, η)u(t, ξ, η)}dξdη (33)

u(t, 0, y) = 0 (34)

where the kernel c is defined such that

∀(x, ξ, a) ∈ T × E

C(x, ξ){a}(y) =
∫ 1

0

c(x, ξ, y, η)a(η)dη. (35)

Note that every operator of L(E) does not always have such an
integral expression in terms of a scalar kernel. However, for this
specific operator C it is the case as we can derive this scalar
expression with the kernel

c(x, ξ, y, η) = W (x, y)k(x, ξ, η) +

∫ x

ξ

κ(x, s, y)k(s, ξ, η)ds

(36)
where κ is the solution of the (spatial) integral equation

κ(x, ξ, y) = W (x, y)k̃(x, ξ) +

∫ x

ξ

k̃(x, ξ)κ(x, s, y)ds. (37)

We return to these expression in the more compact form in (53).

System (33), (34) is not necessarily finite-time stable but,
thanks to the fact that the stateu convects only in the (increasing)
direction of x, neither the integral in η over [0,1] nor the integral
in ξ over [0, x] are destabilizing to the purely transport dynamics
ut(x, y, t) + λ(x, y)ux(x, y, t) = 0. In other words, this system
has no feedback/recirculation from downstream (larger x) to
upstream (smaller x), whereas the integration in y represents
only “exchange” of the state at a given transport position x, so,
in addition to transport there may be growth but only over a
finite distance. As, system (33), (34) is exponentially stable, so
is system (14)–(16), as (implicitly) asserted in Theorem 1 and
proved in the following section.

IV. PROOF OF STABILITY (THEOREM 1)

The sketch of the proof is in two step: assess the stability of the
target system and then show that the stability of both systems are
equivalent. The relation between the different results developed
is schematized in Fig. 1.

We first prove the exponential stability of the target system
(14)–(16), similarly to what has been done in [13, Lemma 3.1].
We employ the following Lyapunov function, parametrized by
p > 0 and δ > 0, and given in the compact and scalar notations,
respectively, by

V (t) = p

∫ 1

0

e−δx〈α[t, x],L(x)−1{α[t, x]}〉Edx

+

∫ 1

0

1 + x

μ(x)
β(t, x)2dx

= p

∫ 1

0

e−δx

∫ 1

0

1

λ(x, y)
α2(t, x, y)dydx

+

∫ 1

0

1 + x

μ(x)
β(t, x)2dx. (38)

Theorem 2 (Target system stability): Suppose that x 
→ W [x]
is a bounded functions (in the ‖ · ‖E norm) that k∗ is continuous
and that both L−1 and Θ are also bounded operator of L(E) for
every x. Then, the equilibrium 0 of the target system (14)–(16)
is exponentially stable in the L2

x,y norm.
One can check in Appendix A that (38) is indeed an adequate

Lyapunov function under the assumptions of Theorem 2. We
have introduced the continuous kernels (k, k̃) [solution of sys-
tem (24) and (25) with boundary conditions (26) and (27)] for
transforming the original system into the target system. We also
need to introduce the inverse kernel for transforming the target
system back into the original system.

Proposition 1: There exist unique continuous kernels l∗ =

(
l[x, ξ]

l̃(x, ξ)
) ∈ C([T , E∗]) such that the inverse of the backstepping

transformation (20) is given by

v(t, x) = β(t, x) +

∫ x

0

〈l∗(x, ξ) , γ(t, ξ)〉∗ dξ. (39)

The expressions of these kernels are derived in Appendix C.
Their existence, uniqueness, and continuity follow from the
existence, uniqueness, and continuity of the direct kernels k∗.
Theorem 3 ensures that those properties are met. We now have
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exposed all the necessary intermediate result to prove Theo-
rem 1. Those intermediate result will be proven in Sections V and
VI while some lengthy calculations are exposed in the Appendix.

Proof of Theorem 1 : Applying Theorem 3 (proved in Sec-
tion VI) to the system

μ(x)Fx −L(ξ){Fξ} = a[x, ξ]G+B(x, ξ){F} (40)

μ(x)Gx + μ(ξ)Gξ = d(x, ξ)G+ 〈e[x, ξ] , F 〉E (41)

F [x, x] = f [x] (42)

G(x, 0) = 〈g[x] , F [x, 0]〉E (43)

with a[x, ξ] = Ξ[ξ], d(x, ξ) = −μ′(ξ), e[x, ξ] = W [ξ],
B(x, ξ) = L′(ξ) +Θt(ξ), f [x] = −(L+
μ(x)Id)−1{Ξ[x]}, g[x] = 1

μ(0)L(0){q}, G = k̃, F = k we
get the existence and continuity of the augmented kernel k∗.
Following Proposition 1, we also get the existence of its inverse
kernel l∗. Thanks to continuity of both kernels, we introduce

K = max
(x,ξ)∈T

‖k∗(x, ξ)‖∗, L = max
(x,ξ)∈T

‖l∗(x, ξ)‖∗. (44)

Thanks to Theorem 2 we therefore have the existence of C and
ε such that

‖γ[t]‖x,y ≤ C‖γ[0]‖x,ye−εt. (45)

We then have, thanks to (39)

‖w(t, x)‖∗ =
∥∥∥∥
(
α[t, x]
v(t, x)

)∥∥∥∥
∗
=

∥∥∥∥
(
α[t, x]
β(t, x)

)

+

(
0∫ x

0 〈l∗(x, ξ) , γ(t, ξ)〉∗ dξ

)∥∥∥∥
∗

≤ ‖γ(t, x)‖∗

+

∣∣∣∣
∫ x

0

〈l∗(x, ξ) , γ(t, ξ)〉∗ dξ
∣∣∣∣

≤ ‖γ(t, x)‖∗ + L

∫ 1

0

‖γ(t, ξ)‖∗ dξ. (46)

Therefore, using Jensen’s inequality

‖w[t]‖2x,y ≤
∫ 1

0

‖γ(t, x)‖2∗dx

+ L2

(∫ 1

0

‖γ(t, ξ)‖∗ dξ
)2

+

∫ 1

0

2L‖γ(t, x)‖∗
∫ 1

0

‖γ(t, ξ)‖∗ dξdx

≤ (1 + 2L+ L2)

∫ 1

0

‖γ(t, x)‖2∗dx. (47)

Similarly, using (22)

‖γ(t, x)‖∗ =
∥∥∥∥
(
u[t, x]
β(t, x)

)∥∥∥∥
∗
=

∥∥∥∥
(
u[t, x]
v(t, x)

)

−
(

0∫ x

0 〈k∗(x, ξ) , w(t, ξ)〉∗ dξ

)∥∥∥∥
∗

≤ ‖w(t, x)‖∗

+

∣∣∣∣
∫ x

0

〈k∗(x, ξ) , w(t, ξ)〉∗ dξ
∣∣∣∣

≤ ‖w(t, x)‖∗ +K

∫ 1

0

‖w(t, ξ)‖∗ dξ (48)

which yields

‖γ[t]‖x,y ≤ (1 +K)‖w[t]‖x,y. (49)

In the end we have

‖w[t]‖x,y ≤ (1 + L)‖γ[t]‖x,y
≤ (1 + L)C‖γ[0]‖x,ye−εt

≤ (1 + L)C(1 +K)‖w[0]‖x,ye−εt. (50)

This does show that the target system is exponentially stable and
concludes the proof. �

V. EXISTENCE AND CONTINUITY OF CASCADE CONNECTION

VOLTERRA KERNEL IN THE TARGET SYSTEM (14)–(17)

We now turn our attention to the target system’s equation (14)
and (15), whose operatorC and kernel κ have not been specified
yet. We assume the backstepping transformation kernels (k, k̃)
as known/given. Plugging (19) and (20) into (7) gives

0 =

∫ x

0

(
〈k[x, ξ] , u(t, ξ)〉EW [x]−C(x, ξ){u[t, ξ]}

+

∫ ξ

0

〈k[x, s] , u(t, s)〉Eκ[x, ξ]ds
)
dξ

+

∫ x

0

(
k̃(x, ξ)W [x]− κ[x, ξ]

+

∫ ξ

0

k̃(ξ, s)κ[x, ξ]ds

)
v(t, ξ)dξ. (51)

This is true if, for all ((x, ξ), a) ∈ T × E, κ and C satisfies

κ[x, ξ] = W [x]k̃(x, ξ) +

∫ x

ξ

k̃(s, ξ)κ[x, s]ds (52)

C(x, ξ){a} = 〈k[x, ξ] , a〉EW [x]

+

∫ x

ξ

〈k[s, ξ] , a〉Eκ[x, s]ds. (53)

Equation (52) is known as a Volterra equation of the second kind.
It is known that such an equation admits an unique continuous
solution in the scalar case (see, e.g., [35, ch. 8]). E being
complete allows to use the method of successive approximations
and to formulate the same results (see Lemma 1) for infinite
dimensional unknown κ[x, ξ](y) = κ(x, ξ, y).

Lemma 1: If k̃ ∈ C(T ,R), W ∈ C([0, 1], E), and E is com-
plete, (52) for the unknown κ admits a continuous solution. Fur-
thermore, this solution can be expressed in terms of a continuous
inverse kernel k̃∞ ∈ C(T ,R) as follows:

κ[x, ξ] = κ0[x, ξ] +

∫ x

ξ

k̃∞(s, ξ)κ0[x, s]ds (54)

with κ0[x, ξ] = W [x]k̃(x, ξ). (55)

The existence and continuity of C readily follows from (53),
the continuity of W , which is assumed, and the continuity of κ
and k, which is proven in Lemma 1 and Theorem 3.
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Proposition 2: The kernels κ and C defined by (52) and (53)
exist and are continuous.

Proof of Lemma 1: Let (κn)n ∈ C(T , E)N be a sequence of
functions defined by induction

κ0 : (x, ξ) ∈ T 
→ k̃(x, ξ)W [x] ∈ E (56)

κn+1 : (x, ξ) ∈ T 
→ κ0[x, ξ]

+

∫ x

ξ

k̃(s, ξ)κn[x, s]ds. (57)

We then define the functions Δκn+1 = κn+1 − κn, which ver-
ify the induction formula

Δκ0[x, ξ] = κ0[x, ξ] (58)

Δκn+1[x, ξ] =

∫ x

ξ

k̃[s, ξ]Δκn[x, s]ds. (59)

We introduce M and K such that

∀(x, ξ) ∈ T , |k̃(x, ξ)| ≤ K (60)

‖W [x]‖E ≤ M. (61)

We show by induction that

∀(x, ξ) ∈ T , ‖Δκn[x, ξ]‖E ≤ MK
(K(x− ξ))n

n!
. (62)

This is readily shown for n = 0. Suppose this inequality is true
for some n ∈ N. We then have for all (x, ξ) ∈ T

‖Δκn+1[x, ξ]‖E ≤
∫ x

ξ

K‖Δκn[x, s]‖Eds

≤ KMK
Kn

n!

∫ x

ξ

(x− s)nds

= MK
(K(x− ξ))n+1

(n+ 1)!
. (63)

We can also show by induction that Δκn are continuous func-
tions of x and ξ. The series

∑
Δκn being normal convergent in

the complete space C(T , E), ‖ · ‖∞ we know that it uniformly
converges to a continuous function κ. Furthermore, κ verifies
(52) thanks to telescoping. So far we have proven the existence
of a continuous solution of (52). We would now like to show the
existence of a continuous inverse kernel k̃∞ verifying (54).

Similarly as what is done in [30, 2.3 p.19], we define by
induction the following sequence of kernels (k̃n)n ∈ C(T ,R)N

∗

∀(x, ξ) ∈ T , k̃1(x, ξ) = k̃(x, ξ) (64)

k̃n+1(x, ξ) =

∫ x

ξ

k̃(s, ξ)k̃n(x, s)ds. (65)

Using (59) and inverting the order of integration over the trian-
gular domain of integration we can show by induction that

∀n ≥ 1, Δκn[x, ξ] =

∫ x

ξ

k̃n(s, ξ)κ0[x, s]ds. (66)

We have, provided that the kernel series
∑

k̃n is uniformly
convergent

κ[x, ξ] =

∞∑
n=0

Δκn[x, ξ]

= κ0[x, ξ] +

∞∑
n=1

Δκn[x, ξ]

= κ0[x, ξ] +

∞∑
n=1

∫ x

ξ

k̃n(s, ξ)κ0[x, s]ds

= κ0[x, ξ] +

∫ x

ξ

∞∑
n=1

k̃n(s, ξ)κ0[x, s]ds. (67)

We can show in a similar fashion than the induction (62) and
(63) that

∀n ≥ 0 ∀(x, ξ) ∈ T , |k̃n+1(x, ξ)| ≤ K
(K(x− ξ))n

n!
.

(68)

The series
∑

k̃n being normal convergent this allows us to
undergo the intervertion made in (67) and to introduce the
continuous inverse kernel

k̃∞(s, ξ) =

∞∑
n=1

k̃n(s, ξ). (69)

Combining (67) and (69), we get (54), which concludes the
proof. �

VI. EXISTENCE AND CONTINUITY OF SOLUTIONS TO KERNEL

PDE’S

In order to prove the existence of the different Kernels used
(such as k, k̃), we adapt [13, Th. 5.3] into Theorem 3. We are
interested in the generic system defined on T = {(x, ξ), 0 ≤
ξ ≤ x ≤ 1}

μ(x)Fx −L(ξ){Fξ} = a[x, ξ]G+B(x, ξ){F} (70)

μ(x)Gx + μ(ξ)Gξ = d(x, ξ)G+ 〈e[x, ξ] , F 〉E (71)

with boundary conditions

F [x, x] = f [x] (72)

G(x, 0) = 〈g[x] , F [x, 0]〉E . (73)

One should note that G(x, ξ), μ(x), and d(x, ξ) are scalars,
F [x, ξ], a[x, ξ], e[x, ξ], f [x], and g[x] are vectors of E while
B(x, ξ) and L(x, ξ) are operators of L(E). Furthermore, we
also want μ to be a strictly positive valued function and L(x, ξ)
to be a positive multiplication operator associated to λ: ∀a ∈
E, L(x){a}(y) = λ(y, x)a(y)

Theorem 3 (Kernel well posedeness): Assume that
a, e ∈ C0(T , E), d ∈ C0(T ,R), f, g ∈ C0([0, 1], E),
B ∈ C0(T ,L(E)), μ ∈ C1([0, 1],R∗

+), λ ∈ C1([0, 1]2,R∗
+).

Then, there exists a continuous solution to system (70)–(73).
The sketch of the proof is as follows: transform PDE (70) and

(71) into ODE integral equations thanks to integrating the PDEs
along well-designed characteristic curves; then find a solution of
these equations using the method of successive approximations.

A. Characteristic Curves

Let us fix (x, ξ) ∈ T for the following of this section, in which
we will introduce their respective characteristic curves. To define
those curves, we first need to present the two following lemmas:
[13, Lemmas 5.1 and 5.2].

Lemma 2: Let (w0, z0) ∈ R
2 be such that 0 ≤ w0 ≤ z0 ≤ 1

and h ∈ C1([0, 1]) be such that ∀x ∈ [0, 1], h(x) < 0. Then, if
w and z are the maximal solutions of the following Cauchy
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problems:

w′(s) = h(w(s)), w(0) = w0, z
′(s) = h(z(s)), z(0) = z0

(74)
then, there exists T > 0 such that w(T ) = 0 and z(T ) ≥ 0.

Lemma 3: Let (w0, z0) ∈ R
2 be such that 0 ≤ w0 ≤ z0 ≤

1 and h, g ∈ C1([0, 1]) be such that ∀x ∈ [0, 1], h(x) <
0, g(x) > 0. Then, if w and z are the maximal solutions of the
following Cauchy problems:

w′(s) = g(w(s)), w(0) = w0, z
′(s) = h(z(s)), z(0) = z0

(75)
then there exists T > 0 such that w(T ) = z(T ).

Applying Lemma 2 to

h = z 
→ −μ(z)w0 = ξ, z0 = x (76)

and defining

sF = T (77)

s ∈ [0, sF ] 
→ χ(s) = z(T − s), χ0 = z(T ) (78)

s ∈ [0, sF ] 
→ ζ(s) = w(T − s) (79)

we have the existence of the curve (χ, ζ) and sF such that

χ̇(s) = μ(χ(s)) (80)

χ(sF ) = x, χ(0) = χ0 ≥ 0 (81)

ζ̇(s) = μ(ζ(s)) (82)

ζ(sF ) = ξ, ζ(0) = 0. (83)

Similarly, for each y, we apply Lemma 3 to wy and z, respective
solutions of the following Cauchy problems:

ż = h(z), z0 = x (84)

ẇ = gy(w), w0 = ξ (85)

where h = z 
→ −μ(z) (86)

and gy = w 
→ λ(y, w). (87)

If we define

sf (y) = Ty (88)

x̂0(y) = wy(Ty) = z(Ty) (89)

s ∈ [0, sF ] 
→ ξ̂(y, s) = wy(Ty − s) (90)

s ∈ [0, sf (y)] 
→ x̂(y, s) = z(Ty − s) (91)

we have, for each y, a characteristic curve (x̂(y, ·), ξ̂(y, ·)) and
sf (y) such that

dx̂

ds
(y, s) = μ(x̂(y, s)) (92)

x̂(y, sf (y)) = x, x̂(y, 0) = x̂0(y) (93)

dξ̂

ds
(y, s) = − λ(y, ξ̂(y, s)) (94)

ξ̂(y, sf (y)) = ξ, ξ̂(y, 0) = x̂(y, 0). (95)

Integrating (70) for a given y (we are forced to reason
coordinates-wise because Lemma 3 is only a scalar result) over
the (x̂(y, ·), ξ̂(y, ·)) curve gives us

F (x, ξ, y) = f(x̂0(y), y)

+

∫ sf (y)

0

[
a(x̂(y, s), ξ̂(y, s), y)G(x̂(y, s), ξ̂(y, s))

+ B(x̂(y, s), ξ̂(y, s)){F [x̂(y, s), ξ̂(y, s)]}(y)
]
ds. (96)

Similarly with (71) we have

G(x, ξ) = 〈g[χ0], F [χ0, 0]〉E

+

∫ sF

0

[d(χ(s), ζ(s))G(χ(s), ζ(s))

+
〈
e[χ(s), ζ(s)] , F [χ(s), ζ(s)]

〉
E

]
ds. (97)

B. Continuity of Characteristic Curves

Thus far in this article most of the material presented can be
regarded as generalization of the respective material in [13] from
Euclidean to Hilbert spaces. In this section, we tackle a problem
that is unique to the ensemble PDE and has no counterpart
in the finite dimensional case, namely the continuity of the
characteristic curves x̂, ξ̂ and their endpoint’s abscissa sf , sF
with respect to y. If we want to use the method of successive
approximations we need for Fn[x, ξ] to be in E, i.e., to have a
certain regularity with respect to y. We, therefore, need sf (y) to
have a certain regularity with respect to y, which will be proven
in Lemma 5. This problem is specific to the infinite dimensional
case as a finite collection of scalars can always be seen as a vector
of the corresponding Euclidean space whereas a continuously
infinite collection is not necessarily a vector of E.

Contrary to the previous Section VI-A, we no longer treat
x and ξ as fixed. Every object defined in the previous section
now potentially varies with (x, ξ). In particular, sf (y) becomes
sf (y, x, ξ) and sF becomes sF (x, ξ). Note that we do not
explicitly write the dependence of the characteristic curves
z, wy on their initial conditions x, ξ. We do so for clarity. One
should only remember that this dependence of the characteristic
curves on their initial conditions is continuous provided that
λ(x, y) and μ(x) are Lipschitz. The Lipschitzness property is
also enough to have (y, x, ξ) 
→ sf (y, x, ξ) continuous as stated
in Lemma 4. The statement of this lemma is illustrated in Fig. 2.
Regularity of ξ̂(y, ·) and x̂(y, ·) with respect to (y, x, ξ) is then
ensured as a composition of continuous functions. Similarly for
ζ and χ; those curves depend continuously on (x, ξ) if (x, ξ) ∈
T 
→ sF (x, ξ) is continuous (see Lemma 5) and x 
→ μ(x) is
Lipschitz.

Lemma 4: Assume that (x, y) 
→ λ(x, y) and x 
→ μ(x) are,
respectively, Lλ-Lipschitz and Lμ-Lipschitz. We then have that
(y, x, ξ) ∈ [0, 1]× T 
→ sf (y, x, ξ), the function of y implicitly
defined in (88), is Lipschitz.

Proof: By integrating (92)–(94) and using both boundary
conditions (95), (93) we have, for any (x, ξ) ∈ T

x− ξ =

∫ sf (y,x,ξ)

0

μ(x̂(y, s)) + λ(y, ξ̂(y, s))ds (98)

x− ξ =

∫ sf (y,x,ξ)

0

−h(z(s)) + gy(wy(s))ds. (99)
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We introduce ε1 such that ∀(y, x, ξ) ∈ [0, 1]3

μ(x) + λ(y, ξ) > ε1. (100)

Using (100) in (99) gives

0 ≤ ξ − x+ sf (y, x, ξ)ε1 (101)

which implies that

Ms =
1

ε1
≥ x− ξ

ε1
(102)

is a uniform bound of the function (y, x, ξ) 
→ sf (y, x, ξ).

We consider the augmented state q(t) =

⎛
⎝ y

z(t)
wy(t)

⎞
⎠. Its dy-

namic is

q̇(t) =

⎛
⎝ 0

−μ(z)
λ(y, wy)

⎞
⎠ . (103)

Let q01 =

⎛
⎝y1
x1

ξ1

⎞
⎠ ∈ [0, 1]× T and q02 =

⎛
⎝y2
x2

ξ2

⎞
⎠ ∈ [0, 1]× T .

We introduce q1(t) =

⎛
⎝ y1
z1(t)
w1(t)

⎞
⎠ and q2(t) =

⎛
⎝ y2
z2(t)
w2(t)

⎞
⎠, re-

spectives solutions of system (103) with initial conditions q01 , q
0
2 .

Thanks to Lipschitz continuity of μ and λ, we know that there
exists M and D such that

∀t > 0, ‖q1(t)− q2(t)‖ ≤ MeDt‖q01 − q02‖. (104)

Using (99) we get

0 = ξ1 − ξ2 − (x1 − x2)

+

∫ sf (y1,x1,ξ1)

0

−h(z1(s)) + gy1
(w1(s))ds

−
∫ sf (y2,x2,ξ2)

0

−h(z2(s)) + gy2
(w2(s))ds

= ξ1 − ξ2 − (x1 − x2)

+

∫ sf (y1,x1,ξ1)

sf (y2,x2,ξ2)

−h(z1(s)) + gy1
(w1(s))ds

+

∫ sf (y2,x2,ξ2)

0

(−h(z1(s)) + gy1
(w1(s))

+ h(z2(s))− gy2
(w2(s))) ds. (105)

Finally, by integrating (100) between sf (y1, x1, ξ1)) and
sf (y2, x2, ξ2) and using (105) we get

ε1|sf (y1, x1, ξ1))− sf (y2, x2, ξ2)|

≤
∣∣∣∣∣
∫ sf (y1,x1,ξ1)

sf (y2,x2,ξ2)

gy1
(w1(s))− h(z1(s))ds

∣∣∣∣∣
=

∣∣∣∣∣ξ1 − ξ2 − (x1 − x2)

+

∫ sf (y2,x2,ξ2)

0

gy1
(w1(s))− gy2

(w2(s))ds

+

∫ sf (y2,x2,ξ2)

0

h(z2(s))− h(z1(s))ds

∣∣∣∣∣
≤

√
2‖q01 − q02‖+ Lλ

∫ Ms

0

∥∥∥∥
(

y1 − y2
w1(s)− w2(s)

)∥∥∥∥ ds
+ Lμ

∫ Ms

0

|z1(s)− z2(s)|ds

≤
√
2
(
Ms(Lμ + Lλ)MeDMs + 1

)
‖q01 − q02‖. (106)

The last inequality is obtained using (104) and concludes the
proof. �

Corollary 1: Under the same assumption as in Lemma 4, the
implicit function (y, x, ξ) ∈ [0, 1]× T 
→ x̂0(y, x, ξ) is contin-
uous.

Proof: Integrating (92) between 0 and sf (y, x, ξ) gives

x̂0(y, x, ξ) = x+

∫ sf (y,x,ξ)

0

h(z(s))ds. (107)

From this expression, one can easily deduce the continuity of
x̂0. We could also use x̂0(y, x, ξ) = z(sf (y, x, ξ)). �

Lemma 5: Assume that x 
→ μ(x) is positive valued and C0.
We then have that (x, ξ) ∈ T 
→ sF (x, ξ), the implicit function
of (x, ξ) defined in (77), is C1.

Proof: We define

∀s, ξ ∈ R× [0, 1], Φ(s, ξ) =

∫ s

0

μ(χ(η))dη − ξ. (108)

Let ε be a strictly positive lower bound of μ. Since Φ(0, ξ) ≤ 0
and Φ( 1ε , ξ) ≥ 0, applying the intermediate value theorem to
the continuous function Φ(·, ξ) we get that for each ξ ∈ [0, 1]
there exists sF (ξ) ∈ [0, 1

ε ] such that Φ(sF (ξ), ξ) = 0. Note that
Φ is C1 and that ∂Φ

∂s = μ(χ(s)) > 0, therefore using the implicit
function theorem, we have that ξ 
→ sF (ξ) is locally C1. Since
this function is globally defined, we know that it is globally C1.
(x, ξ) ∈ T 
→ sF (x, ξ) = sF (ξ) is then readily continuous. �

Following this result, we can show a similar result as Corol-
lary 1.

Corollary 2: Under the assumption in Lemma 5, the implicit
function (x, ξ) 
→ χ0(x, ξ) is continuous.

C. Successive Approximation

We now have all the tools to prove Theorem 3.
Proof: We define by induction the following sequence of

functions (G is scalar valued and F is a vector of E), initialized
by the null function

Fn+1(y, x, ξ)− f(x̂0(x, ξ, y), y)

=

∫ sf (y,x,ξ)

0

[
a(x̂(y, s), ξ̂(y, s), y)Gn(x̂(y, s), ξ̂(y, s))

+ B(x̂(y, s), ξ̂(y, s)){Fn[x̂(y, s) , ξ̂(y, s)]}(y)
]
ds

(109)

Gn+1(x, ξ) = 〈g[χ0(x, ξ)], Fn+1[χ0(x, ξ), 0]〉E

+

∫ sF (x,ξ)

0

[
d(χ(s), ζ(s))Gn(χ(s), ζ(s))
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+
〈
e[χ(s), ζ(s)], Fn[χ(s), ζ(s)]

〉
E

]
ds. (110)

For clarity and rigor purposes, we use the scalar notation to
formulate those results but one could see the infinitely many
equations (109) as one integration along the curve of E s 
→
(x̂[s], ξ̂[s]). We can show by induction that these functions are
continuous regarding (x, ξ) as they are integrals over continuous
bounds of continuous functions. The continuity of the bounds
sf (y, x, ξ) and sF (x, ξ) are ensured by Lemmas 4 and 5. The
continuity of initial conditions x̂0, χ0 is ensured by Corollaries 1
and 2. Similarly, every Fn are continuous regarding y, which
ensures that Fn[x, ξ] are indeed vectors of E. We introduce the
different quantities ‖B‖, ‖a‖, ‖e‖, |d|, ‖f‖,Mμ, ‖g‖,Mλ such
that

∀(x, ξ) ∈ T , ∀u ∈ E, ‖B(x, ξ){u}‖E ≤ ‖B‖‖u‖E (111)

‖a(x, ξ)‖E ≤ ‖a‖, ‖e(x, ξ)‖E ≤ ‖e‖ (112)

|d(x, ξ)| ≤ |d| (113)

1

|μ(x)| ≤ Mμ (114)

‖f(x)‖E ≤ ‖f‖, ‖g(x)‖E ≤ ‖g‖ (115)

∀y ∈ [0, 1],
1

|λ(y, x)| ≤ Mλ. (116)

We define

∀n ≥ 0, ∀(x, ξ) ∈ T
ΔFn(x, ξ, y) = Fn+1(x, ξ, y)− Fn(x, ξ, y) (117)

ΔGn(x, ξ) = Gn+1(x, ξ)−Gn(x, ξ). (118)

By drawing inspiration from the proof of Lemma 1, we can again
find M and K big enough (namely K ≥ Mλ(‖g‖+ 1)(‖a‖+
‖B‖) +Mμ(‖e‖+ |d|) and M ≥ (‖g‖+ 1)‖f‖) such that we
have, by induction

∀n ≥ 0, ∀x, ξ ∈ T , ‖ΔFn[x, ξ]‖E ≤ M
(Kx)n

n!
(119)

|ΔGn(x, ξ)| ≤ M
(Kx)n

n!
. (120)

In order to prove this induction result, we first state the following
inequalities: ∫ sf (y,x,ξ)

0

x̂(y, s)mds ≤ Mλ

xm+1

m+ 1
(121)

∫ sF (x,ξ)

0

χ(s)mds ≤ Mμ
xm+1

m+ 1
. (122)

Indeed using the change of variable ς = x̂(y, s) and noticing
dς = λ(y, x)ds we get∫ sf (y,x,ξ)

0

x̂(y, s)mds =

∫ x

x̂0(y,x,ξ)

ςm

λ(y, x)
dς

≤
∫ x

0

Mλς
mdς = Mλ

xm+1

m+ 1
. (123)

Equation (122) is obtained in a similar fashion with the change
of variable ς = χ(s). Lastly note that

χ0(x, ξ) = x−
∫ sF (x,ξ)

0

μ(χ(s))ds ≤ x. (124)

Inequalities (119) and (120) hold for n = 0

‖ΔF0[x, ξ]‖E = ‖F1[x, ξ]‖E = ‖f [x̂0(y, x, ξ)]‖E ≤ M
(125)

|ΔG0(x, ξ)| ≤ ‖g[χ0]‖E‖f(χ0)‖E ≤ M. (126)

For n ∈ N, assume that (119), (120) are true. For all (x, ξ) in T ,
using (121), we have

‖ΔFn+1[x, ξ]‖E

=

∥∥∥∥
∫ sf (y,x,ξ)

0

[
a[x̂(y, s), ξ̂(y, s)]ΔGn(x̂(y, s), ξ̂(y, s))

+B(x̂(y, s), ξ̂(y, s)){ΔFn[x̂(y, s) , ξ̂(y, s)]}
]
ds

∥∥∥∥
E

≤
∫ sf (y,x,ξ)

0

∥∥∥a[x̂(y, s), ξ̂(y, s)]ΔGn(x̂(y, s), ξ̂(y, s))
∥∥∥
E
ds

+

∫ sf (y,x,ξ)

0

∥∥∥B(x̂(y, s), ξ̂(y, s))

× {ΔFn[x̂(y, s), ξ̂(y, s)]}
∥∥∥
E
ds

≤ ‖a‖
∫ sf (y,x,ξ)

0

M
(Kx̂(y, s))n

n!
ds

+ ‖B‖
∫ sf (y,x,ξ)

0

M
(Kx̂(y, s))n

n!
ds

≤ M
Kn

n!
(‖a‖+ ‖B‖)

∫ sf (y,x,ξ)

0

x̂(y, s)mds

≤ M
Kn

n!
(‖a‖+ ‖B‖)Mλ

xn+1

n+ 1
≤ M

(Kx)n+1

(n+ 1)!
(127)

and, using (122)–(124), (127)

|ΔGn+1(x, ξ)| =
∣∣∣∣〈g[χ0(x, ξ)] , ΔFn+1[χ0(x, ξ), 0]〉E

+

∫ sF (x,ξ)

0

[
d(χ(s), ζ(s))ΔGn(χ(s), ζ(s))

+
〈
e[χ(s), ζ(s)] , ΔFn[χ(s), ζ(s)]

〉
E

]
ds

∣∣∣∣
≤ ‖g‖‖ΔFn+1[χ0(x, ξ), 0]‖E

+

∫ sF (x,ξ)

0

|d||ΔGn(χ(s), ζ(s))|ds

+

∫ sF (x,ξ)

0

‖e‖‖ΔFn[χ(s), ζ(s)]‖Eds

≤ ‖g‖MKnχn+1
0

(n+ 1)!
(‖a‖+ ‖B‖)Mλ

+ (‖e‖+ |d|)
∫ sF (x,ξ)

0

M
(Kχ(s))n

n!
ds
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≤ M
Knxn+1

(n+ 1)!
(Mλ‖g‖(‖a‖+ ‖B‖)

+Mμ(‖e‖+ |d|))

≤ M
(Kx)n+1

(n+ 1)!
. (128)

This ensures the normal convergence of the sequences (viewed
as the series of their respective differences Δ) and henceforth
their continuity similarly as what done in Lemma 1. �

VII. NUMERICAL SIMULATION

To illustrate the result of Theorem 1, we numerically simulate
the example system

ut(t, x, y) + ux(t, x, y) = x(x+ 1)

(
y − 1

2

)[
exv(t, x)

+ x2

∫ 1

0

(
η − 1

2

)
u(t, x, η)dη

]

(129)

vt(t, x)− vx(t, x) = − 70ex
35
π2

∫ 1

0

y(y − 1)u(t, x, y)dy

(130)

u(t, 0, y) = cos(2πy)v(t, 0). (131)

This system is a carefully constructed special version of (2)–(4)
for which the kernel PDE (24)–(27) is analytically solvable using
a separation of variables and given by

k(x, ξ, y) = 35y(y − 1)e2ξk̃(x,ξ) (132)

k̃(x, ξ) =
35

2π2
. (133)

We choose such an example because the numerical solution of
the kernel PDEs is a routine step, resolved by discretization in
y and the application of the techniques for a finite set of kernel
PDEs already presented in [13]. We choose an example in which
we can highlight stabilization of a PDE ensemble, which is
exponentially unstable in open loop, as seen in Fig. 3(a). In spite
of the simplicity of the analytically solved kernel (independent
of x and quadratic in y), the feedback law [plotted in Fig. 3(c)] is
not trivial and employs weighting of the state u by the ensemble
variable y

U(t) =

35

∫ 1

0

(
ex

35
π2

∫ 1

0

y(y − 1)u(t, x, y)dy +
1

2π2
v(t, x)

)
dx.

(134)

Equations (129)–(131) are discretized in time and space using
an explicit scheme where every function of y are evaluated in
120 evenly spaced point. The timestep is δt = 0.004 while the
spatial domain is divided in 200 intervals of equal length. We
run the closed loop system for 5 s in order to observe the decay
of the joint norm of the system, which is indeed exponentially

Fig. 3. System (129)–(131) in open loop (top) and under feedback
(middle and bottom). See Fig. 4 for how the control signal U(t) achieves
stabilization of the ensemble state u(t, x, y). (a) Open loop, joint states
norm. Instability results from the signal amplification due to the coupling
of u and v. (b) Closed loop, joint state’s norm. Control achieves stabi-
lization. Propagation speed of 1 on the spatial interval [0, 1], results in
an overall “cycle” of 2 seconds—it takes 2 s for the control input U(·)
applied at v(·, 1) to reach u(·, 1). (c) Note the subintervals of action of
control, [0, 2] and [2, 4], corresponding to the 2-s cycle of propagation
from x = 1 to 0 and back to 1.
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bounded [see Fig. 3(b)]. This bound does not imply that u is
strictly decreasing as can be seen in Fig. 4.

The effect of discretization with respect to y on numerical
stability and convergence is of great interest. Indeed, even if
we used analytically solved kernels to stabilize (129)–(131)
and highlights the continuous aspect of Theorem 1, there is
no theoretical proof that such kernels could also stabilize a
discretized version of (129)–(131). It seems natural that, for a
small enough discretization step, the continuous kernel stabilizes
the system but maybe the framework of [13] is better suited for
bigger discretization steps. Such a result about approximation
accuracy of kernel backstepping has, for example, already been
studied in [34].

VIII. CONCLUSION

In this article, we presented initial results on stabilization,
by boundary control, of ensemble PDEs of the hyperbolic type.
This concept is relevant for parametrized PDE collections with
an inherently continuous parametrization. They differ from 2-D
PDEs in the sense that a derivative in the ensemble variable
is absent from the model. The stabilization results are made
possible by adapting the backstepping technique, a method that
has already proven most effective for control of finite collections
of hyperbolic PDEs. One can, in fact, infer the previous results
for finite collections of hyperbolic PDEs by specializing the
Hilbert space in the development we provide to a Euclidean
space. We have had to develop a few technical advances to enable
the extension from the finite to infinite ensembles, including
ensuring the regularity of the mathematical objects considered,
especially the characteristic curves.

The problem of state estimation for finite ensembles of hyper-
bolic PDEs was tackled in [13], enabling also an observer-based
output-feedback controller. Pursuing an ensemble equivalent of
such an observer result is a natural direction for further work on
this topic.

Of course, an extension of [20] and [21], where v in (3)
depends on a second ensemble variable, and the control, rather
than being scalar-valued, is also a function of that additional
ensemble variable, is also of interest.

The result of [13] was extended in [10, eqs. (1)–(5)] to
coupled hyperbolic PDEs with a zero characteristic speed and
an extension is of interest where the subsystem [10, eqs. (3)] is
an ensemble ODE.

For ease of presentation, in this article, we consider the
ensemble variable y in the interval [0,1]. As long as y stays
within a compact there is no obvious technical reason why the
results would not extend to multidimensional ensembles, but
this is a topic for future research. We do note that, based on [41],
controllability does not extend to higher dimensional ensembles
for ODEs. However, such a negative result for controllability
does not preclude stabilizability.

While in this article, we study stability in the L2 sense, with
respect to both the spatial variable x and the ensemble variables
y, it is of interest to explore stability in L∞ with respect to either
or both of those variables. The second part of Theorem 2.3 in [23]
will be of significant help for that goal.

Recent (yet unpublished) works [38] tackle the issue of
approximation error on stability. Such an analysis would be
interesting to carry on in our case since the main result of our
work regards a continuum, which raises the question of the effect
of the dircretization step.

Less immediate extensions would be in two additional direc-
tions: extensions to parabolic PDE ensembles and extensions to
ensemble population dynamics—ensembles of nonlinear hyper-
bolic PDEs with in-domain actuation.

Finally, we return to traffic as a motivating topic for an
extension of PDE control from finite ensembles [5] to continuum
ensembles. It is of interest to apply this article’s design to such
Aw-Rascle-Zhang (ARZ) models of traffic with a continuum of
classes. We point out that, in addition to the variability among
cars and human driving styles, there will be variability in the
headway settings in adaptive cruise control in automated vehi-
cles, introducing one more ensemble variable and motivating
the exploration for multivariable PDE ensembles. Furthermore,
the two-dimensional Lighhill–Whitham–Richards model [27]
is a particular example of a hyperbolic ensemble PDE, with the
ensemble variable being orthogonal to the net direction of traffic.

APPENDIX

A. Stability of Target System

Proof of Theorem 2: Using Proposition 2, we can consider

MC = sup
(x,ξ)∈T

‖C(x, ξ)‖, Mκ = sup
(x,ξ)∈T

‖κ[x, ξ]‖E . (135)

Integrating by parts (38) after using (6) and (7), we obtain

V̇ (t) =
[
−pe−δx||α[t, x]||2E + (1 + x)β(t, x)2

]1
0

−
∫ 1

0

pe−δx||α[t, x]||2E + β(t, x)2dx

+

∫ 1

0

2pe−δx

〈
L(x)−1{α[t, x]} , W [x]β(t, x)

+

∫ x

0

C(x, ξ){α[t, ξ]}+ β(t, ξ)κ[t, ξ]dξ

+Θ(x){α[t, x]}
〉

E

dx. (136)

Using the inequality 〈a, b〉E ≤ 1
2 (||a||2E + ||b||2E), we have∫ 1

0

2pe−δx
〈
L(x)−1{α[t, x]} , Θ(x){α[t, x]}+W [x]β(t, x)

+

∫ x

0

C(x, ξ){α(t, ξ)}+ β(t, ξ)κ[t, ξ]dξ
〉
E
dx

≤
∫ 1

0

2pe−δx
〈
L(x)−1 ◦Θ(x){α[t, x]} , α[t, x]

〉
E
dx

+

∫ 1

0

pe−δx‖W [x]‖2Eβ(t, x)2dx

+

∫ 1

0

pe−δx

∥∥∥∥
∫ x

0

C(x, ξ){α(t, ξ)}dξ
∥∥∥∥
2

E

dx
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Fig. 4. Evolution of the unactuated ensemble state u(t, x, y) in closed loop with scalar boundary controlv|x=1 =
∫ 1

0
k(1, x)v(x)dx+∫ 1

0

∫ 1

0
κ(1, x, y)u(ξ, y)dydx. The time sequence is 1–2–3–4–5–6. The snapshots are at times t ∈ {0, 0.16, 1.36, 1.82, 3.12, 6.62}. The system is

open-loop unstable and one observes a large overshoot of the state at the time instant marked as 3. After that time, the control of the state u,
though the boundary input on the state v, reaches the ensemble state u and stabilizes it. The coupling in (129) is most important at y = 1, which is
why the extremum of u is always located along this line.

Authorized licensed use limited to: Miroslav Krstic. Downloaded on February 01,2025 at 03:03:18 UTC from IEEE Xplore.  Restrictions apply. 



918 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 70, NO. 2, FEBRUARY 2025

+

∫ 1

0

pe−δx

∥∥∥∥
∫ x

0

β(t, ξ)κ[t, ξ]dξ

∥∥∥∥
2

E

dx

+

∫ 1

0

pe−δx
∥∥L(x)−1{α[t, x]}

∥∥2

E
dx. (137)

Therefore, if we introduce

MW = sup
x∈[0,1]

‖W [x]‖E , ML−1 = sup
x∈[0,1]

‖L−1(x)‖ (138)

MΘ = sup
x∈[0,1]

‖Θ(x)‖ (139)

we have

V̇ (t) ≤ (pe−δ‖q‖E − 1)β(t, 0)2

−
∫ 1

0

(
1− p

δ
M2

κe
−δx − pM2

W e−δx
)
β(t, x)2dx

−
∫ 1

0

pe−δx〈α[t, x] , P (x){α[t, x]}〉Edx (140)

with

P =
(
δ − p

δ
M2

C

)
Id− 2L−1 ◦Θ−L−1. (141)

Proceeding similarly as in [13], we choose p small enough and
δ big enough such that P is positive definite and the term
multiplying β(t, x)2 under the integral is positive. With p no
greater than one, and yet to be chosen, we choose δ bigger than

δ∗ = 1 +M2
C + 2ML−1MΘ +ML−1 (142)

for the operator P to be positive definite. This is seen by
computing

∀x ∈ [0, 1] ∀a ∈ E

〈a , P (x){a}〉E ≥
〈
a , δa

〉
E

−
〈
a , (M2

CId

+ 2L(x)−1 ◦Θ(x) +L(x)−1)

〉
E

≥ (δ − δ∗)‖a‖2E . (143)

Once δ > δ∗ is chosen, we select p such that

0 < p < min

(
1,

eδ

‖q‖E
,

δ

M2
κ + δM2

W

)
(144)

which ensures that∫ 1

0

(
1− p

δ
M2

κe
−δx − pM2

W e−δx
)
β(t, x)2dx

≥
∫ 1

0

(
1− p

(
M2

κ

δ
+M2

W

))
β(t, x)2dx

(pe−δ‖q‖E − 1)β(t, 0)2 ≤ 0 (145)

and hence, for any ε verifying

0 < ε ≤ min
(
p(δ − δ∗),

p

δ
(M2

κ + δM2
W )

)
(146)

we have that

V̇ (t) ≤ −ε

∥∥∥∥
(
α[t]
β[t]

)∥∥∥∥
2

x,y

(147)

or, in the scalar-valued notation

V̇ (t) ≤ −ε

∫ 1

0

[∫ 1

0

α2(t, x, y)dy + β2(t, x)

]
dx. (148)

We then need to show that
√
V is equivalent to ‖ · ‖x,y in order

to conclude the proof. If we considermμ = minx(μ) andMμ =
maxx(μ) we have

min

(
pe−δ

ML−1

,
1

mμ

)∥∥∥∥
(
α[t]
β[t]

)∥∥∥∥
2

x,y

≤ V (t) (149)

V (t) ≤
(
pML−1 +

2

Mμ

)∥∥∥∥
(
α[t]
β[t]

)∥∥∥∥
2

x,y

. (150)

Combining (149) and (150) and (147), we get∥∥∥∥
(
α[t]
β[t]

)∥∥∥∥
x,y

≤ M1

∥∥∥∥
(
α[0]
β[0]

)∥∥∥∥
x,y

e−τt (151)

where M1 =

√√√√√ pML−1 + 2
Mμ

min
(

pe−δ

ML−1
, 1

mμ

) (152)

τ =
ε

2min
(

pe−δ

ML−1
, 1

mμ

) . (153)

�

B. Derivation of Kernel Equation

We have

βx(t, x) = vx(t, x)− 〈k[x, x] , u[t, x]〉E − k̃(x, x)v(t, x)

−
∫ x

0

〈kx[x, ξ] , u[t, ξ]〉Edξ−
∫ x

0

k̃x(x, ξ)v(t, ξ)dξ

(154)

and using (6) and (7)

βt(t, x) = vt(t, x)−
∫ x

0

〈k[x, ξ] , ut[t, ξ]〉Edξ

−
∫ x

0

k̃(x, ξ)vt(t, ξ)dξ

= μ(x)vx(t, x) + 〈Ξ[x] , u[t, x]〉E

−
∫ x

0

〈
k[x, ξ] , −L(ξ){ux[t, ξ]}+Θ(ξ){u[t, ξ]}

+W [ξ]v[t, ξ]
〉
E
dξ

−
∫ x

0

k̃(x, ξ) (μ(ξ)vx(t, ξ) + 〈Ξ[ξ] , u[t, ξ]〉E) dξ.

(155)

Plugging both expressions in (15) and integrating by part we get

0 = μ(x)vx(t, x) + 〈Ξ[x] , u[t, x]〉E −
∫ x

0

〈
L′(ξ){k[x, ξ]}

+L(ξ){kξ[x, ξ]}+Θt(ξ){k[x, ξ]}+ k̃(x, ξ)Ξ[ξ]

− μ(x)kx[x, ξ] , u[t, ξ]

〉
E

dξ −
[
k̃(x, ξ)μ(ξ)v(t, ξ)

]x
0

−
∫ x

0

(
〈W [ξ], k[x, ξ]〉E − k̃ξ(x, ξ)μ(ξ)− k̃(x, ξ)μ′(ξ)

− k̃x(x, ξ)μ(x)

)
v(t, ξ)dξ − μ(x)vx(t, x)
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+ μ(x)〈k[x, x], u[t, x]〉E + μ(x)k̃(x, x)v(t, x)

+
[〈

L(ξ){k[x, ξ]} , u[t, ξ]
〉
E

]x
0

= 〈Ξ[x] , u[t, x]〉E −
∫ x

0

〈
L′(ξ){k[x, ξ]}

+L(ξ){kξ[x, ξ]}+Θt(ξ){k[x, ξ]}+ k̃(x, ξ)Ξ[ξ]

− μ(x)kx[x, ξ] , u[t, ξ]

〉
E

dξ + k̃(x, 0)μ(0)v(t, 0)

−
∫ x

0

(
〈W [ξ] , k[x, ξ]〉E − k̃ξ(x, ξ)μ(ξ)− k̃(x, ξ)μ′(ξ)

− k̃x(x, ξ)μ(x)

)
v(t, ξ)dξ + μ(x)〈k[x, x] , u[t, x]〉E

+
[〈

L(ξ){k[x, ξ]} , u[t, ξ]
〉
E

]x
0
. (156)

One can then see that a solution (k, k̃) of system (24)–(27) would
verify (156).

C. Inverse Kernel

We introduce

Γ(t, x) = β(t, x) +

∫ x

0

〈k[x, ξ] , α[t, ξ]〉Edξ (157)

in order to write

v(t, x) =

∫ x

0

k̃(x, ξ)v(t, x, ξ)dξ + Γ(t, x). (158)

Notice that (158) can be seen as a scalar Volterra equation of
the second kind, similar to (52), with scalar unknown v instead
of vector κ. Using [35, ch. 8]/adapting Lemma 1, we have the
existence of the continuous inverse kernel l̃ (similar to k̃∞ in
Lemma 1) such that

v(t, x) = Γ(t, x) +

∫ x

0

l̃(x, ξ)Γ(t, ξ)dξ

= Γ(t, x) +

∫ x

0

l̃(x, ξ)

(
β(t, ξ)

+

∫ ξ

0

〈k[ξ, s], α[t, s]〉Eds
)
dξ

= Γ(t, x) +

∫ x

0

l̃(x, ξ)β(t, ξ)dξ

+

∫ x

0

∫ x

s

l̃(x, ξ)〈k[ξ, s], α[t, s]〉Edξds

= Γ(t, x) +

∫ x

0

(
l̃(x, ξ)β(t, ξ)

+

〈∫ x

ξ

l̃(x, s)k[s, ξ]ds, α[t, ξ]

〉
E

)
dξ

= β(t, x) +

∫ x

0

l̃(x, ξ)β(t, ξ)dξ

+

∫ x

0

〈l[x, ξ], α[t, ξ]〉Edξ (159)

where l[x, ξ] = k[x, ξ] +

∫ x

ξ

l̃(x, s)k[s, ξ]ds. (160)
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