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Newton Nonholonomic Source Seeking for Distance-Dependent Maps
Velimir Todorovski and Miroslav Krstić , Fellow, IEEE

Abstract—The topics of source seeking and Newton-based ex-
tremum seeking have flourished, independently, but never com-
bined. We present the first Newton-based source seeking algorithm
for a unicycle vehicle model. The algorithm employs forward veloc-
ity tuning, as in the very first source seeker for the unicycle, and
incorporates an additional Riccati filter for inverting the Hessian
and feeding it into the demodulation signal. Using second-order
Lie bracket averaging, we prove convergence to the source at a
rate that is independent of the unknown Hessian of the map. The
result is semiglobal and practical for a map that is quadratic in
the distance from the source. This article presents a theory and
simulations that show the advantage of Newton-based over the
gradient-based source seeking.

Index Terms—Adaptive control, extremum seeking, robot con-
trol.

I. INTRODUCTION

We present the first Newton-based source seeking algorithm, making
the convergence rate invariant to the unknown Hessian of the map.
This result has been sought for well over a decade (since [10]) but was
unattainable prior to the theoretical breakthrough in [16].

Background: The initial extremum seeking (ES) schemes [5] were
gradient-based. As such, while convergent, their convergence rate was
unknown to the user and unassignable, since it depended on the un-
known Hessian of the map. This limitation was overcome with the
Newton-based ES algorithm [8], [20], [21]. These algorithms remove
the Hessian from the linearization of the average system, enabling the
assignment of arbitrary convergence rates by appropriately selecting the
gain. Due to this advantage, various extensions and applications have
been proposed, such as stochastic Newton-based ES [19], Newton-
based ES with different time delays [25], [24], Newton-based ES
for partial differential equations [22], fixed-time Newton-based ES
schemes [23], Newton-based ES under deception [7], optimization of
power for photovoltaic microconverters [9], and distributed Newton
seeking [12].

Several years prior to the efforts in Newton-based ES, numerous
source seeking algorithms began to emerge [1], [3], [11], [17], [18],
[26], [27], [28], [29], [30], [32], [33], where the primary focus was
designing algorithms that ensure convergence to the source using a
(kinematically) underactuated, nonholonomic unicycle, with limited
attention given to the convergence speed. This issue of convergence
speed was somewhat addressed in our work [31], with an algorithm
that ensures convergence to the source in prescribed time, despite
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the influence of the unknown Hessian, by introducing time-varying
gains. However, practical implementation of this approach remains a
challenge, due to the need for the vehicle speed to grow. Hence, all
the source seeking algorithms in existence have convergence rates that
depend on the unknown Hessian and are not user-assignable.

Contribution: In this article, we begin to fill the need for Newton
source seekers. Building on the initial gradient-based source seeking
scheme in [33], our approach incorporates a Newton-based modifica-
tion that tunes the forward velocity while keeping the angular velocity
constant. Borrowing concepts from the Newton-based ES literature,
we estimate the inverse of the Hessian of the map, on average, in
a model-free manner via a Riccati filter. Effectively, this allows for
decoupling the convergence rate from the Hessian, enabling us to assign
arbitrary convergence rates through the gain parameter.

We establish convergence to the source with the relatively recently
pioneered second-order Lie bracket averaging [16], guaranteeing prac-
tical asymptotic stability semiglobally. Finally, we validate our theory
through simulation examples.

Organization: The rest of this article is organized as follows. In
Section II, we provide an overview of a second-order Lie bracket
method, which is used for stability analysis of input-affine systems
subjected to oscillatory inputs. We then proceed to Section III, where
we define the general problem of unicycle source seeking and review an
approach to tackle it in Section IV. Our main contribution is presented
in Section V, where we propose a novel algorithm for Newton-based
source seeking. We present the simulations results in Section VI.
Finally, Section VII concludes this article.

Notation: The Euclidian norm is denoted as | · | and class K,
K∞, and KL functions are defined as in [13]. R>0 and Q>0 de-
note the sets of strictly positive real and rational numbers, respec-
tively. LCM(k1, k2, . . . , kn) stands for the least common multiple of
(k1, k2, . . . , kn). The Jacobian of a differentiabe vector field f : Rn →
Rn is denoted by ∂f

∂x
. The Lie bracket of two differentiable vector

field f : Rn → Rn and b : Rn → Rn, denoted by [f, g] is defined by
∂g
∂x

f(x)− ∂f
∂x

g(x). A neighborhood of a point x ∈ Rn is a connected
open set containing a ball centered in the point x.

II. PRELIMINARIES: SECOND-ORDER LIE BRACKET

APPROXIMATIONS

For the purpose of developing this article’s results, we start by
calling to mind the method in [16] for stability analysis of control-affine
systems with oscillatory inputs.

Consider a system of the form

ẋ(t) = f0(x(t)) +
l∑

i=1

fi(x(t))ω
piui(kiωt) (1)

with the state x ∈ Rn, the control inputs ui(t) ∈ R, and the parameters
ω ∈ R>0, ki ∈ Q>0, l ∈ N, pi ∈ (0, 1). Furthermore, suppose that the
following assumptions on fi and ui hold.

Assumption 1 ([16]): For all i = 0, . . . , l and j = 1, . . . , l.
1) fi ∈ C3 : Rn → Rn.
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2) uj(t) : R → R is a measurable bounded function where it is as-
sumed that supt∈R |uj(t)| ≤ 1.

3) uj(t) is 2π-periodic, i.e., uj(t) = uj(t+ 2π) ∀t ∈ R and has a
zero mean on one period, i.e.,

∫ 2π

0
uj(t)dt = 0.

Assumption 2 ([16]): Let Tij be a common period to t �→ ui

(kiωt) and t �→ uj(kjωt) and let Tijm be a common period to t �→
ui(kiωt), t �→ uj(kjωt) and t �→ um(kmωt) with i, j,m ∈ {1, 2,
. . . , l}. If pi + pj > 1, then [fi, fj ](x) = 0 ∀x ∈ Rn or

∫ Tij

0

∫ s

0

uj(kjωs)ui(kiωp)dpds = 0. Furthermore, if pi + pj + pm > 2,
then [[fi, fj ], fm](x) = 0 ∀x ∈ Rn or

∫ Tijm

0
um(kmωτ)

∫ Tij

0

∫ s

0

(uj(kjωs)ui(kiωp)− ui(kiωs)uj(kjωp))dpdsdτ = 0. Finally, if
pi + pj + pm + pq ≥ 3, then ∂

∂x
( ∂
∂x

( ∂fi(x)
∂x

fj(x))fm(x))fq(x) =
0, ∀x ∈ Rn.

According to [16, Lemma 2] the trajectories of (1) are approximated
by the so-called second-order Lie bracket system associated with (1)
that has the following form:

˙̄x = f0(x̄) + lim
ω→∞

∑
1≤i<l
i<j≤l

[fi, fj ]γij(ω)

+ lim
ω→∞

∑
1≤i<l
i<j≤l

l∑
m=1

[[fi, fj ], fm]γijm(ω) (2)

where

γij(ω) =
ωpi+pj

T

∫ T

0

∫ s

0

uj(kjωs)ui(kiωp)dpds (3)

γijm(ω) =
ωpi+pj+pm

T

∫ τ

0

∫ s

0

um(kmωτ)

×
∫ T

0

[uj(kjωs)ui(kiωp)−ui(kiωs)uj(kjωp)] dpdsdτ

(4)

with T = 2π
ω

LCM(k−1
1 , .., k−1

l ).
As (2) is an approximation of (1), we can expect that both systems

share some stability properties. Roughly stated, asymptotic stability of
(2) implies practical asymptotic stability of (1). In this particular case,
the notion of practical stability is defined as follows.

Definition 1: The origin of the n-dimensional system ẋ = f(t, x, ε)
with the vector of parameters ε = [ε1, ε2, . . . , εnε ]

	, is semiglobally
practically uniformly asymptotically stable (sGPUAS) if for every
bounded neighborhood of the origin B ⊂ Rn and V ⊂ Rn, there
exists bounded neighborhoods of the origin Q ⊂ B and W : V ⊂
W ⊂ Rn and an ε∗1 ∈ R>0 such that ∀ε1 ∈ (0, ε∗1), ∃ε∗2, such that
∀ε2 ∈ (0, ε∗2), . . . , ∃ε∗nε

, such that ∀ε∗nε
∈ (0, ε∗nε

), ∃t1 ∈ R such that
∀t0 ∈ R the following holds:
1) (Boundedness) x0 ∈ V ⇒ x(t) ∈ W ∀t ≥ t0;
2) (Stability) x0 ∈ Q ⇒ x(t) ∈ B ∀t ≥ t0;
3) (Pract. convergence) x0 ∈ V ⇒ x(t) ∈ B ∀t ≥ t1 + t0.

Thus, the following lemma summarizes the stability properties of
(1) and (2).

Lemma 1 (Lem. 3 [16]): Under Assumptions 1 and 2, if the origin
of (2) is globally uniformly asymptotically stable (GUAS)1 with a
vector of parameters ε = [ε1, ε2, . . . , εnε ]

	, then the origin of (1) is
sGPUAS as in Definition 1 with the vector parameters [ε	, ω−1]	.

1GUAS definition can be found in [13, Lemma 4.5].

III. UNICYCLE SOURCE SEEKING PROBLEM

Let the nonholonomic unicycle be modeled by

ẋ = u

[
cos(θ)

sin(θ)

]
(5a)

θ̇ = v (5b)

y = F (x) (5c)

where x = [x1, x2]
	 ∈ R2 is the position of the vehicle’s center with

x(t0) = x0, θ ∈ R is the orientation with θ(t0) = θ0 and u(t), v(t) ∈
R are the forward and angular velocity inputs, respectively. Let the
measurement y ∈ R of the field F (x) at position x of the vehicle be
available.

In relation to developing a Newton source seeker, in this note
we assume that the signal field F (x) decays with the distance from
the source. Electromagnetic and acoustic signals (in the absence of
reflections) have this property. In view of our goal for a Newton strategy,
and of freeing only the local convergence of the unknown Hessian, we
make the following simplifying assumption.

Assumption 3 (Distance-dependent field): The function F :
R2 → R has the following form:

F (x) = F ∗ − 1

2
H |x− x∗|2 (6)

where the maximum at position x∗ is also referred to as “source” and
H > 0 is the unknown Hessian parameter.

The objective is to design a control law u(t), v(t) for (5), so that the
position of the vehicle x converges to the source x∗ of the field F (x)
without using position information x.

IV. GRADIENT-BASED SOURCE SEEKING

Zhang et al. [33] proposed the first unicycle source seeking solution,
in which the forward velocity is tuned, while the angular velocity is
kept constant. As a result of this, the closed-loop dynamics, in an
average sense, approximates the gradient of the fieldF and the unicycle
converges to the source. A major limitation of this algorithm is that its
convergence rate is dependent on the unknown Hessian ∇2F (x). Since
this is neither obvious nor elucidated by the conventional (first-order)
averaging analysis in [33], in this section we review the properties
of this algorithm from the perspective of second-order Lie bracket
approximations. Consider the source seeking algorithm [33]

u = c(F (x)− ν) sin(ωt) + α̃ cos(ωt) (7a)

v = ω0 (7b)

ν̇ = h(F (x)− ν) (7c)

where c, α̃, h, ω, ω0 ∈ R>0. Substituting (7) in (5), and using the fact
that θ̇ = ω0 ⇒ θ = ω0t+ θ0, results in the following closed-loop
system for source seeking:

ẋ = [c(F (x)− ν) sin(ωt) + α̃ cos(ωt)]

[
cos(ω0t+ θ0)

sin(ω0t+ θ0)

]
(8a)

ν̇ = h(F (x)− ν). (8b)

Two different periodic signals appear in here, one of frequency ω
and the other of frequency ω0, and therefore the convergence of x
to the source x∗ is not readily apparent. Furthermore, since the vector
fields in (8) are nonautonomous, the method from Section II is not
directly applicable. For this reason, we perform the following linear
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time-varying transformation of the position:

z = Y 	(t)(x− x∗) (9)

where

Y (t) =

[
sin(ω0t+ θ0) cos(ω0t+ θ0)

− cos(ω0t+ θ0) sin(ω0t+ θ0)

]
. (10)

We will need a differential equation for this new position and note that

ż = Ẏ 	(t)(x− x∗) + Y 	(t)ẋ. (11)

In view of the identities

x− x∗ = Y (t)z (12)

Y 	(t)Y (t) = Y (t)Y 	(t) = I (13)

Ẏ 	(t) = Y 	(t)J0 (14)

J0 =

[
0 ω0

−ω0 0

]
(15)

Y 	(t)J0Y (t) = J0 (16)

F (z) = F ∗ − 1

2
H |z|2 (17)

where I is the identity matrix, we obtain the following system from (8):

ż = J0z + [c(F (z)− ν) sin(ωt) + α̃ cos(ωt)]

[
0

1

]
(18a)

ν̇ = h(F (z)− ν). (18b)

The averaged system of (18) is stated in the following proposition.
Proposition 1: Consider (18) and let c = ω1−p and α̃ = αωp where

p ∈ (0.5, 1). Then, under Assumption 3, its second-order Lie bracket
averaged system is given as

˙̄z = (J0 +Λ)z̄ (19a)

˙̄ν = h(F (z̄)− ν̄) (19b)

where

F (z̄) = F ∗ − 1

2
H |z|2 (20)

Λ =

[
0 0

0 −αH
2

]
(21)

and J0 is defined as in (15).
The proof of Proposition 1 is found in the Appendix. Note that,

similar results to Lemma 1 based on different averaging techniques
have been reported in [6] and [33]. The convergence speed of (19) is
captured by the following corollary.

Corollary 1: The linearization (19) around z̄∗ = 0, ν̄ = F ∗

[
˙̄z

˙̄ν

]
=

⎡
⎢⎣ 0 ω0 0

−ω0 −αH
2

0

0 0 −h

⎤
⎥⎦
[
z̄

ν̄

]
= Jg

[
z̄

ν̄

]
(22)

has H dependent (unknown) eigenvalues

λ1,2(Jg) = − αH

2
± 1

2

√(
αH

2

)2

− (2ω0)2 (23)

λ3(Jg) = − h. (24)

Fig. 1. Newton-based source seeking scheme.

Inspecting (23), we can easily see that although z̄ → 0, its conver-
gence is governed by the unknown Hessian H . In the next section, we
address this limitation and eliminate the dependence of the Hessian on
the convergence rate.

V. NEWTON-BASED SOURCE SEEKING

In the previous section, we demonstrated that the x-trajectories of
(8) converge to a neighborhood around the source x∗. However, the
rate of convergence is dependent on the unknown Hessian H . We
provide next a control design with a subsequent analysis where this
dependence is removed for signals that satisfy Assumption 3. For this,
we employ the inverse Hessian estimation technique for Newton-based
ES presented by Ghaffari et al. [8] and establish the stability properties
of the developed closed-loop system via the second-order Lie bracket
averaging technique presented in Section II.

A. Design

Our Newton modification of the gradient source seeking scheme (8)
is shown in Fig. 1 and given, in equation form, by

u = cd(F (x)− ν) sin(ωt) + α̃ cos(ωt) (25a)

v = ω0 (25b)

ḋ = ωdd

(
1− d

8ω2

α̃2
(F (x)− ν) cos(2ωt)

)
(25c)

ν̇ = h(F (x)− ν) (25d)

where ωd ∈ R>0, d ∈ R with d(0) = d0 and the rest of the parameters
are defined as in (7). The closed-loop system, obtained similarly to (8),
reads as

ẋ = [cd(F (x)− ν) sin(ωt) + α̃ cos(ωt)]

[
cos(ω0t+ θ0)

sin(ω0t+ θ0)

]
(26a)

ḋ = ωdd

(
1− d

8ω2

α̃2
(F (x)− ν) cos(2ωt)

)
(26b)

ν̇ = h(F (x)− ν). (26c)
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The basic idea behind the Newton source seeking scheme (26)
can be summarized as follows. The modulated signal Ĥ(t) = 8ω2

α̃2

(F (x)− ν) cos(2ωt) yields an estimate of the Hessian, in an average
sense. In order to produce an estimate of the inverse Hessian, Ĥ(t) is
passed through a Riccati filter d and the estimate remains valid even
when the Hessian is singular. Finally, the output of the Riccati filter d
is fed back into the system via the forward velocity. The convergence
of (26a) to the source x∗ is independent of the Hessian, which can be
seen by deriving its average system, which we do next. Just as before,
in order to use the technique from Section II, we transform (26a) with
(9) and obtain

ż = J0z + [cd(F (z)− ν) sin(ωt) + α̃ cos(ωt)]

[
0

1

]
(27a)

ḋ = ωdd

(
1− d

8ω2

α̃2
(F (z)− ν) cos(2ωt)

)
(27b)

ν̇ = h(F (z)− ν). (27c)

The averaged system is given by the next proposition.
Proposition 2: Consider (27) and let c = ω1−p and α̃ = αωp where

p ∈ (0.5, 1). Then, under Assumption 3, its second-order Lie bracket
averaged system is given as

˙̄z = (J0 +Λd̄)z̄ (28a)

˙̄d = ωdd̄(1−Hd̄) (28b)

˙̄ν = h(F (z̄)− ν̄) (28c)

whereJ0,F (z̄) andΛ are defined as in (15), (20), and (21), respectively.
The proof of Proposition 2 is provided in the Appendix. The conver-

gence speed of (28) is captured by the following corollary.
Corollary 2: The linearization of (28) around z̄∗ = 0, d̄∗ =

H−1, ν̄ = F ∗

⎡
⎢⎣
˙̄z
˙̄d

˙̄ν

⎤
⎥⎦ =

⎡
⎢⎢⎢⎣

0 ω0 0 0

−ω0 −α
2

0 0

0 0 −ωd 0

0 0 0 −h

⎤
⎥⎥⎥⎦
⎡
⎢⎣z̄d̄
ν̄

⎤
⎥⎦ = Jn

⎡
⎢⎣z̄d̄
ν̄

⎤
⎥⎦ (29)

has eigenvalues assignable with α, ω0, ωd, h

λ1,2(Jn) = − α

2
± 1

2

√(α
2

)2

− (2ω0)2 (30)

λ3(Jn) = − ωd (31)

λ4(Jn) = − h. (32)

From (30), we observe that z̄ converges to zero, but in contrast to
(23), the convergence is independent of the unknown Hessian matrixH .
The stability properties of the newly proposed Newton source seeking
scheme (26) are analyzed in the following section.

B. Analysis

Theorem 1 (Newton source seeking): Consider (26) and let c =
ω1−p and α̃ = αωp where p ∈ (0.5, 1). Then, under Assumption 3, the
point x = x∗, d = H−1, ν = F ∗ of (26) is sGPUAS as in Definition 1
on the set {d > 0}, namely, for initial conditions (x0, d0, ν0) where
|x0|, |ν0|, d0 are arbitrarily large and d > 0 is arbitrarily small.

Proof of Theorem 1: The proof is divided into five steps to increase
readability.

Step 1. Variable transformations: In order to use the results from
Section II for the convergence analysis of (26), we need to bring the
system into a suitable form. To this end, we first apply (9)–(26), which

was already done above and obtain the Newton source seeking scheme
in z as (27). Next, we eliminate the unstable point d = 0 in the Riccati
filter (27b) by applying the transformation

d̃ = ln(d), d > 0 (33)

to (27b). Thus, we obtain

ż = J0z +
[
ced̃(F (z)− ν) sin(ωt) + α̃ cos(ωt)

] [0
1

]
(34a)

˙̃
d = ωd

(
1− ed̃

8ω2

α̃2
(F (z)− ν) cos(2ωt)

)
(34b)

ν̇ = h(F (z)− ν). (34c)

Step 2. Second-order Lie bracket averaging: In this step, we calculate
the second-order Lie bracket averaged system for (34). Since we follow
a similar procedure as in the derivation of (28) (see Appendix), we do
not repeat the calculations here. By choosing c = ω1−p and α̃ = αωp,
where p ∈ (0.5, 1), the second-order Lie bracket averaged system is
obtained as

˙̄z =
(
J0 +Λe

¯̃
d
)
z̄ (35a)

˙̃̄
d = ωd

(
1−He

¯̃
d
)

(35b)

˙̄ν = h(F (z̄)− ν̄) (35c)

where the above result holds under Assumption 3. To analyze (35) at
the origin, we shift the coordinates as

d̂ =
¯̃
d− ln(H−1) (36)

r = ν̄ − F (z) (37)

and obtain

ṙ = − hr +Hz̄	
(
J0 + Λ̃ed̂

)
z̄ (38a)

˙̄z =
(
J0 + Λ̃

)
z̄ +

(
ed̂ − 1

)
Λ̃z̄ (38b)

˙̂
d = − ωd

(
ed̂ − 1

)
(38c)

where Λ̃ = H−1Λ and recall that h,H, ω0, ωd ∈ R>0. Observe that,
in order to utilize Lemma 1 for the convergence analysis of (34), we
need to prove that (38) is GUAS. This would not be possible without
transformation (33).

Step 3. Stability analysis of the Lie bracket system: The intentional
choice of writing system (38) in its current form is to facilitate the
recognition of its cascade system structure. This, in turn, allows us to
utilize [13, Lemma 4.7] for the analysis of its asymptotic stability. For
this, we prove that the origin of subsystem (38b) and (38c) is GUAS.
Then, we show that (38a) is input-to-state stable (ISS)2 with respect
to z̄ and d̂. Thus, we can conclude that the origin of (38) is GUAS.
Inspired by [4] and [14], consider a Lyapunov function for subsystem
(38b) and (38c) as

V = ln
(
1 + z̄	P z̄

)
+

b

ωd

(
ed̂ − d̂− 1

)
(39)

where P = PT > 0 is chosen as

P =

[
α

4ω2
0

+ 2
α

1
2ω0

1
2ω0

2
α

]
(40)

2ISS definition can be found in [13, Def. 4.7].
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such that P (J0 + Λ̃) + (J0 + Λ̃)	P = −I holds and the parameter b
is

b =
‖G‖2

2λmin(P )
> 0 (41)

with

G = P Λ̃ + Λ̃	P =

[
0 −α

4ω0
−α
4ω0

−2

]
(42)

and

‖G‖2 = 2 +
α2

16ω2
0

+
1

2ω0

√
α2 + 16ω2

0 (43)

λmin(P ) =
2

α
+

α

8ω2
0

− 1

2ω2
0

√
α2

16
+ ω2

0 > 0. (44)

Then, the derivative of (39) along the trajectories of the subsystem (38b)
and (38c) is

V̇ =
z̄	(P (J0 + Λ̃) + (J0 + Λ̃)	P )z̄

1 + z̄	P z̄

+
(ed̂ − 1)z̄	(P Λ̃ + Λ̃	P )z̄

1 + z̄	P z̄
− b(ed̂ − 1)2. (45)

With the choice of P and G as above, V̇ is written as

V̇ =
− |z̄|2 + (ed̂ − 1)z̄	Gz̄

1 + z̄	P z̄
− b(ed̂ − 1)2

=
− |z̄|2 + (ed̂ − 1)z̄	Gz̄ − b(ed̂ − 1)2(1 + z̄	P z̄)

1 + z̄	P z̄
. (46)

Using the fact that z̄	P z̄ ≤ λmin(P )|z̄|2 and similarly z̄	Gz̄ ≤
‖G‖|z̄|2, where λmin(P ) is the smallest eigenvalue of the positive
definite matrix P and ‖G‖ is the matrix norm of (42), we can derive an
upper bound for (46) as

V̇ ≤ − |z̄|2 − b(ed̂ − 1)2

1 + z̄	P z̄

+
(ed̂ − 1) ‖G‖ |z̄|2 − b(ed̂ − 1)2λmin(P ) |z̄|2

1 + z̄	P z̄
. (47)

Taking the inequality

(ed̂ − 1) ‖G‖ |z̄|2 ≤ 1

2
|z̄|2 + 1

2
(ed̂ − 1)2 ‖G‖2 |z̄|2 (48)

into account and substituting it above, we obtain

V̇ ≤ − 1
2
|z̄|2 − b(ed̂ − 1)2

1 + z̄	P z̄

−
(ed̂ − 1)2 |z̄|2

(
bλmin(P )− ‖G‖2

2

)
1 + z̄	P z̄

. (49)

With the choice of b as in (41), the upper bound for V̇ reads as

V̇ ≤ − 1
2
|z̄|2 − b(ed̂ − 1)2

1 + z̄	P z̄
. (50)

Since V̇ is bounded from above by a negative definite function as in
(50), then according to [13, Th. 4.9], we can conclude that the origin
of the subsystem (38b) and (38c) is GUAS.

To complete the analysis, we need to demonstrate that (38a) is ISS
with respect to z̄ and d̂. To simplify the notation, we define the vector

Fig. 2. Riccati state d(t) converging to the inverse of the Hessian
H−1 = 10 and H−1 = 50, respectively.

g = [z̄	, d̂]	 and our goal is to prove that (38a) is ISS with respect to
g. Hence, we can bound ṙ as

ṙ ≤ −h |r|+H |z|2
(
‖J0‖+ ed̂‖Λ̃‖

)
≤ −h |r|+H(|z|+ |d̂|)2

(
‖J0‖+ e(|z|+|d̂|)‖Λ̃‖

)
≤ −h |r|+H(2 |g|)2

(
‖J0‖+ e2|g|‖Λ̃‖

)
≤ −ρ1(|r|) + ρ2(|g|). (51)

Given that bothρ1 andρ2 areK∞ functions, we can refer to [15, Th. C.3]
to conclude that the system (38a) is ISS with respect to g. Considering
this and the fact that subsystems (38b) and (38c) are GUAS, we can
invoke [13, Lemma 4.7] and conclude that the origin of (38) is GUAS.

Step 4. Second-order Lie bracket stability theorem: In Step 3, we
showed the asymptotic stability properties of the Lie bracket system
(38). Hence, we can apply Lemma 1 from Section II and conclude
that the equilibrium point z∗ = 0, d̃ = ln(H−1), ν = F ∗ of (34) is
sGPUAS.

Step 5. Back to the original coordinates: Invoking (12) and (33),
we recall that x = x∗ + Y (t)z and d = ed̃, respectively. From the fact
that z∗ = 0, d̃ = ln(H−1), ν = F ∗ is sGPUAS on R4 for the (z, d̃, ν)-
system, we obtain that x = x∗, d = H−1, ν = F ∗ is sGPUAS on the
set {d > 0} for the (x, d, ν)-system. �

Remark 1: Theorem 1 solely provides the practical stability prop-
erties of (26). However, the Hessian-invariant convergence rate is
observed through the eigenvalues (30).

Remark 2: The result in Theorem 1 requires that (26) be decomposed
into four tiers of parameter values, which is achieved by a particular
scaling of the parameters. For ease of exposition, let ω = ω̃4, p = 0.75
and α = 1, then u(t) = ω̃d sin(ω̃4t)(F (x)− ν) + ω̃3 cos(ω̃4t) and
ḋ = ωdd(1− 8 dω̃2(F (x)− ν) cos(2ω̃4t)). Hence, the scaling of the
tuning gain for the forward velocity ω̃ should be high, for the Riccati
dynamics ω̃2 higher, the perturbation amplitude ω̃3 even higher and
the perturbation frequency ω̃4 the highest. In contrast, the gradient
seeker [6] has only two tiers of scaling: high forward velocity tuning
gain and higher perturbation frequency.

VI. SIMULATION RESULTS

In this section, we evaluate the Newton source seeking scheme
(26) on practical examples. We also refer to (26) as Newton seeker.
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Fig. 3. Time elapsed for both source seeking schemes [gradient
seeker (8) and Newton seeker (26)] to reach the peak of the field F ∗ = 5,
i.e., the source x∗ for different values of the Hessian H. (a) H−1 = 50.
(b) H−1 = 10.

To highlight the advantages of our proposed design, we compare it
with the gradient source seeking scheme (8), analogously referred to
as gradient seeker, for the same values of the coinciding parameters.
For the simulations, these are chosen as ω = 15, ω0 = 1, α = 1.7,
ωd = 0.3, h = 1, and p = 0.61. The field F (x) is of the form (6) with
a peak of F ∗ = 5 and the source is located at x∗ = [1,−1]	. The initial
conditions are chosen as x0 = [4,−4]	, ν0 = 0, and d0 = 1.

The results are presented in Figs. 2 and 3 for different values of
the Hessian H . Fig. 2 clearly demonstrates that the Riccati filter
successfully estimates the inverse of the Hessian in both cases. As a
result, the Newton source seeking scheme (26) converges much faster
towards the source x∗ = [1,−1], i.e., the peak F (x∗) = 5 for both
values of H , as observed in Fig. 3. In contrast, the gradient seeking (8)
exhibits a considerably slower convergence rate towards the source.

VII. CONCLUSION

While it is desirable to develop a Newton-based version of a
source seeking algorithm with steering-based source seeking, such

as, for example, [26], a naive Newton-based modification of this al-
gorithm results in a second-order Lie bracket system that does not
converge. Hence, we develop the first Newton-based source seeking
algorithm based on the historically first nonholonomic source seek-
ing scheme [33], which employs forward velocity tuning. In contrast
to [33], our convergence rate is independent of the Hessian and can
be assigned by a proper choice of the gain α. This is done by em-
ploying a Riccati filter that, on average, estimates the inverse of the
Hessian of the distance-dependent field, and modifies the gradient
algorithm [33]. We prove semiglobal practical stability properties and
confirm our theoretical results with simulations. The need and value of
second-order averaging in source seeking were recently revealed in the
award-winning conference paper [2] and are affirmed by the present
article.

APPENDIX

Proof of Proposition 1: For the derivation of (19), we first bring
(18) in the input-affine form (1). Let c = ω1−p and α̃ = αωp where
p ∈ (0.5, 1), then we can write (18) as

[
ż

ν̇

]
=

[
J0z

h(F (z)− ν)

]
︸ ︷︷ ︸

f0

+

⎡
⎢⎣ 0

F (z)− ν

0

⎤
⎥⎦

︸ ︷︷ ︸
f1

ω1−pu1(ωt)

+
[
0 α 0

]	
︸ ︷︷ ︸

f	
2

ωpu2(ωt) (52)

with u1(ωt) = sin(ωt), u2(ωt) = cos(ωt), p1 = 1− p, and p2 = p.
The derivation of (19) follows from a direct calculation. With T = 2π

ω

and (20), the first-order terms are obtained as

γ12(ω) =
ω2

2π

∫ 2π
ω

0

s∫
0

cos(ωs) sin(ωp)dpds = −1

2
(53)

and [f1, f2] = 0 αHz2 0	. The second-order terms are obtained in
similar fashion as

γ121(ω) =
ω3−p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

sin(ωτ)(cos(ωs) sin(ωp)

− sin(ωs) cos(ωp))dpdsdτ =
1

2ωp
(54)

γ122(ω) =
ω2+p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

cos(ωτ)(cos(ωs) sin(ωp)

− sin(ωs) cos(ωp))dpdsdτ = 0 (55)

and [[f1, f2], f1] =
[
0 αH(ν − F (z)) − αH2z22 0

]	
. Since

γ122(ω) = 0, the value of [[f1, f2], f2] does not contribute to the
expression for (19), and thus, we omit its computation. Finally, multi-
plying and adding the first and second-order terms from above as in (2)
with l = 2 and taking the limit as ω → ∞, we obtain (19). �

Proof of Proposition 2: Following a similar approach to the proof
of Proposition 1, we can express (27) in the form of (1). By choosing
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c = ω1−p and α̃ = αωp, where p ∈ (0.5, 1), we rewrite (27) as

⎡
⎢⎣żḋ
ν̇

⎤
⎥⎦ =

⎡
⎢⎣ J0z

ωdd

h(F (z)− ν)

⎤
⎥⎦

︸ ︷︷ ︸
f0

+

⎡
⎢⎢⎢⎣

0

d(F (z)− ν)

0

0

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
f1

ω1−pu1(ωt)

+

⎡
⎢⎢⎢⎣
0

α

0

0

⎤
⎥⎥⎥⎦

︸︷︷︸
f2

ωpu2(ωt) +

⎡
⎢⎢⎢⎣

0

0

d2 8ωd
α2 (ν − F (z))

0

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
f3

ω2−2pu3(ωt) (56)

withu1(ωt) = sin(ωt),u2(ωt) = cos(ωt),u3(ωt) = cos(2ωt),p1 =
1− p, p2 = p, and p3 = 2− 2p. With T = 2π

ω
and (20), the first-order

terms are obtained as

γ12(ω) =
ω2

2π

∫ 2π
ω

0

∫ s

0

cos(ωs) sin(ωp)dpds = −1

2
(57)

γ13(ω) =
ω3−3p

2π

∫ 2π
ω

0

∫ s

0

cos(2ωs) sin(ωp)dpds = 0 (58)

γ23(ω) =
ω3−p

2π

∫ 2π
ω

0

∫ s

0

cos(2ωs) cos(ωp)dpds = 0 (59)

and

[f1, f2] =
[
0 dαHz2 0 0

]	
(60)

[f1, f3] =

⎡
⎢⎢⎢⎣

0

−d2 8ωd((F (z)−F ∗)2−ν)

α2

d3 8Hωdz2(F (z)−ν)

α2

0

⎤
⎥⎥⎥⎦ (61)

[f2, f3] =
[
0 0 d2H 8ωd

α
z2 0

]	
. (62)

Analogously, the second-order terms are computed as

γ121(ω) =
ω3−p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

sin(ωτ)(cos(ωs) sin(ωp)

− sin(ωs) cos(ωp))dpdsdτ =
1

2ωp
(63)

γ122(ω) =
ω2+p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

cos(ωτ)(cos(ωs) sin(ωp)

− sin(ωs) cos(ωp))dpdsdτ = 0 (64)

γ123(ω) =
ω4−2p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

cos(2ωτ)(cos(ωs) sin(ωp)

− sin(ωs) cos(ωp))dpdsdτ = 0 (65)

γ131(ω) =
ω5−4p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

sin(ωτ)(cos(2ωs) sin(ωp)

− sin(ωs) cos(2ωp))dpdsdτ = − 1

8ω4p−2
(66)

γ132(ω) =
ω4−2p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

cos(ωτ)(cos(2ωs) sin(ωp)

− sin(ωs) cos(2ωp))dpdsdτ = 0 (67)

γ133(ω) =
ω6−5p

6π

∫ 2π
ω

0

∫ τ

0

s∫
0

cos(2ωτ)(cos(2ωs) sin(ωp)

− sin(ωs) cos(2ωp))dpdsdτ = 0 (68)

γ231(ω) =
ω4−2p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

sin(ωτ)(cos(2ωs) cos(ωp)

− cos(ωs) cos(2ωp))dpdsdτ = 0 (69)

γ232(ω) =
ω3

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

cos(ωτ)(cos(2ωs) cos(ωp)

− cos(ωs) cos(2ωp))dpdsdτ =
1

8
(70)

γ233(ω) =
ω5−3p

6π

∫ 2π
ω

0

∫ τ

0

∫ s

0

cos(2ωτ)(cos(2ωs) cos(ωp)

− cos(ωs) cos(2ωp))dpdsdτ = 0. (71)

As previously, we skip the computation of the second-order terms
[[fi, fj ], fm] where their corresponding γijm(ω) = 0, as they do not
contribute to the calculation of (28). For instance, there is no need
to compute [[f1, f2], f2] since γ122(ω) = 0. Therefore, the relevant
second-order Lie brackets are

[[f1, f2], f1] =

⎡
⎢⎢⎢⎣

0

Hαd2(ν − F (z))− α(Hdz2)
2

0

0

⎤
⎥⎥⎥⎦ (72)

[[f1, f3], f1] =

⎡
⎢⎢⎢⎢⎢⎢⎣

0

− 16Hd3ωdz2
α2 (F (z)− ν)

8Hd4(F (z)−ν)

α2 (Hz22 − (F (z)− ν))

0

⎤
⎥⎥⎥⎥⎥⎥⎦ (73)

[[f2, f3], f2] =
[
0 0 −8ωdHd2 0

]	
. (74)

By multiplying and adding the first and second-order terms above, as
described in (2) with l = 3, and taking the limit asω approaches infinity,
we arrive at (28). �
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[28] R. Suttner and M. Krstić, “Acceleration-actuated source seeking with-
out position and velocity sensing,” IFAC-PapersOnLine, vol. 53, no. 2,
pp. 5348–5355, 2020.

[29] R. Suttner and M. Krstic, “Nonlocal nonholonomic source seeking despite
local extrema,” IEEE Trans. Autom. Control, 2023.
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