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Adaptive Observer Design for Heat PDEs With Sensor Delay and
Parameter Uncertainties

O. Ammari @, F. Giri @, M. Krstic

Abstract—In this article, we consider the problem of observer
design for heat diffusion—reaction partial differential equations
(PDEs) that are monitored through delayed boundary sensor mea-
surements. The novelty with respect to the existing observers lies
in the fact that the PDE is subject to parameter uncertainties com-
ing not only in the domain but also in the sensor. We develop an
adaptive observer that provides online accurate estimates of both
the state and parameter estimates. The observer design makes use
of modal decomposition theory and the decoupling transformation
method. The former is resorted to reformulate the observer design
and analysis in a finite-dimensional space. The decoupling trans-
formation makes the state estimation problem decoupled from the
parameter estimation problem. Compared with the existing adap-
tive observers, the new observer features: 1) the injection of extra
actions in the domain allowing a better compensation for the ef-
fects of parameter uncertainties and 2) a better consideration of all
available information (at a given time) in the parameter estimator.
The observer analysis is established using a Lyapunov—Krasovskii
functional, under a persistent excitation assumption. The analysis
highlights sufficient conditions, involving the maximal time delay,
for the state and parameter estimation errors to be exponentially
convergent to zero.

Index Terms—Heat PDEs, modal decomposition, observer de-
sign, parameter uncertainty, time delays.

|. INTRODUCTION

The problem of adaptive observer design for partial differential
equations (PDEs) has recently been given an increasing interest [3],
[4], [51, [9], [10]. A substantial portion of previously proposed adaptive
observers has in fact been designed to be components of fault detection
systems [1] or output-feedback adaptive control systems [7], [8], [11],
[13], [14]. Those adaptive observers were designed for PDEs with
no sensor parameter uncertainties and no sensor time delays. Sensor
parameter uncertainties in adaptive observer design for PDEs have been
dealt with in [12].

In recent years, much attention has also been paid to observer
design for heat PDEs with sensor delay. A modal-decomposition-based
observer design approach was presented in [18] for heat PDEs, with
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Dirichlet boundary condition, in the presence of sensor delay. The ob-
tained finite-dimensional spatially invariant gain observer is described
by an ordinary differential equation (ODE) with appropriate dimension.
In [16], a spatially varying gain observer was designed in the PDE form
using the modal decomposition technique. The abovementioned couple
of observers were shown to be exponentially stable for small delays.
To cope with large delays, a cascade observer was proposed in [2].
The observer involved multiple observers in PDE forms and multiple
sensors in the domain. None of the abovementioned observers apply to
heat PDEs with parameter uncertainties. Recently, observer design has
been investigated for heat PDEs that are subject to both time delay and
parameter uncertainty [6]. Time delay came in the domain, not in the
Sensor.

In this article, the problem of adaptive observer design is addressed
for reaction—diffusion heat PDEs that are subject to both sensor de-
lays and parameter uncertainties. Unlike previous works, both the
discrete and distributed sensor delays are presently considered and
simultaneously dealt with in the observer design. Parameter uncertainty
comes in domain and sensor equations (which was not the case in the
abovementioned works). The considered observer design problem is
dealt with by combining the modal decomposition approach and the
decoupling transformation method. Like in [16], modal decomposition
is resorted to convert the initial infinite-dimensional observer design
problem into a finite-dimensional observer design problem. By the de-
coupling transformation, the design of the (space-dependent) observer
gain is made decoupled from the design of the parameter estimator. In
addition to the observer gain and the parameter estimator, the observer
design also necessitates the design of an appropriate extra feedback
action, to be injected in the observer domain equation, to compensate
for the effects of parameter uncertainty. The compensating action is
presently depending not only on the parameter estimate rate but also
on the estimate increment over the most recent time-delay interval.
As for the parameter estimator, this is optimized in the sense that it
accounts for all available information at a given time. The augmented
compensating action (injected in the observer state equation) and the
optimized information (in the parameter estimator) are both new fea-
tures compared to the existing adaptive observers. The convergence
of the adaptive observer is analyzed, under an ad hoc persistent ex-
citation (PE) assumption involving only external signals, by making
use of a Lyapunov—Krasovskii functional. We show that both the
state and parameter estimation errors converge exponentially to zero.
The result holds under sufficient conditions that entail the admissible
maximal delay size and the minimal length of the observer gain series
expansion.

The rest of this article is organized as follows. The observer design
problem is formally stated in Section II. Sections III and IV are,
respectively, devoted to the observer design and analysis. Most technical
proofs are provided in Section V. Simulation results are presented in
Section VI. Finally, Section VII concludes this article.

A. Notation and Inequalities

Spaces and norms: Euclidean norms in spaces R™ and R™*™ are
simply denoted | |. L2[0, D] denotes the Hilbert space of square
integrable functions f : [0, D] — R™, forany n > 1, and || f|| .20, p)
denotes the associated L2-norm. H*[0, D] is the Sobolev space with
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the norm || f{| g (o, py = \/Zf:o [N 20, p). Where f() denotes
the ith derivative of f.

Wirtinger’s inequality: for f € H'[0, D]

such that f (0) =0 or f (D) =0, one has: fOD |f(s)|Pdz <
22 [P 4O

Smrm Lzouvzlle problem: Consider the regular Stiirm-Liouville
problem, ¢" + ¢ = 0, for 0 < x < 1, with ¢(1) = ¢’ (0) = 0. The
associated eigenvalues and eigenfunctions are defined by

= (n - ;)2772 and @, (r) = V2c0s (vanz) (n > 1).

Furthermore, the family {¢,,(z)} constitutes a complete orthonor-
mal system in L2 [0, 1].

Il. PROBLEM STATEMENT

The system under study is described by the following equations:

up (2,1) = Uy (x,t) +bu(z,t) + Ya (x,t) 04

for0 < z(1,¢)0 (1)
u, (0,8) =0 2)
u (1,t) = w (t) (actuation) 3)

(0,t 4 s) pu(s)ds + s () 05 (sensing)  (4)

y(t):/ju

with initial condition

u(.,0) 2 ug () € H2(0,1) )
with ug (1) = @(0) and uf, (0) = 0. Various notations in (1)—(4) are
defined as follows.

1) u(zx,t) is the state variable, not accessible to measurements.
2) w(t) € R is a known control signal.

3) y(t) € R is a measureable output signal.

4) 1g4(x,t) is a known function of the form

Z wd n (Pn ) (6)

with Ny > 1, where g, (t) € C(Ry,R™™d) are known
bounded functions with dimension my4 > 1.

5) s € C(R,,R™™=) is also a known bounded function with di-
mension mg > 1.

6) The delay h > 0 and the coefficient b € R are known real but 6, €
R™i (i € {d, s}) are not.

7) w(.) is a weighting function defined by

Ho

() = Eorect (7) 4+ md (s + h) %)

with o, 1 € {0, 1} are known real such that g + 1 > 1;0(.) is
the Dirac impulse, and rect(.) is the following rectangular function:

rect (s) = {(1)’

In view of (6), the sensor (4) explicitly writes

fors e [—-1,0]
otherwise ’

o [°
y(t) = f[hu(o,t+s)ds+u1u(0,t—h)+ws(t)95.

That is, both distributed delay (case p1o = 1) and discrete delay (case
w1 = 1) are accounted for by sensor modeling (4).

We seek an observer that provides online accurate estimates of the
state u(x,t) and the unknown quantities 6, for ¢ € {d, s}, based only
the measurements of y(¢) and w(t).

Remark 1:

1) The existence of a unique weak solution in H?(0, 1) for the u-
problem (1)—(3) can be shown following mutatis mutandis a similar
argument used in [16]. See, e.g., [17, p. 258] for the notion of weak
solution.

2) The quantities 1;(x, t)0; might represent either right-hand side
(RHS) disturbances or system components that are likely to fall
into failure. Accordingly, a change of 0; is interpreted as a fault
occurring in the domain (i = d) or on the sensor (¢ = s). The case
of sensor fault has been investigated in [12]. But, no time delays
were injected there in the system.

3) The class of systems described by (1)—(3) is much larger than
those in similar studies dealing with observer design for heat PDEs
with sensor delay, especially [2], [16], and [18]. The novelty of
(1)—(3) lies in the consideration of parameter uncertainty, both in
the domain.

I1l. OBSERVER DESIGN
A. Observer Structure

We consider the following observer structure:

Ty (2,1) = Ugs (2, 1) + b0 (2, t) + g (z, 1) Oy (t)

—K(z)g(t)+wv(z,t), for0<z <1 (8)
u, (0,t) =0 9
a(1,t) = w (1) (10)
O o~
10 = [ 0+ uds+o, 000 an
“h
u(z,s)=0,for0<z<lands <0 (12)

with § (t) =¥ (t) — y(t), where u(x,t) and 0; (i € {d, s}) denote
estimates of u and 0; (i = d, s), respectively. In fact, the observer is a
copy of the system, along with a spatially varying gain K (z) € R and
two injected actions in the domain: 1) output injection K (z)y and 2)
the extra action v, yet to be defined. As in [16], we let the observer gain
be of the form

N
=Y knpn (2) (13)
n=1
for some integers N and real coefficients k,,

in this section. The parameter estimates 0; (1 € {d, s}) will also be
defined in the sequel.

to be determined later

B. Error System

Introduce the following useful notation:

o=1[6767]" er™ (14)
~ T
6= [55 5{] cR™ (15)
with m = mg + my, and the estimation errors
d=u—u (16)
0, =0, — 0, (i €{d,s}) (17)
~ ~ — ~, T
@:ef@:[egaj] (18)
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Using (16)—(18), it follows from (4) and (11) that

P60 = [ aoruEds o080, )

Using (16) and (17), the following error system is obtained by
subtracting each equation of (1)—(3) to the corresponding equation in

(8)—(10):
Uy (2, 1) = Ugy (x,t) + bU (2,1)

0
—K(x)[hﬂ(o,t+s)u(s)ds

+ Wy (2,t) O () + vy (x,t), fort>0 (20)

Uy (0,8) =0 2D
w(1,t) =0 (22)
with
Va(z,t) = [tha(z,t) —K(2)¢s(z,1)]. (23)
From (5) and (12), one gets the initial condition
% (.,0) = —ug (.) € H?(0,1). (24)

C. Design of the Compensating Action v (t)
Introduce the following decoupling transformation:
2(z,t) =4 (2,8) = 1 (z,1) O (1),

with A(z,t) € R*™ an auxiliary variable to be defined later. Differen-
tiating both the sides of (25) with respect to (w.r.t) time, using (20)—(23),
and omitting arguments (x, t) to alleviate the expressions, gives

fort >0 (25)

0

zt:szrbsz(x)/ z(0,t+ s)p(s)ds

—h
0

+ {)\erbA — K(m)/

—h

p(s)A(0,t4s)ds + Wy — xt] O (t)

—K(m)[ou(s)k(07t+s) (é(t+

s) -6 (t)) ds
h
— 2.0 (t) + vy (26)
Equation (26) suggests to let A be governed by the following PDE:
A (x,t) = Mg (z,8) + DA (2, 1)

—K(x)[hu(s)k(o,t+s)ds—i—\Ifd(;mt) 27

and v be selected as follows:

v (1) = A (2,8) © (¢)

+K(x)[0u(s)k(0,t+s) (@(HS)*@@)) ds

h
(28)
In view of (27) and (28), (26) boils down to
2z (x,t) = 240 (x,t) + b2 (2, 1)
0
— K () / 2(0,t+ s) u(s)ds. (29)
~h

The boundary equations are obtained from (25), using (21), as

zp (0,t) = =2, (0,1) O (t)
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which suggests that we should let

rz (0,8) =0
2z (0,t) = 0.
Similarly, using (25), from (20), one gets
z2(1,t) =a(1,t) — A (1,t) O (t)
= —A(L,)O(1).
This suggests the boundary conditions
A(1,t) =0and z(1,t) = 0.
Let us recapitulate the z-system equations

2t (x,8) = 2zge (z,t) + bz (2, 1)

—K(x)[ 2(0,t+s)p(s)ds

h
2z (0,8) =0
z(1,t) = 0.
The initial condition for (27) is set as follows:
A(.,8) =0, for s <0.
Then, we get from (24) and (25) that
z (.,0) = —ug € H*(0,1).

D. Design of the Parameter Estimator ©

Writing (25) for x = 0 gives, for any ¢ and s

@(0,t+5) =A(0,t+5)O(t+5)+2(0,t+5).

Then, using (19), one gets

g(t):[ A(0,t+ 8)O (t+ ) p(s) ds + ¥, (t) 0,

+/ z(0,t 4+ s) pu(s)ds.
)by O(t) + O(t + s) — O(t) gives

(t+
(/hx (0,¢+s) u(s )ds—i—\I!S(t))(:)(t)

0

Replacing O (¢

(=}

with

+/ 5 (0,t+ s) @(t+s)—
h
+/020t+s u(s)ds

h

U, (1) = [0, (t)] € RY*™,

Rearranging terms in (40), one gets

R - 0
g (t):A(t)@(t)+lhz(0,t+s)u(s)ds

with 7(t) € R and A(t) € R'™ being defined by

(0,t+s)p(s)ds + Wy (t)

A(t):/_ik

6 (t)) w(s)ds

(30)
(3N

(32)

(33)

(34

(35)
(36)

(37

(3%

(39

(40)

(4D

(42)

43)
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i) =7 (t)—[ 10,1+ 8) (6t +35) O (1) pls)ds.

h
44
Equation (42) suggests the following least-squares estimator:
6(t)= 6(t) = ~R (1) AO)§ (1) (45)
R(t)=R(t) - R(t) A" A1) R(D) (46)

with arbitrary ©(s) € R™ and positive definite R(s) € R™*™, for
s < 0.

E. Design of the Observer Gain K(x)

Following an analysis in [16], it is shown that the z-problem
(34)—(36) has a weak solutionin H2(0, 1). Then, we present the solution
of (34)—(36) as

z(m,t):Zzn(t)gon(x), for—h <t < oo 47)
n=1

with z,, (t) = fol z(x, t)¢, (v)dx. Differentiating z,, (t), using (13) and
(34)—(36), and integrating by parts, gives
0

Zn () = f(anfb)zn(t)fkn/_ z(0,t+s)p(s)ds

h
forn=1,...,N (48)
Zn ()= — (ap —b) 2z, (1), forn > N+1 (49)

where the first equality is obtained using the fact that |; 01 w2 (x)dr =1
and fol i (x)pn(z)dx = 0, for i # n. From (38), one gets

1
2, (0) = f/ ug () on (z) dz, forn > 1. (50)
0
In view of (48) and (49), (47) is split into two parts, i.e.,
N
z (@)=Y 20 (t)pn () +0 (2,1) (51)
n=1
(@, t)= Y 2 (t)on(@). (52)
n=N+41

Equations (48) and (49) also suggest that we introduce the following
notations:

Z@®)=[a@),. .., 2n )" (53)
A=diag(— (a1 —b),...,— (anx — b)) (54)
C=[p1(0),....0n (0)] (55)
k=[ki,... . kn]". (56)

Then, (48) takes the following vector representation:

Z(t) = (A= (po+m)kC) Z (1)

+kC ((uo +pm)Z(t) - jL Z(t+s)u(s) ds)

0
—k/ 9(0,t + s) pu(s)ds. (57)
~h
Let N > N,beany integer suchthata,, — b > 0,foralln > N + 1.
The integer N exists and is not unique, because «,, — co. On the
other hand, using (54) and (55) and the fact that ¢,, (0) = /2, it is
readily checked that the observability matrix of the pair (A, %) is the

transpose of a Vandermonde matrix with indices (a1, ..., ay). That
matrix is invertible because o; # «a; for i # j. It turns out that the pair
(A, (o + p1)C) is observable. We then let k be selected such that
A — (o + p1)kC is Hurwitz. This completes the observer design.

The adaptive observer thus designed is constituted of the state ob-
server (8)—(13), the parameter estimator (45) and (46), and the auxiliary
filter defined by (27), (30), (33), and (37). For convenience, the whole
adaptive observer is recapitulated in Table I.

Remark 2:

1) A substantial difficulty lies in the propagation of the delay ef-
fect. That effect comes in through the signal vy (z,t), matrix
A — (po + p1)kC required to be Hurwitz, through the integral
term in (66), and the integral term in (t).

2) The ODE system (45) and (46) has a unique continuous solution
due to the existence theorem. We previously mentioned that the z-
problem (34)—~(36) has a weak solution in H2(0, 1). The same holds
for the A-problem, defined by (27), (30), and (33). The existence of
a unique weak solution of the t-system in H2(0, 1) follows from
the relation @ (z,t) = z(x,t) + A(z,t)©(t). The same holds for
u=17 + u.

Remark 3: Although the gain structure (13) resembles to thatin [16],
the present observer (of Table I) is quite novel. The novelty lies in: (i)
the output injection term K (z)7(t) in (58) (which presently involves
both distributed and discrete delays); (ii) the compensating action
vy (t) in (58); (iii) the parameter estimator (64) and (65); and (iv) the
auxiliary filter (68)—(70). Novelties (ii)—(iv) make the present observer
adaptive nature, a feature not shared by the observer in [16]. The present
observer is also quite different from that developed in [18], for a heat
PDE with Dirichlet boundary conditions and sensor delay. Indeed, that
observer was finite dimensional (described by an ODE) and was not
adaptive.

IV. OBSERVER ANALYSIS

Proposition 1. (Analysis of z,,-systems): Consider the family of z,,—
systems described by (49) withn > N + 1. Let o > 0 be any real and
N > Ny be such that o,, — b > o for all n > N + 1. Then, one has
the following:

1) 23 (t) < e 27" Juo | £2(0,1)-
2) 92(x,t) < vie 290 for some real constants vy depending on
lluoll £r2(0,1)- O

Part 1 is a direct consequence of (49) and (50). The proof of Part 2
is similar to that of [18, Lemma 3].

Proposition 2. [Convergence of Z(t) and z(x, t)]: With N selected
as in Proposition 1, there exists a real A* > 0 such that the following
properties hold, provided that 0 < h < h*.

1) Z(t) exponentially converges to the origin.
2) Jnax |z(x,t)| exponentially converges to zero. O

The proof of Proposition 2 is given in Section V.

Proposition 3. [Boundedness of auxiliary state A(x,t)]: In the same
conditions as in Proposition 2, the auxiliary state A(x,t), defined by
(68)—(70), is bounded.

The proof of Proposition 3 is provided in Section V.

Theorem 1 (Main result): Assume the vector AT (¢), defined by (43),
to be PE in the sense that

t+T
/ AT (T)A (1) dT > &0l V¥t >0 (72)
t

for some real constants 7" > 0 and g > 0. Then, in the same conditions
as in Proposition 2, the observer of Table I, when applied to system
(1)—(3), is exponentially convergent. Accordinly, one has:
1) The parameter and state estimation errors (:)(t) exponentially con-
verge to the origin.
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TABLE |
ADAPTIVE OBSERVER SUMMARY

State Estimator

(%, 1) = Qe (x, 8) + bO(x, t) + Pu (x, )0,4(t) — K()F(@) + vy (x,t), for 0<x <1, t>0 (58)
1,(0,t) =0 59)
a(1,6) = w(t) (60)
vy (x, ) = (6, )8(6) + K(x) [, 1()A(0, ¢ + 5) (@(t +5)— @(t)) ds 61)
7O =90 = y©, 9@ = [5, 80, t + u(s)ds + s (D) (62)
K@) = Xh=1 kngn (x) (63)
with (.,s) = 0 for s < 0, where k = [ky, ..., ky]T is such that A — (ug + p1)kC is Hurwitz with
A = diag(—(ay = b), ..., —(ay — b)), C = [¢1(0), ..., o5 (0)]
The integer N > 1 will be selected later.
Parameter'estimator
0(t) = —R(t) A I (1) (64)
R(t) = R(t) — R(t) A()TA(E)R(E) (65)
with arbitrary ©(s) and R(s) = R”(s) € R™ ™ for s < 0, where
A() = [, 200,¢ + )p(s)ds + W (t) (66)
F®) = ADB() + [, 2(0,t + S)u(s)ds. (67)
Auxiliary filter
Ae(x,8) = Ay (x, ) + DA(x, ) — K (x) f_oh,u(s)l(O, t+s)ds+W(x,t), for 0<x<1,t>0 (68)
2,(0,6) =0 (69)
A1,6)=0 (70)
with A(.,s) =0, fors < 0, ¥,(t) = [0 s (t)]
Yl t) = [a(x, ) —K@)Ps(x,t) ] € RP™ (71)

2) The state estimation error u(z,t¢) exponentially converges to

Zero. 0

Proof of Theorem 1: Because of (25), Part 2 is a consequence of Part

1, Proposition 2 (Part 2), and Proposition 3. Therefore, let us establish
Part 1. To this end, consider the Lyapunov function

Vo =0T R7'6. (73)
Due to (72), R~ exists and satisfies [15]
ol < R (t) <7l VE>0 (74)

for some real constants 0 < 7, < rj; < oo. Then, (65) implies that

-1
d";t =-R'+AT()A(1). (75)
Differentiating Vg w.r.t time, using (42), (45), and (75), gives
Vo= —20T ATy (t)—6TR 16+ 0TATAO
0 2
< —Ve+(/ z(O,t—Fs)u(s)ds) (76)
~h

applying Young’s inequality. By Proposition 2 (Part 2), z(0, ¢) expo-
nentially converges to zero and, by (7), so does ff]h z(0,t + s)pu(s)ds.
Then, it follows from (76) that Vg (¢) exponentially converges to zero.
On the other hand, from (73) and (74), one has |(:)(t) |2 < Vf—"(f), which
implies that |©(t)| is exponentially converging to zero. |

V. TECHNICAL PROOFS
Proof of Proposition 2:

Part 1: By definition (7) of (), using the fact that 41; € {0,1} and
o + p1 > 1, one has

_/110 0 B 0
(ot m) 20 =52 [ Z@ds+mzO)= [ Z@yu(ss

Then, (57) rewrites

Z(t) = (A= (po+m) kC) Z(t)

+k0[h(Z(t)—Z(t+s))u(s)ds

fk/ 9(0,t+ s) p(s)ds. (77)
~h

As A — (po + p1)kC is Hurwitz, there exists a matrix P = PT >
0 that satisfies
P(A—kC)+ (A—kC)'P=—1I. (78)

Let p,,, > 0 and pps > 0 denote the smallest and largest singular
values of P, respectively. Consider the Lyapunov—Krasovskii function

W (t) =Wz (t)+ Ws (t) (79)
Wy (t)= 2" (t) PZ (t) (80)
t
Ws (t):n/ (h+sft)(z‘(s)‘2ds @1)
t—h
where 17 > 0 is an arbitrary real number. From (81), one has
t ) 2
—n/ ‘Z (s)] ds < —ws (1) (82)
t—h
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Differentiating (80), using (7) and (77), and applying Young’s and
Wirtinger’s inequalities, gives

0

Wy ()= —1Z @) —227 (t)Pk/ 9 (0,1 + s) ju(s)ds

—h

+2ZT(t)PkC/_O —Z(t+s))u(s)ds

—<L—§1—f2)wz(t)+ﬂ

pPm

V2LPLECE (4 T
& (?ﬂ“)/t,h‘z(s)‘ds

P
L IPLKP Mo/ 0.t 5)d
&

for arbitrary &; > 0 (: = 1, 2). Similarly, differentiating (81), using the
Leibniz rule, gives

t
Ws(t)g—n/
t—h

From (77), applying Young’s and Wirtinger’s inequalities, one gets

[Pk

2

IN

———9%(0,t = h)

(83)

. 2 . 2
Z(s)‘ ds+nh‘z(t)) . (84)

20| < 414~ (uo + m) KOP |2 (1)

+ 4h|kC|? ( y )/:hlz'(s)

8Ikl

2

ds

/ 92 (0,t + 5) ds + S |k|*0% (0, — h)
which together with (84) yields
We (t) < _(n Aph2|kC? ( ny ))Aih‘Z(s)‘QdS
+4nh|A — (po + ) kC*|Z (1)

2 0
+%/ 92 (0,t + s) ds
“h

+ 8hmpuy [k|*92 (0,t — h). (85)
Combining (79), (83), and (85), one obtains
: 1 Anh|A — (o + pa) kC)?
W(t)<—<pM—sl—£2— mhlA - (o + 1) |>Wz(t)

(n 4h2|l<:0\< +u

Pm
L 2IPURCE (pg Coop
51(7T2+H1)>/zh‘2(8)’ ds + e¢ ()
(36)

with

P
eo (1) 2 1PLED Hk‘ “0/ 92 (0,t + 5)d
P||k?
+ <N1|£| + Shnmlk‘2> 92 (0,¢ — h)
2

—+

2p 0
M[ﬂZ(O,t—Fs)ds.
“h

h

As () exponentially converges to zero, so does € (t).

We select the arbitrary coefficients (£1, &2) as follows (a nonunique
choice):

1
8“‘3|PM'

Then, we let h be sufficiently small so that (nonunique choice)

Si=6= (87)

1 dnhlA — (uo + p1) kC|? 1
-6 nh| (ko + p1) ‘ > (88)
Pm Pm 2pnr

2|P||kC 4
0 — 42 |kCP? < tu ) p21PLCE e < By ) =)
1
(89)

Note that the requirements (88) and (89) are not an issue as the left
sides, respectively, converge to ﬁ and 7, as h — 0. Then, it follows
from (86), using (82), that

W (t) < —o W (t) + 0 (t) (90)

withoy = (5, —, 1). Aseo(t) exponentially converges to zero, so does

W (t). This proves Part 1 of Proposition 2, due to (79)—(81).
Part 2: Using (52), (53), and (55), it follows from (47) that

z (z,t) = Z 2n () o () = C (2) Z (t) + 0 (x,1) 1)

with C (z) = [p1(2),...,on(z)] is bounded. Again, by Proposi-
tion 1, max |9(x, t)| exponentially converges to zero and, by Part

1 of thls proposmon so does |Z(t)]. Then, it follows from (91) that
Jnax |z(x,t)| exponentially converges to zero. This completes the
ST

proof of Proposition 2. |

Proof of Proposition 3: Clearly, the A-system (68)—(70) is identical
to the z-system defined by (34)-(36), except for the term Wqy(z,t)
acting as a bounded RHS disturbance in (68). Therefore, the analysis of
(68)—(70) is dealt with following a similar reasoning as that of (34)—(36).
Therefore, we only give an outline of the main steps of the proof. As
for (34)—(36), the solution of (68)—(70) is represented by a series like
47),i.e.,

o0

A(x,t):ZAn(t)wn(x),for—h§t<oo (92)
n=1
with A,, fo x,t)pn(z)dz. Also, in view of (13) and (6), the

function \I/d(m t) deﬁned by (71) develops as follows:

Py (377 t) = Z Qan wd n ) _kws (t)}

1>

93)

Zson

n =1

The functions W4, (t) € R1*™ are bounded because 14, (t) and
1s(t) are so. Differentiating A, (¢), using (13) and (68)—(70), and
integrating by parts, gives

YWan (t).

0

o (6= = (@0 =0 ()= [ 2Ot 45) () ds
—h
+ Uy, (t), forn=1,...,N, 94)
b (1) = — (@ —b) Ay (), forn>N+1 95)
with initial conditions
An (8)=0€R™™ fors <0 (96)

because A(.,s) = 0, for s < 0.
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Fig. 1. State estimation error @ (x,1).
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Fig. 3. True value of 6, (dashed) and its estimate (solid).
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Fig. 2. True value of 6, (dashed) and its estimate (solid). 8
4
Equation (95) is identical to (49). Therefore, Proposition 1 applies
leading to the results: |A,, (¢)| (forn > N + 1) and |A(z, t)| are expo-
nentially converging to zero, as t — oo, with 0 "30
A = 1x
A(xz,t) = An (T x) € RY™, 97
(@, t) n§+l n(®)en (@) on Fig. 4. Estimation error norm |||, (.1, for different delay values.

‘We now introduce the matrix functions
Consider the following column partitions of 2, ¥, and A:

(21 (1)
Q2| | erVm, Q2[0,...,0,], V2 [T,...,0,], A=[A,...,A,]
)LN.(t) I (100)
- withQ, € RN, ¥, ¢ RN, A, € R(n =1,..., N). Then, the matrix
[ W, (t) (99) leads to m vector equations
= A wm .
TS| | eRTT ©8) Q (1) = (A= (1o +m) kC) 2 (¢)
| Wan (1) 0
. | . HkC [ @) - 9 e+ ) () ds
Then, it follows from (94) that (¢) is governed by the following ~h
equation: 0
. - k/ A (0,t+8) p(s)ds + T (2) (101)
Q(t) = (A= (no+p1) kC) Q(t) h

0 forj = 1,...,m.Inthe case of null ¥(t), the homogenous (101) turns

+kC / Q@) =Qt+s))pu(s)ds out to be similar to (77). The analysis for any of the m systems defined

—h by (101) is then performed using a Lyapunov—Krasovskii function like
(79)-(81), i.e.,

—k /_h AO,t+8)u(s)ds+T(t).  (99) i i o

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on December 06,2024 at 03:48:57 UTC from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 12, DECEMBER 2024

8969

Wz () =Qf ()P (), j=1,....m (103)

- t . 2

W, (t):n/ (h—o—sft)’Qj (s)( ds (104)
t—h

for any 7 > 0 where P is defined by (78). Following mutatis mutandis

the proof of Proposition 2, the derivative of W (t) leads to an inequality

like (90) augmented with an extra bounded RHS term resulting from

the bounded signal W;(t). Specifically, one gets

W (t) < —ooW (t) + €1 () + Ky (105)

for some real constants o, > 0, some exponentially vanishing functions
€1(t), and some kg > 0 depending on the bound on | ¥ (t)|. Applying
the comparison theorem, one gets from (105) that | (¢)| is bounded.
The rest of the proof is obvious. |

VI. SIMULATION

To further highlight the performances of the observer of Table I, we
consider a system of the form (1)—(3), where various parameters are
given the following numerical values:

b=1,h=05(s), po=p1 =1
0, =06,60;=12 mg=m,; =1
Vg (z,t) = sin (0.27x + 0.37t)
s (t) = sin (0.157t) , @ () = sin (37t) .

Bearing in mind, Proposition 1, we let N = 2, leading to the matrix
A= diag(f%2 +1, f% + 1) and C = v/2[1, 1]. The observer gain
k is selected such that A — (o + p1)kC' is Hurwitz with eigenval-
ues (—4.438, —4.438). Doing so, one gets the gain k = [ky, ky]” =
[0.362, —5.24]" .

The initial values of the system and observer are set as follows:

u (z,s) =2,u (x,5) =0, fors <0

~

R(0) = diag (8,1,2.5,2) ; © (0) = Oasy, for s <0
A(.y8) = 0142, for s <0.

The resulting responses of the observer of Table I are plotted in
Figs. 1-3. Clearly, all the estimates converge to their true values,
confirming, thus, the theoretical result of Theorem 1.

Fig. 4 shows the evolution in time of the estimation error norm,

(., )l z20,1) = 4 /fo1 w2 (x, t)dx, for different values of the delay

h. It is shown that acceptable observer performance is achieved up to
h =1 (s). Notice that such a value of the delay is beyond the limit
imposed by the inequalities (88) and (89), confirming the sufficient
(and so conservative) nature of those conditions.

VII. CONCLUSION

We have addressed the problem of observer design for heat PDEs
of the form (1)—(3). The novelty of this class of systems lies, on the
one hand, in the presence of both the discrete and distributed time
delays in the sensor and, on the other hand, in the presence of parameter
uncertainties in domain and sensor equations. We have developed the
adaptive observer of Table I that provides online estimates of the
state u(z,¢) and unknown parameters 6; (i = d, s). Under the PE

condition (72), it is shown (see Theorem 1) that the estimation errors
(a(z,t), O(t)) exponentially converge to the origin, provided that the
time delay A is sufficiently small, and the observer gain length N is
sufficiently large. The extension of these results to the case where the
system (1)—(4) contains domain delay and parameter uncertainties in
actuation and boundary has yet to be done.

REFERENCES

[1] O. M. Aamo, “Leak detection, size estimation and localization in pipe
flows,” IEEE Trans. Autom. Control,vol. 61,no. 1, pp. 246-251, Jan. 2016.

[2] T. Ahmed-Ali, E. Fridman, F. Giri, M. Kahelras, F. Lamnabhi-Lagarrigue,
and L. Burlion, “Observer design for a class of parabolic systems with
large delays and sampled measurements,” IEEE Trans. Autom. Control,
vol. 65, no. 5, pp. 2200-2206, May 2020.

[3] T. Ahmed-Ali, F. Giri, M. Krstic, L. Burlion, and F. Lamnabhi-Lagarrigue,
“Adaptive boundary observer for parabolic PDEs subject to domain and
boundary parameter uncertainties,” Automatica, vol. 72, pp. 115-122,
2016.

[4] T. Ahmed-Ali, F. Giri, M. Krstic, L. Burlion, and F. Lamnabhi-Lagarrigue,
“Adaptive observer for a class of parabolic PDEs,” IEEE Trans. Autom.
Control, vol. 61, no. 10, pp. 3083-3090, Oct. 2016.

[5] T. Ahmed-Ali, F. Giri, M. Krstic, L. Burlion, and F. Lamnabhi-Lagarrigue,
“Adaptive observer design with heat PDE sensor,” Automatica, vol. 82,
pp. 93-100, 2017.

[6] O. Ammari, F. Giri, M. Krstic, K. El Majdoub, and F. Z. Chaoui, “Adaptive
observer design for heat PDEs with discrete and distributed delays and
parameter uncertainties,” IFAC-PapersOnLine, vol. 56, pp. 8952-8957,
2023.

[71 H. Anfinsen and O. M. Aamo, “Adaptive stabilization of 2 x 2 linear
hyperbolic systems with an unknown boundary parameter from collo-
cated sensing and control,” IEEE Trans. Autom. Control, vol. 62, no. 12,
pp. 6237-6249, Dec. 2017.

[8] H. Anfinsen and O. M. Aamo, “Model reference adaptive control of 2 x
2 coupled linear hyperbolic PDEs,” IEEE Trans. Autom. Control, vol. 63,
no. 8, pp. 2405-2420, Aug. 2018.

[9]1 H. Anfinsen, M. Diagne, O. M. Aamo, and M. Krstic, “An adaptive ob-
server design forn+-1 coupled linear hyperbolic PDEs based on swapping,”
IEEE Trans. Autom. Control, vol. 61, no. 12, pp. 3979-3990, Dec. 2016.

[10] A. Benabdelhadi, F. Giri, T. Ahmed-Ali, M. Krstic, H. El Fadil, and
F. Z. Chaoui, “Adaptive observer design for wave PDEs with nonlinear
dynamics and parameter uncertainty,” Automatica, vol. 123, Jan. 2021,
Art. no. 109295.

[11] P.Bernard and M. Krstic, “Adaptive output-feedback stabilization of non-
local hyperbolic PDEs,” Automatica, vol. 50, pp. 2692-2699, 2014.

[12] J. Cai, H. Ferdowsi, and S. Jagannathan, “Model-based fault detection,
estimation, and prediction for a class of linear distributed parameter
systems,” Automatica, vol. 66, pp. 122—131, 2016.

[13] W. Guo, H. C. Zhou, and M. Kirstic, “Adaptive error feedback regulation
problem for 1D wave equation,” Int. J. Robust Nonlinear Control, vol. 28,
pp- 4309-4329, 2018.

[14] W.Guo and B.-Z. Guo, “Parameter estimation and non-collocated adaptive
stabilization for a wave equation subject to general boundary harmonic
disturbance,” IEEE Trans. Autom. Control, vol. 58, no. 7, pp. 1631-1643,
Jul. 2013.

[15] P.Ioannou and J. Sun, Robust Adaptive Control. Philadelphia, PA, USA:
SIAM, 2006.

[16] R. Katz, E. Fridman, and A. Selivanov, “Boundary delayed observer-
controller design for reaction-diffusion systems,” IEEE Trans. Autom.
Control, vol. 66, no. 1, pp. 275-282, Jan. 2021.

[17] A. Pazy, Semigroups of Linear Operators and Applications to Partial
Differential Equations, vol. 44. New York, NY, USA: Springer, 1983.

[18] A. Selivanov and E. Fridman, “Boundary observers for a reaction—
diffusion system under time-delayed and sampled-data measurements,”
IEEE Trans. Autom. Control, vol. 64, no. 8, pp. 3385-3390, Aug. 2019.

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on December 06,2024 at 03:48:57 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


