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a b s t r a c t

In this paper we extend our recently proposed Deadzone-Adapted Disturbance Suppression (DADS)
Control approach from systems with matched uncertainties to general systems in parametric strict
feedback form. The DADS approach prevents gain and state drift regardless of the size of the
disturbance and unknown parameter and achieves an attenuation of the plant output to an assignable
small level, despite the presence of persistent disturbances and unknown parameters of arbitrary and
unknown bounds. The controller is designed by means of a step-by-step backstepping procedure which
can be applied in an algorithmic fashion. Examples are provided which illustrate the efficiency of the
DADS controller compared to existing adaptive control schemes.

© 2024 Elsevier Ltd. All rights are reserved, including those for text and datamining, AI training, and
similar technologies.
1. Introduction

The main objective of adaptive control is the regulation of
he state of a given control system that contains uncertain pa-
ameters. Various control strategies have been proposed in the
iterature: indirect adaptive control schemes rely on an adjustable
stimate of the unknown parameters (see for instance Karafyllis,
slanidis, & Krstic, 2024; Krstic, Kanellakopoulos, & Kokotovic,
992, 1995; Krstic & Kokotovic, 1995, 1996; Li & Krstic, 1997)
hereas direct control schemes adjust the parameters of the
ontroller itself (see for instance Hespanha, Liberzon, & Morse,
002; Karafyllis & Krstic, 2024). To guarantee robustness with
espect to external disturbances for time-invariant nonlinear con-
rol systems for which no persistence of excitation condition is
ssumed, several strategies have been proposed: nonlinear damp-
ng (see Karafyllis et al., 2024; Karafyllis & Chaillet, 2021; Krstic
t al., 1995; Krstic & Kokotovic, 1996), leakage (see Ioannou &
idan, 2006; Ioannou & Sun, 1996; Narendra & Annaswamy, 2005;
astry & Bodson, 2011), projection methodologies (see Ioannou
Sun, 1996 and Appendix E in Krstic et al., 1995), supervision

or direct adaptive schemes (see Hespanha et al., 2002), dynamic
high) gains or gain adjustment (see Jia, Xu, & Zhou, 2023; Jiang,
in, & Sun, 2021; Jiang & Praly, 1998; Krishnamurthy & Khorrami,
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2004; Marino & Tomei, 1993) and deadzone in the update law (in-
troduced in Peterson and Narendra (1982) and well explained in
the book (Ioannou & Sun, 1996)). Some of these control schemes
require no knowledge of the size of the disturbance (nonlinear
damping), while others (e.g., projection) do require knowledge of
the size of the unknown parameters. Schemes like σ -modification
(leakage) regulate the plant state to a neighborhood of zero
whose size depends on the unknown parameter.

Recently, we introduced in Karafyllis and Krstic (2024) a novel
direct adaptive control approach, the Deadzone-Adapted Distur-
bance Suppression (DADS), for a class of systems that satisfy
the matching condition (see Krstic et al., 1995). The controller
proposed in Karafyllis and Krstic (2024), under no assumptions on
the unknown parameters, achieves regulation of the plant state to
a ball around the origin of assignable radius, even in the presence
of persistent (L∞) disturbances. The DADS controller encompasses
dynamic nonlinear damping terms involving a single adjustable
gain and a deadzone in the update law of the gain. Moreover, it
was shown in Karafyllis and Krstic (2024), that there are systems
that do not admit a feedback law (dynamic or static) which
guarantees attenuation of the plant state to an assignable level
despite the presence of disturbances and unknown parameters
of arbitrary and unknown bounds.

As noted above the DADS controller in Karafyllis and Krstic
(2024) was developed for the class of nonlinear systems with
matched uncertainties. However, the class of systems with
matched uncertainties does not include the important case of
nonlinear systems in strict feedback form (triangular systems).
The aim of the present paper is the development of an adaptive
feedback design methodology for nonlinear systems in para-

metric strict feedback form that provides a direct adaptive
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ontrol scheme -the DADS control scheme-which: (i) prevents
ain and state drift regardless of the size of the disturbance and
nknown parameter, (ii) guarantees appropriate KL estimates,
nd (iii) achieves an attenuation of a plant output to an assignable
mall level, despite the presence of persistent disturbances and
nknown parameters of arbitrary and unknown bounds. Inspired
y the idea of dynamic gain used in Jia et al. (2023), Jiang et al.
2021), Jiang and Praly (1998), Krishnamurthy and Khorrami
2004), Lopez and Slotine (2022, 2024), Marino and Tomei (1993),
raly and Jiang (2004) and the recent work (Karafyllis et al.,
024) where indirect, adaptive feedback designs which guarantee
L estimates in the disturbance-free case were provided, here
e extend the DADS controller to the triangular nonlinear case
here no matching condition holds. The DADS controller pre-
ents gain and state drift regardless of the size of the disturbance
nd unknown parameter and achieves an attenuation of a plant
utput to an assignable small level, despite the presence of
ersistent disturbances and unknown parameters of arbitrary and
nknown bounds. The controller is designed by means of a step-
y-step backstepping procedure (see Lemma 4 below) which can
e applied in an algorithmic fashion similar to the backstepping
rocedures that are provided in Karafyllis et al. (2024), Krstic et al.
1992, 1995), Krstic and Kokotovic (1995, 1996), Li and Krstic
1997).

The combination of properties that the DADS controller
chieves is unique in the sense that no other adaptive control
cheme in the literature can guarantee these specific proper-
ies for time-invariant nonlinear control systems for which no
ersistence of excitation condition is assumed and no bound
or the disturbance and the unknown parameters is known. An
xception is the adaptive control scheme proposed in Karafyllis,
rstic, and Aslanidis (2023) with delays, which however has been
pplied only to a very simple (scalar) system. The DADS controller
chieves almost all properties that the delay scheme in Karafyllis
t al. (2023) can achieve without using delays. Therefore, the
ADS controller is easier to implement.
The paper is organized as follows. In Section 2, we present the

ontroller and give the main stability results. In Section 3, we give
n illustrative example comparing the DADS controller with an
daptive controller based on σ -modification. Section 4 provides
he proofs of all results while the concluding remarks are given
n Section 5.

otation and Basic Notions. Throughout this paper, we adopt
he following notation.

R+ := [0,+∞). For a vector x ∈ Rn, |x| denotes its Euclidean
orm and x′ denotes its transpose. We use the notation x+ for the
ositive part of the real number x ∈ R, i.e., x+

= max(x, 0). For
a matrix A ∈ Rn×m, A′

∈ Rm×n denotes its transpose. We write
A ≤ B for two symmetric matrices A, B ∈ Rn×n when the matrix
(B − A) ∈ Rn×n is positive definite.

∗ Let D ⊆ Rn be an open set and let S ⊆ Rn be a set that satisfies
D ⊆ S ⊆ cl(D), where cl(D) is the closure of D. By C0(S ; Ω),
we denote the class of continuous functions on S, which take
values in Ω ⊆ Rm. By Ck(S ; Ω), where k ≥ 1 is an integer,
we denote the class of functions on S ⊆ Rn, which take values
in Ω ⊆ Rm and have continuous derivatives of order k. In other
words, the functions of class Ck(S ; Ω) are the functions which
have continuous derivatives of order k in D = int(S) that can be
continued continuously to all points in ∂D∩S. When Ω = R then
we write C0(S) or Ck(S). A function f ∈ C∞(S ; Ω) =

∞

∩
k=0

Ck(S ; Ω)
is called a smooth function.

∗ Let the non-empty set Θ ⊆ Rp be given. By L∞ (R+;Θ) we

denote the class of essentially bounded, Lebesgue measurable

2

functions d : R+ → Θ . For d ∈ L∞ (R+;Θ) we define ∥d∥∞ =

sup
t≥0

(|d(t)|), where sup
t≥0

(|d(t)|) is the essential supremum.

∗ By K we denote the class of increasing continuous functions
a : R+ → R+ with a(0) = 0. By K∞ we denote the class of
increasing continuous functions a :R+ → R+ with a(0) = 0 and
lims→+∞ (a(s)) = +∞. By KL we denote the set of all continuous
functions σ : R+ × R+ → R+ with the properties: (i) for each
t ≥ 0 the mapping σ (·, t) is of class K ; (ii) for each s ≥ 0, the
mapping σ (s, ·) is non-increasing with limt→+∞ (σ (s, t)) = 0.

We next recall certain standard notions in the analysis of
output stability: see for instance (Karafyllis & Chaillet, 2021;
Karafyllis & Jiang, 2011; Sontag & Wang, 1999, 2000).

Let f :Rn
→ Rn be a locally Lipschitz vector field with f (0) = 0

and h : Rn
→ Rp be a continuous mapping with h(0) = 0.

Consider the dynamical system

ẋ = f (x), x ∈ Rn, (1.1)

ith output

= h(x). (1.2)

e assume that the dynamical system (1.1) is forward complete,
.e., for every x0 ∈ Rn the unique solution x(t) = φ(t, x0) of the
nitial-value problem (1.1) with initial condition x(0) = x0 exists
for all t ≥ 0. We use the notation Y (t, x0) = h(φ(t, x0)) for all

≥ 0, x0 ∈ Rn and BR = {x ∈ Rn
: |x| < R } for all R > 0. We say

hat system (1.1), (1.2) is

Lagrange output stable if for every R > 0 the set { |Y (t, x0)| :

x0 ∈ BR , t ≥ 0} is bounded.

∗ Lyapunov output stable if for every ε > 0 there exists δ(ε) > 0
such that for all x0 ∈ Bδ(ε), it holds that |Y (t, x0)| ≤ ε for
all t ≥ 0.

Globally Asymptotically Output Stable (GAOS) if system (1.1),
(1.2) is Lagrange and Lyapunov output stable and
limt→+∞ (Y (t, x0)) = 0 for all x0 ∈ Rn.

Uniformly Globally Asymptotically Output Stable (UGAOS) if sys-
tem (1.1), (1.2) is Lagrange and Lyapunov output stable and
for every ε, R > 0 there exists T (ε, R) > 0 such that for all
x0 ∈ BR, it holds that |Y (t, x0)| ≤ ε for all t ≥ T (ε, R).

It should be noted that (see Theorem 2.2 on page 62 in Karafyl-
is and Jiang (2011)) UGAOS for system (1.1), (1.2) is equivalent
o the existence of a function β ∈ KL such that the following
stimate holds for all x0 ∈ Rn and t ≥ 0:

Y (t, x0)| ≤ β (|x0| , t) (1.3)

We say that system (1.1), (1.2) is practically Uniformly Globally
symptotically Output Stable (p-UGAOS) if there exists a function
∈ KL and a constant α > 0 such that the following estimate

olds for all x0 ∈ Rn and t ≥ 0:

Y (t, x0)| ≤ β (|x0| , t)+ α (1.4)

When h(x) = x then the word ‘‘output’’ in the above properties
is omitted (e.g., Lagrange stability, Lyapunov stability, GAS, UGAS,
p-UGAS).

Let f : Rn
× Rp

→ Rn be a locally Lipschitz mapping with
f (0, 0) = 0. Consider the control system

ẋ = f (x, d), x ∈ Rn , d ∈ Rp. (1.5)

We assume that system (1.5) is forward complete, i.e., for
every x0 ∈ Rn and for every Lebesgue measurable and locally

p
essentially bounded input d :R+ → R the unique solution x(t) =
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(t, x0; d) of the initial-value problem (1.5) with initial condition
x(0) = x0 corresponding to input d :R+ → Rp exists for all t ≥ 0.

e use the notation Y (t, x0; d) = h(φ(t, x0; d)) for all t ≥ 0,
x0 ∈ Rn and for every Lebesgue measurable and locally essentially
bounded input d :R+ → Rp.

We say that system (1.5), (1.2) is Input-to-Output Stable (IOS)
if there exist functions β ∈ KL, γ ∈ K such that the following
estimate holds for all x0 ∈ Rn, t ≥ 0 and for every d ∈ L∞ (R+):

|Y (t, x0; d)| ≤ β (|x0| , t)+ γ (∥d∥∞) (1.6)

We say that system (1.5), (1.2) is practically Input-to-Output
Stable (p-IOS) if there exist functions β ∈ KL, γ ∈ K and a constant
α > 0 such that the following estimate holds for all x0 ∈ Rn, t ≥ 0
and for every d ∈ L∞ (R+):

|Y (t, x0; d)| ≤ β (|x0| , t)+ γ (∥d∥∞)+ α (1.7)

We say that system (1.5), (1.2) satisfies the practical Output
Asymptotic Gain (p-OAG) property if there exists a non-decreasing
continuous function γ :R+ → R+ with γ (0) = 0 and a constant
> 0 such that the following estimate holds for all x0 ∈ Rn and

or every d ∈ L∞ (R+):

im sup
t→+∞

(|Y (t, x0; d)|) ≤ γ (∥d∥∞)+ α (1.8)

When γ ≡ 0 we say that system (1.5), (1.2) satisfies the zero
ractical Output Asymptotic Gain property (zero p-OAG).
When h(x) = x then the word ‘‘output’’ in the above properties

s either replaced by the word ‘‘state’’ (e.g., ISS, p-ISS) or is
mitted (e.g., p-AG, zero p-AG).
We say that system (1.5), (1.2) satisfies the practical Uniform

ounded-Input-Bounded-State (p-UBIBS) property if there exists a
unction γ ∈ K∞ and a constant α > 0 such that the following
estimate holds for all x0 ∈ Rn and for every d ∈ L∞ (R+):

sup
t≥0

(|φ(t, x0; d)|) ≤ γ (|x0|)+ γ (∥d∥∞)+ α (1.9)

Clearly, the p-UBIBS property is equivalent to the existence of
a continuous function B :Rn

×R+ → R+ for which the following
estimate holds for all x0 ∈ Rn and for every d ∈ L∞ (R+):

sup
t≥0

(|φ(t, x0; d)|) ≤ B (x0, ∥d∥∞) (1.10)

In the disturbance-free case, the p-UBIBS property coincides
with the Lagrange stability property.

2. Main results

In this work we study nonlinear control systems of the form

ẋi = xi+1, for i = 1, . . . , n − 1andẋn = y1 (2.1)

ẏj = hj(x, y1, . . . , yj) + gj(x, y1, . . . , yj, θ )yj+1

+ϕ′

j (x, y1, . . . , yj)θ + α′

j (x, y1, . . . , yj)d
for j = 1, . . . ,m − 1 and

ẏm = hj(x, y) + gm(x, y, θ )u + ϕ′

m(x, y)θ + α′

m(x, y)d (2.2)

where (x, y) ∈ Rn
× Rm is the state with x = (x1, . . . , xn),

y = (y1, . . . , ym), u ∈ R is the control input, d ∈ Rl, θ ∈ Θ ⊆ Rp

are disturbances, hj : Rn
× Rj

→ R, gj : Rn
× Rj

× Θ → R,
ϕj :Rn

× Rj
→ Rp, αj :Rn

× Rj
→ Rl for j = 1, . . . ,m are smooth

mappings with hj(0, 0) = 0 and ϕj(0, 0) = 0 for j = 1, . . . ,m.
Systems of the form (2.1), (2.2) are termed in the literature as
triangular systems or systems in parametric strict feedback form.
It should be noted that θ ∈ Θ ⊆ Rp is a vanishing perturbation
while d ∈ Rl is -in general- a non-vanishing perturbation.

If one has not made extensive attempts in expanding adaptive

control designs beyond the class of systems above, particularly

3

the triangular class (2.2), one may regard this class as restric-
tive or special. Nothing is farther from fact. Except for routine
generalizations to including zero dynamics (the so-called block-
backstepping in Chapters 3 and 4 in Krstic et al. (1995)), compara-
bly routine extensions to multi-input parametric-strict-feedback
systems, or the very routine extensions where the nonlinearities,
rather than being ‘‘triangular’’ are ‘‘triangularly-bounded’’, the
class (2.2) is in fact the most general class of nonlinear systems
for which adaptive control (with perfect asymptotic tracking in
the absence of disturbances) is possible systematically. A similar
statement holds for robust nonlinear control of systems affine
in disturbances. The consideration of (2.2) as being the most
general systematically tractable class of systems for adaptive
robust nonlinear control is not only based on the experience
of decades of unsuccessful attempts since Krstic et al. (1995)
to achieve greater generality. It is also based on the fact that
necessary and sufficient coordinate-free differential geometric
conditions for the transformation of completely general nonlinear
systems affine in control and the parameter using a parameter-
independent diffeomorphic transformation are given in Appendix
G in Krstic et al. (1995). It is thus for pedagogical reasons that
we limit our attention to (2.2), with (2.1), rather than pursuing
the somewhat more general block-strict-feedback, multi-input,
or triangularly-bounded systems, for which the designs would
get more complex (in a routine sense) but harder to understand
on a first exposure. The class of systems (2.1), (2.2) is not only
mathematically general. It is also of great physical generality.
Fully-actuated systems in robotics and vehicles, with the addition
of actuator dynamics, do have the structure of kinematics →

mechanical dynamics → actuator dynamics. Hence (2.1), (2.2) is
vastly more general than this broad class of practical systems.

Due to the generality of (2.1), (2.2), the algorithm for its robust
adaptive control may appear complex. The complexity is not
due to the DADS methodology. The complexity comes from the
class of systems. The class of systems contains both unmatched
unknown parameters and unmatched disturbances, and not only
are they unmatched, but they allow an arbitrarily high ‘‘uncer-
tainty relative degree’’ m− 1, which is the number of integrators
separating the control input from the uncertainties. This is why,
as m grows, the complexity necessarily grows. The attempts to
reduce the complexity using ‘‘dynamic surface control’’ are not
only unsuccessful but also misguided (and hence not cited here)
since they trade the algebraic complexity for (1) an explosion
in the dynamic order of the compensator through filters, (2)
severe shrinking of the region of attraction, unless extreme gains
are employed, and (3) the loss of asymptotic regulation in the
disturbance-free case.

We make the following assumption for (2.1), (2.2).

(A) There exist smooth mappings ηj : Rn
× Rj

→ (0,+∞) for
j = 1, . . . ,m, µj :Rn

× Rj
→ (0,+∞) for j = 1, . . . ,m − 1 such

that the following inequalities hold:

ηj(x, y1, . . . , yj) ≤ gj(x, y1, . . . , yj, θ ),

for all (x, y1, . . . , yj) ∈ Rn
× Rj, θ ∈ Θ, j = 1, . . . ,m, (2.3)

gj(x, y1, . . . , yj, θ ) ≤ µj(x, y1, . . . , yj) (1 + |θ |) ,

for all (x, y1, . . . , yj) ∈ Rn
× Rj, θ ∈ Θ, j = 1, . . . ,m − 1. (2.4)

When Θ ⊆ Rp is a bounded set, we can exploit (2.3) and (2.4) in
order to design a smooth feedback law u = k(x, y) that guarantees
the ISS property with respect to d ∈ Rl (uniformly in θ ); see
Karafyllis and Jiang (2011). On the other hand, when θ is constant

(but unknown) and d ≡ 0 then we can apply the methodologies
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n Krstic et al. (1995) in order to design an adaptive controller
hat guarantees GAOS for the closed-loop system with output

= (x, y) (notice that here we are talking about GAOS and
ot GAS since the closed-loop system has additional states: the
tates of the controller). When θ is constant (and unknown) and
is not necessarily zero one can employ standard techniques in
rder to achieve the p-ISS property with respect to d ∈ Rl for

the closed-loop system. One such technique that does not require
the knowledge of bounds for θ is the so-called σ− modification
which guarantees the p-ISS property for the closed-loop system.
However, for the σ− modification the radius of the residual set
is an increasing function of the unknown |θ |, which means that
the output Y = (x, y) (even in the case d ≡ 0) approaches a
neighborhood of zero of unknown (and possibly large) radius.

An alternative approach to σ− modification was proposed in
Karafyllis and Krstic (2024) for systems that satisfy a matching
condition: the so-called Deadzone-Adapted Disturbance Suppres-
sion (DADS) controller. The DADS controller combines both the
adaptation idea and the robust control methodology and uses
only one integrator with deadzone. The DADS controller guaran-
tees an attenuation of the plant output to an assignable small
level, despite the presence of disturbances and unknown pa-
rameters of arbitrary and unknown bounds while in the same
time prevents gain and state drift regardless of the size of the
disturbance and unknown parameter. In this work, we extend
the DADS controller to the case (2.1), (2.2) where no matching
condition holds. Our main result is stated next.

Theorem 1 (DADS Controller for Systems in Parametric Strict Feed-
back Form). Consider the control system (2.1), (2.2) under as-
sumption (A). Then for every constants b,Γ , ε, c, a > 0 and
or every κ, λ ∈ K∞ ∩ C∞ (R+) there exist functions k, V ∈

C∞ (Rn
× Rm

× R) with V (0, 0, z) = k(0, 0, z) = 0 for z ∈ R
and V (x, y, z) > 0 for (x, y) ̸= 0, a constant M ≥ 1 and a
function B ∈ C0 (Rn

× Rm
× R × R+ × R+) such that for every

(x0, y0, z0) ∈ Rn
× Rm

× R, d ∈ L∞
(
R+;Rl

)
, θ ∈ L∞ (R+;Θ)

the unique solution of (2.1), (2.2) with

u = k(x, y, z) (2.5)

ż = Γ e−z
(
V (x, y, z) −

ε2

2M

)+

(2.6)

nd (x(0), y(0), z(0)) = (x0, y0, z0) exists and satisfies the following
estimates for all t ≥ 0:

lim sup
t→+∞

(|x(t)| + |y1(t)|) ≤ ε,

lim sup
t→+∞

(V (x(t), y(t), z(t))) ≤ ε2/ (2M) (2.7)

0 ≤ z(t) ≤ lim
s→+∞

(z(s)) ≤ B (x0, y0, z0, ∥d∥∞ , ∥θ∥∞) (2.8)

|x(t)| + |y(t)| ≤ B (x0, y0, z0, ∥d∥∞ , ∥θ∥∞) (2.9)

x(t)|2 + |y(t)|2 ≤ MV (x(t), y(t), z(t))
≤ Me−ctV (x0, y0, z0)

+ α
∥d∥2

∞
+

(
(∥θ∥∞ − b − λ (ezo))+

)2
c (1 + k (ezo))

(2.10)

Moreover, if lim sup
t→+∞

(|θ (t)|) ≤ b + λ
(
elimt→+∞(z(t))

)
and limt→+∞

(d(t)) = 0 then limt→+∞ (|x(t)| + |y(t)|) = 0.

Inequality (2.7) guarantees that the plant output Y = (x, y1) is
eventually led (even in the case where a disturbance is present)
to a ball around the origin of assignable radius. Indeed, inequality
4

(2.7) guarantees the zero p-OAG property lim sup
t→+∞

(|(x(t), y1(t))|) ≤

with a constant α > 0 independent of θ . This is a feature that
annot be guaranteed by σ− modification when θ is constant.
oreover, the state, i.e., (x(t), y(t), z(t)), remains bounded for
very initial condition and every disturbance d ∈ L∞

(
R+;Rl

)
,

∈ L∞ (R+;Θ)-see (2.8), (2.9); this is the p-UBIBS property.
nequality (2.10) shows that the p-IOS property from the dis-
urbance d ∈ L∞

(
R+;Rl

)
holds when θ is constant for the

losed-loop system (2.1), (2.2), (2.5), (2.6) with output Y = (x, y1).
hen d ≡ 0 and θ is constant then the closed-loop system (2.1),

2.2), (2.5), (2.6) with output Y = (x, y1): (i) is Lagrange stable, (ii)
atisfies the p-UGAOS property, (iii) satisfies the UGAOS property
hen |θ | ≤ b, and (iv) has a globally attracting set, namely the set
(x, y, z) ∈ Rn

× Rm
× R : V (x, y, z) ≤

ε2

2M

}
. Finally, it should also

be noticed that convergence to (x, y) = (0, 0) is not excluded: it
can be achieved when limt→+∞ (d(t)) = 0 and lim sup

t→+∞

(|θ (t)|) ≤

b + λ
(
elimt→+∞(z(t))

)
. This is another feature that cannot be guar-

nteed by σ− modification when θ is constant. For the DADS
ontroller in the disturbance-free case with constant θ we have
he following conclusion: if the plant state is not led asymptotically
o zero then |θ | > b and the estimate z(t) ≤ limt→+∞ (z(t)) <
n

(
λ−1 (|θ | − b)

)
holds for all t ≥ 0.

The proof of Theorem 1 is constructive and is based on a back-
tepping lemma (see Lemma 4 in Section 4). Moreover, Theorem 1
s based on the following stability result which is interesting on
ts own. Consider the following system (system with a deadzone):

ẋ = f (x, z, θ, d)
ż = Γ e−z (V (x, z) − ε)+

(2.11)

here (x, z) ∈ Rn
× R is the state, θ ∈ Θ ⊆ Rp, d ∈ D ⊆ Rl are

isturbances, Γ , ε > 0 are constants, f :Rn
×R×Θ ×D → Rn is

locally Lipschitz mapping with f (0, z, θ, 0) = 0 for all (z, θ ) ∈

×Θ .

heorem 2 (Lyapunov Conditions for Systems with Deadzone). Con-
ider system (2.11) and suppose that there exists a function V ∈
1 (Rn

× R) with V (0, z) = 0 for all z ∈ R and V (x, z) > 0 for all
̸= 0, z ∈ R that satisfies the following properties:

i) For every M̃ > 0 the set
{
(x, z) ∈ Rn

×
[
−M̃, M̃

]
: V (x, z) ≤ M̃

}
s bounded.

ii) There exist functions κ, λ ∈ K∞ and constants a, b, c > 0 such
hat the following inequality holds for all (x, z) ∈ Rn

×R, θ ∈ Θ, d ∈

D
∂V
∂x

(x, z)f (x, z, θ, d) + Γ e−z ∂V
∂z

(x, z) (V (x, z) − ε)+

≤ −cV (x, z) + cχ
(
|d| , |θ | , ez

) (2.12)

where χ (s1, s2, s3) := a s21+((s2−b−λ(s3))+)
2

c(1+κ(s3))
for s1, s2, s3 ≥ 0. Then

there exists a function B ∈ C0 (Rn
× R × R+ × R+) such that for

every (x0, z0) ∈ Rn
×R, d ∈ L∞ (R+;D), θ ∈ L∞ (R+;Θ) the unique

solution of (2.11) with (x(0), z(0)) = (x0, z0) exists and satisfies the
following estimates for all t ≥ 0:

lim sup
t→+∞

(V (x(t), z(t))) ≤ ε, (2.13)

z0 ≤ z(t) ≤ lim
s→+∞

(z(s)) ≤ B (x0, z0, ∥d∥∞ , ∥θ∥∞) , (2.14)

|x(t)| ≤ B (x0, z0, ∥d∥∞ , ∥θ∥∞) , (2.15)

V (x(t), z(t)) ≤ e−ctV (x , z ) + χ
(
∥d∥ , ∥θ∥ , ez0

)
, (2.16)
0 0 ∞ ∞
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lim sup
t→+∞

(V (x(t), z(t)))

≤ χ

(
lim sup
t→+∞

(|d(t)|) , lim sup
t→+∞

(|θ (t)|) , elimt→+∞(z(t))
)
.

(2.17)

Remark. Estimates (2.14), (2.15) and (2.17) show that
limt→+∞ (|x(t)|) = 0 whenever limt→+∞ (d(t)) = 0 and
lim sup
t→+∞

(|θ (t)|) ≤ b + λ
(
elimt→+∞(z(t))

)
.

Using the same tools we can also study nonlinear systems of
the form

ẋi = hi(x1, . . . , xi) + gi(x1, . . . , xi, θ )xi+1

+ϕ′

i (x1, . . . , xi)θ + α′

i (x1, . . . , xi)d

, for i = 1, . . . , n and

ẋn = hn(x) + gn(x, θ )u + ϕ′

n(x)θ + α′

n(x)d (2.18)

where x = (x1, . . . , xn) ∈ Rn is the state, u ∈ R is the control
input, d ∈ Rl, θ ∈ Θ ⊆ Rp are disturbances, hi : Ri

→ R,
gi : Ri

× Θ → R, ϕi : Ri
→ Rp, αi : Ri

→ Rl for i = 1, . . . , n
are smooth mappings with hi(0, 0) = 0 and ϕi(0, 0) = 0 for
i = 1, . . . , n. In this case we obtain the following result.

Theorem 3 (DADS Controller for Systems in Parametric Strict Feed-
back Form with No Integrators). Consider the control system (2.18)
and assume that there exist smooth positive mappings ηi : Ri

→

(0,+∞) for i = 1, . . . , n, µi :Ri
→ (0,+∞) for i = 1, . . . , n − 1

such that the following inequalities hold:

ηi(x1, . . . , xi) ≤ gi(x1, . . . , xi, θ ),

for all (x1, . . . , xi) ∈ Ri, θ ∈ Θ, i = 1, . . . , n (2.19)

gi(x1, . . . , xi, θ ) ≤ µi(x1, . . . , xi) (1 + |θ |) ,

for all (x1, . . . , xi) ∈ Ri, θ ∈ Θ, i = 1, . . . , n − 1 (2.20)

Then for every constants b,Γ , ε, a, c > 0 and for every κ, λ ∈

K∞ ∩ C∞ (R+) there exist functions k, V ∈ C∞ (Rn
× R) with

(0, z) = k(0, z) = 0 for z ∈ R and V (x, z) > 0 for x ̸= 0
and a function B ∈ C0 (Rn

× R × R+ × R+) such that for every
(x0, z0) ∈ Rn

× R, d ∈ L∞
(
R+;Rl

)
, θ ∈ L∞ (R+;Θ) the unique

olution of (2.18) with

= k(x, z), (2.21)

̇ = Γ e−z
(
V (x, z) −

ε2

2

)+

(2.22)

and (x(0), z(0)) = (x0, z0) exists and satisfies the following esti-
mates for all t ≥ 0:

lim sup
t→+∞

(|x1(t)|) ≤ ε and

and

lim sup
t→+∞

(V (x(t), z(t))) ≤ ε2/2, (2.23)

0 ≤ z(t) ≤ lim
s→+∞

(z(s)) ≤ B (x0, z0, ∥d∥∞ , ∥θ∥∞) , (2.24)

x(t)| ≤ B (x0, z0, ∥d∥∞ , ∥θ∥∞) , (2.25)

|x1(t)|2 ≤ 2V (x(t), z(t))

≤ 2e−ctV (x0, z0)

+2a
∥d∥2

∞
+

(
(∥θ∥∞ − b − λ (ez0))+

)2 . (2.26)
c (1 + κ (ez0))
5

Moreover, if lim sup
t→+∞

(|θ (t)|) ≤ b+λ
(
elimt→+∞(z(t))

)
and limt→+∞

(d(t)) = 0 then limt→+∞ (|x(t)|) = 0.

3. Illustrative example

The following system is inspired by the aircraft wing rock
example on pages 180–183 in the book (Krstic et al., 1995):

ẋ1 = x2
ẋ2 = θ1x1 + θ2x2 + θ3x1x2 + θ4x22 + x3 + d1
ẋ3 = u + d2

(3.1)

where x = (x1, x2, x3) ∈ R3 is the state, u ∈ R is the control input,
d = (d1, d2) ∈ R2, θ = (θ1, θ2, θ3, θ4) ∈ R4 are disturbances.
Applying Lemma 4 in Section 4 repeatedly, we can guarantee that
for every Γ > 0, c ≥ 1/2, K ≥ 28c , ε > 0 the feedback law (DADS
controller)

u = −
(
2c + Kρ2

(
L(x) + 4ζx32

))
x3 − ζ − x2

−2Γ KρL(x) (V (x, z) − r)+ ζ

−Kρ2x2
(
4x31ζ + 2cL(x)

)
−42c (2c + 1) ρ2L(x)

(
1 + 18cKρ2L(x)

)2
ξ

ż = Γ e−z (V (x, z) − ε)+

(3.2)

where

ζ := x2 + 2cx1, ρ := 1 + ez

L(x) := 1 + x41 + x42
ξ := x3 + x1 + 2cx2 + Kρ2L(x)ζ

V (x, z) :=
1
2x

2
1 +

1
2ζ

2
+

1
2ξ

2

(3.3)

atisfies the following inequality for all (x, z) ∈ R3
× R, θ ∈

R4, d ∈ R2:

V̇ ≤ −cV (x, z) + 2
|d|2 +

(
(|θ | − 1 − ez)+

)2
1 + ez

(3.4)

sing definitions (3.3) and estimate (3.4) we can apply Theorem 2
ith b = 1, a = 2, κ(s) = λ(s) = s for s ≥ 0 and
uarantee estimates (2.13)–(2.17) for an appropriate function B ∈

C0
(
R3

× R × R+ × R+

)
. Using estimates (2.13), (2.16) in con-

junction with definitions (3.3) (which guarantees that V (x, z) ≥√
c2+1−c

2
(√

c2+1+c
) |(x1, x2)|2 for all (x, z) ∈ R3

× R), we obtain the

following attractivity property for all θ, d ∈ L∞ (R+) and for all
initial conditions

lim sup
t→+∞

(|(x1(t), x2(t))|) ≤

(√
c2 + 1 + c

)√
2ε

as well as the following IOS-like property with Y = (x1, x2) ∈ R2

as output

|(x1(t), x2(t))|2 ≤ 2
(√

c2 + 1 + c
)2

e−ctV (x(0), z(0))

+
4
(√

c2+1+c
)2

c(1+ez(0))

(
∥d∥2

∞
+

((
∥θ∥∞ − 1 − ez(0)

)+
)2

)
or comparison purposes we give the adaptive controller that
s designed for the case of constant θ using the methodology
roposed in Chapter 4 of Krstic et al. (1995) with σ− modifica-
ion:

u = − (w1 + 2c + w3x2) x1 −

(
θ̂1 + w2 + 2 + 2Kc

)
x2

−

(
θ̂3 + w4

)
x22 −

(
K + ϕ2

)
χ

−ϕ

(
θ̂ x + θ̂ x + θ̂ x x + θ̂ x2 + x

) (3.5)
1 1 2 2 3 1 2 4 2 3
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dθ̂i
dt = wi , i = 1, 2, 3, 4

w1 = Γ (ζ + ϕχ) x1 − σ θ̂1

w2 = Γ (ζ + ϕχ) x2 − σ θ̂2

w3 = Γ (ζ + ϕχ) x1x2 − σ θ̂3

w4 = Γ (ζ + ϕχ) x22 − σ θ̂4

(3.6)

here θ̂ =

(
θ̂1, θ̂2, θ̂3, θ̂4

)
∈ R4, c,Γ > 0, K ≥ 1 + 2c , σ ≥ 0 are

onstants and

ζ := x2 + 2cx1
χ := θ̂1x1 + θ̂2x2 + θ̂3x1x2 + θ̂4x22 + 2cx2 + Kζ + x1 + x3
ϕ := 2c + K + θ̂2 + θ̂3x1 + 2θ̂4x2.

(3.7)

The adaptive feedback law (3.5), (3.6) guarantees the following
nequality for the function W

(
x, θ̂

)
= x21/2 + ζ 2/2 + χ2/2 +

4
i=1

(
θ̂i − θi

)2
/(2Γ ) and for all x ∈ R3, d ∈ R2, θ̂ ∈ R4, θ ∈ R4:

Ẇ ≤ −c
(
x21 + ζ 2 + χ2

)
−

σ
2Γ

∑4
i=1

(
θ̂i − θi

)2

+ |d|2 /2 + σ |θ |2 /(2Γ )
(3.8)

Next, we present plots for the following parameters and initial
conditions: c = 0.5, K = 14,Γ = 20, ε = 0.01, θ1 = θ2 = 20,
θ3 = 2, θ4 = 1,

x1(0) = 1, x2(0) = −0.5, x3(0) = −18, z(0) = − ln(10), θ̂ (0) = 0 ∈ R4

Fig. 5 shows the problem with the use of the adaptive feedback
law (3.5), (3.6) with no σ− modification (i.e., with σ = 0): the
controller state θ̂ ∈ R4 grows without bound when a persistent
disturbance is present. Otherwise the adaptive feedback law (3.5),
(3.6) with no σ− modification achieves a very good performance:
see the output regulation properties for the output Y = (x1, x2) ∈

R2 in Fig. 1 (no disturbance) and in Fig. 4 (case of persistent
disturbance). The reader can also see in Fig. 2 that the norm of⏐⏐⏐θ̂ ⏐⏐⏐ (with or without σ− modification) remains bounded when
no disturbance is present. However, as noticed above this is not
true when a persistent disturbance is present and therefore, we
are forced to use σ− modification. Another issue is also shown
in Fig. 3 and Fig. 6: the control effort that DADS requires is much
less than the control effort required by the σ− adaptive feedback
(3.5), (3.6). On the other hand, the control effort required for
system (3.1) with (3.5), (3.6) and σ = 0 is almost the same with
the control effort required for DADS in the disturbance-free case
and is almost the same with the control effort required by the
σ− adaptive feedback (3.5), (3.6) when a persistent disturbance
is present (that is why there is no red line in Fig. 3 and Fig. 6). All
plots in Figs. 1–6 are limited to a time subinterval of [0, 10] since
for larger values of time we observe exactly the same behavior.

4. Proofs

We first provide the proof of Theorem 2.

Proof of Theorem 2. In what follows we use the notation

χ (s1, s2, s3) := a
s21 +

(
(s2 − b − λ (s3))+

)2
c (1 + κ (s3))

for s1, s2, s3 ≥ 0.

Let arbitrary (x0, z0) ∈ Rn
×R, d ∈ L∞ (R+;D), θ ∈ L∞ (R+;Θ)

e given. Since the functions f : Rn
× R × Θ × D → Rn and V

re locally Lipschitz there exists an unique solution (x(t), z(t)) of
(2.11) with (x(0), z(0)) = (x0, z0) defined on a maximal interval
[0, t ), where t ∈ (0,+∞]. For every t ∈ [0, t , we have
max max max)

6

Fig. 1. Plot of |Y (t)| =

√
x21(t) + x22(t) for the disturbance-free case (d1(t) =

2(t) ≡ 0). Black line for system (3.1) with DADS feedback (3.2); blue line for
system (3.1) with σ− adaptive feedback (3.5), (3.6) and σ = 0.4; red line for
system (3.1) with (3.5), (3.6) and σ = 0. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 2. Plot of ρ(t) = 1 + ez(t) for system (3.1) with DADS feedback (3.2) (black
line), plot of

⏐⏐⏐θ̂ (t)⏐⏐⏐ for system (3.1) with σ− adaptive feedback (3.5), (3.6) and

= 0.4 (blue line) and plot of
⏐⏐⏐θ̂ (t)⏐⏐⏐ for system (3.1) with (3.5), (3.6) and

σ = 0 (red line). All plots are for the disturbance-free case (i.e., for the case
d1(t) = d2(t) ≡ 0). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 3. Plot of u(t) for t ∈ [1, 10] and the disturbance-free case (d1(t) = d2(t) ≡

). Black line for system (3.1) with DADS feedback (3.2); blue line for system
3.1) with σ− adaptive feedback (3.5), (3.6) and σ = 0.4. The input u(t) for
ystem (3.1) with (3.5), (3.6) and σ = 0 is almost the same with that of the
ADS feedback (3.2).. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

rom (2.11) that ż(t) ≥ 0. Therefore, z(t) is non-decreasing on
0, tmax). Moreover, the mapping

→ χ
(
|d| , |θ | , ez

)
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Fig. 4. Plot of |Y (t)| =

√
x21(t) + x22(t) for the case d1(t) = 20 cos(10t), d2(t) =

0 cos(20t). Black line for system (3.1) with DADS feedback (3.2); blue line for
system (3.1) with σ− adaptive feedback (3.5), (3.6) and σ = 0.4; red line for
system (3.1) with (3.5), (3.6) and σ = 0. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 5. Plot of ρ(t) = 1 + ez(t) for system (3.1) with DADS feedback (3.2) (black
ine), plot of

⏐⏐⏐θ̂ (t)⏐⏐⏐ for system (3.1) with (3.5), (3.6) and σ = 0.4 (blue line)

and plot of drifting in
⏐⏐⏐θ̂ (t)⏐⏐⏐ for system (3.1) with σ− adaptive feedback (3.5),

(3.6) and σ = 0 (red line). All plots are for the case d1(t) = 20 cos(10t),
d2(t) = 10 cos(20t). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 6. Plot of u(t) for t ∈ [1, 10] and the case d1(t) = 20 cos(10t), d2(t) =

10 cos(20t). Black line for (3.1) with DADS feedback (3.2); blue line for system
(3.1) with σ− adaptive feedback (3.5), (3.6) and σ = 0.4. The input u(t) for
system (3.1) with (3.5), (3.6) and σ = 0 is almost the same with that of the σ−

adaptive feedback (3.5), (3.6) and σ = 0.4. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)
7

is non-increasing. Using (2.12) we conclude that the following
inequalities hold almost everywhere in [0, tmax):
d
dt

V (x(t), z(t)) ≤ −cV (x(t), z(t)) + cχ
(
|d(t)| , |θ (t)| , ez(t)

)
(4.1)

d
dt

V (x(t), z(t)) ≤ −cV (x(t), z(t)) + cχ
(
∥d∥∞ , ∥θ∥∞ , e

z0
)

(4.2)

ntegrating the differential inequality (4.2), we obtain for all t ∈

[0, tmax):

V (x(t), z(t)) ≤ e−ctV (x0, z0) + χ
(
∥d∥∞ , ∥θ∥∞ , e

z0
)

(4.3)

Next, we show that z(t) is bounded. Since z(t) is non-decreasing
on [0, tmax), we have z(t) ≥ z0 for all t ∈ [0, tmax). Define

s := V (x0, z0) + |z0| + ∥θ∥2
∞

+ ∥d∥2
∞

(4.4)

A(r) := κ−1
(( ar

cε
− 1

)+
)
, for r ≥ 0 (4.5)

(r) := ln
(
1 + max

{
A(r), er

}
+
Γ

c

(
1 +

a
c

)
r
)
, for r ≥ 0 (4.6)

ombining estimate (4.3) and definition (4.4), we get the follow-
ng estimate for all t ∈ [0, tmax):

(x(t), z(t)) ≤ V (x0, z0) +
a
c

(
∥θ∥2

∞
+ ∥d∥2

∞

)
≤ s +

a
c
s (4.7)

We next distinguish the following cases:

ase1 : ez(t) ≤ 1 + max
{
A(s), es

}
for all t ∈ [0, tmax)

n this case, it follows from (4.6) that:

(t) ≤ G(s), for all t ∈ [0, tmax)

ase 2: There exists T ∈ (0, tmax) such that ez(T ) > 1+max {A(s),
es}. Since ez(0) < es < 1 + max {A(s), es}, there exists t0 ∈ (0, T )
such that:

ez(t0) = 1 + max
{
A(s), es

}
(4.8)

Since z(t) is non-decreasing, it follows that:
z(t)

≥ 1 + max
{
A(s), es

}
, for t ∈ [t0, tmax) (4.9)

Inequality (4.9) in conjunction with (4.4) and (4.5) gives the
ollowing inequalities for t ∈ [t0, tmax):

ez(t) ≥ A(s) ≥ κ−1
(( as

cε − 1
)+

)
≥ κ−1

((
a ∥θ∥2∞+∥d∥2∞

cε − 1
)+

)
⇒ κ

(
ez(t)

)
≥

(
a ∥θ∥2∞+∥d∥2∞

cε − 1
)+

≥ a ∥θ∥2∞+∥d∥2∞
cε − 1

⇒ cε ≥ a ∥θ∥2∞+∥d∥2∞
1+κ(ez(t))

Consequently, we obtain from (4.1) for almost all t ∈ [t0, tmax):
d
dt

V (x(t), z(t)) ≤ −cV (x(t), z(t)) + cε

Integrating the above differential inequality, we obtain for all
∈ [t0, tmax):

(x(t), z(t)) ≤ e−c(t−t0)V (x(t0), z(t0)) + ε (4.10)

Using (2.11) and inequality (4.10), we have for t ∈ [t0, tmax):
d
dt

(
ez(t)

)
≤ Γ e−c(t−t0)V (x(t0), z(t0)) (4.11)

Integrating (4.11) and using (4.7) and (4.8), we obtain for all
∈ [t0, tmax):

ez(t) ≤ ez(t0) + Γ V (x(t0), z(t0))/c

= 1 + max {A(s), es} + Γ V (x(t0), z(t0))/c
s Γ

( a ) (4.12)
≤ 1 + max {A(s), e } + c 1 + c s



I. Karafyllis, M. Krstic and A. Aslanidis Automatica 171 (2025) 111986

(

Γ

L

t

T

|

|

l
t

l

e

l
c
c
L

w
R
Φ

),

˜

Since z(t) is non-decreasing, inequality (4.12) holds for all
t ∈ [0, tmax). It follows from (4.4) and (4.12), (4.6) that in both
cases the following estimates hold for t ∈ [0, tmax):

z0 ≤ z(t) ≤ G(s) (4.13)

|z(t)| ≤ G(s) (4.14)

Estimate (4.14) implies that z(t) is bounded. Therefore, prop-
erty (i) in conjunction with (4.7) guarantees that x(t) is bounded
for all t ∈ [0, tmax). Indeed, property (i) guarantees that the
set Υ =

{
(x, z) ∈ Rn

×
[
−M̃, M̃

]
: V (x, z) ≤ M̃

}
with M̃ = max(

s +
a
c s,G(s)

)
is bounded. Since (4.7) and (4.14) guarantee that

x(t), z(t)) ∈ Υ for all t ∈ [0, tmax), it follows that x(t) is bounded
on [0, tmax). Consequently, tmax = +∞. Moreover, estimate (4.3)
directly implies the required estimate (2.16).

Since z(t) is non-decreasing and bounded from above,
limτ→+∞ (z(τ )) exists. Thus, we obtain from (4.13):

z0 ≤ z(t) ≤ lim
τ→+∞

(z(τ )) ≤ G(s) (4.15)

Next, define the following function for r ≥ 0:

H(r) := max
{
|y| : V (y, ξ ) ≤

(
1 +

a
c

)
r and |ξ | ≤ G(r)

}
(4.16)

Property (i) guarantees that H is well-defined. Since G is non-
decreasing (recall definition (4.6)), it follows from (A.16) that H is
non-decreasing. Moreover, it follows from estimates (4.7), (4.14)
and definition (4.16):

|x(t)| ≤ H(s), for all t ≥ 0 (4.17)

Define the continuous function H̃(r) := G(r) +
∫ r+1
r H(l)dl for

r ≥ 0 (notice that since H is non-decreasing, it is locally bounded
and Riemann-integrable on every bounded interval of R+). We
conclude from (4.17), (4.4) and (4.13) that estimates (2.14), (2.15)
hold with B (x0, z0, ∥d∥∞ , ∥θ∥∞) = H̃ (V (x0, z0) + |z0| +
∥θ∥2

∞
+ ∥d∥2

∞

)
.

We next show estimate (2.13). Estimate (4.13) and the fact
that z(t) is non-decreasing guarantees that the function z(t)
has a finite limit as t → +∞. This implies that the function
ez(t) has a finite limit as t → +∞. Moreover, the fact that
d ∈ L∞ (R+;D), θ ∈ L∞ (R+;Θ) and (4.14), (4.17) implies that
V̇ (t) is of class L∞ (R+). It follows that the function d

dt

(
ez(t)

)
=

(V (x(t), z(t)) − ε)+ is uniformly continuous. From Barbalat’s
emma (see Karafyllis & Chaillet, 2021), we have:

lim
→+∞

(
d
dt

(
ez(t)

))
= lim

t→+∞

(
Γ (V (x(t), z(t)) − ε)+

)
= 0 (4.18)

Therefore, estimate (2.13) holds.
Next, we show estimate (2.17). Let arbitrary ϵ > 0 be given.

hen there exists T > 0 such that

d(t)| ≤ lim sup
τ→+∞

(|d(τ )|)+ ϵ for t ≥ Ta.e.

θ (t)| ≤ lim sup
τ→+∞

(|θ (τ )|)+ ϵ for t ≥ T a.e.

z(t) ≥ lim
τ→+∞

(z(τ ))− ϵ for all t ≥ T

Define Ld = lim sup
τ→+∞

(|d(τ )|), Lθ = lim sup
τ→+∞

(|θ (τ )|) and Lz =

imτ→+∞ (z(τ )). It follows from (4.1) that the following differen-
ial inequality holds for t ≥ T a.e.:

d
dt V (x(t), z(t)) ≤ −cV (x(t), z(t))(

Lz−ϵ
) (4.19)
+cχ Ld + ϵ, Lθ + ϵ, e
8

Integrating (4.19), we get for all t ≥ T :

V (x(t), z(t)) ≤ e−c(t−T )V
(
x(T ), z(T )

)
+χ

(
Ld + ϵ, Lθ + ϵ, eLz−ϵ

) (4.20)

Consequently, we get from estimate (4.20):

im sup
t→+∞

(V (x(t), z(t))) ≤ χ
(
Ld + ϵ, Lθ + ϵ, eLz−ϵ

)
(4.21)

Since (4.21) holds for arbitrary ϵ > 0, we obtain the required
stimate (2.17). The proof is complete.◁

The proofs of Theorems 1 and 3 are based on the following
emma which allows a step-by-step construction of the DADS
ontroller. The assumptions of Lemma 4 are restrictive, but they
an be verified in the proofs of Theorem 1 and Theorem 3.
emma 4 deals with the control system

ẋ = f (x) + g(x, θ )y +Φ(x)θ + G(x)d

ẏ = h(x, y) + g̃(x, y, θ )u + ϕ′(x, y)θ + α′(x, y)d
(4.22)

here (x, y) ∈ Rn
×R is the state, u ∈ R is the control input, d ∈

l, θ ∈ Θ ⊆ Rp are disturbances, f :Rn
→ Rn, g :Rn

× Θ → Rn,
:Rn

→ Rn×p, G :Rn
→ Rn×l, h :Rn

× R → R, ϕ :Rn
× R → Rp,

α :Rn
×R → Rl, g̃ :Rn

×R×Θ → R are smooth mappings with
f (0) = 0, Φ(0) = 0, h(0, 0) = 0 and ϕ(0, 0) = 0.

Lemma 4 (A Backstepping Lemma). Consider system (4.22) and
assume that there exist constants a, b, c,Γ , ε, η > 0, smooth func-
tions κ, λ ∈ K∞, σ , k, V ∈ C∞ (Rn

× R), η ∈ C∞ (Rn
× R; (0,+∞)

µ ∈ C∞ (Rn) with V (0, z) = k(0, z) = 0 for z ∈ R and V (x, z) > 0
for x ̸= 0, z ∈ R, such that the following inequalities hold for all
θ ∈ Θ , d ∈ Rl, (x, y, z) ∈ Rn

× R × R:

|x|2 ≤ σ (x, z) V (x, z) (4.23)
∂V
∂x (x, z) (f (x) + g(x, θ )k(x, z) +Φ(x)θ + G(x)d)

+
∂V
∂z (x, z)Γ e−z (V (x, z) − ε)+ ≤

−cV (x, z) + a
|d|2+

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez )

(4.24)

g(x, y, θ ) ≥ η(x, y) (4.25)

|g(x, θ )| ≤ µ(x) (1 + |θ |) (4.26)

Define the following function for all (x, y, z) ∈ Rn
× R × R:

V (x, y, z) = V (x, z) + (y − k(x, z))2 /2 (4.27)

Then there exist functions σ , k ∈ C∞ (Rn
× R × R) with

k(0, 0, z) = 0 for z ∈ R, such that the following inequalities hold
for all d ∈ Rl, θ ∈ Θ and (x, y, z) ∈ Rn

× R × R:

|x|2 + |y|2 ≤ σ (x, y, z) V (x, y, z) (4.28)
∂V
∂x (x, y, z) (f (x) + g(x, θ )y +Φ(x)θ + G(x)d)

+
∂V
∂z (x, y, z)Γ e−z

(
V (x, y, z) − ε

)+

+
∂V
∂y (x, y, z)

(
h(x, y) + g̃(x, y, θ )k(x, y, z)

+ϕ′(x, y)θ + α′(x, y)d
)

≤ −
c
2V (x, y, z) + 2a

|d|2+

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez )

(4.29)

Remark. The function V ∈ C∞ (Rn
× R × R) defined by (4.27)

satisfies V (0, 0, z) = 0 for z ∈ R and V (x, y, z) > 0 for (x, y) ̸= 0,
z ∈ R. Moreover, if the set

{
(x, z) ∈ Rn

×
[
−M̃, M̃

]
: V (x, z) ≤ M̃

}
is bounded for each M̃ > 0 then the set {(x, y, z) ∈ Rn

× R×[
−M̃, M̃

]
: V (x, y, z) ≤ M̃

}
is bounded for each M̃ > 0.

Proof of Lemma 4. Without loss of generality, we may assume
that σ (x, z) > 0 for all x ∈ Rn, z ∈ R.
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We start by using the fact that for every smooth function
ψ : Rn

× R → Rm with ψ(0, z) = 0 for all z ∈ R there exists
a smooth positive function Lψ :Rn

× R → (0,+∞) such that the
inequality |ψ(x, z)| ≤ Lψ (x, z) |x| holds for all (x, z) ∈ Rn

× R.
Since V (0, z) = 0 for all z ∈ R and V (x, z) > 0 for all x ̸= 0, z ∈

R, it follows that for each fixed z ∈ R, the mapping x → V (x, z)
has a global minimum at x = 0. Consequently, ∂V

∂x (0, z) = 0 for
all z ∈ R. Moreover, since k(0, z) = 0 for all z ∈ R and since
f (0) = 0, Φ(0) = 0, h(0, 0) = 0, ϕ(0, 0) = 0, we conclude that
here exist smooth positive functions R, ρ :Rn

× R → (0,+∞),
:Rn

→ (0,+∞) such that the following inequalities hold for all
x, z) ∈ Rn

× R and y ∈ R:⏐⏐ ∂V
∂x (x, z)

⏐⏐ + |k(x, z)| +
⏐⏐ ∂k
∂x (x, z)Φ(x)

⏐⏐ ≤ R(x, z) |x|

|f (x)| ≤ r(x) |x|

|h(x, y)| + |ϕ(x, y)| ≤ ρ(x, y) |x| + ρ(x, y) |y|

(4.30)

Define for all (x, z) ∈ Rn
× R and y ∈ R

k(x, y, z) : = −
M(x, y, z)
η(x, y)

(y − k(x, z)) (4.31)

σ (x, y, z) : =
(
1 + 2R2(x, z)

)
σ (x, z) + 4 (4.32)

where η is the function appearing in (4.25) and M :Rn
×R×R →

(0,+∞) is defined by the following formulas:

M(x, y, z) :=
c
4 +

Γ 2e−2z

4c

(
1 +

(
∂k
∂z (x, z)

)2)2
V (x, z)

+P(x, y, z) (b + λ (ez))+
Γ e−z

4

(
1 +

(
∂V
∂z (x, z)

)2)
+

1
2

(
Γ e−z

4

(
1 + (y − k(x, z))2

)
+ µ(x)

)(
1 +

(
∂k
∂z (x, z)

)2)
+
σ (x,z)

c P2(x, y, z) (b + 1 + λ (ez))2

+
1+κ(ez)

4a

⏐⏐α′(x, y) −
∂k
∂x (x, z)G(x)

⏐⏐2 + ρ(x, y)

+
1+κ(ez)

2a P2(x, y, z)
(
(y − k(x, z))2 + |x|2

)
(4.33)

P(x, y, z) :=
r(x)+µ(x)

2

(
1 +

⏐⏐ ∂k
∂x (x, z)

⏐⏐2) + ρ(x, y)

+

(
1 +

µ(x)
2

(
3 +

⏐⏐ ∂k
∂x (x, z)

⏐⏐2) + ρ(x, y)
)
R(x, z)

(4.34)

In what follows, we denote by Λ the quantity appearing in the
left hand side of (4.29) and d ∈ Rl, θ ∈ Θ , (x, y, z) ∈ Rn

× R × R
are arbitrary given vectors. Using definition (4.27) we get:

Λ =
(
∂V
∂z (x, z) − s ∂k

∂z (x, z)
)
Γ e−z

(
V (x, y, z) − ε

)+

+
(
∂V
∂x (x, z) − s ∂k

∂x (x, z)
)
(f (x) + g(x, θ )y +Φ(x)θ + G(x)d)

+s
(
h(x, y) + g̃(x, y, θ )k(x, y, z) + ϕ′(x, y)θ + α′(x, y)d

)
(4.35)

For brevity, we also use the following notation:

s = y − k(x, z),

W = ϕ′(x, y) −
∂k
∂x

(x, z)Φ(x),

Q = α′(x, y) −
∂k
∂x

(x, z)G(x).

Inequality (4.24) in conjunction with (4.35) gives:

Λ ≤ −cV (x, z) − s ∂k
∂z (x, z)Γ e−z

(
V (x, y, z) − ε

)+

+
∂V
∂z (x, z)Γ e−z

((
V (x, y, z) − ε

)+

− (V (x, z) − ε)+
)

+s
(
h(x, y) +

∂V
∂x (x, z)g(x, θ ) + Wθ + Qd

)
+a

|d|2+

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez )(
∂k )

(4.36)
+s g̃(x, y, θ )k(x, y, z) −
∂x (x, z) (f (x) + g(x, θ )y)

9

Using (4.25), (4.31), (4.36) and the fact that
⏐⏐v+

− w+
⏐⏐ ≤

|v − w| for all v,w ∈ R, we get:

Λ ≤ −cV (x, z) + |s|
⏐⏐ ∂k
∂z (x, z)

⏐⏐Γ e−z
(
V (x, y, z) − ε

)+

−M(x, y, z)s2 + a
|d|2+

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez )

+
⏐⏐ ∂V
∂z (x, z)

⏐⏐Γ e−z
⏐⏐V (x, y, z) − V (x, z)

⏐⏐
+ |s|

(
|h(x, y)| +

⏐⏐ ∂V
∂x (x, z)

⏐⏐ |g(x, θ )| + |W | |θ |
)

+ |s|
(⏐⏐ ∂k
∂x (x, z)

⏐⏐ |f (x) + g(x, θ )y| + |Q | |d|
)

(4.37)

Using the inequality

|s| |Q | |d| ≤
a |d|2

1 + κ (ez)
+

1 + κ (ez)
4a

|Q |
2 s2

definition (4.27), the triangle inequality |f (x) + g(x, θ )y| ≤ |f (x)|+
|g(x, θ )| |y| and inequality (4.26) we get from (4.37):

Λ ≤ −cV (x, z) + |s|
⏐⏐ ∂k
∂z (x, z)

⏐⏐Γ e−z
(
V (x, y, z) − ε

)+

+
1
2

⏐⏐ ∂V
∂z (x, z)

⏐⏐Γ e−zs2 + a
2|d|2+

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez )

+ |s|
(
|h(x, y)| +

⏐⏐ ∂k
∂x (x, z)

⏐⏐ |f (x)| + µ(x)
⏐⏐ ∂V
∂x (x, z)

⏐⏐)
+ |s| |θ |

(⏐⏐ ∂V
∂x (x, z)

⏐⏐µ(x) +
⏐⏐ ∂k
∂x (x, z)

⏐⏐µ(x) |y| + |W |
)

+ |s|µ(x)
⏐⏐ ∂k
∂x (x, z)

⏐⏐ |y| −

(
M(x, y, z) −

1+κ(ez)
4a |Q |

2
)
s2

(4.38)

The triangle inequalities |W | ≤
⏐⏐ ∂k
∂x (x, z)Φ(x)

⏐⏐ + |ϕ(x, y)| and
|y| ≤ |s| + |k(x, z)| (recall that s = y− k(x, z)), inequalities (4.30),
(4.38) and the fact that

(
V (x, y, z) − ε

)+

≤ V (x, y, z) give:

Λ ≤ −cV (x, z) + |s|
⏐⏐ ∂k
∂z (x, z)

⏐⏐Γ e−zV (x, y, z)

+a∆−

(
M(x, y, z) −

1+κ(ez)
4a |Q |

2
)
s2

+
(
τ +

1
2

⏐⏐ ∂V
∂z (x, z)

⏐⏐Γ e−z
)
s2 + τ s2 |θ |

+ |s| |x|
(⏐⏐ ∂k
∂x (x, z)

⏐⏐ r(x) + ρ(x, y) + (τ + µ(x)) R(x, z)
)

+ |s| |x| (ρ(x, y) + R(x, z) (1 + µ(x) + τ)) |θ |

(4.39)

where τ =
⏐⏐ ∂k
∂x (x, z)

⏐⏐µ(x) + ρ(x, y), ∆ =
2|d|2+

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez ) .

Using the inequalities 2
⏐⏐ ∂k
∂x (x, z)

⏐⏐ ≤ 1+
⏐⏐ ∂k
∂x (x, z)

⏐⏐2, 2 ⏐⏐ ∂V
∂z (x, z)

⏐⏐
≤ 1 +

(
∂V
∂z (x, z)

)2
, 2

⏐⏐ ∂k
∂z (x, z)

⏐⏐ ≤ 1 +
(
∂k
∂z (x, z)

)2
and definition

(4.27), we get from (4.34) and (4.39):

Λ ≤ −cV (x, z) +
Γ e−z

2 |s|
(
1 +

(
∂k
∂z (x, z)

)2)
V (x, z)

+
Γ e−z

4 |s|3
(
1 +

(
∂k
∂z (x, z)

)2)
+ a∆−

(
M(x, y, z) −

1+κ(ez)
4a |Q |

2
)
s2

+

(
µ(x)
2

(
1 +

⏐⏐ ∂k
∂x (x, z)

⏐⏐2) + ρ(x, y) +
Γ e−z

4

(
1 +

(
∂V
∂z (x, z)

)2))
s2

+P(x, y, z)s2 |θ | + |s| |x| P(x, y, z) (1 + |θ |)

(4.40)

The inequalities

s| ≤ 1/2 + s2/2

1
2 |s|

(
1 +

(
∂k
∂z (x, z)

)2)
Γ e−z

≤
c

+
Γ 2e−2z

s2
(
1 +

(
∂k (x, z)

)2)2
4 4c ∂z
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n conjunction with (4.40) give:

Λ ≤ −
3c
4 V (x, z) +

Γ 2e−2z

4c s2
(
1 +

(
∂k
∂z (x, z)

)2)2
V (x, z)

+
Γ e−z

8

(
1 + s2

) (
1 +

(
∂k
∂z (x, z)

)2)
s2 + a∆

+

(
µ(x)
2

(
1 +

⏐⏐ ∂k
∂x (x, z)

⏐⏐2) + ρ(x, y) +
Γ e−z

4

(
1 +

(
∂V
∂z (x, z)

)2))
s2

+ |s| |x| P(x, y, z) (|θ | − b − λ (ez))

+P(x, y, z)s2 (|θ | − b − λ (ez))+ P(x, y, z) (b + λ (ez)) s2

+ |s| |x| (1 + b + λ (ez)) P(x, y, z) −

(
M(x, y, z) −

1+κ(ez)
4a |Q |

2
)
s2

(4.41)

sing the inequalities

θ | − b − λ
(
ez

)
≤

(
|θ | − b − λ

(
ez

))+

|s| |x| P(x, y, z) (b + 1 + λ (ez))
≤

c
4σ (x,z) |x|2 +

σ (x,z)
c P2(x, y, z) (b + 1 + λ (ez))2 s2

we obtain from (4.33) and (4.41):

Λ ≤ −
3c
4 V (x, z) +

c
4σ (x,z) |x|2 −

c
4 s

2

+a∆+ P(x, y, z)s2 (|θ | − b − λ (ez))+

+ |s| |x| P(x, y, z) (|θ | − b − λ (ez))+

−
1+κ(ez)

2a P2(x, y, z)
(
s2 + |x|2

)
s2

(4.42)

Using (4.23), (4.27), (4.42) and the inequalities

s2P(x, y, z) (|θ | − b − λ (ez))+

≤
a
2

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez ) +
1+κ(ez)

2a P2(x, y, z)s4

,

|s| |x| P(x, y, z) (|θ | − b − λ (ez))+

≤
a
2

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez ) +
1+κ(ez)

2a |x|2 P2(x, y, z)s2,

we are in a position to conclude that (4.29) holds.
Finally, we proceed to show the validity of (4.28) with σ (x, y, z)

defined by (4.32). Using the triangle inequality |y| ≤ |y − k(x, z)|+
k(x, z)| and the fact that (|y − k(x, z)| + |k(x, z)|)2 ≤

|y − k(x, z)|2 + 2 |k(x, z)|2 we get:

x|2 + |y|2 ≤ |x|2 + 2 |y − k(x, z)|2 + 2 |k(x, z)|2

The above inequality in conjunction with definition (4.27) and
nequalities (4.30) gives:

x|2 + |y|2 ≤
(
1 + 2R2(x, z)

)
|x|2 + 4V (x, y, z) (4.43)

Using (4.27) and inequalities (4.23), (4.43) we obtain

x|2 + |y|2 ≤
((
1 + 2R2(x, z)

)
σ (x, z) + 4

)
V (x, y, z) (4.44)

Combining (4.32) and (4.44) we obtain (4.28). ◁

Proof of Theorem 1. By virtue of Theorem 2, it suffices to
show that for every constants b,Γ , ε, a, c > 0 and for every
κ, λ ∈ K∞ ∩ C∞ (R+) there exist k, V ∈ C∞ (Rn

× Rm
× R) with

V (0, 0, z) = k(0, 0, z) = 0 for z ∈ R, V (x, y, z) > 0 for (x, y) ̸= 0,
nd a constant M > 0 such that:

Ia) for each M̃ > 0 the set
{
(x, y, z) ∈ Rn

× Rm
×

[
−M̃, M̃

]
:

V (x, y, z) ≤ M̃
}
is bounded, and
10
(IIa) the following inequalities hold:

|x|2 + y21 ≤ MV (x, y, z)for all (x, y, z) ∈ Rn
× Rm

× R (4.45)

n−1∑
i=1

∂V
∂xi

(x, y, z)xi+1 +

m−1∑
j=1

∂V
∂yj

(x, y, z)hj(x, y1, . . . , yj)

+

m−1∑
j=1

∂V
∂yj

(x, y, z)

×
(
gj(x, y1, . . . , yj, θ )yj+1 + ϕ′

j (x, y1, . . . , yj)θ + α′

j (x, y1, . . . , yj)d
)

+
∂V
∂ym

(x, y, z)

×
(
hm(x, y) + gm(x, y, θ )k(x, y, z) + ϕ′

m(x, y)θ + α′

m(x, y)d
)

+
∂V
∂xn

(x, y, z)y1 +
∂V
∂z

(x, y, z)Γ e−z
(
V (x, y, z) −

ε2

2M

)+

≤ −cV (x, y, z) +
a
M

|d|2 +
(
(|θ | − b − λ (ez))+

)2
1 + κ (ez)

for all

for all (x, y, z) ∈ Rn
× Rm

× R, d ∈ Rl, θ ∈ Θ, (4.46)

Let arbitrary constants b,Γ , ε, a, c > 0 and arbitrary func-
tions κ, λ ∈ K∞ ∩ C∞ (R+) be given. The functions k, V ∈

C∞ (Rn
× Rm

× R) are constructed inductively by using Lemma 4.
Define the matrices

A =
{
ai,j : i, j = 1, . . . , n

}
, b̃ =

[
0 . . . 0 1

]′ (4.47)

where

ai,j = 1 for j = i + 1, i = 1, . . . , n − 1

and

and ai,j = 0 if otherwise (4.48)

if otherwise (4.48)
Notice that Eqs. (2.1) and definitions (4.47), (4.48) and the fact

that xn+1 = y1 imply the equation:

ẋ = Ax + b̃y1 (4.49)

Since the pair of matrices
(
A, b̃

)
is a controllable pair there

exists a vector ω ∈ Rn and a positive definite, symmetric matrix
P ∈ Rn×n such that

P(A + b̃ω′) + (A + b̃ω′)′P ≤ −2mcP . (4.50)

Next, we notice that the functions

V1(x, y1, z) := x′Px +
(
y1 − ω′x

)2
/2,

k1(x, y1, z) := −G(x, y1, z)
(
y1 − ω′x

)
/η1(x, y1), (4.51)

with

G(x, y1, z) :=
⏐⏐ω′̃b

⏐⏐ + 2m−2c + r(x, y1)
(
1 + b + λ

(
ez

))
+

M
2m+1c

(
K + r(x, y1) (1 + |ω|)

(
1 + b + λ

(
ez

)))2
+

M (1 + κ (ez))
23−ma

(
|α1(x, y1)|2 + r2(x, y1)

(
|x|2 + y21

)) (4.52)

where K =
⏐⏐2b̃′P − ω′A − ω′̃bω′

⏐⏐, η1 is the function involved in
(2.3) and r :Rn

×R → (0,+∞) is a smooth function that satisfies
for all (x, y1) ∈ Rn

× R

|h (x, y )| + |ϕ (x, y )| ≤ r(x, y ) |x| + |y | , (4.53)
1 1 1 1 1 ( 1 )
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atisfy the following inequality for all (x, y1, z) ∈ Rn
× R × R,

∈ Rl, θ ∈ Θ

n−1∑
i=1

∂V1

∂xi
(x, y1, z)xi+1 +

∂V1

∂xn
(x, y1, z)y1

+
∂V1

∂y1
(x, y1, z) (h1(x, y1) + g1(x, y1, θ )k1(x, y1, z)

+ϕ′

1(x, y1)θ + α′

1(x, y1)d
)

+
∂V1

∂z
(x, y1, z)Γ e−z

(
V (x, y1, z) −

ε2

2M

)+

≤ −2m−1cV1(x, y1, z)

+
21−ma
M

|d|2 +
(
(|θ | − b − λ (ez))+

)2
1 + κ (ez)

(4.54)

here M > 0 is any constant for which the following inequality
olds for all (x, y1) ∈ Rn

× R:(
x′Px +

(
y1 − ω′x

)2
/2

)
≥ |x|2 + y21. (4.55)

The existence of a constant M > 0 for which (4.55) holds
ollows from (4.51) and the fact that x′Px +

(
y1 − ω′x

)2
/2 is a

ositive definite quadratic form on Rn+1.
Inequality (4.54) is a direct consequence of definitions (4.51),

4.52), inequalities (2.3), (4.50), (4.53) and (4.55) (which implies
he inequality M x′Px ≥ |x|2 for all x ∈ Rn) as well as the
nequalities

x| + |y1| ≤ (1 + |ω|) |x| +
⏐⏐y1 − ω′x

⏐⏐
⏐⏐y1 − ω′x

⏐⏐ |α1(x, y1)| |d|

≤
21−ma |d|2

M (1 + κ (ez))
+

M (1 + κ (ez))
23−ma

|α1(x, y1)|2
(
y1 − ω′x

)2
⏐⏐y1 − ω′x

⏐⏐ r(x, y1) (|x| + |y1|)
(
|θ | − b − λ

(
ez

))+

≤ 21−ma

(
(|θ | − b − λ (ez))+

)2
M (1 + κ (ez))

+
M (1 + κ (ez))

23−ma
r2(x, y1) (|x| + |y1|)2

(
y1 − ω′x

)2
|x| + |y1|)2 ≤ 2 |x|2 + 2y21

|θ | − b − λ
(
ez

)
≤

(
|θ | − b − λ

(
ez

))+

⏐⏐y1 − ω′x
⏐⏐ |x| (K + r(x, y1) (1 + |ω|)

(
1 + b + λ

(
ez

)))
≤ 2m−1c

|x|2

M
+

M
2m+1c

(
K + r(x, y1) (1 + |ω|)

(
1 + b + λ

(
ez

)))2 (
y1 − ω′x

)2
which give inequality (4.54).

Applying Lemma 4 exactly m−1 times, we construct functions
kj ∈ C∞

(
Rn

× Rj
× R

)
for j = 2, . . . ,m with kj(0, 0, z) = 0 for

z ∈ R, such that (4.46) holds for

V (x, y, z) = x′Px +
(
y1 − ω′x

)2
/2

+
1
2

∑m
j=2

(
yj − kj−1

(
x, y1, . . . , yj−1, z

))2 . (4.56)

Notice that (4.55), (4.56) guarantee the validity of (4.45).◁

Finally, we provide the proof of Theorem 3.

Proof of Theorem 3. By virtue of Theorem 2, it suffices to show
that for every constants b,Γ , ε, a, c > 0 and for every κ, λ ∈

K ∩ C∞ R there exist functions k, V ∈ C∞ Rn
× R with
∞ ( +) ( ) k

11
V (0, z) = k(0, z) = 0 for z ∈ R, V (x, z) > 0 for x ̸= 0, such
that:

(Ib) for each M̃ > 0 the set
{
(x, z) ∈ Rn

×
[
−M̃, M̃

]
: V (x, z) ≤ M̃

}
is bounded, and

(IIb) the following inequalities hold:

x21/2 ≤ V (x, z), for all (x, z) ∈ Rn
× R (4.57)

n−1∑
i=1

∂V
∂xi

(x, z) (hi(x1, . . . , xi) + gi(x1, . . . , xi, θ )xi+1

+ϕ′

i (x1, . . . , xi)θ + α′

i (x1, . . . , xi)d
)

+
∂V
∂xn

(x, z)
(
hn(x) + gn(x, θ )k(x, z) + ϕ′

n(x)θ + α′

n(x)d
)

+
∂V
∂z

(x, z)Γ e−z
(
V (x, z) −

ε2

2

)+

≤ −cV (x, z) + a
|d|2 +

(
(|θ | − b − λ (ez))+

)2
1 + κ (ez)

for all

for all (x, z) ∈ Rn
× R, d ∈ Rl, θ ∈ Θ, (4.58)

Let arbitrary constants b,Γ , ε, a, c > 0 and arbitrary functions
κ, λ ∈ K∞ ∩ C∞ (R+) be given. The functions k, V ∈ C∞ (Rn

× R)
are constructed inductively by using Lemma 4.

Indeed, we notice that the functions

V1(x1, z) :=
1
2
x21, k1(x1, z) := −

M(x1, z)
η1(x1)

x1 (4.59)

with

M(x1, z) := (b + 1 + λ (ez)) r(x1)

+
1+κ(ez)
23−na

(
|α1(x1)|2 + r2(x1)x21

)
+ 2n−2c

(4.60)

here η1 is the function involved in (2.19) and r :R → (0,+∞)
is a smooth function that satisfies

|h1(x1)| + |ϕ1(x1)| ≤ r(x1) |x1| , for all x1 ∈ R, (4.61)

atisfy the following inequality for all (x1, z) ∈ R × R, d ∈ Rl,
∈ Θ

∂V1

∂x1
(x1, z)

(
h1(x1) + g1(x1, θ )k1(x1, z) + ϕ′

1(x1)θ + α′

1(x1)d
)

+
∂V1

∂z
(x1, z)Γ e−z

(
V (x1, z) −

ε2

2

)+

≤ −2n−1cV1(x1, z) + 21−na
|d|2 +

(
(|θ | − b − λ (ez))+

)2
1 + κ (ez)

(4.62)

Inequality (4.62) is a direct consequence of definitions (4.59),
(4.60), inequalities (2.19) and (4.61) as well as the inequalities

|x1| |α1(x1)| |d| ≤ 21−na
|d|2

1 + κ (ez)
+

1 + κ (ez)
23−na

|α1(x1)|2 x21

|θ | − b − λ
(
ez

)
≤

(
|θ | − b − λ

(
ez

))+

r(x1)x21 (|θ | − b − λ (ez))+

≤
1+κ(ez)
23−na

r2(x1)x41 + 21−na

(
(|θ |−b−λ(ez))

+
)2

1+κ(ez )

which give inequality (4.62).
Applying Lemma 4 exactly n−1 times, we construct functions
∈ C∞

(
Ri

× R
)
for i = 2, . . . , n with k (0, z) = 0 for z ∈ R,
i i
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uch that (4.58) holds for the function

(x, z) =
1
2
x21 +

1
2

n∑
i=2

(xi − ki−1 (x1, . . . , xi−1, z))2 (4.63)

Notice that equality (4.63) guarantees the validity of (4.57).
The proof is complete. ◁

5. Concluding remarks

The DADS controller is a direct adaptive control scheme that
can be applied to systems that satisfy a matching condition (see
Karafyllis & Krstic, 2024) or systems in parametric strict feedback
form. Further research is clearly needed in order to identify more
classes of nonlinear systems to which the DADS controller can be
applied. On the other hand, the examples in Karafyllis and Krstic
(2024) show that the zero p-OAG property lim sup

t→+∞

(|Y (t)|) ≤ α

with a constant α > 0 independent of θ and for an appropriate
output map Y = h(x) cannot be achieved by feedback control
(static or dynamic) for an arbitrary nonlinear control system:
there are controllable nonlinear systems which defy this property.
Therefore, the identification of more classes of nonlinear systems
to which the DADS controller can be applied is not an easy
problem.

For indirect adaptive schemes, apart from regulation, identifi-
cation of the constant unknown parameters θ is also achieved in
certain cases. The development of novel (and robust with respect
to disturbances like d) identifiers for direct adaptive schemes (like
DADS) is an interesting problem that requires special attention.
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