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1. Introduction

The main objective of adaptive control is the regulation of
the state of a given control system that contains uncertain pa-
rameters. Various control strategies have been proposed in the
literature: indirect adaptive control schemes rely on an adjustable
estimate of the unknown parameters (see for instance Karafyllis,
Aslanidis, & Krstic, 2024; Krstic, Kanellakopoulos, & Kokotovic,
1992, 1995; Krstic & Kokotovic, 1995, 1996; Li & Krstic, 1997)
whereas direct control schemes adjust the parameters of the
controller itself (see for instance Hespanha, Liberzon, & Morse,
2002; Karafyllis & Krstic, 2024). To guarantee robustness with
respect to external disturbances for time-invariant nonlinear con-
trol systems for which no persistence of excitation condition is
assumed, several strategies have been proposed: nonlinear damp-
ing (see Karafyllis et al., 2024; Karafyllis & Chaillet, 2021; Krstic
et al., 1995; Krstic & Kokotovic, 1996), leakage (see loannou &
Fidan, 2006; loannou & Sun, 1996; Narendra & Annaswamy, 2005;
Sastry & Bodson, 2011), projection methodologies (see Ioannou
& Sun, 1996 and Appendix E in Krstic et al.,, 1995), supervision
for direct adaptive schemes (see Hespanha et al., 2002), dynamic
(high) gains or gain adjustment (see Jia, Xu, & Zhou, 2023; Jiang,
Lin, & Sun, 2021; Jiang & Praly, 1998; Krishnamurthy & Khorrami,
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2004; Marino & Tomei, 1993) and deadzone in the update law (in-
troduced in Peterson and Narendra (1982) and well explained in
the book (loannou & Sun, 1996)). Some of these control schemes
require no knowledge of the size of the disturbance (nonlinear
damping), while others (e.g., projection) do require knowledge of
the size of the unknown parameters. Schemes like o -modification
(leakage) regulate the plant state to a neighborhood of zero
whose size depends on the unknown parameter.

Recently, we introduced in Karafyllis and Krstic (2024) a novel
direct adaptive control approach, the Deadzone-Adapted Distur-
bance Suppression (DADS), for a class of systems that satisfy
the matching condition (see Krstic et al., 1995). The controller
proposed in Karafyllis and Krstic (2024), under no assumptions on
the unknown parameters, achieves regulation of the plant state to
a ball around the origin of assignable radius, even in the presence
of persistent (L) disturbances. The DADS controller encompasses
dynamic nonlinear damping terms involving a single adjustable
gain and a deadzone in the update law of the gain. Moreover, it
was shown in Karafyllis and Krstic (2024), that there are systems
that do not admit a feedback law (dynamic or static) which
guarantees attenuation of the plant state to an assignable level
despite the presence of disturbances and unknown parameters
of arbitrary and unknown bounds.

As noted above the DADS controller in Karafyllis and Krstic
(2024) was developed for the class of nonlinear systems with
matched uncertainties. However, the class of systems with
matched uncertainties does not include the important case of
nonlinear systems in strict feedback form (triangular systems).
The aim of the present paper is the development of an adaptive
feedback design methodology for nonlinear systems in para-
metric strict feedback form that provides a direct adaptive
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control scheme -the DADS control scheme-which: (i) prevents
gain and state drift regardless of the size of the disturbance and
unknown parameter, (ii) guarantees appropriate KL estimates,
and (iii) achieves an attenuation of a plant output to an assignable
small level, despite the presence of persistent disturbances and
unknown parameters of arbitrary and unknown bounds. Inspired
by the idea of dynamic gain used in Jia et al. (2023), Jiang et al.
(2021), Jiang and Praly (1998), Krishnamurthy and Khorrami
(2004), Lopez and Slotine (2022, 2024), Marino and Tomei (1993),
Praly and Jiang (2004) and the recent work (Karafyllis et al.,
2024) where indirect, adaptive feedback designs which guarantee
KL estimates in the disturbance-free case were provided, here
we extend the DADS controller to the triangular nonlinear case
where no matching condition holds. The DADS controller pre-
vents gain and state drift regardless of the size of the disturbance
and unknown parameter and achieves an attenuation of a plant
output to an assignable small level, despite the presence of
persistent disturbances and unknown parameters of arbitrary and
unknown bounds. The controller is designed by means of a step-
by-step backstepping procedure (see Lemma 4 below) which can
be applied in an algorithmic fashion similar to the backstepping
procedures that are provided in Karafyllis et al. (2024), Krstic et al.
(1992, 1995), Krstic and Kokotovic (1995, 1996), Li and Krstic
(1997).

The combination of properties that the DADS controller
achieves is unique in the sense that no other adaptive control
scheme in the literature can guarantee these specific proper-
ties for time-invariant nonlinear control systems for which no
persistence of excitation condition is assumed and no bound
for the disturbance and the unknown parameters is known. An
exception is the adaptive control scheme proposed in Karafyllis,
Krstic, and Aslanidis (2023) with delays, which however has been
applied only to a very simple (scalar) system. The DADS controller
achieves almost all properties that the delay scheme in Karafyllis
et al. (2023) can achieve without using delays. Therefore, the
DADS controller is easier to implement.

The paper is organized as follows. In Section 2, we present the
controller and give the main stability results. In Section 3, we give
an illustrative example comparing the DADS controller with an
adaptive controller based on o-modification. Section 4 provides
the proofs of all results while the concluding remarks are given
in Section 5.

Notation and Basic Notions. Throughout this paper, we adopt
the following notation.

* Ry = [0, +00). For a vector x € R", |x| denotes its Euclidean
norm and X’ denotes its transpose. We use the notation x™ for the
positive part of the real number x € R, i.e.,, x* = max(x, 0). For
a matrix A € R™™ A’ € R™" denotes its transpose. We write
A < B for two symmetric matrices A, B € R™" when the matrix
(B— A) € R™" is positive definite.

* Let D C R" be an open set and let S C R" be a set that satisfies
D € S C cl(D), where cI(D) is the closure of D. By C°(S; ),
we denote the class of continuous functions on S, which take
values in 2 € R™. By CK(S; £2), where k > 1 is an integer,
we denote the class of functions on S € R", which take values
in 2 € R™ and have continuous derivatives of order k. In other
words, the functions of class CX(S; §2) are the functions which
have continuous derivatives of order k in D = int(S) that can be
continued continuously to all points in dDNS. When £2 = R then

we write C%(S) or CX(S). A function f € C®(S; 2) = Ioﬁock(s; Q)
k=
is called a smooth function.

* Let the non-empty set ® C RP be given. By L™ (R;; ®) we
denote the class of essentially bounded, Lebesgue measurable
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functions d: R, — ©. For d € L* (R;; ®) we define ||d|,, =
sup (|d(t)]), where sup (|d(t)]) is the essential supremum.
>0 >0
* By K we denote the class of increasing continuous functions
a:Ry — Ry with a(0) = 0. By K, we denote the class of
increasing continuous functions a: R, — R, with a(0) = 0 and
lims_, 1 oo (a(s)) = 4o00. By KL we denote the set of all continuous
functions o : Ry x Ry — R, with the properties: (i) for each
t > 0 the mapping o (-, t) is of class K; (ii) for each s > 0, the
mapping o (s, -) is non-increasing with lim;_, . o (o(s, t)) = 0.
We next recall certain standard notions in the analysis of
output stability: see for instance (Karafyllis & Chaillet, 2021;
Karafyllis & Jiang, 2011; Sontag & Wang, 1999, 2000).
Let f: R" — R" be a locally Lipschitz vector field with f(0) = 0
and h: R" — RP be a continuous mapping with h(0) = 0.
Consider the dynamical system

x =f(x), x € R", (1.1)
with output
Y = h(x). (1.2)

We assume that the dynamical system (1.1) is forward complete,
i.e., for every xo € R" the unique solution x(t) = ¢(t, xo) of the
initial-value problem (1.1) with initial condition x(0) = xq exists
for all t > 0. We use the notation Y(t, xq) = h(¢(t, xo)) for all
t >0,% € R"and Bg = {x € R": |x| < R} for all R > 0. We say
that system (1.1), (1.2) is

% Lagrange output stable if for every R > 0 the set {|Y(t, xo)| :
Xo € By, t > 0} is bounded.

* Lyapunov output stable if for every ¢ > 0 there exists §(¢) > 0
such that for all Xy € B, it holds that |Y(t, xo)| < ¢ for
allt > 0.

% Globally Asymptotically Output Stable (GAOS) if system (1.1),
(1.2) is Lagrange and Lyapunov output stable and
lim;_, 4 o0 (Y(t, X0)) = O for all xo € R™.

* Uniformly Globally Asymptotically Output Stable (UGAOS) if sys-
tem (1.1), (1.2) is Lagrange and Lyapunov output stable and
for every ¢, R > 0 there exists T(e, R) > 0 such that for all
Xo € Bg, it holds that |Y(t, xg)| < ¢ for all t > T(e, R).

It should be noted that (see Theorem 2.2 on page 62 in Karafyl-
lis and Jiang (2011)) UGAOS for system (1.1), (1.2) is equivalent
to the existence of a function § € KL such that the following
estimate holds for all X € R" and t > 0:

[Y(t, x0)l = B (1%l , 1)

We say that system (1.1), (1.2) is practically Uniformly Globally
Asymptotically Output Stable (p-UGAOS) if there exists a function
B € KL and a constant o > 0 such that the following estimate
holds for all x, € R" and t > 0:

[Y(t, x0)l = B (1%, ) + &

When h(x) = x then the word “output” in the above properties
is omitted (e.g., Lagrange stability, Lyapunov stability, GAS, UGAS,
p-UGAS).

Let f:R" x RP — R" be a locally Lipschitz mapping with
f(0,0) = 0. Consider the control system

(1.3)

(1.4)

x=f(x,d), x€R", d € RP. (1.5)

We assume that system (1.5) is forward complete, i.e., for
every xg € R" and for every Lebesgue measurable and locally
essentially bounded input d: R, — RP the unique solution x(t) =
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o(t, xo; d) of the initial-value problem (1.5) with initial condition
x(0) = x¢ corresponding to input d: R, — RP exists for all t > 0.
We use the notation Y(t, xo; d) = h(¢(t, xo; d)) for all t > O,
Xo € R" and for every Lebesgue measurable and locally essentially
bounded input d: R, — RP.

We say that system (1.5), (1.2) is Input-to-Output Stable (10S)
if there exist functions B € KL, y € K such that the following
estimate holds for all X, € R", t > 0 and for every d € L*° (R,):

[Y(t, x0: d)l = B (IXo], ) + ¥ (ldll0) (1.6)

We say that system (1.5), (1.2) is practically Input-to-Output
Stable (p-10S) if there exist functions 8 € KL, y € K and a constant
o« > 0 such that the following estimate holds for all x, € R",t > 0
and for every d € L* (R,):

IY(t, x0: d)l = B (1%l , ) + ¥ (ldllo) + (1.7)

We say that system (1.5), (1.2) satisfies the practical Output
Asymptotic Gain (p-OAG) property if there exists a non-decreasing
continuous function y : R, — R, with y(0) = 0 and a constant
«a > 0 such that the following estimate holds for all X, € R" and
for every d € L* (R,):

limsup (JY(t, xo; d)]) <y (lldllo) + o

t——+00

(1.8)

When y = 0 we say that system (1.5), (1.2) satisfies the zero
practical Output Asymptotic Gain property (zero p-OAG).

When h(x) = x then the word “output” in the above properties
is either replaced by the word “state” (e.g., ISS, p-ISS) or is
omitted (e.g., p-AG, zero p-AG).

We say that system (1.5), (1.2) satisfies the practical Uniform
Bounded-Input-Bounded-State (p-UBIBS) property if there exists a
function y € K. and a constant @« > 0 such that the following
estimate holds for all X, € R" and for every d € L* (R,):

Suop(|¢(t,><o;d)|) <7 (%) + v (ldlle) + (1.9)
t>

Clearly, the p-UBIBS property is equivalent to the existence of
a continuous function B:R" x R, — R, for which the following
estimate holds for all xo, € R" and for every d € L* (R):

sup (|(t, Xo; d)I) < B (Xo, [|d]l )

t>0

(1.10)

In the disturbance-free case, the p-UBIBS property coincides
with the Lagrange stability property.

2. Main results

In this work we study nonlinear control systems of the form

X =Xiyq,fori=1,...,n— landx, = y; (2.1)
Vi =hxy1, - ¥) & Y1, -, Vi )i
+0/ (%, Y1, 30 + (% y1, ..., y)d
forj=1,...,m—1and
Ym = hi(%, ¥) + gm(x, ¥, O)u + ¢, (X, y)0 + oy (x, y)d (2.2)
where (x,y) € R" x R™ is the state with x = (x1,...,Xy),
y = 1,...,¥m), U € R is the control input,d € R, § € ® C RP

are disturbances, hj: R" x K — R, g:R" x K x ©® — R,
@ R"x RN — RP, o;:R" x RN — R! for j= 1, ..., m are smooth
mappings with h;(0,0) = 0 and ¢;(0,0) = 0forj =1,...,m.
Systems of the form (2.1), (2.2) are termed in the literature as
triangular systems or systems in parametric strict feedback form.
It should be noted that & € ® C RP is a vanishing perturbation
while d € R! is -in general- a non-vanishing perturbation.

If one has not made extensive attempts in expanding adaptive
control designs beyond the class of systems above, particularly
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the triangular class (2.2), one may regard this class as restric-
tive or special. Nothing is farther from fact. Except for routine
generalizations to including zero dynamics (the so-called block-
backstepping in Chapters 3 and 4 in Krstic et al. (1995)), compara-
bly routine extensions to multi-input parametric-strict-feedback
systems, or the very routine extensions where the nonlinearities,
rather than being “triangular” are “triangularly-bounded”, the
class (2.2) is in fact the most general class of nonlinear systems
for which adaptive control (with perfect asymptotic tracking in
the absence of disturbances) is possible systematically. A similar
statement holds for robust nonlinear control of systems affine
in disturbances. The consideration of (2.2) as being the most
general systematically tractable class of systems for adaptive
robust nonlinear control is not only based on the experience
of decades of unsuccessful attempts since Krstic et al. (1995)
to achieve greater generality. It is also based on the fact that
necessary and sufficient coordinate-free differential geometric
conditions for the transformation of completely general nonlinear
systems affine in control and the parameter using a parameter-
independent diffeomorphic transformation are given in Appendix
G in Krstic et al. (1995). It is thus for pedagogical reasons that
we limit our attention to (2.2), with (2.1), rather than pursuing
the somewhat more general block-strict-feedback, multi-input,
or triangularly-bounded systems, for which the designs would
get more complex (in a routine sense) but harder to understand
on a first exposure. The class of systems (2.1), (2.2) is not only
mathematically general. It is also of great physical generality.
Fully-actuated systems in robotics and vehicles, with the addition
of actuator dynamics, do have the structure of kinematics —
mechanical dynamics — actuator dynamics. Hence (2.1), (2.2) is
vastly more general than this broad class of practical systems.

Due to the generality of (2.1), (2.2), the algorithm for its robust
adaptive control may appear complex. The complexity is not
due to the DADS methodology. The complexity comes from the
class of systems. The class of systems contains both unmatched
unknown parameters and unmatched disturbances, and not only
are they unmatched, but they allow an arbitrarily high “uncer-
tainty relative degree” m — 1, which is the number of integrators
separating the control input from the uncertainties. This is why,
as m grows, the complexity necessarily grows. The attempts to
reduce the complexity using “dynamic surface control” are not
only unsuccessful but also misguided (and hence not cited here)
since they trade the algebraic complexity for (1) an explosion
in the dynamic order of the compensator through filters, (2)
severe shrinking of the region of attraction, unless extreme gains
are employed, and (3) the loss of asymptotic regulation in the
disturbance-free case.

We make the following assumption for (2.1), (2.2).

(A) There exist smooth mappings n;: R" x R — (0, +00) for
j=1,...,m uj:R* xR — (0,+o00) forj=1,...,m — 1 such
that the following inequalities hold:

ni%, ¥1, -, ¥p) < &%, ¥1, -, ¥, 0),

forall (x,y1,...,y;)) ER" xR, 0 € @,j=1,...,m, (2.3)
g% y1, -, Y5, 0) < X%, y1, -, ¥) (1 +160)

for all (x, y1,...,y;) € R" xR, oe®,j=1,....m—1. (24)

When ® C RP is a bounded set, we can exploit (2.3) and (2.4) in
order to design a smooth feedback law u = k(x, y) that guarantees
the ISS property with respect to d € R! (uniformly in 6); see
Karafyllis and Jiang (2011). On the other hand, when 6 is constant
(but unknown) and d = 0 then we can apply the methodologies
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in Krstic et al. (1995) in order to design an adaptive controller
that guarantees GAOS for the closed-loop system with output
Y = (x,y) (notice that here we are talking about GAOS and
not GAS since the closed-loop system has additional states: the
states of the controller). When 6 is constant (and unknown) and
d is not necessarily zero one can employ standard techniques in
order to achieve the p-ISS property with respect to d € R! for
the closed-loop system. One such technique that does not require
the knowledge of bounds for 6 is the so-called o0 — modification
which guarantees the p-ISS property for the closed-loop system.
However, for the o — modification the radius of the residual set
is an increasing function of the unknown |6, which means that
the output Y = (x,y) (even in the case d = 0) approaches a
neighborhood of zero of unknown (and possibly large) radius.

An alternative approach to o — modification was proposed in
Karafyllis and Krstic (2024) for systems that satisfy a matching
condition: the so-called Deadzone-Adapted Disturbance Suppres-
sion (DADS) controller. The DADS controller combines both the
adaptation idea and the robust control methodology and uses
only one integrator with deadzone. The DADS controller guaran-
tees an attenuation of the plant output to an assignable small
level, despite the presence of disturbances and unknown pa-
rameters of arbitrary and unknown bounds while in the same
time prevents gain and state drift regardless of the size of the
disturbance and unknown parameter. In this work, we extend
the DADS controller to the case (2.1), (2.2) where no matching
condition holds. Our main result is stated next.

Theorem 1 (DADS Controller for Systems in Parametric Strict Feed-
back Form). Consider the control system (2.1), (2.2) under as-
sumption (A). Then for every constants b, I',e,c,a > 0 and
for every k, . € Ky N C*® (R,) there exist functions k,V €
C® (R" x R™ x R) with V(0,0,z) = k(0,0,z) = 0forz € R
and V(x,y,z) > 0 for (x,y) # 0, a constant M > 1 and a
function B € C°(R" x R™ x R x Ry x Ry) such that for every
(X0.Y0,20) € R" x R™ x R, d € [® (Ry;R!), 0 € [ (Ry; 0)

the unique solution of (2.1), (2.2) with

u=k(x,y,z) (2.5)
. e \"

z=1T¢* <V(x,y, z)— m) (2.6)

and (x(0), ¥(0), z(0)) = (X0, Yo, 2o) exists and satisfies the following
estimates for all t > 0:
limsup (|x(t)] + ly1(t)]) <&,

t—+400
lim sup (V (x(£), y(0). 2(£))) < £/ 2M) (2.7)
20 <2(t) < _lim_ (2(s)) < B(Xo.Yo. 2o, dllo « 16]lo0) (2.8)
X))+ V(0] < B (X0, Yo, 20, ldllso » 16]]) (2.9)
KO + y(0)F < MV (x(¢), y(t), 2(t))
< Me~™V (Xo, Yo, Zo)
dIE + (19l — b — 5 ©)*)* 210

c(1+k(e*)
Moreover, if limsup (16(t)]) < b+ A (e™=+=ED) and lim;_, ;o
t—+4-00
(d(t)) = 0 then lim;, 400 (Ix(t)] + 1¥(£)]) = O.

Inequality (2.7) guarantees that the plant output Y = (x, y1) is
eventually led (even in the case where a disturbance is present)
to a ball around the origin of assignable radius. Indeed, inequality
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1)) =

o with a constant o > 0 independent of 9 Thls is a feature that
cannot be guaranteed by o — modification when 6 is constant.
Moreover, the state, i.e., (x(t), y(t), z(t)), remains bounded for
every initial condition and every disturbance d € L (R,;R'),
0 € L% (Ry; ©)-see (2.8), (2.9); this is the p-UBIBS property.
Inequality (2.10) shows that the p-IOS property from the dis-
turbance d € L™ (Ry;R') holds when 6 is constant for the
closed-loop system (2.1), (2.2), (2.5), (2.6) with output Y = (x, y1).
When d = 0 and 6 is constant then the closed-loop system (2.1),
(2.2),(2.5),(2.6) with output Y = (x, y1): (i) is Lagrange stable, (ii)
satisfies the p-UGAOS property, (iii) satisfies the UGAOS property
when |0 < b, and (iv) has a globally attracting set, namely the set

X%y,2) eR" X R" xR :V(x,y,2) < . Finally, it should also

be noticed that convergence to (x,y) = ( 0) is not excluded: it
can be achieved when lim;_, ; », (d(t)) = 0 and lim sup (|6(t)|) <

t—+4o00
b+ 1 (elMi—+oo@0)) This is another feature that cannot be guar-
anteed by o— modification when 6 is constant. For the DADS
controller in the disturbance-free case with constant # we have
the following conclusion: if the plant state is not led asymptotically
to zero then |6| > b and the estimate z(t) < lim;_ 1 (2(t)) <
n (171 (16] — b)) holds for all t > 0.

The proof of Theorem 1 is constructive and is based on a back-
stepping lemma (see Lemma 4 in Section 4). Moreover, Theorem 1
is based on the following stability result which is interesting on
its own. Consider the following system (system with a deadzone):

(2.7) guarantees the zero p-OAG property 111‘1‘1 sup (J(x(t), y

x=f(x26,d)

z=Te?V(x,z)—e)t (2.11)

where (x,z) € R" x R is the state, # € ©® C RP, d € D C R are
disturbances, I", ¢ > 0 are constants, f:R" x Rx ® x D — R" is
a locally Lipschitz mapping with f(0, z, 8, 0) = 0 for all (z,0) €
R x ©.

Theorem 2 (Lyapunov Conditions for Systems with Deadzone). Con-
sider system (2.11) and suppose that there exists a function V €
C' (R" x R) with V(0,z) = 0 for all z € R and V(x,z) > 0 for all
x # 0, z € R that satisfies the following properties:
(i) For every M > O the set {(x,2) e R" x [—1\71, 1\71] V(x, z) < I\Nd}
is bounded.
(ii) There exist functions «, A € K, and constants a, b, c > 0 such
that the following inequality holds for all (x,z) € R"xR,0 € ©,d €
D

av v

—(x,2)f(x,z,0,d)+ 'e?—(x,2) (V(x,z) — &) "

8x( ) )+ 8Z( )(V(x, z) —¢) (2.12)

< —cV(x,z)+cx (Id], 6], €)

2 _p_ +12
where x (s1, S2, S3) = % for s1, 83,53 > 0. Then
there exists a function B € C° (R" x R x R, x R,) such that for
every (Xo, z9) € R"XR,d € L* (Ry; D), 6 € L* (R,; ®) the unique
solution of (2.11) with (x(0), z(0)) = (xo, zo) exists and satisfies the
following estimates for all t > 0:

l'filft'op (V(x(t), z(t))) < e, (2.13)
7o = 2(t) < lim (z(s)) = B (Xo. 20, lldlloo - 101l0c) » (2.14)
[x(t)] < B (X0, 20, ldll o » 101l » (2.15)
V(x(t), 2(t)) < e""V(x0,20) + x (Ildlloc » 101l - €%) , (2.16)
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lim sup (V(x(t), z(t)))

t—+o00 . (2.17)
<X (lim sup (|d(t)]) , lim sup (|6(t)]), e“m”“"““”) .
t—-+o00 t—>+400
Remark. Estimates (2.14), (2.15) and (2.17) show that
lim; 100 (|(t)])) = O whenever lim;, o (d(t)) = 0 and

limsup (|(6)]) < b+ & (elime-+e ),
t—+00
Using the same tools we can also study nonlinear systems of

the form

X =hi(x1, ..., %)+ 8i(x1, ..., X, 0)Xipq
+oi(x1, .., X%)0 + (%1, ..., x;)d
,fori=1,...,nand

(2.18)

where x = (x1,...,X;) € R" is the state, u € R is the control
input, d € R, 6 € ® C RP are disturbances, h;: Ri — R,
g:R xO® — R ¢:R — R, o:R — Rlfori =1,...,n
are smooth mappings with h;(0,0) = 0 and ¢;(0,0) = 0 for
i=1,...,n.In this case we obtain the following result.

X = hn(x) + ga(x, O)u + ¢, (x)0 + a,(x)d

Theorem 3 (DADS Controller for Systems in Parametric Strict Feed-
back Form with No Integrators). Consider the control system (2.18)
and assume that there exist smooth positive mappings n;: R' —
0, 4o00) fori=1,...,n, ui:R"— (0,400) fori=1,...,n—1
such that the following inequalities hold:

ni(X1, .. xi) < 8ilx1, ..., X, 0),

forall (x1,....x)eR.0e®,i=1,....n (2.19)
&i(X1, ..o, X, 0) < pi(x1, .., xi) (1 +161)

forall (x1,....,x)eR,0€0,i=1,...,n—1 (2.20)

Then for every constants b, I',e,a,c > 0 and for every k, A €
Ky N C® (Ry) there exist functions k,V € C*® (R" x R) with
V(0,z) = k(0,z) = O forz € Rand V(x,z) > 0 forx # 0
and a function B € C°(R" x R x Ry x R,) such that for every
(X0.20) € R" x R, d € L® (Ry;R), 6 € L® (Ry; O) the unique
solution of (2.18) with

u = k(x, z),

g2\ "
z=1Te* (V(x, z) — )

(2.21)

5 (2.22)

and (x(0),z(0)) = (xo,20) exists and satisfies the following esti-
mates for all t > O:

lim sup (|x1(t)]) < e and

t—+00
and
lim sup (V(x(t), z(t))) < €%/2, (2.23)
t—+00
2o = z(t) = lim (2(s)) =< B (Xo. 20, ldlloc - 91loc) » (2.24)
[X(t)] < B (x0, 20, dlloo » 101l00) » (2.25)
x1(0)* < 2V(x(t), 2(t))
< 2e"V(xo, 20) (2.26)

L (L ()*)’
c(1+x (&)
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Moreover, if lim sup (|6(t)]) < b+ (e™—~+<D) and lim;_, ;o

t—+00
(d(t)) = 0 then lim,_, ;o (Ix(t)]) = 0.
3. Illustrative example

The following system is inspired by the aircraft wing rock
example on pages 180-183 in the book (Krstic et al., 1995):

).(] = X3
).(2 = 91X] + 92){2 + 93X1X2 + 494)(% + X3 + d1 (31)
X3 =u+d;

where x = (X1, X2, x3) € R is the state, u € R is the control input,
d = (di,dy) € R? 0 = (6, 6,, 65, 0,) € R* are disturbances.
Applying Lemma 4 in Section 4 repeatedly, we can guarantee that
forevery I' > 0,c > 1/2,K > 28c, ¢ > 0 the feedback law (DADS
controller)

u=—(2c+Kp? (L(x) +4¢x3)) X3 — ¢ — X,
—2I'KpL(x) (V(x,2) — "¢

—Kp?x; (4x3¢ + 2cL(x)) (3.2)
—42¢ 2¢ 4 1) p2L(x) (1 + 18cK p?L(x))” £
z=Te?(V(x,z)—¢)"
where
i =X34+2x;, p=1+¢€
L(x):=1+x%+x; (33)

£ 1= X3 + X1 + 2cxy + Kp?L(x)¢
V(x,2) = 3x3 + 0% + 3&2

satisfies the following inequality for all (x,z) € R®> x R,0 €
R*, d € R?:

P + (161 — 1—é)*)’

1+e?
Using definitions (3.3) and estimate (3.4) we can apply Theorem 2
with b = 1,a = 2, k(s) = A(s) = sfors > 0 and
guarantee estimates (2.13)-(2.17) for an appropriate function B €
C%(R® x R x Ry x R ). Using estimates (2.13), (2.16) in con-
junction with definitions (3.3) (which guarantees that V(x, z) >
A/ c24+1—c

2( c2+l+c)
following attractivity property for all 6, d € L*° (R,) and for all
initial conditions

lim sup (|(x:(t), x2(6))]) < ( 214 c) Ve

t—+00

V< —cV(x,2)+2

(3.4)

|(x1, x2)|* for all (x,z) € R?® x R), we obtain the

as well as the following 10S-like property with Y = (x4, x) € R?
as output

(G, () <2 (VEF T+ ¢) e Vx(0). 20)
4( 52+1+c) <||d||<2>o N ((”0”00 q ez(o))+)2)

(1+e)
For comparison purposes we give the adaptive controller that
is designed for the case of constant # using the methodology
proposed in Chapter 4 of Krstic et al. (1995) with o — modifica-
tion:

U= —(wi+2C+ w3xz) X1 — <é] + wo +2+2KC)X2
— (é3 —+ w4) X% — (K + (pz) X
—@ (é]X] + ézXz + é3X]X2 + é4X% + X3)

(3.5)
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U —wi , i=1,2,3,4
wi =T ({ +¢x)x1 — by
U)ZZF(C +§0X)X2—O’é2 (36)

w3 = I (¢ +¢x) x1x — 003

wy =T (& +¢x)x5 —ob,
where = é1,§2,é3,§4) eR*,c, " >0,K>1+2c,0 >0 are
constants and

¢ =Xy + 2cxq

X = 01x1 + O0xxp + O3x1%) + 0432 + 20X + K +x1 +x3 (3.7)

@ = 2c+ K+ éz + é},X] + 2@4){2.

The adaptive feedback law (3.5), (3.6) guarantees the following

inequality for the function W (x, é) = x3/24+ %24 x*/)2 +

A 2 A
Z?zl (9,- — 9,-) /(2') and for all x € R?, d € R?, § € R?%, 4 € R*:

. ~ 2
W< —c(+2+x) - 5 X, (91' —Gi)
+1d* /2 + 0 101? /(2I)

Next, we present plots for the following parameters and initial
conditions: ¢ = 0.5,K = 14, I' = 20,¢ = 0.01, 6; = 6, = 20,
03 = 2,04 =1,

(3.8)

x1(0) = 1, x,(0) = —0.5, x3(0) = —18, z(0) = — In(10), é(O) =0eR*

Fig. 5 shows the problem with the use of the adaptive feedback
law (3.5), (3.6) with no o — modification (i.e., with o = 0): the
controller state 6 € R* grows without bound when a persistent
disturbance is present. Otherwise the adaptive feedback law (3.5),
(3.6) with no o — modification achieves a very good performance:
see the output regulation properties for the output Y = (xq, x2) €
R? in Fig. 1 (no disturbance) and in Fig. 4 (case of persistent
disturbance). The reader can also see in Fig. 2 that the norm of

‘é‘ (with or without o — modification) remains bounded when

no disturbance is present. However, as noticed above this is not
true when a persistent disturbance is present and therefore, we
are forced to use o — modification. Another issue is also shown
in Fig. 3 and Fig. 6: the control effort that DADS requires is much
less than the control effort required by the o — adaptive feedback
(3.5), (3.6). On the other hand, the control effort required for
system (3.1) with (3.5), (3.6) and o = 0 is almost the same with
the control effort required for DADS in the disturbance-free case
and is almost the same with the control effort required by the
o — adaptive feedback (3.5), (3.6) when a persistent disturbance
is present (that is why there is no red line in Fig. 3 and Fig. 6). All
plots in Figs. 1-6 are limited to a time subinterval of [0, 10] since
for larger values of time we observe exactly the same behavior.

4. Proofs
We first provide the proof of Theorem 2.

Proof of Theorem 2. In what follows we use the notation
2
s2+ ((s2—b—Ar(s3)T)
c(1+x(s3)
Let arbitrary (xg, z0) € R"xR,d € L*® (Ry; D), 0 € L* (Ry; O)
be given. Since the functions f:R" x R x ® x D — R" and V
are locally Lipschitz there exists an unique solution (x(t), z(t)) of

(2.11) with (x(0), z(0)) = (o, zo) defined on a maximal interval
[0, tmax), Where tpa € (0, +00]. For every t € [0, tme), We have

for s1, 55,53 > 0.

X (51,82,83) ==a
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0.8
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0.2

0 2 4 6 8 t 10

Fig. 1. Plot of |Y(t)] = ,/x3(t)+ x3(t) for the disturbance-free case (di(t) =
dy(t) = 0). Black line for system (3.1) with DADS feedback (3.2); blue line for
system (3.1) with o — adaptive feedback (3.5), (3.6) and o = 0.4; red line for
system (3.1) with (3.5), (3.6) and o = 0. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

35
30

25

&)
20
15
10

5 / o0)

0

0 2 4 6 8 t 10

Fig. 2. Plot of p(t) = 1+ ") for system (3.1) with DADS feedback (3.2) (black
line), plot of lé(t)‘ for system (3.1) with o — adaptive feedback (3.5), (3.6) and
o = 0.4 (blue line) and plot of ‘é(r)‘ for system (3.1) with (3.5), (3.6) and

o = 0 (red line). All plots are for the disturbance-free case (i.e., for the case
dqi(t) = do(t) = 0). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

6

u(t)
4

2

/3 5 7 9 t

Fig. 3. Plot of u(t) for t € [1, 10] and the disturbance-free case (d(t) = dy(t) =
0). Black line for system (3.1) with DADS feedback (3.2); blue line for system
(3.1) with o— adaptive feedback (3.5), (3.6) and ¢ = 0.4. The input u(t) for
system (3.1) with (3.5), (3.6) and o = 0 is almost the same with that of the
DADS feedback (3.2).. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

from (2.11) that z(t) > 0. Therefore, z(t) is non-decreasing on
[0, tmax). Moreover, the mapping

z— x (Idl,10], €)
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1.4

[Y(t)]

1.2

1
0.8
0.6
0.4
0.2

0

Fig. 4. Plot of |Y(t)] = ,/x3(t) + x3(¢) for the case d;(t) = 20cos(10t), dy(t) =

10 cos(20t). Black line for system (3.1) with DADS feedback (3.2); blue line for
system (3.1) with o — adaptive feedback (3.5), (3.6) and o = 0.4; red line for
system (3.1) with (3.5), (3.6) and o = 0. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)
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Jalts)

0 2 4 6 8 t 10

Fig. 5. Plot of p(t) = 1+ " for system (3.1) with DADS feedback (3.2) (black
line), plot of ‘@(t)‘ for system (3.1) with (3.5), (3.6) and o = 0.4 (blue line)

and plot of drifting in ‘@(t)’ for system (3.1) with o — adaptive feedback (3.5),
(3.6) and o0 = 0 (red line). All plots are for the case di(t) = 20cos(10t),
d,(t) = 10 cos(20t). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

A

150

- AAAAUUAAAAAR

-50
- U U M U U U h U \I
2250 “ u U U
Fig. 6. Plot of u(t) for t € [1,10] and the case di(t) = 20cos(10t), dy(t) =
10 cos(20t). Black line for (3.1) with DADS feedback (3.2); blue line for system
(3.1) with o— adaptive feedback (3.5), (3.6) and o = 0.4. The input u(t) for
system (3.1) with (3.5), (3.6) and o = 0 is almost the same with that of the o —
adaptive feedback (3.5), (3.6) and o = 0.4. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)
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is non-increasing. Using (2.12) we conclude that the following
inequalities hold almost everywhere in [0, tpq):
d

37 V(D). 2(1)) = —cV(x(t). 2(1)) + X (o)1, 6o, ) (4.1)

d
7 VD), 2(0) = —eV(x(D), 2(t))+cx (dllog , 101l » €°)

Integrating the differential inequality (4.2), we obtain for all ¢t €
[07 tmax):
V(x(t), 2(t)) < e “V(xo, 20) + x (ldlls » 101l » €%) (4.3)

Next, we show that z(t) is bounded. Since z(t) is non-decreasing
on [0, tmay), We have z(t) > z for all t € [0, tqx). Define

(4.2)

s := V(x0, 20) + |20] + 101%, + 1%, (44)

Ar) =« ((g - 1) ) forr >0 (45)

G(r):=In (1 + max {A(r), e"} + r (1 + E) r) Jforr>0 (4.6)
c c

Combining estimate (4.3) and definition (4.4), we get the follow-
ing estimate for all t € [0, tygy):

(16112, + 1dI1%,) <'s

We next distinguish the following cases:

a a
V(x(t), z(t)) < V(xo,20) + z +os (4.7)
Casel : ¢V < 14 max {A(s), ¢’} for all t € [0, tmax)
In this case, it follows from (4.6) that:
z(t) < G(s), for all t € [0, tinax)

Case 2: There exists T € (0, tyq) such that e¥7) > 1+ max {A(s),
e’}. Since 2@ < e < 1+ max {A(s), e*}, there exists t; € (0, T)
such that:

) = 14+ max {A(s), ¢’} (4.8)
Since z(t) is non-decreasing, it follows that:
e > 1+ max {A(s), €'}, for t € [to, tmax) (4.9)

Inequality (4.9) in conjunction with (4.4) and (4.5) gives the
following inequalities for t € [tg, tma):
e > A(s) > k! <(E - l)+> > k1 ((aLg”goJrlldIl%o — 1)+>
- - ce - ce
+
= (V) > (aw _ 1) > a% -1
2 2
= ce 2 gl
Consequently, we obtain from (4.1) for almost all t € [tg, tmax):
d
EV(X(t), z(t)) < —cV(x(t), z(t)) + ce
Integrating the above differential inequality, we obtain for all
te [tO» tmax):
V(X(t), 2(1)) < eV (X(to), 2(to)) + & (4.10)
Using (2.11) and inequality (4.10), we have for t € [tg, tma):
d
o (€)= P OVt). (1)) (4.11)

Integrating (4.11) and using (4.7) and (4.8), we obtain for all
te [tO» tmax):
e’ < &) + I'V(x(to), 2(to))/c
= 1+ max {A(s), &'} + I'V(x(to), z(to))/c
1+ max{As). e} + L (1+9)s

c

(4.12)

IA
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Since z(t) is non-decreasing, inequality (4.12) holds for all
t € [0, tmgy). It follows from (4.4) and (4.12), (4.6) that in both
cases the following estimates hold for t € [0, tpay):

Zp < z(t) < G(s)
|z(t)] < G(s)

Estimate (4.14) implies that z(t) is bounded. Therefore, prop-
erty (i) in conjunction with (4.7) guarantees that x(t) is bounded
for all t € [0, tmax). Indeed, property (i) guarantees_that the
set T = {(x.z) € R" x [-M,M] :V(x,z) < M} with M = max
(s+ %s,G(s)) is bounded. Since (4.7) and (4.14) guarantee that
(x(t), z(t)) € T for all t € [0, tma), it follows that x(t) is bounded
on [0, tyme). Consequently, tn.x = +00. Moreover, estimate (4.3)
directly implies the required estimate (2.16).

Since z(t) is non-decreasing and bounded from above,
lim,_, ;  (z(7)) exists. Thus, we obtain from (4.13):

(4.13)
(4.14)

zo < z(t) < lim (z(t)) < G(s) (4.15)
T—+00
Next, define the following function for r > 0:
H(r) := max {|y| V(y, £) < (1 + 9) rand |£| < G(r)} (4.16)

Property (i) guarantees that H is well-defined. Since G is non-
decreasing (recall definition (4.6)), it follows from (A.16) that H is
non-decreasing. Moreover, it follows from estimates (4.7), (4.14)
and definition (4.16):

[x(t)] < H(s),forallt >0 (4.17)

Define the continuous function ﬁ(r) = G(r)+ frr+1 H(l)dl for
r > 0 (notice that since H is non-decreasing, it is locally bounded
and Riemann-integrable on every bounded interval of R, ). We
conclude from (4.17), (4.4) and (4.13) that estimates (2.14), (2.15)
hold with B (xo, 20, ldllee» 10llec) = H (V(x0, 20) + |20l +
16112 + lldIIZ)-

We next show estimate (2.13). Estimate (4.13) and the fact
that z(t) is non-decreasing guarantees that the function z(t)
has a finite limit as t — +oo. This implies that the function

) has a finite limit as t — -+oo. Moreover, the fact that
del®Ry;D), 0 € L Ry; ©) and (4.14), (4.17) 1mp11es that
V(t) is of class L (Ry). It follows that the function & (e#")) =
I (V(x(t), z(t)) — &) is uniformly continuous. From Barbalats
Lemma (see Karafyllis & Chaillet, 2021), we have:

d
; Z(eFN) = | _ o) —
Jdim (dt (e )) = lim (I (V(X(t), 2(6) —&)) =0 (4.18)
Therefore, estimate (2.13) holds.
Next, we show estimate (2.17). Let arbitrary ¢ > 0 be given.
Then there exists T > 0 such that

|d(t)] < limsup (|d(z)|) + € for t > Tae.

T—>+00

16(t)] < limsup (|6(z)]) + € fort > T ae.

T—>+00

lim (z(zr)) —eforallt>T
T—>+400
Define Ly = limsup (|d(t)|), Ly = limsup (|6(t)|) and L, =
T—>+400 T—>400
lim;_, 4o (z(7)). It follows from (4.1) that the following differen-
tial inequality holds for t > T a.e.:

z(t) >

SVK(E), 2(1)) < —cV(x(t), 2(t))

(4.19)
+cx (La+ €, Lo + €, e7°)
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Integrating (4.19), we get for all t > T:
V(X(t), 2(t)) < e=DV (X(T), 2(T))

(4.20)
+x (Ld +e€,Ly+e, eLZ_E)
Consequently, we get from estimate (4.20):
limsup (V(x(t), z(t))) < x (La+ €, Lo + €, €%7°) (4.21)

t—>+o0

Since (4.21) holds for arbitrary € > 0, we obtain the required
estimate (2.17). The proof is complete.<

The proofs of Theorems 1 and 3 are based on the following
lemma which allows a step-by-step construction of the DADS
controller. The assumptions of Lemma 4 are restrictive, but they
can be verified in the proofs of Theorem 1 and Theorem 3.
Lemma 4 deals with the control system

x=f(x)+gx, 0y + @(x)0 + G(x)d

y=hxy)+8xy, 0u+¢(xy)+a(xyd
where (x,y) € R" x R is the state, u € R is the control input, d €
R, 6 € ® C RP? are disturbances, f:R" — R", g:R" x ® — R",
@:R" > R™P, G:R" > R™ h:R" xR — R, p:R" x R — RP,
o:R"xR— R, E:R" xR x ® — R are smooth mappings with
f(0) =0, ®(0) = 0, h(0, 0) = 0 and (0, 0) = 0.

(4.22)

Lemma 4 (A Backstepping Lemma). Consider system (4.22) and
assume that there exist constants a, b, c, I', ¢, n > 0, smooth func-
tionsk, A € Ky, 0,k,V € C®° (R" x R),n € C* (R" x R; (0, +00)),
u € C*® (R™) with V(0,z) = k(0,z) =0 forz €e Rand V(x,z) > 0
for x # 0, z € R, such that the following inequalities hold for all
ped deR x,y,2) eR" xR x R:

XI* < o (x,2) V(x,2) (4.23)
(%, 2) (F(x) + &(x, 0)k(x, 2) + D(x)0 + G(x)d)
+aV(X Z) e ? (V(x,z)—e)t < (4.24)
Y e (Uil ) i

g(x,y.0) = n(x,y) (4.25)
lg(x, ) < u(x)(1+16]) (4.26)

Define the following function for all (x,y,z) € R" x R x R:
V(x,y,z) = V(x,2) + (y — k(x, 2))* /2 (4.27)

_ Then there exist functions o,k € C®[R'xRxR) with
k(0,0,z) = 0 for z € R, such that the following inequalities hold
foralld e R, 0 € ® and (x,y,z) € R" x R x R:

X + 1y <7 (x,y,2) V(x,y,2) (4.28)
(%, y.2) () + g(x, 0}y + B(X)0 + G(x)d)

+%—Z(x, y.2) e (V(x,y,2) — s)+

+ 5%, y,2) (h(x, ) + E(x, y, O)k(x, y, 2) (4.29)

+¢'(x,y)0 + o/(x, y)d)
|d\2+((\9|—b—k(ez))+)2

14« (e?)

< —$V(x,y,2)+2a

Remark. The function V e C® (R" x R x R) defined by (4.27)
satisfies V(0,0,z) = 0 for z € R and V(x, y, z) > 0 for (x,y) #0,
z € R. Moreover, if the set {(x,2) e R" x [-M, M] V(x,z) < M}
is bounded for each M > 0 then the set {(x,y,2) e R" x Rx
[ M, M] Vix,y,z) < M} is bounded for each M > 0.

Proof of Lemma 4. Without loss of generality, we may assume
that o(x,z) > O forallx e R", z € R.
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We start by using the fact that for every smooth function
Y:R" x R — R™ with ¥(0,z) = 0 for all z € R there exists
a smooth positive function Ly : R* x R — (0, +00) such that the
inequality |¥(x, z)| < Ly(x, z) |x| holds for all (x,z) € R" x R.

Since V(0,z) =0forallz €e Rand V(x,z) > Oforallx # 0,z €
R, it follows that for each fixed z € R, the mapping x — V(x, z)
has a global minimum at x = 0. Consequently, %(0, z) = 0 for
all z € R. Moreover, since k(0,z) = 0 for all z € R and since
f(0) =0, ®(0) = 0, h(0,0) = 0, (0,0) = 0, we conclude that
there exist smooth positive functions R, p:R" x R — (0, 4+00),
r:R" — (0, +00) such that the following inequalities hold for all
x,z) eR"xRandy € R:

W (x,2)| + Ik(x, 2)| + | 2(x, 2)@(x)| < R(x,2) x|

LFOOI < r(x) Ix] (4.30)
lh(x, y)I + lp(x, y)I < p(x, ) 1X| + p(x, ¥) Iyl
Define for all (x,z) e R" x Randy e R
k(x,y,z): = _Mx.y.2) (v — k(x, 2)) (4.31)
n(x,y)
o(x,y,2): = (1+2R(x,2)) o(x,2) + 4 (4.32)

where 7 is the function appearing in (4.25) and M: R" x Rx R —
(0, +00) is defined by the following formulas:

M(x, y.2) = < (14 (B 2) )ZV(x,Z)
+P(x,y,z)(b+)»(€z)) + L= ( + (57 (x.2)) )

3 (55 (14 0= kx.2)?) + u(9) (14 (%x.2)°)
+2CDP2Ax, y, 2) (b + 1+ & (%))

+ 5 1ox, y) — (x, 2)60| + p(x, y)
+ 2D p2y . 2) (v — kix, 2))? + I1?)

(4.33)
P(x,y, z) = ") (1 +|%x.2)) + plx.y) w34

+(1+" (3+| |)+p(xy))( z)

In what follows, we denote by A the quantity appearing in the
left hand side of (4.29)andd e R, 0 € O, (x,y,2) e R* x R x R
are arbitrary given vectors. Using definition (4.27) we get:

= (Vix,y,2)—¢)"

X)+g(x, 0)y + D(X)0 + G(x)d)
.2)+ ¢'(x,y)0 + o/ (x, y)d)

A= (%(x,2)—sx z ))
+(8V(xz)—s k(x,2)) (f(

+s (h(x, y) + Z(x, y, O)k(x,

(4.35)
For brevity, we also use the following notation:
s=y—k(x, z),
ak
W =¢/(x.y) = o (x. 2)P(x),
X
, ok
Q=d(xy)— 5(&2)604)-
Inequality (4.24) in conjunction with (4.35) gives:
A< —cV(x,z) — s¥%(x,z)le* ((X,y,z) - 5)+
+2(x 2)re? (W(x, y2)=e) = (V(xz) - o))
+s (h(x, y) + 2X(x, 2)g(x, 0) + W6 + Qd) (4.36)

i |d\2+((\9|—b—x(ez))+)2

1+Kiez)
+s (E(X, Yy, Q)k(x, Y, Z) - dk(x Z) (f(X) +g(X7 e)y))
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Using (4.25), (4.31), (4.36) and the fact that [v™ —w*| <
v — w| for all v, w € R, we get:
A< —cV(x,z)+Is| | 3(x, 2)| Te® (V(x,y,2) — s)+
\d|2+((|e\—b—x(e2)) )

1+k (e%)

—M(x,y,2)s* +a

av (4.37)

_|_

xz|Fe |ny,) V(x,z)|

+|s|(|h(xy|+\—xz!|gx0|+|W||e|)

+ s (| %(x, 2)| If(x) + g(x, Oyl + |Q] |d])

Using the inequality

ald? 1+« (%)
d <
Ist1Qlldl < 1

22
ce T e

definition (4.27), the triangle inequality |f(x) + g(x, 6)y| < If(x)|+
|g(x, 0)| ly| and inequality (4.26) we get from (4.37):

A< —cV(x,2)+Is| | %(x, 2)| Te® (V(x,y,2) — .9)+
2|d\2+((\9|—b—x(e2))*)2

+1|%(x, 2)| Te*s* +a

1+« (e%)
+Is| (1, )| + | 3 (x, z | FO + 1) |2 (x, 2)]) (4.38)
+ 151161 (|55 (x. 2] 1) + [ 5506, 2)] 1) Iyl + W)

+1s1 10| %x 2)| 1yl = (Mix.y. 2) = H5) Q) 2

The triangle inequalities |W| < ®(x)| + lp(x.y)| and
lyl < Is| + |k(x, z)| (recall that s =y — k D inequalities (4.30),
(4.38) and the fact that ( (x,y,2) — ) < V(x,y, z) give:

| 8I<

A< —cV(x,2)+ Is| | %(x, 2)| Te ™V (x, y, 2)

+aa - (M(x y.2) = 25 Qp) ¢

+(r+ 1| %,z |Fe‘z)s + 1520

+Isl Ix] (| 55(x, 2)| r(x) + p(x, ¥) + (z + (X)) R(x, 2))
+Isl x| (o(x, ¥) + R(x, 2) (1 + p(x) + 7)) 16

(4.39)

21’2+ ((161-b-1(¢)) )
1+K(€Z)
Using the inequalities 2| (x, z)| <1+ ]3" | | (x,z |
<1+ (%—Z(x,z))z, 2 |%(x,z)| < 14 (%(x, z))2 and definition
(4.27), we get from (4.34) and (4.39):

where t = ‘Bk(x z ‘/L(X)-i— px,y), A=

A< —cV(xz)+ L& |s|(
+L 5P (14 (—(x 2)°) +aa - (Mey.2) - 25 QP )
+(@ (1 + |2(x, )| )+p(x,y) + e (1 + (%(x, 2)) )) 52

+P(x,y,2)s* 6] + Is| x| P(x, y,2) (1+16])

+ (2%(x, 2)) ) V(x,z)

(4.40)
The inequalities

Is| < 1/2+5s%/2
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in conjunction with (4.40) give:

A<=%V(xz2)+ = (1 + (2%(x, 2)) ) V(x,2)

+”—Z(1+s)( (""(x z)))s +aa
+< (1 + ak x, z)| )—l—p(x,y) _i_pi—z
+ sl x| P(x,y,2) (0] —b — A (%))
+P(x,y,2)s% (16] —b — X (%)) + P(x,y,2) (b + X (¢)) 5
151Kl (14 b+ 3. @) P(x 3.2) = (Mx,y, 2) = H5H o) 2

(1 + (%(x,2)) )) 52

(4.41)
Using the inequalities
0] —b— 2 (¢?) < (18] —b— 2 (¢7))"
Is| x| P(x,y,2) (b + 1+ A (e%))
< gt WP+ ZE2P2AX, y, 2) (b + 1+ A (€2))* 82
we obtain from (4.33) and (4.41):
A< —%V(x,Z)J; ot KIP = §5° .
A+P —b—2x
+aA + P(x,y,2)s* (10| — b — A (%)) (4.42)

+Is| x| P(x,y,2) (10| —b — A (e*)*
—%Pz(x,y, z)(s? + |x|?) s?

Using (4.23), (4.27), (4.42) and the inequalities

2P(x,y,2) (18] —=b — A (e2))"
(Go1-b-2(&))*)”

a
2 T+« (%)

IA

+ 2D pay, y, 29t

sl %I P(x, v, 2) (18] = b — 2. ()"
((o1-b-2(e)) ")

a
2 T+« (%)

< + 25 2 P

X,¥,2)s*

we are in a position to conclude that (4.29) holds.

Finally, we proceed to show the validity of (4.28) with o' (x, y, z)
defined by (4.32). Using the triangle inequality |y| < |y — k(x, z)|+
|k(x,z)] and the fact that (ly — k(x,z)| + |k(x, 2)|)? <

2|y — k(x, 2)|> + 2 |k(x, z)|* we get:
xI* + 1y1* < x> + 2|y — k(x, 2)|” + 2 |k(x, 2)|?

The above inequality in conjunction with definition (4.27) and
inequalities (4.30) gives:

x> + lyl> < (14 2R%(x. 2)) xI* + 4V(x, y, 2) (4.43)
Using (4.27) and inequalities (4.23), (4.43) we obtain
xI* + 1y1* < ((1+2R%(x, 2)) 0(x, 2) + 4) V(x, ., 2) (4.44)

Combining (4.32) and (4.44) we obtain (4.28). <

Proof of Theorem 1. By virtue of Theorem 2, it suffices to
show that for every constants b, I',e,a,c > 0 and for every
Kk, A € Koo NC*® (R,) there exist k, V € C* (R" x R™ x R) with
V(0,0,z) = k(0,0,z) =0 for z € R, V(x,y,z) > 0 for (x,y) # 0,
and a constant M > 0 such that:

(Ta) for eachNIVI > 0 the set {(x, y,z) € R" x R™ x
V(x,y,z) < M} is bounded, and

(1, 7] -
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(I1a) the following inequalities hold:

x| +y2 < MV(x,y,z)for all (x,y,z) € R" x R" x R (4.45)

—_

n—

v m—1
— (%Y, 2 + Z

Xi

M1

(x Y. Dhix, y1, ..., ¥5)

i
1

>3

j=1
x (gj(x,yl,...
A%
+—xy,2)
0Ym

Il
3_‘

+ (x v,2)

Vi OWjs + @[ 1. Y0 + (X, Y1, .., yi)d)

X (hm(%, ¥) + &m(%, ¥, O)k(x, ¥, 2) + @, (X, )0 + ctpy(x, y)d)

v v 2\
+7(X,y,2)y1 + 7(X7yvz)1—‘eiz <V(X,y,2) - 287M>
+ (61— b — A (e)*)?

Xy 0z
a ldP? +
1+« (e7)

< —cV(x,y,z —
(x,y )+M

for all

forall (x,y,2) eR"xR" xR, de R, 6 €0, (4.46)

Let arbitrary constants b, I, ¢,a,c > 0 and arbitrary func-
tions k,A € Ky N C*®(R;) be given. The functions k,V €
C® (R" x R™ x R) are constructed inductively by using Lemma 4.

Define the matrices

A=lay:ij=1,...,n},b=[0 ... 0 1] (4.47)
where

gj=1forj=i+1i=1,...,n—1

and

and a;; = 0 if otherwise (4.48)

if otherwise (4.48)

Notice that Eqs. (2.1) and definitions (4.47), (4.48) and the fact
that x,.1 = y; imply the equation:
% = Ax + by, (4.49)

Since the pair of matrices (A,E) is a controllable pair there
exists a vector w € R" and a positive definite, symmetric matrix
P € R™" such that

P(A+ Do)+ (A+bo')P < —2"cP. (4.50)
Next, we notice that the functions
Vi(x,y1,2) = XPx+ (y1 — a)’x)2 /2,
ki(x, y1,2) = —G(x, y1,2) (y1 — @'x) /n1(X, y1), (451)
with
G(x,y1,2) = !wﬂ +2"%c+r(x,y1) (14+ b+ 1 (¢))
e (K47 y) (1 fo]) (14 b+ 2 (€))) (4.52)

M 1+« (e%))

Sy (el yoI” + () (K +51))

where K = [2b'P — o/A — w'bo’
(2.3)and r:R" xR — (0, +00) is a smooth function that satisfies
for all (x,y1) e R" x R

thi(x, y1)l + lea(x, y1)l = 1%, y1) (Ix] + [y1l) (4.53)
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satisfy the following inequality for all (x,y,,z) € R" X R x R,
deR,9eo®

n—1

v
X, Y1, Z)Xip1 + — (X, Y1, 21
X; 0Xp,

B 1

i=1

oV
+§1(x,y1, 2) (h(%, y1) + €106, y1, O)ka (%, y1, 2)
1
+1(%, y1)6 + o4 (x, y1)d)
v
: (V(x, Y1, 2)

82 +
—(x,y1,2)e”? -
+o,(xy1.2) 2M>
< =2""TeVi(x, y1, 2)

L2 7"aldP + (0] b2 @)’

M 1+« (e7)

where M > 0 is any constant for which the following inequality
holds for all (x,y;) € R" x R:

(4.54)

M (x’Px + (1 — %)’ /2) > X% + 2. (455)

The existence of a constant M > 0 for which (4.55) holds
follows from (4.51) and the fact that x'Px + (y1 — a)’x)2 /2 is a
positive definite quadratic form on R"*1.

Inequality (4.54) is a direct consequence of definitions (4.51),
(4.52), inequalities (2.3), (4.50), (4.53) and (4.55) (which implies
the inequality Mx'Px > [x|*> for all x € R") as well as the
inequalities

x| + y1] < (1+ |w]) |x| + [y1 — &%

ly1 — @'x| lea(x, 1)l |d]
21-mq |d|? M (14« (¢9))

=M1 @) 23-mg
1 = /x| e y2) Gl D) (81 = b = 2.(¢)
(161 =b—2(@)n*)

M (14« (%))

M (1 z
(2171::3))"2(& y1) (X + y1D? (1 — w'x)’

(Ix + lyih? < 2 |x* + 2y2

lo (%, y1)I? (1 — @'x)?

< 2l—ma

0] —b— 2 (ef) < (16| —b—l(ez))+

y1 = &x| Il (K + r(x, 1) (1 + o)) (14 b+ 2 (¢7)))
m—1 |X|2

<2"c——

- M

MKy A+ o) (14 b4 2 (€))) (1 — ')’

2m+lc
which give inequality (4.54).

Applying Lemma 4 exactly m—1 times, we construct functions
ki € C* (R" x R x R) for j = 2,..., m with k0,0, z) = 0 for
z € R, such that (4.46) holds for

/ / 2
V(X,y,2) =xPx+ (y1 — 'x)" /2
2
+3 20 = ki1 (1. Y1 2))
Notice that (4.55), (4.56) guarantee the validity of (4.45).<

(4.56)

Finally, we provide the proof of Theorem 3.

Proof of Theorem 3. By virtue of Theorem 2, it suffices to show
that for every constants b, I',¢,a,c > 0 and for every x, A €
Ky N C* (Ry) there exist functions k,V € C* (R" x R) with
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V(0, z)
that:

(Ib) for each M > O the set {(x,2) e R" x [—1\71, 1\71] Vix,z) < 1\71}
is bounded, and

k(0,z) = 0 forz € R, V(x,z) > 0 for x # 0, such

(IIb) the following inequalities hold:
X2/2 < V(x,z),forall (x,z) € R" x R

n—1
E)Y%
> 2) (hlxa, -
P 8)(,'
+g§;‘(/x1, c X0+ a(xe, .. x)d)
+a(x, 2) (hn(X) + 8a(x, O)K(X, 2) + @},(x)0 + orp(x)d)

v 2\*
+—(x,z)e”? (V(X,Z) - 8)
0z 2

AP+ (6l —b 2 @)t
1+« (e7)

L Xi) + &ilX1, .., Xiy O)Xia

< —cV(x,z)+

for all
forall (x,z) eR"xR,de R, 0 e®, (4.58)

Let arbitrary constants b, I', €, a, c > 0 and arbitrary functions
Kk, . € Koo NC*™ (R,) be given. The functions k, V € C*® (R" x R)
are constructed inductively by using Lemma 4.

Indeed, we notice that the functions

V](X], Z) = IX%, k](X], Z) = _M(X]’ Z)Xl (459)
2 n1(x1)
with
M(x1,2) = (b+ 1+ A (€°)) r(x1)
‘ (4.60)
+ 5 (joy )P + 2001 02) + 272

where n; is the function involved in (2.19) and r: R — (0, +00)

is a smooth function that satisfies
[h1(x1)] + le1(x1)] < r(x1) %], for all x; € R, (4.61)

satisfy the following inequality for all (x;,z) € R x R, d € R,
0 €O

v
L (x1,2) (hi(x1) + g1(x1, ka1, 2) + @} (x1)0 + &} (x1)d)

3X1 .
v
: (V(x1, z)— %)

+ —(xy,z)e”?
ldI? + (161 — b — A (e)*)°

0z
< —2"leVy(xq, 2) + 21 "a
=< 1(x1,2) + 1+x @)

(4.62)

Inequality (4.62) is a direct consequence of definitions (4.59),
(4.60), inequalities (2.19) and (4.61) as well as the inequalities

|d|? 14« (€%)
1+« (69) 23-nq

0] —b— 2 (¢?) < (161 =b— 2 (¢7)) "

1- 2.2
[X1] la1(x1)] |d] <2 "a loe1 (x1)]” x5

r(x)x2 (18] —b — A (e*)*

1+k (ez)
23-nq

((o1-b-2(&)) )’

<
— 14k (%)

r2(x1)x] + 2" "a

which give inequality (4.62).
Applying Lemma 4 exactly n— 1 times, we construct functions
ki € C*° (R x R) for i = 2,...,n with k(0,z) = 0 forz € R,
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such that (4.58) holds for the function

Xi_1,2))? (4.63)

1 1w
Vix,2)= 2% + EZ(Xi_ki—l I
i=2

Notice that equality (4.63) guarantees the validity of (4.57).
The proof is complete. <

5. Concluding remarks

The DADS controller is a direct adaptive control scheme that
can be applied to systems that satisfy a matching condition (see
Karafyllis & Krstic, 2024) or systems in parametric strict feedback
form. Further research is clearly needed in order to identify more
classes of nonlinear systems to which the DADS controller can be
applied. On the other hand, the examples in Karafyllis and Krstic
(2024) show that the zero p-OAG property llm sup Y@ < «

with a constant @ > 0 independent of 6 and for an appropriate
output map Y = h(x) cannot be achieved by feedback control
(static or dynamic) for an arbitrary nonlinear control system:
there are controllable nonlinear systems which defy this property.
Therefore, the identification of more classes of nonlinear systems
to which the DADS controller can be applied is not an easy
problem.

For indirect adaptive schemes, apart from regulation, identifi-
cation of the constant unknown parameters 6 is also achieved in
certain cases. The development of novel (and robust with respect
to disturbances like d) identifiers for direct adaptive schemes (like
DADS) is an interesting problem that requires special attention.
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