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a b s t r a c t

This paper presents two model-free control strategies for the rejection of unknown disturbances
in continuum robots. The strategies utilize a neural network-based approximation technique to
estimate the uncertain Jacobian matrix using position measurements. The first strategy is designed
for periodic disturbances and employs an adaptive model-free controller in conjunction with an
adaptive disturbance observer. The second strategy is designed for robustness against arbitrary
disturbances and employs time-varying input and update law gains that grow monotonically, resulting
in the achievement of asymptotic, exponential, and prescribed-time reference trajectory tracking. The
notion of fixed-time stabilization in prescribed time is particularly noteworthy, as it allows for the
predefinition of a terminal time, independent of initial conditions and system parameters. A formal
stability analysis is presented for each strategy, and the strategies are both tested experimentally with
a concentric tube robot subject to unknown disturbances.

© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Continuum robots, which are characterized by their continu-
usly bending structure, are inherently compliant and can con-
orm to highly curved paths (Dupont, Simaan, Choset, & Rucker,
022). These features make continuum robots particularly well-
uited for minimally invasive surgery, where access to the sur-
ical site is often limited and requires high precision (Alfalahi,
enda, & Stefanini, 2020). However, the infinite degrees of free-
om and nonlinear properties they possess, result in more com-
lex mathematical models. Moreover, the kinematics of robots
perating in constrained environments may differ from those
n free space due to unknown contact forces along the body of
he robot (Yip & Camarillo, 2014). Therefore, there is a growing
eed for more accurate models that account for their nonlinear
roperties and unknown contact forces, as well as more advanced
ontrol strategies that ensure their safe and precise navigation.

.1. Continuum robot modeling

Several models have been developed that describe the kine-
atics and dynamics of continuum robots. The simplest model
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is the piecewise constant curvature model, which approximates
a multi-segment robot as a finite series of serially connected
circular arcs (Webster III & Jones, 2010). The pose of the robot’s
backbone is defined by triplets of arc length, curvature, and
orientation angle, but this model neglects the deformations of the
robot under external loads. This model is further extended by the
variable curvature model, in which each segment is defined by a
finite number of serially connected circular arcs, for robots with
non-uniform curvature (Mahl, Hildebrandt, & Sawodny, 2014).
However, this model has not gained widespread acceptance as
it makes the kinematic formulation complex without providing a
generalized solution for deformed shapes due to external forces
and moments. The Cosserat rod theory has shown promising
results in the static modeling of continuum robots as a set of
nonlinear ODEs, as well as in the dynamic modeling of these
robots as a set of nonlinear PDEs, for non-constant curvatures de-
formed by external loading, which cause bending, torsion, shear
and extension (Rucker & Webster III, 2011). The Cosserat rod
model, while being a powerful tool, has high computational cost
and struggles to capture all nonlinear properties of continuum
robots.

1.2. Model-based and model-free control of continuum robots

The common approach for model-based control of continuum
robots is to compute the kinematic Jacobian matrix, using ei-
ther an analytical formulation or using numerical methods, and
to update the input proportional to the inverse of the Jaco-
bian (George Thuruthel, Ansari, Falotico, & Laschi, 2018). Addi-
tional approaches have included the development of optimal con-
trol techniques (Wang, Halder, Chang, Gazzola, & Mehta, 2021)
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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nd model-predictive control methods (Khadem, O’Neill, Mitros,
a Cruz, & Bergeles, 2020) based on the Cosserat rod model.
espite their advantages in terms of predictability and relia-
ility, there are still several limitations of these model-based
ontrol methods. For example, the analytical solution of the de-
ived model may not be possible, and numerical methods may
ot produce satisfactory results in terms of accuracy and com-
utation time (Giorelli et al., 2015). Additionally, unstructured
xternal forces on the robot may not be measured or estimated,
nd sensor feedback may be limited (George Thuruthel et al.,
018). Without reliable sensor feedback, model-based controllers
ay cause instability on the robot interacting with unstructured
nvironments (Yip & Camarillo, 2014).
An alternative approach is the use of model-free control tech-

iques, which are appealing due to their adaptability to robot
haracteristics, changes in the environment, and computational
fficiency (George Thuruthel et al., 2018). One of the widely
sed model-free control techniques is to estimate the Jacobian
atrix online using input–output data and to design a controller
sing the pseudo-inverse of the Jacobian estimate. Several meth-
ds have been developed for Jacobian estimation, including a
indowing approach (Yip, Sganga, & Camarillo, 2017), an adap-
ive Kalman filter (Li, Kang, Branson, & Dai, 2017), an update
aw that uses the velocity, acceleration information of the end-
ffector (Chen, Zhang, & Li, 2017; Tan, Yu, Zhang, & Wang, 2021)
nd a technique that uses online image data of robot (Verghese,
ichter, Gunn, Weissbrod, & Yip, 2019). Another popular model-
ree control technique is the use of neural networks (Wang, Li, &
wok, 2021). This technique involves training a neural network
ffline to learn the kinematics of the robot, and then using this
re-trained network to control the robot’s movement to a de-
ired position. Furthermore, by fine-tuning the network online
ith sensor feedback, the robot can adapt to changes in the
nvironment, making it robust to disturbances.

.3. Physiological disturbance compensation

Continuum robots are designed to be used for surgical op-
rations inside live bodies and interact with dynamic anatomy.
owever, one of the challenges facing continuum robots in such
perations is the presence of physiological disturbances inside the
ody, such as respiration and heartbeat (Ginhoux et al., 2005).
hese disturbances can cause significant movement of the robot
ip, making it difficult to maintain a stable position or to stabilize
camera view with respect to a dynamically disturbed target.
herefore, the compensation of these disturbances is critical for
recise and safe surgical operations.
The motion of the heart is a complex and dynamic process

hat is difficult to model, making it challenging to compensate
or the heart motion using traditional control methods. Addi-
ionally, the physical limits of most robots, such as the speed of
heir actuators, can make it difficult to compensate for its fast
nd unpredictable movement (Alfalahi et al., 2020). In contrast,
he respiration cycle of a patient under artificial ventilation is
ften shown to be periodic (Ginhoux et al., 2005; Ott, Nageotte,
anne, & de Mathelin, 2011). This characteristic allows for the
esign of control algorithms, such as repetitive control (Arenbeck,
ittschier, Kügler, & Abel, 2017; Ott et al., 2011; Reinders et al.,
023), model-predictive control (Acharya, Pradhan, & Das, 2023;
renbeck et al., 2017; Ginhoux et al., 2005), and Extended Kalman
ilter (Gupta et al., 2023; Loschak, Degirmenci, Tschabrunn, Anter,
Howe, 2020; Yuen, Kettler, Novotny, Plowes, & Howe, 2009), to
stimate or compensate for the predictable and repetitive nature
f the respiration cycle. However, the breathing frequency may
hange over time, resulting in a deviation in the estimation of the
reathing motion (Loschak et al., 2020). Overall, there remains
need for disturbance rejection strategies for robots that are

ubject to both periodic and non-periodic disturbances.
2

1.4. Contributions

In this paper, we introduce a novel model-free adaptive con-
troller that is robust to unknown disturbances and capable of
tracking a reference trajectory. We adopt a neural network-based
approximation technique, inspired by Lyu and Cheah (2020),
Nguyen and Cheah (2022), to estimate the uncertain Jacobian
matrix. The neural network weights are estimated online, and
a dynamic controller is designed based on the pseudo-inverse
of the Jacobian estimate. To reject disturbances, we develop two
control strategies. The first strategy is designed for disturbances
that are periodic and unknown. The fundamental frequency of the
disturbance is determined in an offline mode while the controller
is inactive. Subsequently, an adaptive model-free disturbance
rejection algorithm is implemented online, in conjunction with
an adaptive disturbance observer, which incorporates the internal
model of the disturbance with a finite number of harmonics of the
estimated frequency. The adaptation of the neural network and
the estimation of the disturbance are performed simultaneously
in an online manner. The second control strategy is designed
for robustness to any unknown and arbitrary disturbance, which
does not necessarily need to be periodic. This strategy utilizes
time-varying input and update law gains that growmonotonically
and have been shown to be effective in controlling uncertain non-
linear systems for exponential stabilization (Song, Zhao, & Krstic,
2016) and for fixed-time stabilization in user-prescribed time (Kr-
ishnamurthy, Khorrami, & Krstic, 2021; Song, Wang, Holloway, &
Krstic, 2017), herein referred to as prescribed-time stabilization.
This speeds up the convergence of the system states and makes
the system robust to any arbitrary disturbance. Through the use
of these gain functions, we achieve the asymptotic, exponen-
tial and prescribed-time convergence of the trajectory tracking
error to zero. This stability result is notable compared to the
result of the first strategy, which solely guarantees the ultimate
boundedness of the tracking error.

The conference version of this paper (Yilmaz & Krstic, 2023)
presents accelerated model-free robust adaptive control algo-
rithms, which constitute Section 6 of the current paper. This
journal paper expands upon that work with two additional con-
tributions. First, we develop an adaptive frequency estimator
and a disturbance observer-based model-free adaptive controller
to compensate for periodic disturbances, which is presented in
Section 5. This contribution addresses the issue of the use of
high controller gains in Yilmaz and Krstic (2023) to suppress
disturbances, which is impractical in control applications due to
sensor noise and joint velocity limits. Second, the effectiveness
of the two control strategies presented in Section 6 and Sec-
tion 5 is evaluated experimentally on a concentric tube robot
in Section 7 as a proof-of-concept. The empirical results provide
evidence of the feasibility and effectiveness of the developed
disturbance observer-based control strategy over the accelerated
control strategy. Therefore, the current paper provides a more
comprehensive treatment of the disturbance rejection problem
in continuum robots and presents novel contributions that were
not included in the conference version. Additionally, this paper
presents the following contributions:

(1) The periodic disturbance rejection algorithms presented
n Ginhoux et al. (2005), Ott et al. (2011) compute the funda-
ental frequency of the disturbance using power spectral density
nalysis. In this paper, we introduce an adaptive frequency es-
imator, presented in Section 5, that estimates the fundamental
requency in an adaptive manner. Compared to the adaptive
stimators in Chen, Pin, and Parisini (2015), Marino and Tomei
2014), which employ a cascade of low-pass filters, referred to as
refilters, and additional filters applied to the prefiltered signal
o estimate the frequency, our developed estimator employs only
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ow-pass and high-pass filters without any additional filters. This
pproach results in a reduction in the number of filters used and
n improvement in the accuracy of the frequency estimation.
(2) In contrast to the existing results achieving robustness

gainst disturbances with a sliding-mode term (George Thuruthel
t al., 2018), our controllers are continuous, reducing the risk of
hattering that may occur with discontinuous controllers.
(3) To the best of the authors’ knowledge, this paper intro-

uces a novel approach that has not been previously reported in
he literature, which utilizes an adaptive observer to estimate a
eriodic disturbance online and a model-free controller to reject
his disturbance, while continuously updating the Jacobian matrix
sing only position measurements. The accelerated algorithms
resented in Yilmaz and Krstic (2023) and Section 6 are the
irst results in the literature that achieve rapid convergence to
reference trajectory, as well as robustness against arbitrary
isturbances in continuum robots.
Notation: Throughout the paper, we use the following nota-

tion: state/parameter estimation and estimation errors are de-
noted with the symbols ‘‘̂’’ and ‘‘̃’’, respectively. As an example,
estimation error of x state is x̃ = x − x̂ where x̂ is the estimation
of x. We denote the Euclidean norm by ∥ · ∥. trace(·) denotes the
trace of a matrix. Ĵ†(u) denotes the pseudo inverse of the matrix
Ĵ(u). The exponential function is denoted by exp.

2. Problem statement

The kinematic equation of a continuum robot can be written
as

x = f (u), (1)

where x ∈ Rn denotes the position and orientation of the robot
tip, u ∈ Rm denotes the input vector, and m ≥ n. The time
derivative of (1) is given by

ẋ = J(u)u̇, (2)

where J(u) =
[
J1(u)T . . . Jn(u)T

]T
∈ Rn×m is the Jacobian

matrix that defines the relationship between ẋ and u̇. Due to the
physiological disturbances described in Section 1.3, continuum
robots can experience unwanted fluctuations in tip position. Thus,
robot tip position measurement, denoted as y ∈ Rn, is expressed
as a combination of the actual robot tip position x and the
unknown disturbance δ =

[
δ1 · · · δn

]T
∈ Rn, i.e.,

y(t) = x(t) + δ(t). (3)

Let us define the following error state

e(t) = y(t) − yr (t), (4)

where yr ∈ Rn is the desired trajectory. Our objective is to
design a neural-network-based estimator for the Jacobian of the
uncertain forward kinematic function f , and to develop an adap-
tive model-free controller u̇ that uses error feedback e. In order
to reject the disturbance δ in the measurement, we develop
two algorithms. The first algorithm is capable of estimating and
rejecting harmonic disturbances with unknown periodicity, while
the second algorithm is capable of rejecting any type of distur-
bance by achieving asymptotic, exponential, and prescribed-time
convergence of the error state e to zero through the use of
monotonically increasing gain functions. We make the following
assumptions regarding the disturbance and reference trajectory.

Assumption 1. Each element of the disturbance δ and their first
derivative are bounded

|δi(t)| ≤ δmax
i , |δ̇i(t)| ≤ δ̄max

i , ∀t ∈ [0, ∞), (5)

where the bounds are unknown.
3

Fig. 1. The structure of the neural network. The first layer consists of the input
vector u, which is fed into basis functions Ψi at the middle layer. The output
of this layer is multiplied by weights W ∗

i and summed up at the third layer,
which gives us an approximation of elements in each row of Jacobian matrix Ji
for i = 1, . . . , n.

Assumption 2. The reference signal yr and its first derivative are
known and bounded.

Assumption 1 asserting that δ(t) and δ̇(t) exhibit finite en-
ergy, with unknown upper bounds, aligns with common prac-
tices in disturbance rejection strategies for continuum robots, as
discussed in Ginhoux et al. (2005), Ott et al. (2011).

3. Neural network based Jacobian estimation

As suggested in Lyu and Cheah (2020), Nguyen and Cheah
(2022), by preserving the structure of (2), each element of the
state derivative ẋ can be approximated by a single-layer feedfor-
ward neural network over a compact set U as

ẋi = (Ψi(u)TW ∗

i )u̇ + εi(ū), ∀ū ∈ U ⊂ R2m (6)

with ū =
[
u u̇

]T for i = 1, . . . , n, where Ψi(u) ∈ Rq×1 is the
basis function vector, εi(ū) ∈ R is the approximation error, q ∈ N
is the number of neurons, and W ∗

i ∈ Rq×m is the ideal constant
weight matrix defined by

W ∗

i = arg min
Wi∈Rq×m

{
sup
ū∈U

⏐⏐Ji(u)u̇ − (Ψi(u)TWi)u̇
⏐⏐} . (7)

By the high-order Weierstrass approximation theorem (Hornik,
Stinchcombe, & White, 1990), we define an upper bound for the
approximation error εi over the defined compact region

|εi(ū)| ≤ ε̄i, ∀i = 1, . . . , n, ∀ū ∈ U ⊂ R2m, (8)

where the bound ε̄i ∈ R+ is unknown. In addition, the approxi-
mation error εi for i = 1, . . . , n converges to zero as the number
of basis functions n increases, i.e., εi → 0 for i = 1, . . . , n as
n → ∞. The neural network structure is illustrated in Fig. 1.

Remark 1. The neural network approximation technique requires
the input space of the uncertain function to be a compact set, which
makes the stability results semi-global (Hornik et al., 1990). In other
words, the results are valid as long as ū stays within U. We can
choose the set U to be arbitrarily large at the expense of a larger
approximation error εi. Global results are obtained for the case in
which (8) holds for all ū ∈ R2m.

Remark 2. It is important to note that approximating the state
derivative in (6) by maintaining the structure of (2) is crucial
for controller design and stability analysis. A naive approach that
approximates the function f (·) in (1) and takes the time derivative
of the approximation would cause the term ∇εi(u)u̇ to appear in
(6) instead of εi(ū), which makes it difficult to design a controller

and guarantee stability.
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We therefore write the time derivative of (4) in view of (3)
and (6) as follows

ė =

⎡⎢⎣Ψ1(u)TW ∗

1
...

Ψn(u)TW ∗
n

⎤⎥⎦ u̇ + δ̇ − ẏr + ε, (9)

where ε = [ε1 · · · εn]
T .

4. Adaptive model-free control design without disturbance
estimator

In this section, we introduce a model-free adaptive controller
that ignores the effect of the disturbance in (9) but still guar-
antees the boundedness of the closed-loop system. We state the
following theorem that presents the designed controller with the
update law and provide an ultimate bound for the closed-loop
system.

Theorem 1. Consider the closed-loop system consisting of (9), the
following controller

u̇ = Ĵ†(u)
(
−Ke + ẏr

)
(10)

with the Jacobian estimate

Ĵ(u) =

⎡⎢⎣Ψ1(u)T Ŵ1
...

Ψn(u)T Ŵn

⎤⎥⎦ (11)

and the parameter update law

̇̂Wi = ΓwiΨi(u)u̇T ei − ΓwiγwiŴi, ∀i = 1, . . . , n, (12)

where K = diag(k1, . . . , kn), Γwi are positive definite gain matrices,
γwi is a positive scalar gain. Under Assumptions 1–2, the signals
ei, W̃i for i = 1, . . . , n are uniformly ultimately bounded and each
error state ei converges to a compact set provided that the estimated
Jacobian matrix (11) is nonsingular. Moreover,

|ei(t)| ≤ exp−cit/2
(

|ei(0)| + trace
(
W̃i(0)Γ −1

wi
W̃ T

i (0)
) 1

2
)

+

√
2
Di

ci
(13)

or i = 1, . . . , n, where

ci = min

{
ki,

γwi

λmax(Γ −1
wi

)

}
, (14)

Di =
1
ki

ε̄2
i +

1
ki
(δ̄max

i )2 +
γwi

2
trace

(
W ∗

i (W
∗

i )
T ) . (15)

The proof of this result is given in Appendix B.

emark 3. The stability result presented in Theorem 1 and
other results presented throughout this paper are based on the
assumption that the neural network Jacobian estimation Ĵ(u) with
he updated weights is nonsingular. This assumption is common
n many papers (see Chen et al., 2017; Lyu & Cheah, 2020;
guyen & Cheah, 2022; Tan et al., 2021; Verghese et al., 2019;
ip & Camarillo, 2014) that develop algorithms that require the
xistence of the Jacobian estimation during the implementation
f the controller. While some suitable parameter projection al-
orithms that prevent this singularity condition have been intro-
uced in Cheah, Liu, and Slotine (2006), Dixon (2007), it remains
n open problem.
4

emark 4. It is well known that online update laws help the
ystem adapt to changing environments and achieve the de-
ired control objectives. However, poor initial values for the es-
imated weight matrices Ŵi ∈ Rq×m can degrade the transient
erformance of the closed-loop system. To mitigate this issue,
he weights can be trained offline using the following state ob-
erver in an environment without external disturbances before
mplementing the controller online,

̇̂ =

⎡⎢⎣Ψ1(u)T Ŵ1
...

Ψn(u)T Ŵn

⎤⎥⎦ u̇ + Fx(x − x̂) (16)

ith the learning law
̇̂
i = ΓwiΨi(u)u̇T (x − x̂) − ΓwiγwiŴi, ∀i = 1, . . . , n, (17)

here x̂ is the estimate of x, Fx ∈ Rn×n is a positive defi-
ite matrix. As highlighted in the Introduction, the adaptation
f weight matrices Wi and the estimation of the Jacobian ma-
rix J(u) rely on state feedback x. Note that the leakage term
ΓwiγwiŴi is integrated into our update laws (12) and (17) to
void the parameter drift arising from model inaccuracies and
nmodeled disturbances (Ioannou & Sun, 2012). This technique
s widely adopted in the adaptation of weight matrices of neural
etworks (Emami, Castaldi, & Banazadeh, 2022). Note also that
he minimal W̃i at the initial time enhances the transient perfor-
ance of the closed-loop system, as indicated in (13). To further
inimize the ultimate bound of the error signal, it is crucial to
imultaneously reject disturbances and learn the weight matrices
nline.

. Adaptive model-free control design with disturbance esti-
ator

In this section, we consider the case in which each element
f the unknown disturbance vector δ(t) ∈ Rn is a continuous
eriodic signal. We develop a control strategy that estimates the
undamental frequency using a cascade of low-pass and high-pass
ilters, along with a parameter update law in an offline setting.
he disturbance is then compensated for by adding a reduplicated
odel of an exosystem consisting of a finite number of esti-
ated harmonics to the feedback loop. We make the following
ssumption regarding the structure of the disturbance vector δ(t).

ssumption 3. Each element of the unknown disturbance vector
(t) ∈ Rn is a continuous periodic signal. For simplicity, but
ithout loss of generality, we assume that each element of the
isturbance vector δ(t) ∈ Rn is identical (i.e., δ1(t) = · · · =

n(t) for all t ≥ 0) and can be represented by its Fourier series
xpansion

1(t) = a0 +

∞∑
k=1

[ak cos(kωt) + bk sin(kωt)] (18)

n which the fundamental frequency ω ∈ R, the bias a0 ∈ R and
he amplitudes ak, bk ∈ R, k ∈ N are unknown. The amplitude of
he first harmonics is nonzero, i.e.,

√
a21 + b21 > 0.

5.1. Offline frequency estimation

In offline mode, where the controller is deactivated, the output
measurement is written as follows

yj(t) = xj + δ1(t), j = 1, . . . , n,

= xj + a0 + ā1 sin(ωt + ϕ̄) + δ1,h(t), (19)
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here ā1 =

√
a21 + b21, ϕ̄ = arctan(a1/b1) and δ1,h(t) contains the

igh frequency components as follows

1,h(t) =

∞∑
k=2

[ak cos(kωt) + bk sin(kωt)] . (20)

In order to attenuate the higher order harmonics (20) and detect
the fundamental frequency, we design the following filters, which
are inspired by Nikiforov (2004):

yf = yη + Byyj, j = 1, . . . , n, (21)

ẏη = Ay(yη + Byyj), (22)

with the matrices Ay ∈ Rp×p, By ∈ Rp, p ≥ 3, defined by

Ay =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−λf λf 0 · · · 0

0 −λf λf
. . . 0

...
. . .

. . .
. . .

...
...

. . .
. . . −λf λf

0 · · · · · · 0 −λf

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, By =

⎡⎢⎢⎢⎢⎣
0
0
...

0
λf

⎤⎥⎥⎥⎥⎦ . (23)

Note that taking the derivative of (21) yields a cascade of low-
pass filters of order p − 1 and a first-order high-pass filter of the
washout filter type, expressed as ẏf = Ayyf + Byδ̇1. Additionally,
Lemma 7 in Appendix A shows that the second filter state yf2
can be expressed in terms of the first and third filter states,
and this relationship includes information about the unknown
fundamental frequency ω. Considering this lemma and defining
the following constant

Ω = ω2, (24)

a least-squares frequency estimator is designed as follows

̇̂
Ω = 2ρyλ

2
f yf1

[
yf2 −

(
Ω̂ + λ2

f

2λ2
f

yf1 +
1
2
yf3

)]
, (25)

̇y = ρyβy − ρ2
y y

2
f1 , ρy(0) > 0, (26)

ω̂ =

√
Ω̂, ∀Ω̂ > 0

= 0, otherwise (27)

ith positive gain βy. Based on the solution of the filter states
btained through (A.2)–(A.4), we ensure the persistent excitation
f the regressor of yf1 . As stated in the proof of Corollary 4.3.2
f Ioannou and Sun (2012), as long as this persistent excitation is
atisfied, then the following holds

< ρyl ≤ ρy(t) ≤ ρyu , ∀t ≥ 0, (28)

or some positive lower and upper bounds ρyl , ρyu .

emma 2. The frequency estimator (25)–(27) with the output signal
19) and the low-pass filters (21)–(23) ensure that

ω2
− ω̂2

| ≤
√
2ρyuV0 exp−

cv
2 t

+

√
2ρyu

cv
εω, (29)

or all t ≥ 0 with some positive constants V0, cv, εω .

The proof of this result is given in Appendix C.

.2. Frequency estimator comparison

We present a comparison of our frequency estimator, as de-
cribed in (25)–(27), with the frequency estimators introduced
n Chen et al. (2015), Marino and Tomei (2014). The primary
ifference between our approach and the previously mentioned
stimators lies in the fact that their overall dynamics have a state
5

dimension of lf + 9 and lf + 5, respectively, where lf is the
number of prefilters, a positive integer and the prefilters used are
essentially a cascade of low-pass filters. In contrast, our estimator
has a reduced number of filters used and a dimension of lf + 2,
where lf ≥ 3. The minimum dynamic-order of the estimators
in Chen et al. (2015), Marino and Tomei (2014) and (25)–(27) are
10, 8 and 5, respectively.

To facilitate comparison, we replicate the example presented
in Chen et al. (2015), Marino and Tomei (2014), which involves
the estimation of the fundamental frequency of a noisy square
wave given by

δ1(t) = 1 + sign(sin(3t) − 0.5) + nr (t), (30)

where nr (t) denotes uniformly distributed random noise over the
interval [−0.25, 0.25]. We use the same parameters as in Chen
et al. (2015), Marino and Tomei (2014) to implement their es-
timators, while for our estimator we select the filter parameter
λ = 2.75, the number of filters p = 5, the gain βy = 0.1, and
the initial gain ρy(0) = 70 to achieve a similar response time.
The initial estimate Ω̂(0) is set to 0.1 for all three estimators. It is
worth noting that the dynamics of our estimator has a dimension
of 7, whereas the dynamics of the estimators proposed in Chen
et al. (2015), Marino and Tomei (2014) have dimensions of 10 and
8, respectively. Our estimator provides a smoother transition and
more accurate estimation of the fundamental frequency of ω = 3
rad/s at steady state, as shown in Fig. 2. This is achieved using a
smaller number of filters as compared to the estimators in Chen
et al. (2015), Marino and Tomei (2014).

5.3. Disturbance observer based control design

The first derivative of the disturbance δ1(t) appears in the
erivative of the error state (9) and needs to be rejected by the
ontroller u̇. To achieve this, we first represent the first derivative
f (18) as the output of a linear exosystem, as follows

̇ = SW, (31)

δ̇1 = hTW + δ̇1,hq , (32)

where δ̇1,hq defines the harmonics higher than a user defined
number q ∈ N\{1, 2} and

W =

⎡⎢⎢⎢⎢⎣
ā1ω sin(ωt + ϕ1)
ā1ω cos(ωt + ϕ1)

...

āqqω sin(qωt + ϕq)
āqqω cos(qωt + ϕq)

⎤⎥⎥⎥⎥⎦ , h =

⎡⎢⎢⎢⎢⎣
1
0
...

1
0

⎤⎥⎥⎥⎥⎦
S = block diag

[
S1 · · · Sq

]
,

Si =

[
0 iω

−iω 0

]
, i = 1, . . . , q (33)

with āi =

√
a2i + b2i , ϕi = arctan(ai/bi) for i = 1, . . . , q. In the

next theorem, we design a disturbance observer for the unknown
exosystem (31)–(32) using the offline learned frequency ω̂ and its
q number of harmonics as well as design an adaptive disturbance
rejection algorithm.

Theorem 3. Consider the closed-loop system consisting of (9), the
following controller

u̇ = Ĵ†(u)

⎛⎜⎝−Kê −

⎡⎢⎣hT Ŵ
...

T

⎤⎥⎦+ ẏr +

⎡⎢⎣c1ẽ1
...

⎤⎥⎦
⎞⎟⎠ (34)
h Ŵ cnẽn



C.T. Yilmaz, C. Watson, T.K. Morimoto et al. Automatica 171 (2025) 111949

z
e

w

J

t

W

t

W

w
c
ω
a

A

U
u
a
n

|

w

w

J

a

W

w
γ

e
e
e

|

Fig. 2. The evolution of the frequency estimates with the first and last 8 s
oomed in. The convergence of our estimate is compared with that of Chen
t al. (2015), Marino and Tomei (2014).

ith the Jacobian estimate

ˆ(u) =

⎡⎢⎣Ψ1(u)T Ŵ1
...

Ψn(u)T Ŵn

⎤⎥⎦ , (35)

he parameter update law
̇̂
i = ΓwiΨi(u)u̇T (ei − êi) − ΓwiγwiŴi, (36)

he state and disturbance observers
̇̂ei = (Ψi(u)T Ŵi)u̇ + hT Ŵ − ci(ei − êi) − ẏr , (37)
̇̂

= ŜŴ + L̂(ei − êi), (38)

here the structure of Ŝ is equivalent to that of (33), with the ex-
eption that the offline-learned ω̂ is utilized in place of the unknown
, and the observer gain L̂ is selected such that the desired poles are
ssigned to the following matrix

=

[
−ci hT

L̂ Ŝ

]
. (39)

nder Assumptions 1–3, the signals ei, W̃i, W̃ for i = 1, . . . , n are
niformly ultimately bounded and each error state ei converges to
compact set provided that the estimated Jacobian matrix (11) is
onsingular. Moreover,

ei(t)| ≤ exp−cit/2
(

|ẽi(0)| + trace
(
W̃i(0)Γ −1

wi
W̃ T

i (0)
)1/2

+ ∥W̃(0)∥
)

+ exp−kit |êi(0)| +

√
2
Di

ci
(40)

here

ci = min

{
κλ

2
,

γwi

λmax(Γ −1
wi

)

}
, (41)

Di =
ε̄2
i

κλ

+

(δ̄max
hq )2

κλ

+
(qω̃)2

2κλ

q∑
j=1

(ājjω)2 +
γwi

2

× trace
(
W ∗

i (W
∗

i )
T ) (42)

κλ = λmin(A), (43)

with δ̇1,hq ≤ δ̄max
hq for some positive constant δ̄max

hq for all t ∈ [0, ∞).

The proof of this result is given in Appendix D.
6

Remark 5. While certain neural networks, such as Recurrent
Neural Networks, can handle both spatial and periodic temporal
features, our control strategy requires separate estimations of the
unknown Jacobian matrix and the unknown periodic disturbance.
This is due to the use of the Jacobian matrix’s pseudo-inverse in
our control formulation (34), which would be incompatible with
a joint neural network estimate of both elements.

6. Accelerated robust adaptive model-free algorithms

In this section, we introduce accelerated robust adaptive
model-free algorithms. The idea is motivated by the fact that the
second term on the right hand side of (13) can be eliminated
by using high controller and parameter update gains. We define
three different time-varying gains that grow linearly, grow expo-
nentially, and grow and blow up at a final time in order to achieve
asymptotic, exponential and prescribed-time convergence of the
error state e to zero, respectively, despite any arbitrary unknown
disturbances, that do not necessarily need to be periodic as in
Section 5, as well as neural network approximation error.

6.1. Adaptive robust design for asymptotic regulation

Let us define the following linearly growing signal

µa(t) = 1 + βt, β > 0, t ∈ [0, ∞). (44)

Then apply the following scaling transformation

z = µae, (45)

which obeys the following dynamics

ż = µaė + µ̇ae,

= µa

⎛⎜⎝
⎡⎢⎣Ψ1(u)TW ∗

1
...

Ψn(u)TW ∗
n

⎤⎥⎦ u̇ + δ̇ − ẏr + ε +
β

µa
e

⎞⎟⎠ . (46)

The aim is to design a controller which stabilizes the state z as
well as the error state e. We state the following theorem that
summarizes our results in this subsection.

Theorem 4. Consider the closed-loop system consisting of (9), the
following controller

u̇ = Ĵ(u)†
(

−Kµae + ẏr −
β

1 + βt
e
)

(47)

ith the Jacobian estimate

ˆ(u) =

⎡⎢⎣Ψ1(u)T Ŵ1
...

Ψn(u)T Ŵn

⎤⎥⎦ (48)

nd the parameter update law
̇̂
i = Γwiµ

2
aΨi(u)u̇T ei − ΓwiγwiµaŴi, ∀i = 1, . . . , n, (49)

here K = diag(k1, . . . , kn), Γwi are positive definite gain matrices,
wi is a positive scalar gain. Under Assumptions 1–2, the signals
i, W̃i for i = 1, . . . , n are uniformly ultimately bounded and each
rror state ei converges to zero asymptotically, provided that the
stimated Jacobian matrix (48) is nonsingular. Furthermore,

ei(t)| ≤
1

1 + βt

[
exp−ci(t/2+βt2/4)

(
|ei(0)|

+ trace
(
W̃i(0)Γ −1

wi
W̃ T

i (0)
) 1

2
)

+

√
2
Di

ci

]
, (50)
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here

ci = min

{
ki,

γwi

λmax(Γ −1
wi

)

}
, (51)

Di =
1
ki

ε̄2
i +

1
ki
(δ̄max

i )2 +
γwi

2
trace

(
W ∗

i (W
∗

i )
T ) . (52)

n addition, the controller u̇ is bounded for all t ∈ [0, ∞).

The proof of this result is given in Appendix E.

6.2. Adaptive robust design for exponential regulation

Let us define the following exponentially growing signal

µe(t) = expλt , λ > 0, t ∈ [0, ∞). (53)

e state the following theorem.

heorem 5. Consider the closed-loop system consisting of (9), the
ollowing controller

̇ = Ĵ(u)†
(
−Kµee + ẏr − λe

)
(54)

ith the Jacobian estimate

ˆ(u) =

⎡⎢⎣Ψ1(u)T Ŵ1
...

Ψn(u)T Ŵn

⎤⎥⎦ (55)

nd the parameter update law

̇̂
i = Γwiµ

2
eΨi(u)u̇T ei − ΓwiγwiµeŴi, ∀i = 1, . . . , n, (56)

here K = diag(k1, . . . , kn), Γwi are positive definite gain matrices,
wi is a positive scalar gain. Under Assumptions 1–2, the signals
i, W̃i for i = 1, . . . , n are uniformly ultimately bounded and each
rror state ei converges to zero exponentially, provided that the
stimated Jacobian matrix (55) is nonsingular. Furthermore,

ei(t)| ≤ exp−λt
[
exp−

ci
2λ (expλt

−1)
(

|ei(0)|

+ trace
(
W̃i(0)Γ −1

wi
W̃ T

i (0)
) 1

2
)

+

√
2
Di

ci

]
, (57)

here

ci = min

{
ki,

γwi

λmax(Γ −1
wi

)

}
, (58)

Di =
1
ki

ε̄2
i +

1
ki
(δ̄max

i )2 +
γwi

2
trace

(
W ∗

i (W
∗

i )
T ) . (59)

n addition, the controller u̇ is bounded for all t ∈ [0, ∞).

The proof of this result is analogous to that of Theorem 4 and
is omitted for brevity.
7

6.3. Adaptive robust design for prescribed-time regulation

Let us define the following blow-up function

µp(t) =
T 2

(T − t)2
, t ∈ [0, T ), (60)

where T is a final time that can be prescribed arbitrarily by user.
We state the following theorem and give the closed-loop system
schematically in Fig. 3.

Theorem 6. Consider the closed-loop system consisting of (9), the
following controller

u̇ = Ĵ(u)†
(

−Kµpe + ẏr −
2

T − t
e
)

(61)

with the Jacobian estimate

Ĵ(u) =

⎡⎢⎣Ψ1(u)T Ŵ1
...

Ψn(u)T Ŵn

⎤⎥⎦ (62)

nd the parameter update law
̇̂
i = Γwiµ

2
pΨi(u)u̇T ei − ΓwiγwiµpŴi, ∀i = 1, . . . , n, (63)

here K = diag(k1, . . . , kn), Γwi are positive definite gain matrices,
wi is a positive scalar gain. Under Assumptions 1–2, the signals
i, W̃i for i = 1, . . . , n are uniformly ultimately bounded and each
rror state ei converges to zero in prescribed time, i.e.,

lim
t→T

|ei(t)| = 0, ∀i = 1, . . . , n, (64)

provided that the estimated Jacobian matrix (62) is nonsingular.
Furthermore,

|ei(t)| ≤
(T − t)2

T 2

[
exp−

ciT
2

(
T

T−t −1
)(

|ei(0)|

+ trace
(
W̃i(0)Γ −1

wi
W̃ T

i (0)
) 1

2
)

+

√
2
Di

ci

]
, (65)

where

ci = min

{
ki,

γwi

λmax(Γ −1
wi

)

}
, (66)

Di =
1
ki

ε̄2
i +

1
ki
(δ̄max

i )2 +
γwi

2
trace

(
W ∗

i (W
∗

i )
T ) . (67)

In addition, the controller u̇ is bounded for all t ∈ [0, T ).
The proof of this result is analogous to that of Theorem 4 and

is omitted for brevity.

Remark 6. In practice, measurement noise prevents perfect
error convergence and can lead to unbounded input signals and
parameter estimates. To address this challenge, the time-varying
gains can be constrained to a specific value, as discussed in Krish-
namurthy et al. (2021), Song et al. (2017), at the cost of sacrificing
ideal convergence.
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Fig. 4. Experimental setup with the illustrated control inputs in the actuation
nit. The tip position used for feedback control is measured by an electromag-
etic sensor taped to the robot. The harmonic disturbance affects the robot only
n the zb direction.

. Results and discussions

We evaluate our proposed algorithms for disturbance rejection
hrough an experiment involving a concentric tube robot (CTR).
TRs are a particular type of continuum robot made up of flexible,
recurved tubes arranged in a telescoping fashion. The tubes can
e inserted and rotated relative to one another, using an actuation
nit (such as the one in Fig. 4), causing them to interact in
ending and torsion. The ultimate shape of the continuum robot
s dictated by the mechanical equilibrium of the tubes (Sears &
upont, 2006; Webster, Okamura, & Cowan, 2006).
We compare our proposed algorithms on a setpoint regulation

ask using a CTR subject to an applied periodic disturbance that
erturbs the robot’s tip position. By using a hardware system
or comparison, we can better evaluate the performance of these
lgorithms in the presence real-world constraints such as joint
elocity limits and sensor noise. While our accelerated algorithms
re capable of rejecting any arbitrary bounded disturbance, for
fair comparison, we opt for a periodic disturbance that both
pproaches can handle.

.1. Experimental setup

The particular CTR used in this experiment is the one from
Girerd & Morimoto, 2021) (Fig. 4). The robot is tracked using an
urora electromagnetic (EM) system (NDI), which measures the
8

3-D position of the robot’s tip. Note that this measurement device
has a reported accuracy of < 1 mm though this can increase due
to noise present in the environment (Seeberger, Kane, Hoffmann,
& Eggers, 2012). The CTR joint positions, which are the rotational
and translational positions of each of its tubes, are measured by
magnetic encoders attached to each of the motors housed in the
robot’s actuation unit.

In order to apply a periodic disturbance to the robot tip po-
sition, the robot is mounted to a lead screw that is driven by
a stepper motor. The stepper motor, in turn, is controlled by
an Arduino and can be programmed to produce a repeatable
disturbance signal for testing. Though this disturbance input is
unidirectional, its rejection requires coordinated motion of all of
the CTR tubes due to the highly nonlinear nature of the robot’s
kinematics. The disturbance signal used in our experiment is
a sum of two sine waves, one with high amplitude and low
frequency, and the other with low amplitude and high frequency,
defined as

δ3(t) = a1 sin(ω1t) + a2 sin(ω2t), (68)

which perturbs the robot only in zb-direction. In other words,
δ(t) =

[
0 0 δ3(t)

]T . The values of a1, a2, ω1, and ω2 are set to
−3.75 mm, −1.25 mm, 0.41 rad/s, and 1.36 rad/s, respectively. It
should be noted that although the timescales of this disturbance
are slower than what would be typical for physiological signals,
this is primarily a limitation of the linear actuator used to apply
the disturbance and not the algorithms considered.

For our evaluation, we conduct three trials to assess three
different control strategies for regulating the robot tip to a desired
set point in the presence of a disturbance. These control strategies
include: (a) the nominal adaptive controller with constant gain
and without disturbance observer (10) presented in Section 4,
(b) the accelerated adaptive controller with linearly growing gain
(47) presented in Section 6, and (c) the adaptive controller with
disturbance observer (34) presented in Section 5. The desired
position yr is

[
22.34 −12.89 100.00

]T in mm. In all cases,
the initial robot joint positions are set to 105 mm, 79 mm, and
40 mm in translation, and 0◦ in rotation, resulting in an initial
tip error of

[
−22.00 −14.00 0.00

]T in mm. To illustrate this
initial tip error as well as the effect of the disturbance, the
controller is turned off for at the beginning of each trial and then
switched on after 30 s. For all control algorithms, we use a gain
of K = σ I , where σ = 0.25. For the accelerated method, we
mploy a linearly growing signal (44) with β = 0.06 chosen to
ighlight the ability of the method to gradually decrease error
ver time. For the disturbance observer based algorithm, we
hoose the observer gain L̂ such that the closed loop poles are
laced at [−0.1, −0.125, −0.15, −0.175, −0.2, −0.25, −0.225].

During parameter selection, we conducted trials to evaluate their
impact on system response. The use of high gains, while offering
faster reactions, resulted in amplified noise sensitivity, instability
in disturbance estimation, and high initial control effort, due
to the large initial error, exceeding actuator limits. To achieve
good control performance without these drawbacks, we opted
for moderate gains, as described earlier. Notably, our accelerated
controller initiates with a low gain K and linearly increases it over
time. This approach eliminates the need for high initial control
effort, enhances the rejection of disturbances, and ensures that
actuator efforts remain within their limits.

The process of selecting parameters makes clear that non-
idealities in the experimental hardware can pose challenges for
the implementation of our control strategies. Phenomena such as
sensor noise, a low sampling rate, physical limits of the actuators,
and friction/hysteresis in the flexible tubes all constrain how ag-
gressively the disturbance can be rejected in practice. The impact
of these limitations may be reduced by using more performant
hardware.
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Fig. 5. A comparative analysis of three distinct control strategies for driving the robot tip to a target position. The strategies are: (a) nominal adaptive controller
ith constant gain and without disturbance observer Eq. (10), (b) accelerated adaptive controller with linearly growing gain Eq. (47), (c) adaptive controller with
isturbance observer Eq. (34). The plots depict the robot tip position in the xb , yb , and zb directions, as well as the translational and rotational movement of tubes

u1 through u6 . The algorithms are activated at t = 30 s. The robot tip position in the zb axis is disturbed harmonically by an unknown disturbance δ3(t).
r

7.2. Results

Prior to conducting the experiment, we train the neural net-
work weights offline using a set of input and output data consist-
ing of random robot configurations and their corresponding tip
positions over a limited workspace in a disturbance-free environ-
ment. The experimental results are presented in Figs. 5 through 7.
Fig. 5 illustrates the evolution of the robot tip, as well as the
translations and rotations of each tube over time for each al-
gorithm. It is evident from Fig. 5 that all control strategies are
able to substantially reduce the large, initial error in the robot tip
position. However, it is also evident that the nominal controller
is not as effective at suppressing the periodic disturbance as the
other two algorithms. The presence of disturbance estimate in
the observer-based controller manifests as additional oscillations,
absent in the nominal controller’s behavior. The rapid oscillation
observed in the tube rotations around the 40th second is likely
due to the slippage of gears in our prototype robot.

To quantitatively assess the efficacy of algorithms in rejecting
the disturbances, we analyze the mean absolute error in the
robot tip position along the zb-direction after the controllers are
activated. Specifically, we compute this statistic for times t >
30 s. For the nominal controller, this mean tip error is 1.26 mm.
The adaptive controller employing estimated disturbance rejec-
tion however, achieves a much lower error of 0.65 mm. This
 t

9

Fig. 6. The norm of the tip position error resulting from the application of each
algorithm, which is activated at t = 30 s.

esult shows a clear gain in performance over the nominal con-
roller, even in the presence of some sensor noise. As expected,
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Fig. 7. The upper subplot displays the robot tip position in the zb axis that
s disturbed by harmonics δ3(t) with two distinct frequencies, namely ω1 and
ω2 . The lower subplot illustrates the offline estimation of the low frequency ω1
using the estimator (25)–(27).

the accelerated adaptive algorithm similarly shows improvement,
0.77 mm mean error, although slightly larger than for the case
where the disturbance is explicitly estimated and then rejected.
This is likely due in large part to the design of the growth signal
µa. Here we have chosen this signal to grow linearly over time
with a rate that highlights the method’s capability to gradually
decrease error over time. This is illustrated in the zoomed portion
of Fig. 6 where the Euclidean norm of the tip position error
of the accelerated algorithm is initially similar to the error of
the nominal controller, but then slowly decreases for the rest of
the experiment. It is possible to choose this signal to be more
aggressive, as described in Sections 6.2 and 6.3, but with the
trade-off that error due to sensor noise will be amplified as well.
Furthermore, the continuous decrease in the norm of the error
associated with the nominal design is a result of its convergence
to an ultimate bound, as characterized in (13).

Prior to implementing the disturbance observer based algo-
rithm (34), we estimate the low frequency ω1 in the harmonically
disturbed robot tip position in an offline mode. To filter the
output, we employ the filters designed in (21) and (22), with
λf = 1 and p = 16. Then, utilizing the frequency estimator in
(25)–(27) with ρy(0) = 30, Ω̂(0) = 0.8, βy = 0.75, we obtain
a very accurate estimate of ω1, as shown in Fig. 7. The obtained
disturbance estimate is then integrated into the controller (34) to
effectively reject the disturbances. For disturbances with varying
periodicity, such as changes in the breathing frequency over time,
a potential solution could involve continuous monitoring of the
frequency using external sensing, as discussed in Loschak et al.
(2020), and updating the frequency estimate online within the
observer (38).

8. Conclusion and future work

In this paper, we have presented two distinct adaptive model-
free control strategies for continuum robots subjected to un-
known disturbances: (i) disturbance observer-based adaptive con-
troller (34), and (ii) accelerated adaptive controllers with asymp-
totic, exponential and prescribed-time convergence (47), (54),
(61), respectively. The designs differ in their approach to distur-
bance rejection and their ability to drive the robot tip to a desired
position. The disturbance observer-based design estimates pe-

riodic disturbances explicitly and drives the error state to an

10
ultimate bound due to the residual term at the right hand side of
(40). Although this residual term can be minimized by improving
the neural-network model and disturbance estimate, it does not
vanish. On the other hand, the accelerated designs suppress any
type of disturbances through monotonically increasing gains and
ensure that the error state converges to zero. The error states
vanish at the same rate that the gains grow over time, as shown
in (50), (57) and (65).

We have conducted hardware experiments with a concen-
tric tube robot to compare the performance of these strate-
gies on a setpoint regulation task, serving as a proof-of-concept.
Contrary to the theoretical results, the experimental findings
demonstrate that the disturbance observer-based design (34) has
slightly outperformed the accelerated design (47) in terms of the
mean absolute error in the robot tip position over a finite time.
This is primarily due to the physical limitation of the actuators
and sensor noise, which limit the feasibility of accelerated de-
signs. Consequently, we believe that the thorough theoretical and
experimental validation presented in this paper highlights the
usefulness of these methods.

In future research, for our method that involves disturbance
rejection by explicit estimation, we plan to investigate methods
to estimate the period of the disturbance online in addition to
the amplitude. Additionally, we intend to develop a parameter
projection algorithm to prevent the singularity of the Jacobian
estimate.

Appendix A. Additional lemma

Lemma 7. The second element of the filter state yf , yf2 , can be
expressed as follows

yf2 =
1

2λ2
f

[
λ2
f + ω2 λ2

f

] [yf1
yf3

]
−

1
2λ2

f

[
λ2
f + ω2 λ2

f

]
×

[
ysshf1

+ yinf1
ysshf3

+ yinf3

]
+ ysshf2 + yinf2 , (A.1)

here the steady state response of the higher order terms ysshfj
and

he transient response of the filter state yinf =

[
yinf1 · · · yinfp

]
are

efined by

ssh
fj =

∞∑
k=2

⎛⎝ λf√
(λ2

f + k2ω2)

⎞⎠p−j+1

(kω)

×
[
−ak sin(kωt + jϕk) + bk cos(kωt + jϕk)

]
, (A.2)

ẏinf = Aλyinf (A.3)

for j = 1, . . . , p with ϕk = arctan(kω/λ).

Proof. The filter state yfj (t) can be written as summation of the
steady state yssfj and transient responses yinfj ,

yfj (t) = yssfj + yinfj . (A.4)

The transient response obeys the dynamics (A.3). The transfer
function for the steady state response is obtained from the filter
(21)–(22) as follows

Y ss
fj (s) =

λ
j
f s

(λf + s)j
∆(s). (A.5)

et us write (A.5) in the time domain using (18) as follows

ss
fj (t) =

∞∑
k=1

⎛⎝ λf√
(λ2

+ k2ω2)

⎞⎠p−j+1

(kω)

f
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L

y

=

w

a
c
o

A

C

V

L

V

a

γ

w

Ω

U
s

y

×
[
−ak sin(kωt + jϕk) + bk cos(kωt + jϕk)

]
,

= yssffj (t) + ysshfj (t), (A.6)

where ϕk = arctan(kω/λ) and ysshfj
is defined in (A.2) and

yssffj =

⎛⎝ λf√
(λ2

f + ω2)

⎞⎠p−j+1

ωā1 cos(ωt + ϕ̄ + jϕ1) (A.7)

with ā1, ϕ̄ defined after (19). Our next step is to prove the
following equality

yssff2 =
λ2
f + ω2

2λ2
f

yssff1 +
1
2
yssff3 . (A.8)

et us write the third state of (A.2) as follows

ssf
f3 =

⎛⎝ λf√
(λ2

f + ω2)

⎞⎠p−2

ωā1 cos(ωt + ϕ̄ + 3ϕ1) (A.9)

in which we can represent the sinusoidal term using the follow-
ing trigonometric identity

cos(ωt + ϕ̄ + 3ϕ1) = cos(ωt + ϕ̄ + ϕ1) cos(2ϕ1)

− sin(ωt + ϕ̄ + ϕ1) sin(2ϕ1). (A.10)

By substituting (A.10) into (A.9) and considering (A.7) for j = 1,
the right hand side of (A.8) can be computed as follows

λ2
f + ω2

2λ2
f

yssff1 +
1
2
yssff3

=

⎛⎝ λf√
(λ2

f + ω2)

⎞⎠p−1

ωā1

[
cos(ωt + ϕ̄ + ϕ1)

√
λ2
f + ω2

2λf

× (1 + cos(2ϕ1)) − sin(ωt + ϕ̄ + ϕ1) sin(2ϕ1)

√
λ2
f + ω2

2λf

]
yssff2 (A.11)

here we use the relations cos(ϕ1) =
λf√

λ2f +ω2
, sin(ϕ1) =

ω√
λ2f +ω2

nd the following trigonometric identities: 2 cos2(ϕ1) = 1 +

os(2ϕ1), sin(2ϕ1) = 2 sin(ϕ1) cos(ϕ1). The expression (A.1) is
btained in view of (A.4), (A.6) and (A.8). ■

ppendix B. Proof of Theorem 1

Upon substituting the controller (10) to (9) in view of W ∗

i =

W̃i + Ŵi for i = 1, . . . , n, we obtain

ė = −Ke +

⎡⎢⎣Ψ1(u)T W̃1
...

Ψn(u)T W̃n

⎤⎥⎦ u̇ + δ̇ + ε. (B.1)

onsider the following Lyapunov function

i =
1
2
e2i +

1
2
trace

(
W̃iΓ

−1
wi

W̃ T
i

)
. (B.2)

et us take the time derivative of (B.2) in view of (B.1) as follows

̇i = − kie2i + trace
(
W̃iu̇Ψi(u)T ei

)
+ eiδ̇i + εiei

− trace
(
W̃iΓ

−1
wi

̇̂W T
i

)
,

≤ −
1
kie2i −

γwi trace
(
W̃iW̃ T

i

)
+

1
ε̄2
i +

1
(δ̄max

i )2

2 2 ki ki

11
+
γwi

2
trace

(
W ∗

i (W
∗

i )
T ) ,

≤ − ciVi +
1
ki

ε̄2
i +

1
ki
(δ̄max

i )2 +
γwi

2
trace

(
W ∗

i (W
∗

i )
T ) , (B.3)

where we define ci in (14), use the following trace identity

Ψi(u)T W̃iu̇ei = trace(W̃iu̇Ψi(u)T ei) (B.4)

nd the following Young’s inequalities

wi trace
(
W̃iŴ T

i

)
= −γwi trace

(
W̃iW̃ T

i

)
+ γwi trace

(
W̃i(W ∗

i )
T
)

,

≤ −
γwi

2
trace

(
W̃iW̃ T

i

)
+

γwi

2
trace

(
W ∗

i (W
∗

i )
T ) . (B.5)

The solution of the differential inequality (B.3) is given by

Vi(t) ≤ Vi(0) exp−cit +
Di

ci
, (B.6)

where Di is defined in (15). We establish the uniform ultimate
boundedness of ei, W̃i for i = 1, . . . , n from (B.6). It also follows
from (B.2) and (B.6) that

ei(t)2 ≤ 2Vi(t) ≤ 2
(
Vi(0) exp−cit +

Di

ci

)
, (B.7)

from which we conclude (13). ■

Appendix C. Proof of Lemma 2

Substituting (A.1) into (25) and noting (24), we get the follow-
ing error system
̇̃
Ω = − ρyy2f1Ω̃ − ρyyf1Ωh, (C.1)

here

h = −(λ2
f +Ω)(ysshf1 +yinf1 )−λ2

f (y
ssh
f3 +yinf3 )+2λ2

f (y
ssh
f2 +yinf2 ). (C.2)

sing some trigonometric identities, we can express the steady
tate response defined in (A.2) as follows
ssh
fj =

[
sin(ωt + jϕ1 + ϕ̄1) sin(2ωt + jϕ2 + ϕ̄2) · · ·

]
× block diag

[
λf√

(λ2f +4ω2)

λf√
(λ2f +9ω2)

· · ·

]p−j+1

×
[
ā1ω 2ā2ω · · ·

]T
, (C.3)

where āi =

√
a2i + b2i , ϕ̄i = arctan(ai/bi) for i = 1, . . . , q. Consid-

ering the maximum eigenvalue of the block diagonal matrix in
(C.3), we can compute the upper bound of ysshfj

as follows

|ysshfj | ≤

⎛⎝ λf√
(λ2

f + 4ω2)

⎞⎠p−j+1

|δ̇1,h|,

≤

⎛⎝ λf√
(λ2

f + 4ω2)

⎞⎠p−j+1

δ̄max
h ,

≜ ȳsshfj , (C.4)

where δ̇1,h is the derivative of (20) and |δ̇1,h| ≤ δ̄max
h for some

δ̄max
h > 0 for all t ∈ [0, ∞). Let us consider the Lyapunov function

V =
1

2ρy
Ω̃2

+
1
2
(yinf )

TPyf y
in
f , (C.5)

where

P A + ATP = −((λ2
+ Ω)2 + 5λ4

+ ρ )I, (C.6)
yf λ λ yf f f λ
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or any ρλ > 0. The time derivative of (C.5) along with (26), (A.3)
nd (C.1) is given by

̇ ≤ −
βy

2ρy
Ω̃2

−
1
8
y2f1Ω̃

2
−
(
λmin(Qy) − (λ2

f + Ω)2 − 5λ4
f

)
× (yinf )

Tyinf + εω

≤ − cvV + εω (C.7)

with

cv = min

{
βy,

2ρλ

λmin(Pyf )

}
, (C.8)

εω = 6(λ2
f + Ω)2(ȳsshf1 )2 + 6λ4

f Ω
2(ȳsshf2 )2 + 24λ4

f (ȳ
ssh
f3 )2, (C.9)

where we define ȳsshfj
in (C.4), apply the Young’s inequalities for

cross terms and use the property of (a+b+ c)2 ≤ 3(a2 +b2 + c2).
The solution of (C.7) is given by

V (t) ≤ V (0) exp−cv t +
εω

cv
. (C.10)

Then, we get from (27), (28) and (C.7) that

Ω̃(t)2 ≤ 2ρy(t)V (t) ≤ 2ρyu

(
V (0) exp−cv t +

εω

cv

)
, (C.11)

hich concludes (29). ■

ppendix D. Proof of Theorem 3

Recalling the error system (9), the exosystem (31), (32) and the
bservers (37)–(38), the observer error system can be written in
he following cascade form
̇̃ei
̇̃W

]
=

[
−ci hT

L̂ S

][
ẽi
W̃

]
+

[
(Ψi(u)T W̃i)u̇ + δ̇1,hq + εi

S̃W − S̃W̃

]
. (D.1)

et us consider the following Lyapunov function

=
1
2

[ ẽiW̃
]2 +

1
2
trace(W̃iΓ

−1
wi

W̃ T
i ). (D.2)

The time derivative of (D.2) yields

V̇ ≤ − κλ

[ ẽiW̃
]2 + ẽiδ̇1,hq + ẽiεi +

γwi

2
trace

(
W ∗

i (W
∗

i )
T )

−
γwi

2
trace

(
W̃iW̃ T

i

)
+ W̃T S̃W − W̃T S̃W̃,

≤ −
κλ

2

[ ẽiW̃
]2 −

γwi

2
trace

(
W̃iW̃ T

i

)
+

(δ̄max
hq )2

κλ

+
ε̄2
i

κλ

+
γwi

2
trace

(
W ∗

i (W
∗

i )
T )

+
1

2κλ

(qω̃)2
q∑

j=1

(ājjω)2,

≤ − ciVi + Di, (D.3)

where ci,Di, κλ are defined in (41), (42), (43), respectively, by
noting that

W̃T S̃W ≤
κλ

2
∥W̃∥

2
+

1
2κλ

λmax(S̃T S̃)∥W∥
2,

≤
κλ

2
∥W̃∥

2
+

1
2κλ

(qω̃)2
q∑

j=1

(ājjω)2, (D.4)

W̃T S̃W̃ = 0 (D.5)

as well as (B.5). The solution of the differential inequality (D.3) is
given by

Vi(t) ≤ Vi(0) exp−cit +
Di

. (D.6)

ci

12
We establish the uniform ultimate boundedness of ei,W, W̃i for
= 1, . . . , n from (D.6). It also follows from (D.2) and (D.6) that

˜i(t)2 ≤ 2Vi(t) ≤ 2
(
Vi(0) exp−cit +

Di

ci

)
. (D.7)

Note that the closed-loop state observer system after substitution
of the controller (34) to (37) is written as
̇̂ei = −kiêi. (D.8)

Considering the solution of (D.8) as well as the bound (D.7), we
conclude (40). ■

Appendix E. Proof of Theorem 4

By substituting (47) into (46) in view of W ∗

i = W̃i + Ŵi for
i = 1, . . . , n, we get

ż = −Kµaz + µa

⎡⎢⎣Ψ1(u)T W̃1
...

Ψn(u)T W̃n

⎤⎥⎦ u̇ + µaδ̇ + µaε. (E.1)

Consider the following Lyapunov function

Vi =
1
2
z2i +

1
2
trace

(
W̃iΓ

−1
wi

W̃ T
i

)
, i = 1, . . . , n. (E.2)

By taking the time derivative of (E.2) along with (E.1), we get

V̇i = − kiµaz2i + µatrace
(
W̃iu̇Ψi(u)T zi

)
+ µaziδ̇i

+ µaziεi − trace
(
W̃iΓ

−1
wi

̇̂W T
i

)
,

≤ −
1
2
kiµaz2i − µa

γwi

2
trace

(
W̃iW̃ T

i

)
+ µa

ε̄2
i

ki

+ µa
(δ̄max

i )2

ki
+ µa

γwi

2
trace

(
W ∗

i (W
∗

i )
T ) ,

≤ − ciµaVi + µa
ε̄2
i

ki
+ µa

(δ̄max
i )2

ki
+ µa

γwi

2
trace

(
W ∗

i (W
∗

i )
T ) , (E.3)

where ci is defined in (51) and we perform Young’s inequalities
for the following term

µaγwi trace
(
W̃iŴ T

i

)
= −µaγwi trace

(
W̃iW̃ T

i

)
+ µaγwi trace

(
W̃i(W ∗

i )
T
)

,

≤ −µa
γwi

2
trace

(
W̃iW̃ T

i

)
+ µa

γwi

2
trace

(
W ∗

i (W
∗

i )
T ) . (E.4)

Let us multiply the both sides of (E.3) by exp
∫ t
0 ciµa(τ )dτ , then we

get
d
dt

(Vi(t) exp
∫ t
0 ciµa(τ )dτ ) ≤ exp

∫ t
0 ciµa(τ )dτ µa(t)

×

[
ε̄2
i

ki
+

(δ̄max
i )2

ki
+

γwi

2
trace

(
W ∗

i (W
∗

i )
T )] . (E.5)

Integrating (E.5) from 0 to t and multiplying the both sides of the
resulting expression by exp−

∫ t
0 ciµa(τ )dτ , we obtain

i(t) ≤ exp−ci(t+βt2/2) Vi(0) +
Di

ci
, (E.6)

where Di is defined in (52). Then, we conclude the uniform
ultimate boundedness of zi, W̃i. Hence, considering the transfor-
mation (45), we write

e2i (t) =
1
2 z

2
i (t) ≤

1
2 2Vi(t),
µa µa
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f
z
(

R

A

A

G

L

L

M

M

W

Y

Y

Y

≤
2
µ2

a

(
exp−ci(t+βt2/2) Vi(0) +

Di

ci

)
, (E.7)

rom which we conclude (50). Considering the boundedness of
, e, ẏr and noting the transformation z = µae, we prove, from
47), the boundedness of the controller u̇. ■
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