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Prescribed-Time Extremum Seeking for Delays
and PDEs Using Chirpy Probing

Cemal Tugrul Yilmaz

Abstraci—Extremum seeking, an online model-free op-
timization algorithm with traditionally exponential conver-
gence, was recently advanced by Poveda and coauthors
to fixed-time convergence, using honsmooth time-invariant
feedback. In this article, we introduce an alternative time-
varying prescribed-time extremum seeking (PT-ES) ap-
proach to reaching the optimum in a user-assignable “pre-
scribed” time (PT), independent of the initial condition of
the estimator. Instead of conventional sinusoidal probing
signals, we employ “chirpy” perturbations, i.e., sinusoids
with growing frequencies. In addition to providing a re-
sult for a static input—output map, we provide algorithms
for a map in cascade with a delay, a wave partial dif-
ferential equation (PDE), and a heat/diffusion PDE. The
designs are based on the time-varying PT backstepping
approach, which transforms the PDE—-ordinary-differential-
equation cascade into a suitable PT-stabilized target sys-
tem, and on averaging-based estimates of the gradient and
Hessian of the map. Classical averaging does not apply for
the analysis of PT-ES algorithms for four reasons: neither is
probing periodic, nor is the “average system” exponentially
stable, nor is the original system finite-dimensional, nor is
the interval of operation infinite. We develop an averaging
technique needed for this non-periodic finite-time infinite-
dimensional problem. Along with PDE Lyapunov analysis,
we show that the input converges to the optimizer in PT.
We present three numerical examples to illustrate the effec-
tiveness of the proposed technique for delay-free case as
well as for compensation of time-delay and diffusion PDE
dynamics.

Index Terms—Extremum seeking, partial differential
equations, prescribed-time optimization.

[. INTRODUCTION

A. Extremum Seeking (ES) and Prescribed-Time (PT)
Stabilization

XTREMUM seeking (ES), with its model-free nature and
E convergence guarantees, has been a uniquely effective
technique for finding the optima of static and dynamic systems in
real time. Since its proof of stability for ES was developed [19],
this technique has been actively studied in terms of theory and
has been employed in numerous practical applications (see [2]
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and [36] and references therein). In recent years, ES has also
been extended to static maps with time delays as well as with
actuation dynamics governed by different families of partial
differential equations (PDEs), such as diffusion PDE [6], [23],
wave PDE [26], and parabolic reaction—advection—diffusion
PDE [25]. Static map with time delays can be observed in
semiconductor manufacturing, or in many chemical and bio-
chemical processes as discussed in [27]. The developed delay
compensated ES algorithms have been applied to noncooper-
ative games [28] and the traffic bottleneck congestion prob-
lem [41], to name a few. ES schemes with diffusion PDE and
wave PDE compensation are motivated by the examples like the
optimization of the product rate of a tubular bioreactor [6], [32]
and the optimization of the rate of penetration in oil drilling
systems [1], [26], respectively.

More recently, prescribed-time (PT) stabilizing controllers,
whose growing time-varying gains draw inspiration from clas-
sical “proportional navigation” algorithms [10], have been at-
tracting extensive interest because they enable the user not
only to achieve convergence in some finite time but to achieve
it in arbitrary PT, independently of the initial condition and
system parameters. This represents an advantage over asymp-
totic and finite-time stabilization. Results on this subject exist
for both finite-dimensional [11], [34] and infinite-dimensional
systems [4], [5].

ES algorithms with convergence in finite time are only be-
ginning to emerge. With nonsmooth feedback, finite-time con-
vergence is achieved in [8], whereas fixed-time convergence,
in time independent of the initial estimate of the optimizer, is
achieved in [29], [30], and [31]. In contrast to the designs in [8],
[29], [30], and [31], which utilize constant gains and sinusoidal
probing signals, we pursue an alternative approach by employing
time-varying gains and nonsinusoidal perturbations. We call this
approach prescribed-time extremum seeking (PT-ES), empha-
sizing that the optimizer is found in arbitrary time, specifiable
by the user, and independent from the initial estimate of the
optimizer.

B. PT-ES With Chirpy Probing

In this article, we add the following two new ingredients to the
ES toolkit, in order to achieve PT convergence by time-varying
feedback:

1) “chirpy” perturbation and demodulation signals (sinu-
soids whose frequency grows unbounded);
2) tuning gains that grow unbounded.

In implementation, for noise-robustness and numerical, the
gains are “clipped” to some moderately large values, sufficient
for the remaining distance to the extremum at the prescribed
terminal time 7" to be imperceptible.
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Chirpy signals are common in signal processing and radars
due to their unique properties and advantages. Chirpy signals
serve as radar waveforms for high-resolution environmental
probing and the detection of mobile targets [14]. Furthermore,
these signals are also employed in medical ultrasonography
for tissue penetration and the generation of high-resolution
images [9].

In PT-ES, we replace the conventional probing sinusoid,
whose frequency w is constant, by a sinusoid with the argument
w(to + (t —to)T/(to +T — t)). This argument goes to infinity
as the time ¢ approaches the terminal time ¢y 4+ 7T', where 7T is
the prescribed convergence horizon.

Let us recall some terminology about chirpy signals. The first
derivative of the sinusoid’s argument is called the “instanta-
neous frequency” and in our case is given by the increasing
function wT?/(tg + T — t)2. The second derivative is called
“chirpiness,” which in our approach is 2wT?/(tq + T — t)3.

C. Contributions and Organization

To ease the reader into the PT-ES concepts, we begin in Sec-
tion II with a rather elementary result for a static map. We show
how the existing theory of infinite-horizon averaging can be
employed for a stability study in a finite (prescribed) time setting.
In comparison with FXT-ES in [30], which yields a settling time
that is user-assignable only with Newton-based algorithms, to
make the settling times independent of the unknown Hessian,
our use of chirped probing and a time-varying gain achieves a
desired settling time 7" without the estimation of the Hessian’s
inverse and without the Newton approach.

The idea in Section II is extended, in [37], to nonholonomic
vehicles.

In Section III, we take the idea of Section II to delay-
compensated PT-ES, which is inspired by maximizing flow
through traffic bottlenecks [41], and convert the predictor ideas
for infinite-time ES [27] to PT. Already in this section, the rather
complex relation between probing and demodulating chirpy sig-
nals becomes evident, as an interesting problem of an open-loop
“motion planning” type. For more details on “motion planning”
for hyperbolic and parabolic PDEs, refer to [18] and [20].

After giving a not particularly difficult extension from ES
under a delay to ES for the wave PDE in Section IV, in Sec-
tion V, we turn our attention to the much harder problem of
compensating a diffusion PDE in PT, which is motivated by the
melt pool dynamics in additive manufacturing [15]. The “motion
planning” design of a chirpy probing signal for the PDEs is far
more challenging than for the delay in Section III.

Our PT-ES designs are based on a time-varying backstepping
approach for the PDE—ordinary-differential-equation (ODE)
cascade, which maps the cascade into a PT stabilized target
system. We employ a sinusoidal perturbation signal designed
with PDE motion planning to estimate the gradient and the
Hessian of the unknown map. We characterize the solutions
of the time-varying kernels. We prove the PT stability of the
average closed-loop system using a backstepping-based Lya-
punov functional as well as the convergence of the original
system to the average system by applying a developed infinite-
dimensional averaging method. We illustrate the introduced
delay-free, delay compensated, and diffusion PDE compensated
PT-ES algorithms through numerical simulations.

The averaging analysis in Section II and [37] is quite simple
and follows an idea in [16] to employ a time-dilation trans-
formation 7(t) = to + (t — to)T/(to + T — t) from the finite
time horizon [tg,to +T') in the time scale ¢ to the infinite
time horizon [ty, 00) in the time scale 7. Both times start at
7 = t = tg. The time 7 becomes infinite when ¢ — t¢ + 1". The
dilation lets us perform design and averaging analysis, done
for periodic ODEs, in the infinite time 7, while implement-
ing the algorithm and stating its properties in the finite time
tr) =to+ T (1 —to)/(T + 7 —to).

The averaging for the infinite-dimensional systems
in Sections III and V is significantly harder. Employ-
ing the time dilation results in the transport speed
(for the delay) or diffusion (for the heat equation) converging
to zero as the dilated time advances to infinity, destroying
exponential stability of the time-dilated average system.
Therefore, we are forced to develop an averaging method for
our infinite-dimensional and not necessarily periodic systems,
with not necessarily uniformly bounded right hand sides, over
an arbitrarily long subset of the time interval ¢ € [tg,tg + T).
In the process, we treat the argument ju(t) = T/(to + T — t),
in chirpy sinusoid sin(w(to + (t — to)u(t))), as a state of the
system rather than as a time-varying signal.

This article is a journal version of our conference papers [39]
and [40]. In addition to their integration, added simulation
results, and proofs absent from the page-limited conference
papers, the journal version also adds a design for the wave PDE, a
simplified, more readily implementable design for the heat PDE,
and a new averaging method for infinite-dimensional systems,
inspired by [3, Th. 5.16].

Notation: The partial derivatives of a function w(z,t)
are denoted by Jyu(x,t) = Ou(x,t)/0x and Jwu(x,t) =
Ou(z,t)/0t. The spatial L3[0, D] and H; [0, D] norm of u(z, t)
denoted by |[u(-,t)[17,00.p = fOD u?(x,t)dw

(s )11, 0.0y = a2, 0.0y + 119et( DIZ, 0.
respectively. The real part of a complex number z is denoted
by Re{z}. Lfca)(~),Jm(~) and I,,(-) denote the generalized
Laguerre polynomial, Bessel function, and modified Bessel
function of the first kind, respectively, which are defined by the

following formulas: L(a)( ) = Z:f_o(l;;—i_ (:) (_ﬁ)r s JIm(p) =

are and

(=D (p/2)m+2F
2okm0 R

/2 m+zk

, and I, (p) = 3772, El(k+m)!

II. BAsic PT-ES FOR STATIC MAP

The main objective of scalar PT-ES is to find the optimum
of the unknown static map Q(6) in a PT by employing har-
monic excitation to the input § € R, and extracting the gradient
information G from the output response y € R. Regarding the
structure of the unknown static map, we assume the following.

Assumption 1: The unknown nonlinear static map has the
following quadratic form:

Q) =y + = (9 0")? €))
where y* € R and 6* € R are the unknown optimum output and
input value, respectively, and H < 0 is the unknown Hessian of
the static map Q(0).

We illustrate the basic procedure of the PT-ES scheme in
Fig. 1. Tt is clear from (1) and Fig. 1 that the output signal y(t)
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9 = (—wny + why)p?
Y =Y =Y

0= kG |<L| G = (—w G+ wA)p?

S(t, ) M(t, p)
Fig. 1. Basic PT-ES scheme.
is written as follows:
* H *
y(t) =y + S (0(t) —07)*. @

We define the following dilation and contraction transforma-
tions:

T=ty+ (t—to)u 3)
T(T - to)
t =ty + ———=— 4
L r— @
with the following smooth function:
T
) = —— 5
) = 75— )

fort € [to,to + T') and T € [to, 00), where t is the initial time
and T is the PT. The dynamics of the blowing up function (5) is
given by

R

o= Fh (6)

In general, the perturbation signals S(t) and M (¢) are chosen

as asin(wt) and 2 sin(wt) in order to ensure the exponential
stability of the averaged error dynamics. To achieve PT conver-
gence to the extremum, we replace the sinusoids with “chirpy”
perturbation and demodulation signals whose frequency grows
rather than being constant

S(t, 1) = asin (w(to + (t — to)w)) 7
2,
M(t,pu) = —sin (w(to+ (t —to)p)) - (8)
We summarize closed-loop system depicted in Fig. 1 as follows:
J 6 ku*G
7 |G| = |~ewGrwply—y =Mt p) | O
Ui —wn G + wnp (y — ")
in view of the transformations
0=0-06" (10)
n=y-y (11)

where 0 is the estimate of 0, 0 is the estimation error, and y; is
governed by

i = —wni®yr + wapy.
Let us note that § = 6§ + a sin(w(to 4 (¢ — o)), which yields
60— 6" =0+ asin(w(ty + (t — to)u)). Then, we can rewrite
the output signal (2) as follows:

H /- . 2
Y(t ) =y + 5 (0+asin(wto + (t = to)n))) -
Considering (3) and (4) along with
dr 9

@

we can write the system (9) in the dilated 7-domain

d

el Gl ol
EG™
_ | —wiG® + wy {ZI <9~°C + asin (w7))2 - ﬁ} 2 sin(wr)
—wpJP° +wp <9~°° + asin (w7))2
12)
where
[6>(r) G>(r) 5°(7)]
=[0(+7510) @ (o r) (ot )]
The averaging of (12) yields
g [0 KRG
e iogg = ~QO_WZG;?/H+ gJOiHQGQf, . (13)
Yl av —Whlly twng (030)° +wpa® 3
where 5;37 Gavs and g5, denote the average versions of the

states 9~°°, G*°, and g;°. We obtain the equilibrium of the aver-
Giowe] = [0 0 Ha?/4].
The Jacobian of the average system (13) at the equilibrium

age system (13) as [0* G,

00
av,e av,e

0% . Gxe Qﬁv7e} is given by
0 k 0
Jav7e = WZH —wj 0
0 0 —Wh

which is Hurwitz. Then, we deduce the local exponential stabil-
ity of the average system (13) in 7-domain, 7 € [tg, 00) as well as
the local stability of the system (9) in ¢-domain, ¢ € [tg,to + T').
The following theorem concludes the properties of the basic
PT-ES scheme depicted in Fig. 1.

Theorem 1: Consider the system in Fig. 1 and the transfor-
mations (3) and (4) under Assumption 1. There exists w* >
0 such that Vw > w*, the feedback system (12) with states
0°°(1), G*(7),77°(7) has a unique PT stable solution in -
domain, denoted by 0" (o + (t — to)u), G (to + (t — to)p),
G (to + (t — to)p), where 0" (1), G (), and §/'(7) are the
unique exponentially stable periodic solutions in 7 of period
IT = 27 /w satisfying V7 > tg

<’§H (T)‘2+|GH (T)}2+|§H (T)—Ha2/4|2) v <0O(1/w)
. < .

t—to+T

(14)
Furthermore
ngr}rTsup |0(t) — 0" = O(a+ 1/w) (15)
lim _sup |y(t) - y'| = O(a® + 1/w?). (16)
0

Proof: By the application of the averaging theorem [13] to
(13), we prove the existence of unique exponentially stable
periodic solutions of (12), (), G!(r), and §*(7), which
satisfy (14). Performing the time contraction 7 — ¢ in (14), we
deduce the PT stable solution of (9). Then, we can write

lim sup |6 (7)|?
T—00
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y(t)
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Delay-free
.

Time[s]

Fig. 2. Performance of the delay-free PT-ES.

= Tli_r>rolosup {|§°°(7') + éH(T) - éH(T)F}
< V2 lim sup {0 () = 0" (r)* + 0"() *}
=0(1/w)

by noting (14) and recalling that 6%°(7) — 0(7) as 7 — oco.
Considering the property of 0°°(7) — §* = 0°°(7) + asin(wT)
and performing the time contraction 7 — ¢, we get (15). Con-
sidering (2) and (15), we conclude (16). |

Example 1: [Numerical simulation (delay-free)] We consider
the following static quadratic map:

QO) =5— (0 —2).

We assume that the map (17) is measured with no delay. We
select the perturbation signal parameters a = 0.2, w = 10, the
initial time ¢y = 0, the terminal time 1" = 40, and set all initial
conditions to zero. The cut-off frequencies of the high-pass
and low-pass filters are w; = wy, = 5. We implement the basic
delay-free PT-ES algorithm with the gain k£ = 0.01, the time
step 10~* and show the result in Fig. 2. It is clear that the
output signals oscillate with the frequency, which grows over
time and converges to the neighborhood of the extremum in
the PT.

Remark I1: The utilization of chirpy signals and time-varying
gains in the ES loop offers distinct advantages over the use of
existing sinusoidal perturbations. In addition to enabling conver-
gence within user-defined time interval, the introduced PT-ES
also provide enhanced robustness against dynamic variations of
extrema and external disturbances. For an in-depth discussion
on the performance of classical ES and PT-ES concerning the
problem of source seeking by a unicycle in the presence of
destabilizing drift, interested readers can refer to [37].

Remark 2: The application of our PT-ES approach to a physi-
cal system presents a significant challenge due to the presence of
the blow-up gain p. In order to address this concern, a pragmatic
approach involves “clipping” the function g to feasible large val-
ues that enable convergence to a sufficiently close neighborhood
to the extremum. Regarding the numerical implementation of
a delay-free PT-ES approach for a unicycle, the incorporation
of a saturation function to restrict the growth of p is detailed
in [37].

a7)

S(t+ D,n(t+ D))

_________________________ 1
Prescribed-time Delay Compensation Controller

Fig. 3. PT-ES scheme with delay compensation.

lll. PT-ES WITH DELAYS

In this section, we consider the case that the output y(t) has
a known and constant delay D € R, i.e.,

y(t) = QO — D)). (18)

Note that the static map @Q(6) allows us to write the delay D as
D =D, + D,,where D, and D, are the delays in the actuation
and measurement path, respectively. Our aim is to design a scalar
PT-ES, which compensates the delay and stabilizes the output
signal y(t) around a small neighborhood of the extremum in the
PTT > D. In addition to Assumption 1, we make the following
assumption regarding the bound of the Hessian.

Assumption 2: The lower bound of the unknown Hessian of
the static map, H < H, is known.

Considering Assumption 1, we can write the output of the
static map as follows:

y(t) =y + 56— D)~ ). (19)

Fig. 3 illustrates the closed-loop ES with PT delay compensation
controller, which is to be designed.

Remark 3: We incorporate modified high-pass and low-pass
filters into the delay-free ES scheme depicted in Fig. 1. These
filters are specifically designed to smooth the estimates of the
gradient G(t) and Hessian estimate H (t) over a predefined time
interval. However, the integration of these filters into the ES
loop in Fig. 3 and the temporal transformation from ¢ € [0, T)
to T € [to, 00), results in a nonlinear evolution equation, which
requires more rigorous analysis as pointed out in [21]. Due to
the page limitations, the ES schemes and numerical simulations
presented in this section, as well as subsequent sections, do not
incorporate these filters.

A. Perturbation Signals and Gradient/Hessian Estimates

In this subsection, we define the signals introduced in Fig. 3.
We introduce the following estimator:

0(t) =0(t) —asin (w(to+ (t+ D —to)u(t+ D))) (20)
for t € [to + D,to +T) and 6(t) = 6y € R for t € [to, to +
D). We define the delayed parameter estimation error as follows:

d(t) = 6(t — D) — 6" (21)
fort € [to + D, to + T + D). Considering (21) and using the
technique in [17], we can write the following transport PDE:

I(t) = u(0,) (22)
opu(x,t) = Oyu(w,t) (23)
a(D,t) = (t) — 0 (24)
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where the solution of (23) and (24) is given by @(x,t) =
O(t +  — D) — 0*. Let us define an infinite-dimensional state
n: 2 — 2, where 2" :=R x R x Ly[0, D] x R, by

. 1T
U(t) = ﬂ(t)a N(t)v ’fL(-,t), e(t) (25)
Then, we rewrite the output signal (19) using (20) and (21) in
the following form:
H
Y(t,n) =y + 5 (0 +asin(w(to + (t = to)p))*  (26)

fort € [to+ D, to + T + D). Moreover, one gets from (20) and
Fig. 3 that
0(t) = 0(t) + S(t + D,n(t + D))
where the perturbation signal is
S(t+ D,n(t+ D))

= awcos (w(to + (t + D — to)u(t + D))) u*(t + D)
fort € [to + D, to + T). The final step before proceeding to the
controller design is to generate the estimate of the gradient and
Hessian as follows:

G(t,m) = M(t,n)Y(t,n) 27
H(t,n) = N(t,n)Y (t,) (28)
with the following multiplicative excitation signals:
2 .
Aﬂtn%=g$HWUo+@—¢MHD (29)
8
N(t,n) = — — Cos (2w(to + (t —to)p)) - (30)

Lemma 1: The averaged version of the gradient (27) and
Hessian estimate (28) are given by

Gav(t,n) = HY
]:Iav(t, n) = H.
Proof: Considering (4), let us define

G(r,™(7) =G <to+mm (tO " T(_tO)))

9%(7) = d(to + T(7 — to) /(T + 7 — to)

and compute (27) and (28) along with (26), (29), and (30) in
T-domain as follows:

2
G*(r,n>) = - sin(wT) [y* +

(€19}
(32)

H o0 : 2
5(19 + asin(wT)) } ,

ﬁw(T, n>*) = — 5—2 cos(2wT) {y* + E(19OO + aSil’l(UJT))2:|

2

from which we conclude that their average with respect to 7
over the period 27 /w treating 9> as constant are computed

as G2 (1,1°) = HY>®, HX(1,1>) = H. Performing the time
contraction 7 — t, we prove (31) and (32). [ |
B. Controller Design
Let us take the derivative of (22)—(24) as follows:
D(t) = u(0,t)
Opu(z,t) = Oyu(x,t)

(33)
(34)

u(D, 1) = (1) (35)

where u(z,t) = Oyu(x,t). Following the technique discussed
in [17], we consider the following backstepping transformation:

w(z,t) = u(w,t) + kp*(t + . — D) (19(75) + /Ow u(y, t)dy>

(36)
which maps (33)—(35) into the target system
I(t) = — kp?(t — D)I(t) + w(0,t) (37)
Opw(z,t) = O,w(x,t) (38)
w(D,t) =0 (39)

where k& > 0. By letting = D in (36), we obtain the controller
as follows:

0(t) = —kp2(t) (ﬁ(t) + /0 ’ u(y,t)dy> .

The implementation of the controller (40) is not possible since
there is no measurement of (). To achieve this, let us define
k = kH where H < 0 is the unknown Hessian and the gain
k < 0 is assigned by the user. Considering Lemma (1), we can
rewrite the controller (40) in terms of (27) and (28) as follows:

(40)

0(t) = H(t,n())Q(n() + Gt P(n(t))  (@D)
where
D
Qun(t) = — kp(1) / dya(y, t)dy
= —ket(t) (00 —0¢ - D)) @)
P(n) = — kp®. (43)

In (42), we use the fact that d,u(y, t) = u(y,t) = 0(t + y —
D) and 0,0(t+y— D) = 0,0(t +y — D). Let us substitute
(27) and (28) into (41). Then, we obtain the following closed-
loop error system:

9(t) = @(0, 1) (44)
Ovu(x,t) = O, u(x,t) (45)
u(D,t) = 6(t) (46)
6= — kHp20 + sin (w(to + (¢ — to)u)) f1(n)

— cos (2w(to + (t — to)u)) f2(n)

—sin (3w(to + (t —to)p)) f3(n)
T eos (dulto + (t — to)) fulp) (47

where

nm =P |2+ 202 22 [ 0] aw)
o) = POIEEO] + QU [211 + 254 T o)
) = POy | 2] + @) | 570] (50)
fa(n) = Q(nH (51
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Compensated
Uncompensated

0 5 10 15 20 25 30 35 40 45
t[s]

Fig. 4. (a) Performance comparison of the delay-free PT-ES and the
delay compensated PT-ES in the presence of delay. (b) Evolution of the
input 6(t), the estimate 6(t), and the optimum input 6* under the delay
compensated PT-ES.

C. Numerical Simulation (With Delay)

We return to Example 1 and consider the map (17). We select
the parameters a, the initial time ¢¢, the terminal time 7', and
the initial conditions as in Example 1. We choose w = 80. We
assume that the measurement y(t) is subject to a known delay
D = 5. We implement the delay-compensated PT-ES (41) with
k = —0.01. In Fig. 4(a), we compare the performance of the
basic delay-free PT-ES and the proposed delay-compensated
PT-ES in the presence of delay. One can see that the proposed
PT-ES algorithm compensates the delay and ensures conver-
gence of the output toward a vicinity of the extremum point y*,
whereas the basic PT-ES that ignores the delay cannot achieve
the convergence. In Fig. 4(b), we present the evolution of relevant
variables under the proposed scheme.

D. Stability Analysis

The main theorem is stated as follows.

Theorem 2: For T' > D arbitrarily close to T, there exists
some w*(T"), where w*(T) — oo as T — T, such that Vw >
w*(T), the error system (44)—(47) satisfies

imsup ([9(0)]+ a( Dl ap,0) = OLfw)  (52)
t—to+T+D
and
limsup |0(t) — 0°| = O(1/w). (53)
t—to+T
Furthermore
limsup [0(t) — 6"] = O(a + 1/w) (54)
t—to+T
limsup |y(t) — y*| = O(a® + 1/w?). (55)
t—to+T+D

Proof: Step 1. (Averaging operation): Let us define a linear
operator o : D(«/) C 2" — 2 by

(t) = [0 o

T
da(-t)
dx Oi|
and the domain

D) ={ [9(0), (1), (-, £), 0] € 2 (D, ) =0()~0"}

We can write the derivative of the infinite-dimensional state
vector (25) as follows:

7.]7: an+J (thfi)
fort € [to + D, to + 1] where
J(wt,n) =[0 Fp* 0
with
flwt,n)
= sin (w(to + (t — to)u)) f1(n) — cos (2w(to + (t — to)))
x fa(n) = sin (3w(to + (¢ — to)u)) f3(n)

(56)

—kH20 + f(wt,n)]”

+ cos (4w(to + (t — to)u)) fa(n). (57)
Let us define the following averaged system:
Ny = @ Nav + Jav (Tav) (58)

where

Jav () =

= [O %/ﬂ 0 —kHu2§]T
Inspired by [3, Th. 5.16], we write the weak for-
mulation of (56) by adding and subtracting the term
<ftt0+D Jav(n(5))ds, <p>, where (-, -) stands for the inner prod-
uct on 2, as follows:

(n(t),0) = (nlto + D), o) + /

to+D
+ /
to+D

(
i </t:+D (ws,n(s)) = Jav(n(s))] dS,so> (59)
)

withn(tg + D) € Z forall p € dom(7*) with «7*, the adjoint
operator of <7. Let us denote the final term of (59) by R(¢) and
define o =w(s —tg — D), (o) =n(o/w +to + D). Then,
we write

w(t—to—D)
R(t) = <1 / J. <o,ﬁ<a>>da,so> (60)

t

(n(s), o p)ds

e))ds. )

where

=0, 0, 0, 0 f@np]  ©D
and g = o + w(tp + D). It follows from the second line of (42),
(43), (48)—(51), (57), and (61), that J.(o,7) is a continuous
function of 7). Let us assume for now that ||7|| 2~ < C for some
Cy >0 for all o € [0,w(T — D)], where || - || 2 denotes the
induced norm of Z". Let us compute the upper bound of (60) as
follows:

1 _
IRl = ~3(D)llellr (62)
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where
B w(t—to—D)
0(T)= sup sup / Je (0,7) do
177]| 2 <C to+D<t<to+T Py
(63)
Consider (57), (61), and (63) and note the following fact:
w(t to D) 9
/ sin (ks (0 + w(to + D))ji + bs) do| < —
0 ksfi
for any ks € RT, ¢5 € R. Then, from (62), we get
IR(t)]| 2 = O(1fw)  Vte[to+Dito+T]  (64)

forall w > w*(T) > &(T). Then, we conclude that 7(t) in (59)
becomes a weak solution of (58) as w — oo and

17(8) = Nav (D[22 = O(1/w) Yt € [to+ D, to +T] (65)
forallw > w*(T). From (58), we obtain the average PDE system

D () = Ty (0, 1) (66)
Opliay (2,1) = Opliay(x,t) (67)
Tay (D, 1) = Oy (1) (68)
Oy = — kH 0. (69)

Step 2. (Stability analysis): 1t is obvious from (69) and (66)
that 0, (t) — Oast — to 4+ Tand ¥,y (t) = Bay (t — D) — Oas
t — to+ T + D, respectively. Let us define the norm W (t) :=
[|tay (-, t)] |2L2[07 py and take its derivative as follows:

D
W) = /0 —92(t+ @ — DY, (w, t)dx
< —2u*(t — D)W (t).

It follows from (70) that
<e —2T(u(t-D)— 1)||uav

(70)

||aav( ’ )||L2 0,D] ( tO)H2L2[0,D}
from which we can conclude that ||ty (-, t)||1,0,p] — Oast —
to+T1+ D.

Step 3. (Convergence to a small neighborhood of the ex-
tremum): Recalling 93, (t) + ||Tav (-, 1)|[7 10 p) — 0 as ¢t —
to + T, we prove (52) from (65). In view of the fact that 6, (¢) —
Oast — tg + T, we show (53) from (65). Considering (10) and
(20), we get the relation 6(¢) — 6* = 0(t) + asin(w(ty + (t +
D — to)u(t + D))) and prove (54). Finally, from (26) and (52),
we prove (55). [ |

IV. PT-ES FOR WAVE PDESs

In this section, we consider the following cascade of a wave
PDE and ODE (integrator) with Neumann interconnection

O(t) = d,(0,1) (71)

Opra(x,t) = Oppar(,t) (72)

a(0,t) =0 (73)

dpa(D,t) = 0(2) (74)

where (z,t) € [0, D] X [to,to + T). The reason why we deal

with this particular case of wave PDE dynamics is that we
can reformulate this wave PDE compensation problem as the
compensation of the cascade of two transport PDEs and an
ODE using a set of transformations, which allows us to use the
procedure presented in Section III for the reformulated cascade

system. Fig. 5 illustrates the closed-loop ES with actuation
dynamics and PT wave PDE compensation controller, which
is to be designed. The integrator at the output of the PDE is
leveraged to generate an estimate of the optimal input, ©*, of
the unknown static map Q(©). The output of the static map is
given by

H
y=y+5(0-67". (75)
This problem is motivated by an optimization challenge en-
countered in oil drilling systems. In these systems, the goal is
to maximize the rate of penetration until a specific threshold,
referred to as the “foundering point,” is reached. Beyond this
threshold, the rate of penetration decreases, resulting in cutter
damage and energy wastage, as discussed in [1]. Furthermore, it
is demonstrated that a convex static mapping exists between the
input (weight on bit) and the output (rate of penetration) with
input dynamics represented by the wave PDE-ODE cascade.
The task of optimization within a specified time frame could be
one of the potential challenges in these systems.
Let us define the following estimators in order to find the
optimal unknown actuator ©*:
O =0 —asin (w(tg + (t —to)p)))
t
0(t) =0(t) = | S(o,n(0))do.
to
In [26], the dither signal S(¢,n) is designed such that S(¢)
at the input of the wave PDE produces a sin(wt) at the output.
Similar to this idea, since we want to achieve the PT stabilization,
we design the following PDE system to obtain the “chirpy”
probing signal a sin(w(to + (t — to)w)) after the integration of
the output of the wave PDE:

(76)

(77)

S(t,n(t)) = 0.8(D, t) (78)
OupB(z,t) = mﬂ(x t) (79)
p(0,t) = (80)
2B(0, 1) = aw cos (w(to + (t — to)u(t)) w*(t) (8
Where
. AT
nt) = [0), we), atn, 00 6
and @(+,t) is to be defined. The estimation errors at the input
and output of the actuator dynamics can be defined as follows:
0=0-0" (83)
V=6-0" (84)
Let us define the following error system:
9(t) = 0,u(0,1) (85)
w(0,t) =0 87)
dpu(D,t) = 0(t) — O (88)
in which the time derivative is given by
D(t) = dpu(0,1) (89)
attu(xa t) = azzu(xﬂ t) (90)
u(0,t) =0 91)
a,u(D,t) = B(t) 92)
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o Y(t,n)

ez, t) = Oppar(z,t) & t 1

Q)

M(t,n)

Prescribed-time Wave PDE Compensation Controller

Fig. 5.

by noting that wu(x,t) = diu(x,t) = a(z,t) — B(x,t) for
(z,t) € [0, D] x [to, to + T'). Considering (76), (82), and (84),
we can rewrite the output as follows:

Y(tn) =y + 5 (9 +asinfwlio + (1~ to)p) . (O3)

Note that G(t,n), H(t,n), M(t,n), and N(t,7) in Fig. 5 have

the same form as in (27), (28), (29), and (30), respectively.
Lemma 2: The solution for S(t,n(t)) in (78) is given by

[o¢]
1 " -
S(t,n) = Re{ Zawﬁu%”(zk)!eﬂ (to+(t—to)pm)
x LY (~(Tjw)p)

k=0
D2k
(2k)! }
fort € [to, t() + T)

Proof: We can consider (78)—(81) as a trajectory generation
problem. Following the approach in [18, ch. 12], we search for
the solution in the following form:

= Z ak(t)xfk
k=0

where the time-varying coefficients ay,(¢) are determined from

(94)

95)

(79)—(81). From (80) and (81), we obtain
ap(t) =0 (96)
ax(t) = awcos (w(to + (¢ — to)u(t))) p(¢)
— Re {awea‘w<to+<t—to>u<t>> ;ﬂ(t)} , ©7)

By substituting (95) into (79), we get the following recursive
relationship:

Ak+42 (t) == dk (t) (98)
which implies that ay () = 0 from (96). Considering (98) in
view of (6), we can compute agy 1 for k = 1,2 as follows:

ealt) = Re {awo gz 0 (T (0) + ST j(t) + 0

XeJ‘W(to+(t*to)u(t))}

oa(t) = Re {1 (0) () () + 2007300

+120(Tjw)?p?(t) + 240(T jw)p(t) + 120)

Xejw(to-i-(t—to)u(t))} ,

ES algorithm that compensates the wave PDE actuation dynamics in PT.

The iterative computations lead to the following recursive pat-
tern:

1 ,
anes (1) = Re{awwu%”(t) (Zk)!eyw(to+(t—to)u(t))
< L) (~(Tiwn(0) |. 99)

Substituting (99) into (95), we get

B(x,t) = Re{ > awﬁpzk“(t)(Zk)!ej‘”(t“(t’to)”(t))
k=0

1 x?k—‘rl
X Lgk) (—(Tjw)pu(t)) (2k+1)'}

which blowsup att = ¢y + T'. By taking the partial derivative of
(100) with respect to = and evaluating at x = D, we get (94).1

Next step is to convert the wave PDE-ODE cascade (89)—(92)
to a cascade of two first-order transport PDEs convecting in
opposite directions by performing the following Riemann trans-
formations:

(100)

((x,t) = Opu(z,t) + Opu(z,t)
w(x,t) = Owu(x,t) — Opu(x,t).
Then, the system (89)—(92) is reformulated as

d(t) = C(0,t) (101)
hw(z,t) = — 0x0(, 1) (102)
w(0,t) = —¢(0,1) (103)
0C(w, ) = 0:C(x, 1) (104)
&(D,t) = 0(t) + du(D, t). (105)

Let us employ the following backstepping transformations:

2(z,t) = {(2,t) + kp*(t + = — D) [19(15) + /033 C(yj)dy]

p(z,t) = @(x,t) — kp*(t — 2z — D) [ﬂ(t) + /Om w(y, t)dy]

106

which map (101)—(105) into the following target system: "
I(t) = — kp?(t — D)I(t) + 2(0,1) (107)

Oz(x,t) = wz( t) (108)

z(D,t) = (109)

2(0,8) = —p(0,1) (110)
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atp(mvt) = - mp(l‘,t). (111)

Let us set x = D in (106) and derive the controller as

D
b0 = ~ ko) 000+ [ Cl0y] - a0 1)
0
For the implementation of the controller, we replace (112) by
0(t) = — k(1) [G(t 1) + F (¢, (1)) (008) + (D )

—6(t — D) —u(D,t — D))} —ou(D,t)  (113)
for k < 0, where we use the solution (z,t) = 0(t + = — D) +
Oru(D,t + x — D) from (104) and (105) and apply the integra-
tion by parts. Due to space constraints, we limit our attention
only to the derivation of the controller 0 (t) for this problem. A
detailed stability analysis is omitted since it can be performed
similarly to the proof of Theorem 2.

V. PT-ES FOR DIFFUsION PDEs

‘We consider actuation dynamics governed by a diffusion PDE
with an integral at its output

O(t) = 9,00, 1) (114)
Ora(x,t) = moc(m,t) (115)
a(0,1) = (116)
dpa(D,t) = 6(t) (117)

where (z,t) € [0, D] x [to,to +T). This ODE-PDE cascade
with Neumann interconnection arises in Stefan models of ther-
mal phase change [15], although in this article, we limit our
attention to a linearized version on a fixed spatial interval. The
compensation of Stefan PDE by ES has been recently considered
in [7] without any time constraint. The diffusion PDE with Neu-
mann actuation is also applicable to tubular reactors (see [18]
and [32], and references therein). ES has also been shown to
be a useful tool for optimizing the reactor exit components at
a steady state [12]. The compensation of input dynamics and
optimization within a specified time frame could contribute to
enhanced reactor performance.

A. Perturbation Signal

We need to redesign the perturbation signal S(¢,7), which
can compensate the diffusion process as well as the integrator.
Let us define this trajectory generation problem as follows:

S(t,n(t) = 815(D t) (118)

( t) = (120)

1 3(0,1) = aw cos (w(to + (t — to)p(t)) p*(t)  (121)

for( t) € [0,D] x [to,to +T), where n: 2" — 2, 2" =
]RxRle[ , D] x R, is defined by

00 =[00), w@), o, 6] a2

and u(-, t) is to be defined. Similarly to the proof of Lemma 2,

the explicit solution for S(t, n) in (118) is obtained by
S(t,m)

L aw i _ 1 , D*

= Re{ Z ﬁukﬂk!d (to+(t to)uL](c ) (=(Tjw)p) (Zk)'}
k=0

which diverges to infinity as t — to + 7. Let us define the

following error system:

I(t) = 0,u(0,t) (123)
oru(z,t) = Ogppui(x,t) (124)
a(0,t) =0 (125)
dpu(D,t) = () — ©* (126)
in which the time derivative is given by
J(t) = dyu(0,1) (127
Opu(z,t) = Oppu(x,t) (128)
w(0,t) =0 (129)
d,u(D,t) = B(t) (130)
by noting that wu(x,t) = diu(x,t) = a(z,t) — B(x,t) for
(z,t) € 0, D] X [to,to +T).

B. Controller Design and Error Dynamics

Consider the PDE-ODE cascade (127)—(130) and use the
backstepping transformation

wa, t) = ulz,t) / " gy, uy, Ody — (1) (1)

(131)
for (z,t) € [0, D] x [to,to + T') with the kernels
atq(xv Y, t) = 81@Q(xa Y, t) - ayy(I(xv Y, t)
— pop®(H)q(z,y,t) (132)
q(z,0,t) = y(x,1) (133)
T
q(z,z,t) = — §u0,u2(t) (134)

for t € [to,to+T), (x,y) € T ={(z,y) e R*|0<y <z <
D} and

0ey(2,1) = Ouary(2,t) — pop®(t)y(z, 1) (135)

7(0,t) =0 (136)

8uv(0,t) = — kp?(t) (137)

for (z,¢t) € [0, D] x [to, to + 1), which transforms (127)-(130)
into the target system

I(t) = — kp(#)9(t) + d,w(0, ) (138)

Opw(z,t) = Oppw(z,t) — pop® (t)w(w,t) (139)

w(0,t) =0 (140)

dyw(D,t) =0 (141)

with k, 1o > 0. By taking the partial derivative of the backstep-
ping transformation (131) with respect to x, and evaluating at
x = D, we get the controller as follows:

. D
6(t) = o(D, D, tyu(D, 1) + / Beq(D, . tyuly, t)dy

+ 9,y(D, t)d(t). (142)
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Note that we impose the time-varying damping, which blows
upatt = tg + T, to (139) and recover the PT-stabilization rather
than exponential stabilization, which is to be proved in Sec-
tion V-E. However, the controller (142) is not implementable be-
cause 1¥(t) is not directly measured. Considering the averaging-
based estimates (31) and (32) and noting 0,u(x,t) = u(x,t),
we can redesign the controller (142) as follows:

0 = H(t,)Q(n) + Gt MP) + Rn)  (143)

where
D
~ [ 2Dy 000ty 1y
0

P(U) = 8w70(D7t)

(144)

D

R(n) = ¢-(D, D, t)d,u(D, 1) +/ 92qr (D, y, t)0ru(y, t)dy
0

(145)

and G(t,n), H(t,n) have the same form as in (27) and (28),

respectively, with

5th(90, Y, t) = ach(x, Y, t) - 6yy‘]c($7 Y, t)

— top*(t)ge(,y, t) (146)
qc(z,0,t) = ve(z,1) (147)
qe(z,2,t) =0 (148)

and

04 (2, Y, 1) = Opar (%, Y, 1) — Oyyr(2, Y, 1)

— pop® ()qr (. 1) (149)
¢r(x,0,) =0 (150)
4. (,0,t) = = Spon’ (1) (151)

and
Bye(,t) = Dparye(,) — props® (t)ye(, 1) (152)
7.(0,) = 0 (153)
D27e(0,1) = — kp(t) (154)

by choosing k = kH, where H < 0 is the unknown Hessian and
the gain k& < 0 is assigned by the user. Let us substitute (27) and
(28) into (143) and substitute the resulting expression into (130).
Then, we obtain the following closed-loop error system:

( ) =0, u(O t) (155)
ﬂ( ) ): (157)
0, u(D, t) = O(t) (158)

. D
0 =4(D.D.)0u(D.t)+ | 0sa(D.y. k(.1

0

X dy + 0.7(D, )0 + f(wt,n) (159)
for (z,t) € [0, D] x [to,to + T'), where f(wt, 7)) has the same

form as in (57), f1, fa2, f3, and f4 are as in (48), (49), (50), and
(51), respectively, except that Q(n), P(n) are defined in (144)
and (145), respectively.

Itis worth noting that the solution to kernels with time-varying
diffusion coefficients is addressed in [33]. These results are

then extended to a more general setting in [22], in which the
diffusion coefficient varies with both time and space. However,
the solution of our kernel PDEs require a significantly different
treatment due to the blow-up characteristics of the diffusion
coefficient, as well as boundary conditions that differ from
those in the aforementioned articles. The solutions of the kernel
PDEs (146)—(148), (149)—(151), and (152)—(154) are given in
Appendix A.

C. Inverse Transformation

The invertibility of the transformation (131) needs to be shown
to analyze the stability of the original system (127)—(130). It is
given by

u(e.t) = w(et) + [ playitiuy tdy + L 9(0)
0
for (x,t) € [0, D] X [to,to + T') with the kernels
atp(xa Y, t) = 819329(55, Y, t) - ayyp(a?, Y, t)

+ o (D)p(, v, 1) (160)
p(x,0,t) =T(z,1) (1el)
plz,@,t) = — *MOM 2(t) (162)
fort € [to,to+T), (z,y) € T and
0L (2,t) = OpoT (2, 1) + kH i (H)T (2, 1) (163)
[(0,¢) =0 (164)
0,1(0,t) = — kHp?(t) (165)
for (z,t) € [0, D] x [to,to + T'), which transforms the target

system (138)—(141) into the original system (127)—(130). The
solutions of the inverse kernel PDEs (160)—(162) and (163)—
(165) are given in Appendix B.

D. Numerical Simulation

We again return to Example 1 and consider the map (17)
with same parameters (except w) and initial conditions and
consider the coupled diffusion PDE-ODE dynamics (114)-
(117) with the domain length D = 1. We choose w = 100,k =
—0.01, and pp = 0.01. The simulation of the diffusion PDE
(115)—(117) is carried out by the Crank—Nicholson method,
where we use grid size N = 50 in space and time step At =
10~%. The kernel (146)—(148) is numerically computed by the
proposed successive approximation formulas, where the time
derivative of the kernels are computed numerically. In Fig. 6,
we depict the evolution of the input signal ©(¢) and estimate
O(t) with respect to time under the effect of the diffusion PDE
compensated PT-ES.

E. Stability Analysis

The main theorem is stated as follows.

Theorem 3: ForT > 0 arbitrarily close to 7', there exists some
w*(T), where w*(T) — oo as T — T, such that Yw > w*(T),
the error system (155)—(159) satisfies

limsup ([9(t)] + [[a(-, )] 10,07 + 1023(, )] [0, D)
t—to+T

+o(t) - ©') = 0(1/w) (166)
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following average PDE system from (170)
Day (1) = Ogtiay (0,1) (172)
Opttay (2,1) = Opglay (z,1) (173)
Uay(0,2) =0 (174)
D
0.1 (D) =a(D. D s (D) + [ 0sa(D.yt)
0
X Uay (Y, 1)dy + Opv(D, t)0av () (175)
for (x,t) € Ta.
! ‘ ‘ ‘ ‘ ‘ ‘ Step 2. (Backstepping transformation): The backstepping
0 5 10 15 20 25 30 35 40 transformation
t[s] @
| o .y  wle ) =)~ [ gl Oy~ 2z 00 (0)
Fig. 6. Evolution of the input ©(t), the estimate ©(¢), and the optimum 0

input 6* under the diffusion PDE compensated PT-ES.

provided that the gains k and p, which both tune the conver-
gence rate, are selected such that min{kH, o} > 3D?/T2.
Furthermore

limsup [O(t) — O] = O(a + 1/w) (167)
t—to+T
limsup |y(t) — y*| = O(a® + 1/w?). (168)
t—to+T

Proof: Step 1. (Averaging operation): Define a linear operator
o D) X — 2 by

T
34 25(-
() = [L268 o LED ]
and the domain

D(er) = {[0(6), u(t), al-, 1), 6(t)] € 2

(169)

~du(D,t) 5 . B
g = 0(t) - ©7,u(0,1) _0}.

We can write the derivative of the infinite-dimensional state
vector (122) with the help of (155)—(159) as follows:

0= n+J(wt,n)
for t € [tg,to + T where

Twtn) =[0 Lu2 0 g(n)+ fwt,n)]”
with

D
9(77(75)) = q(D7 D7 t)atﬂ(D7 t) + /O 8ZQ(D7 Y, t)ata(y’ t)dy

+ 0.y(D, t)9(¢).
Let us define the following averaged system:
TNay = %nav + Jav (nav) (170)
where
wT

. 1 B
Jav(n)zu}groloﬁ | J(s,mds=[0 £p*> 0 g(n)]

T

Following the similar steps done through (59)—(65), we conclude

that
[[7(t) = Nay (V)| 22 = O(1Jw) VYt € [to,to +T] (171)

forallw > w*(T). Recall that || - || 2~ denotes the induced norm
of 2. By noting 0 (z, t) = O, t(x,t) = u(x,t), we write the

with the gain kernels (132)-(134) and (135)—(137) transforms
(172)—(175) into the target system

Doy (t) = — KHp? (t)0ay () + 0pw(0,8)  (176)
Byw(x,t) = Oppw(a,t) — pop® (H)w(z, 1) (177
w(0,t) =0 (178)
d,w(D,t) = 0. (179)

Step 3. (Stability of the target system): Let us consider the
following Lyapunov functional:

95
2

with ¢,, = v/1/(2uokH). Taking the time derivative of Y (¢)
along with (176)—(179) and applying the integration by parts,
we obtain

T(t) = — RHER(0)02,(8) + 0ow(0, )0y (£) — popi2(t)

% ()11, 0.0) + cal Bew(®) 1, 0.0)

1 Cw
T(t) + Qllw(',t)lliz[o,m + 7|I51w(',t)lli2[o,p]

~ (I102w(®)1F10.0) + Cull ez (®)1 0, ) -
(180)

Letus apply Young’s and Agmon’s inequalities on the cross term
0w (0,1)0ay (1)

KH 1 ,
Tﬂav(t) + ﬁ(&gw(o, t))

kH Cw
71931; (t) +

0, w(0,1) 0,y (1) <

IN

L
L0100, )11 0,0

1
+ QCwuo(kH)QH

Then, noting this inequality as well as ¢,, = v/1/(2uo(kH)?),

we rewrite (180) as follows:

Ozzw (-, t)”%z[O,D]'

5 M (t)Haﬂiw("t)H%g[O,D]'

We obtain for co = min{kH, 1o} that T(t) < —cop?(t)Y(t).
Hence, we get Y (t) < e~ 7O (ty).
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Step 4. (Stability of the original system): Let us consider the
inverse transformation

o (2,1) = w(, ) + / (s Dy, )dy + T (@, 1) (1)
0
(181)

where the kernels p(z,y,t) and T'(x,t) satisfy (160)—(162)
and (163)—(165), respectively. From the inverse transformation
(181), we obtain the following inequalities:

||Uav('at)||%{1[0,D]
<[44 D*ugpt(t) + 3D?[p(-, -, ) |* + 4D?|0p (-, -, 1) [?]
< Jw(-, )7, 0,0 + (BDIT(-, 1)[* +4D[8,T (-, 1)|?)
x 02, (1)
(Onttay (D, 1))?
< 4(0,w (D, t))? + [AD?ugu* (t) + 4D[0ep(-, -, 1) 7]
< (- Ol 0,p) + 40T (1)) 205, (1) (183)

Let us compute the bound of the following terms from (212),
(213), (214), and (215)

(IPC AP + 10T, 1)) 92,(t)

(182)

< Crap (0" O CF=0T) 2 (1)
(PG, )2 + 102, ) Hw (- £)[37, 0.0y

coT)

(184)

< Ot 0O CF ) ()2 opy (189)

where C14 = (C2 + (kH)?)e®T and Cy5 = (C%, + CFy)ecT,
from which we prove that (184) and (185) converge to zero as
t — to + T provided that c¢o > 3D?/T?. In view of this fact,
we obtain from (182) and (183) that ||uay (-, t)||f,[0,p) and
OzUay (D, t) — 0 ast — to + T'. Applying Poincare’s inequal-
ity twice and noting Oy liay (€, ) = Orplay (T, 1) = Uay (2, 1), we
get

[Ty (- D)1, 10,0y < (2+8D?)97,(t)
+ (4D 4+ 16D*)|[tay (-, )] |2

from which we conclude ||tay (-, t)[|;, (o oy — Oast — to + T

Step 4. (Convergence to a small neighborhood of the ex-
tremum): Considering the PT stability results in Step 3, we
prove (166) from (171). In view of (76) and (84), we can
write O(t) — ©" = I(t) + asin(w(to + (t —to)u(t))). Then,
we prove (167). Recalling (93) and (166), we prove (168). W

VI. CONCLUSION

The heavily studied problems of (finite- and infinite-
dimensional) PT stabilization and the exponential convergence
of PDE-compensated ES algorithms are seemingly disparate.
We combine them to achieve PT convergence to extrema of un-
known maps with PDE input dynamics. We employ the tools of
time dilation, chirpy signals, finite-time PDE motion planning,
PDE backstepping, averaging, and Lyapunov analysis to design
PT-convergent PDE-compensated ES algorithms. The numerical
simulations illustrate the PT convergence of the system output
to a small neighborhood of the extremum. The future direction
would be extending our results to multivariable cases, utilizing

the tools developed in this article alongside the methodology
introduced in [24] for multiinput PDE systems.

APPENDIX

A. Solutions of the Kernels ~.(x,t), g.(x,y,t), and
ar (2, y,t)

Proposition 1: The time-varying kernel equations (146)—
(148), (149)—(151), and (152)—(154) have unique solutions. The
growth-in-time bounds of these time-varying kernels are given
as follows:

Ve (- )| < Cpef2r®) (186)
1qc(-, - )] < Cuesr® (187)
2
|qr(.’ ‘,t)| < eu(t)(%"‘ca\/lTU) (188)
where Cy:= -5, Cy:= 2+ D\/Bug, Cy:i=Ca+ poT,
Cy:=2Cy, Cs:=/5C5D?/(4T) + Cy + D?/(4T), and

some positive C's independent of 1o and pi(t).
Proof:
1) Kernel ~.(x,t): Let us integrate (152) twice with respect
to = in view of the boundary conditions (153) and (154). Then,
we obtain the following implicit solution:

Ye(,t) = /Oz /OT (8eve(s,t) + pop® (t)ve(s, t)) dsdr

— kp?(t)z. (189)

We can show that the solution of (189) exists by using the method
of successive approximations
)= (1)
n=0

(190)

where

’Yc(z t) -
t) + pop® (t)y (s, 1)) dsdr

ki (t
n+1
Cﬂ t / / at’}’c S,
(192)

forn € Ny. Let us compute the iteration formula (192) for a few
steps to obtain a recursive formula

(191)

20 = — K02+ Tt

:175
Vst) = — Kot () (6 6(Tho)a(t) + (Tho (1)
B t) = Ko (0 (244 36Tt

F12(T10) (1) + (T (1))
Continuing the iterations, we observe the following pattern:

x2n+1 n!

km ﬁ#nﬂ(t)Lg) (=(Tpo) (1))
(193)

which is written in terms of the generalized Laguerre polynomial
Lﬁ} ). We prove by induction that the expression (193) holds

Wl t) = -
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for all n > 0. Before giving the proof, recall the properties of
generalized Laguerre polynomials

. 1 e

L) = — (@t o+ 1-p)LDE) ~ (n+ )
<L () (194)

d

@) =" (i 6) ~ (k) L) (199)

for any o > —1. Let us define p = —T'uou(t) and assume that
the formula (193) is valid for an arbitrary n. Then, substituting
(193) into (192) yields

3l [(n+2)
ntl( 4 — n n+3n 1 (5
Yo (2,t) G\ T " )Ly, (p)
n+2 (1) (1) dp
0 (nL0G) = (n+ DI, () 5
+ popr® ("2 (1) LY <p)) (196)
where we wuse the property (195). By noting that

dp/dt = —pop®(t), we get
2n+3 |
Ve () = — ke -

(2n 4 3)! T+l PR () (20 + 2

FTpop(D) LD 3) ~ (0 + VLY, (5)) - (197)
In the light of the fact (194), we rewrite (197) as follows:
kan—% (n 4 1)! s 1)

()L T t

(27’L+3)' Tn+1 K ( ) n—‘,—l( ( ,U/Q),LL( ))
which proves that (193) is valid for n + 1 as well. In other
words, it is proved by induction that (193) holds for all n > 0.
Then, we finally obtain the unique C'* solution of the kernel
from (190) and (193) as follows:

o 2n+1 nl

—kp?(t) Z m T " ()LD (HT o) p(t))-

The estimation of the growth—ln—tlme of vy.(z, ) is given by

}ann+1 (= (Tpo)u(t))

2 2
< |k|u2(t)D6%2“(t) Il(2 D= pop (t))
D?pop(t)

where we use the relation given in [35, Th. 5.1], and where 3
is the modified Bessel function of the first kind. Let us consider
the bound of the following term:

A a,t) =

Ye(,t)=

(@, )] < [klp(t

(198)

( DQuouQ(t))zm

2 I( DZMOMQ(t))_ 2 -
WDy, (t)DmZO ml(m + 1)
2m
1 & ( D2uou2(t))
- oD mzzl (m —1)hm!

( 5D2uou2(t)) "
(2m)!

IA
15

g —
hE

< LGD\/@LOM(‘E)
= oD

by using the inequality =5 1),n, < (2n>‘

property > 7, (2:)! = cosh(z) for any z € R. In view of the
bound (199), we can rewrite (198) as (186).

2) Kernel q.(x,y,t): Thekernel g.(x,y,t) defined in (146)—
(148) can be recursively computed by a successive approxi-
mation. Let { = (x + y) and n = 3(z — y), and perform the
change of varlables

(199)

for any n € N and the

Qe(&,m:1) = qc(§+n, & — 1, 1). (200)

Then, (146)—(148) become
DenQc(& . 1) = 0 Qc(&,m, 1) + pop® (H)Qc(&,m, 1) (201)
Qc(&,€,t) = 7(26,t) (202)
Qc(£,0,t) = 0. (203)

This PDE needs to be solved on the domain (&,n,t) € Q =
[, D —n] x[0,D/2] X [to,to +T). Let us integrate (201)
with respect to £ and 7 in view of (202) and (203) as follows:

Qe t) = / / (0:Qel0, B.1) + poss?(2)
xQ.(c,8,1)) dBdo (204)

which yields an implicit solution. Similarly, we look for a
solution of (204) in terms of the infinite series

Ye(2,1)

Qc(&,m,t) ZQ" £,1.1) (205)
where
QY(&,m,t) = 7e(2n, 1) (206)
Qe 1) / / (0:Q2 (0, 8, 1) + pop® (1)

xQr (o, 8,t)) dBdo. (207)
Let us compute the following estimates from (186), (206), and
(207):

Q2. m,t)] < Cre®

QL n, )| < Cl—Csu (t)eC>+ ¢

(En”

QX 0)| < Cuy Cap (D2 + Cap(0)e O D)

|@@mmsa%afwm+www+@ﬁw)
eC21(t) (373)' . (208)

The iterative computations yield the following pattern:

Qe (&, 1) < Cimn C3ﬂn+1( t)(n nin!

X Lill(—cgu(t)) (209)

for n € N, which can be proved by induction following the
similar procedure done for (193). Then, it follows from (209)
that the series (205) converges uniformly and absolutely on the

—1)le Cop(t) \ST) (n)"
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domain ). We obtain the growth-in-time of the kernel by sub-
stituting (209) into (205) and inverting the change of variables
as follows:

00 %27 2 n+1
|qe(z,y, 1) < C1e®H D + 3 " C1Cy <(4Ty))

n=0

L OLS

S CESIIE

D? o+ D2
<0 ng,u(t) + 4 C3ﬁ,u/2 (t)e(cz+ T )#(t)

(= Cpa(t))e>1®

1,(2/Csp? (1) D?/(4T))
Csp?(t)D?/(4T)
where we use the relation given in [35, Th. 5.1]. Let us consider
the bound of the following term:

. D* L,(2y/Co D T))
G e D7 AT

(210)

(Ve "

— (m —1)!m!
< (VECuP D7 GT))
<>
— (2m)!
< eV 5CsD? /(4T p(t) Q11)
by noting the fact that W < 2  for all m € N. In

view of the bound (211), we can rewrite (210) as (187). The
next step is to prove the uniqueness of the solution of the
integral equation (204). Let us assume that ¢.(z,y,t) and
¢’ (x,y,t) are two different solutions of (204). Then, let us define
Age(z,y,t) = q.(z,y,t) — ¢2(x,y,t). Considering the bound-
edness result (187), we get |Ag.(z,y,t)| < 2C,e%51()  We use
this inequality and follow the same estimates as in (209) to get

2 _ .2 n - |
X L ( Cp(t))eCs* ) — 0

as n — oo from which we conclude that the integral equation
(204) has a unique solution for ¢ € [to,to +T), (x,y) € T.

3) Kernel q.(x,y,t): The analytical solution of this kernel is
given in [5] as follows:

socr e Tt (V0RO =)
aT

Vo2 (1) (% — y?)
which is unique and C* for ¢ € [to,to + 1), (z,y) € T.Itis
also shown in [5] that (188) holds. |

ar(2,y,t) = —ypop®(t)e

B. Solutions of the Kernels T'(x, t), p(x,y,t)

Proposition 2: The time-varying kernel equations (160)—
(162) and (163)—(165) have unique solutions. The growth-in-
time bounds of these time-varying kernels and their spatial
derivatives are given as follows:

Tz, 8)| < Cop?(t)eFr® 212)

7723
2
0,7, t)] < kHp2(t)e T H®) 213)
= 2
|p(’7 *y t)‘ < 012‘u2(t)@%ﬂ(t) (214)
100 - )] < Crap® (t)e F 10 (215)

where C; := kHD and C13 := kH + C45 for some C5 > 0.
Proof:
1) The Kernel I'(x,t): We perform the similar procedure
as in (A.1) to characterize the kernel defined in (163)—(165).
The integration of (163) twice with respect to x in view of the
boundary conditions (164) and (165) yields following implicit
solution:

[(x,t) = — kHp?(t)x + /0, /OT (0L (s,t) — kHp?(t)

xI'(s,t)) dsdr. (216)

The existence of the solution of (216) can be shown by using
the method of successive approximations as follows:

t)=> I"(x,1t)
n=0

217)

where

Iz, t) = — kHp*(t)x (218)
It (2,t) = / / (0,1 (s,t) — KHp?* ()" (s, 1)) dsdr
o Jo
(219)
for n € Ny. Computing (217) using the recursive formula (219)
with the initial value (218), we obtain the following unique C'™

solution:
> 2n+ 1

Z 2n+1'T”

2L (TRHu(2)).

(220)
The growth-in-time bound of (220) is determined as follows:

> DO o ()

Iz, 1)| < kHDM2() > Ton+ 1)

) J1(2y/FHD%2(0)

= kHDy? (t)eD%”(t
KHD22(1)

< kHDp2(t)e T 221)
where J; (+) is the Bessel function of the first kind, as defined in
the Notation in Section I. In (221), we use the relation in [35,
Th. 5.1] and note from [38, p. 49] the fact that |@| <1 for
all 0 € R. Then, we get (212). The growth-in-time bound of
the spatial derivative of (220) is obtained in a similar fashion as
(213).

2) Kernel p(x,y,t): Due to two independent boundary con-
ditions of the kernel defined in (160)—(162), we can separate this
kernel PDE into two sets of PDE systems as follows:

p(z,y,t) = pe(w,y,t) + pr(z,y,1) (222)
where
atpc(wv Y, t) = 5mpc($7 Y, t) - 5yypc($7 Y, t)
+ pop” (t)pe(, y, t) (223)
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pe(@,0,t) = T'(x, 1) (224) . I (2 D?Cor2(t) /(2T))

B < C7,u2(t)eﬁﬂ(t)+csu(t)
and 2
< Crp?(t)e 7 0 238
Opr(2,y,t) = Ozapr(,y,t) — Oyypr(z,y,t) = 0 _ _ (238)
by using the relation [35, Th. 5.1], noting from [38, p. 49] the
+ pop® (t)pr (2,9, 1) (226) Ji(20)

Hopt\)PriZs Y, fact that\ 1=%)| < 1forall o € R and considering the property
pr(z,0,t) =0 (227) % < (n+1)‘ for all n € Ny. We can prove the uniqueness of
T, the inverse kernel |p.(z, y, t)| as we proved for the direct kernel
pr(z,2,t) = — o HoH (t) (228)  |g.(z,y,t)|. Moreover, replacing the boundary condition (224)

for t € [to,to +T), (x,y) € T. The solution of the kernel
(223)—(225) is proved by the method of successive approxi-
mation. Let { = £(z + y) and n = 3(z — y), and perform the
change of varlables

Po(§,n,t) = pe(§+n,€ = n,) (229)

for (&,7n,t) € Q. Then, (223)—(225) become
OenPe(&,m,t) = O Pe(§,m,t) — pop® (8) Pe(€,m, 1) (230)
Pe(§,6,t) =T(2,1) (231)
P.(£,0,t) = 0. (232)

The implicit solution of (230)—(232) follows from the integration
of (230) with respect to £ and 7 in view of (231) and (232)

Pe(§n,t) =T(2n,t) /,/ (0:Pe(0, B, 1) — pops®(t)

x P.(a, B,t)) dBdo. (233)

The solution of the integral equation (233) is obtained by the
method of successive approximation

P.(&n,1) ZP (& m,1) (234)
where
PY(&,m,t) =T (2n,1) (235)
P&, n,t) // (0: P (o, B, t) — pop®(t)
x P o, B,1)) dBdo. (236)

The recursion formula (236) with (235) results in the following
upper bound:

n+2 (t)n!ecs“(t) )" LM (—=Cy

nlnl "

14(t))
(237)

where Cg := D?/T, Cy := Cg — poT < 0 provided that yo >
Cg/T = D?/T?. The bound (237) holds for n € Ny and its
proof is obtained by induction following the similar procedure
done for (193). It follows from (237) that the series (234)
converges uniformly and absolutely on the domain 2. Let us
invert the change of variables in (237) from (£, 7, t) to (z,y,t)
and substitute it into (234) as follows:

Ipe(z,y,t)]
y?\" 1
*,M
n:

< i Cy (xQ
n=0

1

2 (1)e MO LY (= Coult))

by 0,I'(x, t) and following the same procedure in view of (213),
we obtain the following bound:
2 3D2 (1)
|0upe (e, 1) < kHpP (t)e (0. (239)

The unique C'*° solution of (226)—(228) can be found in [5] and
it is as follows:

s 1 (Vi@ =)
4T

Viop? (1) (2% — y?)
for t € [to,to + 1), (z,y) € T. The estimation of the growth-
in-time bound is obtained as follows:

pr )] < Crop (D) 240)
where C1o = Dyg/2, by noting \ch(f)| < 0.5 for all o € R.

Taking the spatial derivative of p,.(z,y,t) and following the
similar procedure, we obtain the following bound:

2
100pr (-, 8)| < Crapa®(t)e T H® (241)

where C11 = po(1+ D?/(2T)). The solution of the kernel
(160)—(162) is obtained from the solutions of (223)—(225) and
(226)—(228). Hence, its growth-in time is calculated as follows:

|p('7 '7t)| < |pC('a '7t)| + ‘pr('v "t)‘
— O (e F PO L Cropd(D)eFrr®. (242)

Then, we obtain (214). Furthermore, we get the bound (215)
from (222), (239), and (241). |

pr(@,y,t)=—ypop*(t)e
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