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Abstract. The problem of global exponential stabilization by boundary feedback for the
Korteweg-de Vries-Burgers equation on the domain [0, 1] is considered. We derive a control
law of the form u(0) = uy(1) = uxx(l) — k[u(1)3 + u(1)] = 0, where k is a sufficiently
large positive constant, and prove that it guarantees L?-global exponential stability, H 3_global
asymptotic stability, and H 3_semiglobal exponential stability. Our decay rate estimates depend

not only on the diffusion coefficient but also on the dispersion coefficient. The closed-loop system

is shown to be well posed.
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1 Introduction

Motivation and background. In this article, we shall be concerned with the
problem of global boundary stabilization of the Korteweg-de Vries-Burgers equa-

tion

U, — EUyy +0Uppy +uu, =0, 0<x <1, t>0, (1.1)
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where ¢ and § are positive parameters. When ¢ = 0, equation (1.1) becomes the

Korteweg-de Vries equation [10]
Uy + Sty ey + u, =0, (1.2)

which has been proposed as a model for one directional long waves of small-
amplitude in many different physical systems such as shallow water waves, sound
waves and magnetosonic waves. When § = 0, equation (1.1) becomes the

Burgers equation
u; — Uy, +uu, =0. (1.3)

The KdV equation incorporates effects of dispersion and of nonlinear con-
vection, yielding good qualitative predictions of various phenomena observed
in waves. However, in many real situations, one must include energy dissipa-
tion mechanisms, accounted for in the KdVB equation through the term cu,,,
although for many physical systems modeled by (1.1) these mechanisms are
disparate and not always well understood.

Recently, extensive attention has been paid to the problems of controllability,
stability and stabilization for the KdV and KdVB equations. With periodic
boundary conditions, the results were obtained by Bona et al [6], Russell and
Zhang [19, 20, 21, 22], Komornik et al [11], Zhang [27], and Rosier [18]. In the
case where the domain of the equation is the whole real line, important results
were established by Amick et al [2], Biler [5], Bona et al [7], Naumkin [13, 14],
Nishihara [15], Schonbek et al [23, 24] and Zhang [25].

The objective of the present work is to study the global boundary stabilization of
the KdVB equation on a finite spatial interval [0, 1] with non-periodic boundary
feedbacks. The uncontrolled system (1.1) is not globally stable. This was shown
by Balogh [4] numerically by identifying equilibrium profiles other than the
trivial equilibrium at zero.! We show that one can find a smooth function g(-)
with g(0) = 0 such that the boundary conditions

u@O,t) =u,(1,t) =0, u(1,t) = glu(l, r)) (1.4)

IBalogh’s paper [4] was a follow up to the conference version of the present paper. He was
inspired to propose a more agressive control law that performed excellent in simulations, however
his paper guarantees only H 1 stability. Another follow-up paper that solves the problem in a
discretized form using finite dimensional nonlinear control was Armaou and Christofides [3],
which received the prestigious O. Hugo Schuck Best Paper Award.
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guarantee global asymptotic stability in terms of not only the L? norm but also
the H3 norm, which ensures boundedness of solution for H 3 initial data of any
size.

An example of a physical problem where our control law would be
implementable is the water channel setup with boundary actuation discussed in
Rosier [18], where the height or curvature of the water profile at ends of the
channel can be actuated by standard mechanical means applied at the ends of
the bottom of the channel. However, it would be wrong to view the result of
the paper only in the context of the water channel. KdVB equation also models
other physical forms of waves such as sound waves and magnetosonic waves. In
those case the sensed quantity would be the pressure at the walls of the domain,
and the boundary actuation would be via a loudspeaker in one case, and via
electromagnetic actuation in the other.

It is equally important to understand that the consideration of the KdVB equa-
tion on the finite interval does not reduce the physical relevance of the problem
but, on the contrary, makes it more realistic. It is the equation on the infinite real
line (and even more so the one with periodic boundary conditions) that represents
the mathematical idealization of the problem, not the one on the finite interval.
In applications these waves evolve on finite domains.

Feedback design. We seek a boundary feedback law in the form (1.4). The

energy

1
E@) = f u(x, t)’dx | (1.5)
0

of the system (1.1), (1.4) has a time derivative
) 1
E@t) = 2/ u(x, Hu,(x, t)dx
0

1
= 2[ u(x, ety — Styry — Ul ldx
0

1
0

1 1 1 2 !
= 2euu,| — 28/ uidx — 28uuy,| + 8u§ - ~u3‘ (1.6)
0 0 0 3 o

1
= —28[ u(x, t)2dx — 28u(l, )g(u(l, 1))
0
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2
— 8u,(0,1)? — 5u(l, 1)3.

We select the invertible feedback function

gu(l, ) = ku, 1)’ + kau(l, 1), (1.7)

with positive constants k; and k, satisfying

1
ki, ky > —, 1.8
1ok > (1.8)
to get
1
E@) = —2ef wldx — 28u(l, H)ku(l, 1)° + kou(l, 1)]
0

2
—8u,(0, 1) — 5u(l, 1)?

1
< —-28/ wldx — 26u(l, Hku(l, 0’ + ku(1,0]  (1.9)
0
+%[u(1, )% 4+ u(l, £)*]
< —2E(Q),

where the last inequality follows from Poincaré’s inequality (see [1, p-158]).
Thus E(t) tends to zero exponentially as ¢ — 0.
Our choice of the feedback law as an invertible function allows that it be

implemented as
u(l,1) =g~ (uxx(1, 1)
if physics dictate that u(1, ) can be actuated and u,, (1, ¢) can be measured, and

also provides a level of robustness to uncertain é.

Summary of results. We will see that exponential stability holds not only for
the L? energy E (¢) but also for the higher order energy

1
V@) = / u,(x, 1)%dx, (1.10)
0

which is very significant because, by embedding theorem (see {1, p.97]), we
have

max u(x,‘t)z <VQ@). (1.11)

0<x<1

Comp. Appl. Math., Vol. 21, N. 1, 2002
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. 1
In fact, we prove that boundedness and exponential decay holds for fo w2, dx.
Furthermore, we derive decay estimates that depend not only on the diffusion
coefficient but also on the dispersion coefficient, the first estimates of such type

in the literature.

Organization of the paper. The closed-loop system considered in the rest of

the paper is
U, — EUxx + SUyxx + Uty =0, O0<x<1, >0, (1.12)
u(0,1) = ux(1,1) =0, t>0, (1.13)
w1, 8) = kiu(l, 1) + kau(l, 1), t >0, (1.14)
u(x,0) = u’(x), 0<x < 1. (1.15)

We present our main results in section 2. Using the Lyapunov method, we
prove in section 3 that the KdVB equation with the above boundary feedbacks
is L2-globally exponentially stable, H>-globally asymptotically stable, and H 3
semiglobally exponentially stable, with decay rates depending on both diffusion
and dispersion coefficients, and establish the global existence and uniqueness of
the solutions with the help of the Banach fixed point theorem and the theory of

semigroups.

2 Main Result -

In what follows, we denote by H*(0, 1) the usual Sobolev space (see, e.g., [1,
12)]) for any s € R. For s > 0, H§(0, 1) denotes the completion of C§°(0, 1)
in H*(0, 1), where C{°(0, 1) denotes the space of all infinitely differentiable
functions on (0, 1) with compact support in (0, 1). We denote by || - || and (-, -)
the norm and scalar product of L2(0, 1), respectively. For the need of problem
(1.12)—(1.15), we introduce additional function spaces with boundary conditions

as follows:
H0,1) = {eeH' O 1) : ¢©0) =0}, 2.1)
H20,1) = {[p€ H*0,1): ¢(0) =g¢:(1) =0}, (2.2)
H20,1) = {pe H*0,1) : ¢(0) = ¢, (0) =0}, (2.3)
330, 1) .= {pe H0,1) : ¢0) =¢:(1) = (1) =0}. (24
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For a given initial condition u®(x), in order for problem (1. 12)—(1.15) to have
a classical solution, x° must satisfy the following compatibility conditions

w0 = u2(1) =0, (2.5)
W (1) = ku(1)® + kul(D), (2.6)

which can be derived from (1.13)~(1.14). Thus we introduce one more function
space with boundary conditions (2.5)—(2.6) as follows

H2.(0.1) = {u® € H3(0,1) : uO satisfies (2.5)~(2.6)}. 2.7

It is easy to see that HO3 0,1 C H,f’c (0, 1). We note that ch (0, 1) is not a vector
space.

Let X be a Banach space and T > 0. We denote by C*([0, T]; X) the space
of all k times continuously differentiable functions defined on [0, T] with values
in X, and write C([0, T1; X) for C°([0, T]; X).

In [17, p.274], the weak solution is defined as the limit of classical solutions
(quote): ‘A function y(x, t) is said to be aweak solution if there exists a sequence
of ordinary solutions y,(x, t) such that y(x, #) = lim,— o Yn (x,1)”’. Following
this line, we define a weak solution of equation (1.12)—(1.15) as follows.

Definition 2.1. A functionu € C([0, T]; 3} (0, 1)) is said to be a weak solution
of equation (1.12)—(1.15) if u(x,0) = u(x) and there exists a sequence {u,}
of classical solutions of (1.12)—(1.15) with the initial conditions ug such that u,
converges to u in C ([0, T]; 33 (0, 1)).

Remark 2.1. The weak solution in the sense of Definition 2.1 is actually
. stronger than the weak solution in the sense of satisfying weak form

T
/ [(u, @) — €Uy, 9x) — 8y, Prx) — (uly, p)]dt
0 (2.8)

T
= af [kiu(l, 1)° + kau(L, D1, t)dt — @°, (0)),
0

for any ¢ € C*([0, T]; 3{30(0, 1)) with ¢(x, T) = 0. Indeed, for the classical
solution u,, multiplying (1.12) by ¢ and integrating over (0, 1) x (0, T), we
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obtain

T
/ [(um @t) - 8(unx, (px) - 8(unxa §0xx) - (ununx’ QD)]df
0 (2.9)

T
= / o, (L 1) + Kyt (1, Do (1, 1)t — (0, (O)).
0

Since u, converges to u in C([0, T1; 35(0, 1)), u) converges to u%in H'(0, 1)
and, by the imbedding theorem (see, €.g., [1,p.97]), un(1, t) converges to u(l,t)
uniformly in C[0, T']. Thus we can pass to the limit in (2.9) and obtain (2.8). U

If we take (2.8) as the definition of weak solution, we will have difficulity in
proving the uniqueness of such defined weak solution. To see this, let u; and u,
be two functions satisfying (2.8). To prove that u; = u, as usual, we need to
take @(t) = u; (t) —uy(t) in (2.8). However, we can not do so since u(t), ux(t)
and ¢(z) are in the different spaces H3(0, 1) and 3{30(0, 1). Therefore, we
did not take (2.8) as the definition of weak solution. Next we state our two
main theorems. In both theorems, ¢ = c(s, 8, k1, k2) represents a finite positive

constant which, however, tends to infinity as ¢ — 0 or § — 0.

Theorem 2.1. Suppose that ki, k, > 3; and denote

2e + 26k2
M, = =12 (2.10)
&
126k?e? + 68k; — 1
M, = 167 00k — ¢ (2.11)
£2(68k; — 1)

(1) For the initial data u’(x) € 9{(1)(0, 1), problem (1.12)—(1.15) has a unique
global weak solution. Moreover, the solution satisfies the following L?

global-exponential stability estimate:
lu@1* < lu’|?e™", Vit =0, (2.12)
and the H' global-asymptotic and semiglobal-exponential stability esti-

mate:

max u(x, 1) < |lu (@)
e (2.13)

< Mi|[ul)? exp (Ma|lu’|?)e™, Vi1 =0.
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(ii) For the initial data ul(x) € H;C(O, 1), problem (1.12)—(1.15) has a global

classical solution satisfying
u € C([0, 00); H2.(0, 1)) N C'([0, 00); L(0, 1)). (2.14)

Moreover, the solution satisfies the following H* global-asymptotic and
semiglobal-exponential stability estimate:

lu@?s < cllull’s exp (cllu’llys)e™™, Vi =0. (2.15)

Note that the decay rates depend on only &, not §. But it is obvious that the
dispersion term Su,,, should make contribution to the decay rates. Indeed, we
have the following decay rate estimates.

Theorem 2.2. Suppose that ky, k, > & and set

w = —3—(48—{-8), (2.16)
9 s

K = 2max{1, (m) } (2.17)

F(r) = r24rv% (2.18)

(i) Forthe initial datau®(x) € }C(l) (0, 1), the solution of (1.12)—(1.15) satisfies
the global-asymptotic and semiglobal-exponential stability estimates:

@I < K (1012 + w02 ¥ )e >, V120, (2.19)

and

max |u(x, D) < Juc ()
== (2.20)
< cF (Il ) exp[cF (D ]e™, V120,

(ii) For the initial data u®(x) € H; (0, 1), the solution of (1.12)—(1.15) satis-
fies the following H? global-asymptotic and semiglobal-exponential sta-

bility estimate:

3
nu||§,3scZF"(nu"an)exp[cF(Mu"u)]e-M, Vi=0. (221
i=1
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Remark 2.2. It is of interest to compare the two sets of estimates (in Theo-
rems 2.1 and 2.2). For instance, consider (2.12) and (2.19). It is clear that for
§ « ¢ the estimate (2.12) is tighter. Consider § >> ¢ and & > 1/+/2, in which
case the two estimates (after simplification of these estimates) are

0 —_
lu@®ll < lfu’lle™,

@l < ﬁ||u°||(1+||u°1|?)e-%?f.

The former estimate has a tighter dependence on |u°|| while the latter estimate
has a tighter dependence on time. A good tradeoff estimate would be a minimum
of the two. Similar considerations are possible for H' and H 3 estimates.

Remark 2.3. The decay rate w can be enhanced to any wo such that wp <
1(48 + ¢). However, the factors before e~2%" in (2.19) will depend on wo and
tend to oo as wy —> %(48 + ¢). Similarly, the decay rate  in (2.20) and (2.21)
can be improved to any o such that ¢ < 2e with the same problem. This remark
applies to the decay rates in (2.13) and (2.15).

Remark 2.4. The estimate (2.20) is referred to as global-asymptotic and semi-
global-exponential by analogy to stability definitions for finite dimensional sys-
tems [9]. An estimate that decays to zero for all initial conditions, possibly at
a rate slower than exponential, is said to be global—asymptotic.2 An estimate
that decays exponentially and is linear in the norm of the initial condition is
global-exponential. An estimate that can be made linear in the norm of the initial
condition for any ball of initial conditions (but not necessarily with a uniform
coefficient) is semi-global.

The methods used in this paper are the Lyapunov method, the Banach con-
traction fixed point theorem and some differential inequality of Gronwall type.
Note that if we just choose the energy function E as a Lyapunov function, then
we can obtain only the decay rate estimates of Theorem 2.1. In order to obtain
the decay rate estimates of Theorem 2.2, we need to introduce the following
Lyapunov function — a weighted energy function

1
E,@) = / (x + Dul(x, t)dx. (2.22)
0

2There are additional properties that the estimate needs to satisfy. A reader unfamiliar with
these definitions is urged to consult [9].
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To see why we need the weighted energy function, let us compare E(r) with
E, (7). By (1.9), we have

1
E() = - 28/ uwldx — 28u(l, )[kiu(1,1)* + kou(1, 1)
0 (2.23)
2
— 8u_(0,0)* — 4, 1.
By calculaltion (see (3.74) below), we have
: 4
Ey0) = —48[ku(l, 0 + ku(l,0?] = 0ur(0,1)° = ul, 1)’
1 1
—33/ u? dx — 25/ (x + Du dx (2.24)
0 0

1 2 1
—28/ uu, dx + —/ uldx.
0 3Jo

Note that the term —38 fo1 ui dx in the above, which does not appear in E (r). It
is this term that produces the improved decay rate .
3 Proof of Theorems 2.1 and 2.2

We first establish the existence and uniqueness of a local classical solution of
problem (1.12)—(1.15) with the help of the Banach fixed point theorem and the
theory of semigroups. To use the theory of semigroups, we define the linear
operator L by

Ly = —8¢cux + €¢xx (3.1
with the domain
D(L) = 3G3(0, 1). (3.2)
One can easily verify that the adjoint operator L* of L is given by
L*¢ = 8¢yxx + €¢xx (3.3)
with the domain

DL = {p € H*O0,1) : ¢(0) = ¢,(0) = 8p(1) + 69, (1) = 0}.  (34)

Comp. Appl. Math., Vol. 21, N. 1, 2002
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It is easy to verify that L and L* are dissipative and densely defined closed
linear operators on L2(0, 1). Hence, by the theory of semigroups (see [16, p.14,
Corollary 4.4]), L is the infinitesimal generator of a C, (i.e., strongly continuous)

semigroup of contraction on L%(0, 1).

For a given initial condition 1%(x), in order for problem (1.12)—(1.15) to have
a sufficiently regular solution, 4° must satisfy certain compatibility conditions

which can be derived from (1.12)—(1.14) as follows. Let us denote.
w0 = eul, (x) — 8ul,, (x) — u’ (X)ui (x).
By (1.12), we have |
u,(x,0) = I (u®).
Therefore, differentiating (1.13)—(1.14) with respect to £, we obtain

LW’ (0) = u(0,0)=0,

d 0

a—(h(u Vet = un(1,0) =0,

X

d2

Zi;;(h(u(’))x:l = (1, 0) = Bkl (D) + ko] L (1))

Denote

0 d’ 0 d’ 0
Ig(u ) = e (L ) =8 —(hu )

d
— @)Ul () — 1’ (0) = (h ).
X
Differentiating (1.12) with respect to ¢, we obtain

U, (x,0) = Iz(uo)-

(3.5)

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

(3.11)

Therefore, differentiating (1.13)-(1.14) twice with respect to 7, we obtain

Lu°©) = u,0,0)=0,

d 0
d (12(u ))X-‘—l = uttx(l’ 0) = 0’
X

d? 0
5 (b)) = e (1, 0) = 6k’ (DI (1))
+ Bkl (1) + k2] b (D).
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Thus we introduce function spaces with certain boundary conditions. Set

H(0,1) = {u®e H*0,1) : ul satisfies (2.5)~(2.6)

and (3.7)}, (3.15)
H©0,1) = {u®eH'(0,1): usatisfies (2.5)-(2.6)

and (3.7)-(3.12)}, (3.16)
H)0,1) = {u®eH0,1) : usatisfies (2.5)~(2.6)

and (3.7)-(3.14)}. (3.17)

Itis easy to see that Hi (0, 1) € H}.(0, 1), Hj (0, 1) C H..(0, 1)and Hj (0, 1) C
HbgC(O, 1). We note that H,fc(O, 1), HZC(O, 1) and H,?C(O, 1) are not vector spaces.
For a given initial condition ul(x) e Hb7c (0, 1), let I; (1°) and I, (u°) be given
by (3.5) and (3.10), respectively. We define the subset W of the function space
C%([0, T]; (0, 1)) by
W = {we X0, T]; H;(0, 1)) : wix,0) =u’(x), (.18
w,(x,0) = L;(u°), wy(x,0) = Lu}. '

W is not a linear space. We note that W # J since
t2
w=u(x)+tLu®) + Elz(uo) ew.

Here we need (3.7) and (3.12) to show that w € C?([0, T]; H}(0, 1)). We
impose the condition

w(x, 0) = u®(x), w,(x,0) =L, w,x,0)=Lu’ on W

since the solution of (1.12)—(1.15) satisfies this condition and the fixed point
in W of the nonlinear mapping defined by (3.29) below will be the solution of
(1.12)—(1.15).

Lemma 3.1. The subset W is closed in C*([0, T1; f}((l) (0, 1)), where the norm
of C2([0, T1; H(0, 1)) is defined by

1/2
lwly = ( max (we®I? + lwaOF + lwa®ID) . (319

Comp. Appl. Math., Vol. 21, N. 1, 2002
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Proof. Let{w,} C W and w, — w in C2([0, T]; H}(0, 1)) as n — oo. Then
we have w, (x, 1) = w(x, 1), wp (x, 1) = w,(x, 1) and Wy (x, 1) = wy(x, 1)
for every (x,t) € [0, 1] x [0, T']. Hence

w(x,0) = lim w,(x,0) = lim uo(x) = uo(x),
n—0o0 n-—>000

w;(x,0) = lim wy, (x,0) = lim ;" = L%,
n—>o0 n—>00

wy (x,0) = lim wy,(x,0) = lim L% = L.
n—>oo n—>o0

This shows that w € W.

In order to apply the density argument for the initial condition u
show that Hy.(0, 1) is dense in H}(0, 1) and HJ (0, 1). We prove this for more
general boundary conditions. Let m,, m, be integers with 0 < m; < m;, and
fik(s1, 82, - . 8m) (G =0,1; k =my,---,my — 1) any given functions. Let
H”' (0, 1) be a subset of H™!(0, 1) with certain boundary conditions such as

ghe
(2.5)—(2.6). We define

0 we need to

H2(0,1) = {peH L (0,)NH™©O,1): ¢¥G)
= fulp(), ¢'@), ™ V@), i =0,1; (3.20)

k:ml,---,mz—l}.

Lemma 3.2. For any integers m; and my with 0 < m; < my, Hg"},i(O, 1) is

dense in H;’ZIC(O, 1).

Proof. For any ¢ € H;’l‘,‘C(O, 1), by the trace theorem (see, e.g., [12, p.39,

Theorem 8.3]), there exists a function ¥ € H™2(0, 1) such that

v®6) = o®G), i=0,1; k=0,1,--- ,m —1, (3.21)
y®O@) = fule@), ¢'@), o™ PG, i =0,1;
k=my,--- ,mpy— 1. (3.22)

It is clear that ¢ — ¥ € H, '(0, 1). Therefore there exists a sequence {&,} C
C5°(0, 1) such that &, converges to ¢ — ¥ in H™'(0, 1). Denote

On =&+ V.
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Then ¢, converges to ¢ in H™'(0, 1). Moreover, it is easy to see that ¢, €
H™ (0, 1). In addition, we have

o®iy = y®@) =9e®a), i=01; k=0,1,--,m —1, (3.23)
o) = 9@ |
= fulp@), ¢'(), "™ V(D))
= fulea(), 0, (D), 0"V (0)), i =0, 1
k=my, - ,mp— 1. (3.24)

Hence we deduce that ¢, € H g’”’,lfc 0, 1).

In order to prove our main results, we first prove that problem (1.12)~(1.15)
has a unique local classical solution. ’

Proposition 3.1. For the initial data u®(x) € H].(0, 1), there exists a finite
time T > O such that problem (1.12)—(1.15) has a unique local classical solution

satisfying

u € C([0, T; H.0, 1)) N C'([0, T]; Hy.(0, 1)) N C*([0, TT; H(0, 1)).
Proof. The idea of the proof is as follows. We first prove that the linearized
boundary value problem

Vi — EVex + 0V + ww, =0, O<x<l, O<t<T, (3.25

v(0,1) = y(1,1) =0, O<t<T, (3.26)
v (1, 1) = kjw(L, 1) + kow(l,1), O0<t<T, (3.27)
y(x,0) =u’(x), O<x<l, (3.28)

has a unique solution y € W for any fixed w € W. We then define a nonlinear

mapping A by
Aw =y, (3.29)

and show that A has a unique fixed point u* by using the Banach contraction
fixed point theorem. This u* is the unique solution of problem (1.12)—(1.15) as
required.
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In order to show that the linear problem (3.25)—(3.28) is well posed, we trans-
form it into a homogeneous boundary value problem. Set

(/I %x(x — DHkw(l, 1)® + kw(l, )], (3.30)
v = y—. . ' (3.31)

Then it is clear that v satisfies

U — €U +0Ux=f, O<x<l, O<t<T, (3.32)

v(0,1) = v (1, 1) = v, (1,2) =0, 0<t<T, (3.33)
v(x,0) = (), 0<x <1, (3.34)

where
F&,t) ==Y + e¥ix — 0VWrix — WWy, (3.35)

and (use (2.6) and w(x, 0) = u°(x))
v0(x) = ul(x) - %x(x — D?[kiw(1,0)* + kow(l, 0)] € (0, 1).  (3.36)

Using the linear operator L defined by (3.1), problem (3.25)—(3.28) can be written
as an abstract Cauchy problem

v, = Lv+f, (3.37)
v(0) = ° (3.38)

For the time being, we assume that u°(x) e Hbgc (Q, 1) and
weW={weW : we C%0, T]; Hy(0, 1)) }. (3.39)

Then f is differentiable with respect to ¢. Since we have proved that L is the
infinitesimal generator of a Cyy semigroup of contraction on L%(0, 1), it follows
from the theory of semigroups (see [16, p.107, Corollary 2.5]) that the problem
(3.32)—(3.34) has a unique classical solution

v e C'([0, T]; L*(0, 1)) N C([0, T1; H3(0, 1))
and then the problem (3.25)—(3.28) has a unique classical solution
y=v+v e ([0, T}; L*0, 1)) N C([0, T]; H5(©0, 1) N H>(0, 1)).
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To show that y has more regularity, we differentiate (3.37) twice with respect to
t and obtain

Ve = Lvy + fir. (3.40)
If we can show that v,,(0) € D(L) = H3(0, 1), as above, we deduce
vy € C1([0, TT; L*(0, 1)) N C([0, T]; 3 (0, 1))
and then
y € C*([0, T1; L*(0, 1)) N C%([0, T]; H2(0, 1) N H3(0, 1)).

This regularity of the solutions justifies the validity of the calculations performed
below. "

To prove that v,;(0) € D(L), we need to show that v,,(0) € H3(0, 1) and
U (0,0) = v (1,0) = v, (1,0) = 0. For this, we first calculate f and, by
(3.35), obtain

flx,t) = — —;—x(x — D*[Bhiw(l, 0)* + kpJw, (1, 1)

+ eGx = [kiw(, 1)’ + kw1, 1)] (3.41)

— 38[kiw(l, 1)’ + kw(1, )] — w(x, Hw, (x, 2).
We then calculate v, (x, 0) and, by (3.37), obtain
v (x,0) = Lv’(x) + f(x,0)
= — 8vy,, (x) + v (x) + f(x,0) (use (3.36))
= —8ud  (x) 4+ 38[kyw(l, 0)* + kw(l, 0)]
+ gul (x) — eBx — 2)[kjw(l, 0)° + krw(l, 0)]

_ %x(x — 1)2[3k1w(1, 0)2 + k2]wt(1’ O)

+ e(3x — Q)[kiw(l,0)® + kw(l, 0)] (3.42)
~ 38[kyw(1, 0) + kyw(l, 0)] — w(x, O)w, (x, 0)
(since w(x, 0) = u®(x) and w, (1, 0) = I; w®(1)))

= —oul,, (x) + eul, (x) — u®(x)u(x)

- %x(x — D2 (1) Bk (1)? + k3] (use (3.5))

= L") - %x(x — 12N @) [3ku° (1)? + k3],
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Finally, differentiating (3.37) with respect to ¢ gives
U (x,0) = L (x,0) + fi(x,0)
a3 0 d? 0

= — Bﬁ(h(u ) + sag(h(u )
+ 38w () [Bku®(1)? + k7]
— £(3x — 2) [, (1)) [3k1u’ (1)* + k7]
— 3kix(x — D?w(l, 0)w, (1, 0)2
- %x(x — 1D2[B3kw(l, 0)% + ko]wy (1, 0)
+ £(3x — 2w, (1, 0)[3kw(l, 0)% + k3]
— 38w,(1,0)[3kw(l, 0)% + ky]
— wi(x, Dw,(x,0) — wx, Q)w,(x,0)
(since w(x, 0) = u’(x), w;(1,0) = L; (1)) (3.43)
and wy (1, 0) = L(u°(1)))

a3 d?
= — oL @) + e ®°))

~ L®udx) - u°<x>—d—(11 @)
dx
— Bkyx(x — DAL @0 (1))?
= —;—x(x — D23k u’ (1) + k1L (°(1)) (use (3.10))
= L®) — 3kx(x — D2O)LU(1))>
_ %x(x ~ D2Bku’ (1) + k1L °(1))

e H(0, 1).
Moreover, by compatibility conditions (3.12)—(3.14), we deduce that
v:(0,0) = Lu°(0)) = 0, (3.44)
d
U (1,0) = d—(l.o.(u"))x:l = 0, (3.45)
X
d2 0 2
Viax(1,0) = a—;(lz(u‘)))m — 6k u® (L)1 (u°(1))
— [Bkyu®(1)? + kp1 L% (1)) = 0. (3.46)
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Thus we have shown that v,,(0) € D(L).

Continuing with the assumption that u®(x) € H)(0,1) and w € W*, we
proceed to establish a priori estimates that allow us to relax this assumption and
prove that A is a contractive mapping. Let y; and y» be two solutions of the
problem (3.25)—(3.28) corresponding to w; and w; and initial data u(l) and ug,

respectively, and set
z=yi—yn L=ul—ud, n=w —w. (3.47)
Then we have

2 — EZux + 8Zxxx + WiNx + Nwa, =0, O<x<1, O0<t<T, (348

200, 1) = z,(1,1) =0, 0<t<T, (3.49)
2 (1, 1) = ki [wi (1, 1) — wa (1, £)°] + kan (1, 1), 0<t<T, (3.50)
7(x,0) = 2°, 0<x<1. (3.5

In what follows, we will frequently use the inequalitites

max u() < llud, Vu € H;(0, 1), (3.52)
1
lull < —llucll, Yu e 30, 1). (3.53)
ﬁ” I 0

The function C(ry, r») below denotes a generic positive continuous function that
may vary from line to line.
Using (3.48) and integrating by parts, we obtain

d 1 1
——f z(t)*dx = 2/ 2(8Zxx — 8Zuxx — Willx — NW2y) dX
dt Jo 0

< —282(1, Dzexe (1, 1) — 8220, 1) — 2¢l|z, |1

+ 2Nzl lwillwllnllw + lInllw lwzllw)
< 48|z Mnllw ey (lwi Il + lwall3y) + k2)
— 872(0, 1) — 2¢ljz|I?

(3.54)

+ 2llzllNlwillwlinllw + lInllw llwallw)

< I3 CUlwillw, lwallw),
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Integrating the inequality from 0 to t gives
Iz < TlinlwC lwillw, lwallw) + 1%, 0<t=T.

Using (3.48) and integrating by parts, we obtain
1

1 1
‘d_/ Zx(t)2dx = 2/ Zx(t)zxt(t‘)dx = ‘—2/ Zxx([)zt(t)dx
dt 0 0 0

1
= 2_/ Zax (—E€Zxx + 8Zxxx + WiNx + NWax) dx
0

< 822, (1, 1) — 822,(0, 1) — 2el|z.r

+ 2lzexlnllw Qwillw + lwaliw)

note that Zy,\1, = wiilw, fw2llw)inliw
(note that z,, (1, 1)> < C(llwillw, llwallw)lInly)

< lInlim CUlwiliw, lwaliw)-

Integrating the inequality from O to ¢ gives

212 < TinlwClwillw, lwallw) + 12902, 0<t<T.

333

(3.55)

(3.56)

(3.57)

Differentiating equation (3.48) and repeating the above procedure, we obtain

d 1 1
'd_ / Zt(t)zdx = 2/ Zt(gztxx — 8Zsxxx — WitNx
rJo 0

— WM — MWk — NWayr) dX
< — 2621, DZeur (1, 1) — 8220, 1) — 2¢|zur
+ 2zl willw linllw + llwillwlinilw
+ lnliwllwallw + Inllwllw2llw)
(note that |z, (1, )| < ||zx|l cancelled by
— 2¢llzx||? and 2, (1, 1)
< C(Jwillw, lwzllw)linliZ)

< Inliy CUlwiliw, lwallw).

Integrating the inequality from O to ¢ gives

Iz 17 < TInl3 Cwillw, lwallw) + 12O, 0<t<T.
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Likewise, we have

d 1 1 1
—/ th(t)zdx = 2/ Zxt (D)2t (P)dx = —2/ Zext (1) 24 (£)dx
dt Jo 0 0

1
= 2/ Zoxt (—EZyxr + 8Zxxxt + WiMx
0

+ Wil + N wax + NWox) dX
< 822,(1,1) — 622,,(0,1) — 2ellzexe|l (3.60)
+ 2lzexe[Uwillwlinllw + lwillwlnllw
+ lInliwllw2llw + lInllwllwz2llw)
(note that z., (1, )2 < C(llwillw, lw2llw)llnlf)
< lnl% Cwillw, lw2llw)-
Integrating the inequality from O to ¢ gives
lzee O < Tlinll} CAwillw, lwallw) + iz O?, 0<t<T. (3.61)
Repeating the above procedure again, we obtain
lzee 1 < Tlinll3 Clwillw, lwallw) + Nz )11, (3.62)
and

Izeee N < Tlnl% CNlwillw, lwallw) + 1z O 12 (3.63)

Now we relax the assumption that u%(x) € H,?C(O, 1) and w € W*. Since W*
is dense in W and, by Lemma 3.2, H,?C(O, 1) is dense in H,ZC(O, 1), using (3.55),
(3.57), (3.59), (3.61), (3.62) and (3.63), by a density argument, we conclude
that, for u’ € H/.(0,1) and w € W, the solution y of (3.25)—(3.28) is in
C2([0, T]; H}(0, 1)). Moreover, since

yx,0 = u'(x),

Ye(x, 0) = eud, (x) — dul, (x) — wlx, 0)wy(x,0)

Xxx

= eu® (x) — 8u%, (x) — u®(x)ul(x) (use (3.5))

XXX

= LY,
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2

d d3
Yir(x,0) = 8(m(11(u°)) - SE(h(uo)) — w,(x, 0)w, (x, 0)

- wx, O)w,,(x,0)

) - 5L W I (u%)u?
8d—;5( 1)) - @( 1)) — I (u )u, (x)

~ uo(x)%(ll(uo)) (use (3.10))

= L"),

we have y € W. Thus A maps W into itself.
Taking 4y = 0 and w; = O (note that 0 € W for u° = 0) in (3.55), (3.57),
(3.59), (3.61), (3.62) and (3.63) we obtain

LAWIT < Uyeer O + 1y O + [yee O + 132 (0)]|2
+ 12l + 160 + T w2 C(lwliw) (3.64)
< R*+T|wl%Clwlw),

where R = R(||u|| ;;7) is a positive constant depending on [|u°|| ;7. Let B(0, 2R)
denote the ball in C2([0, T']; 3{3 (0, 1))

B(0,2R) = {w € C*([0, T1; 34(0, 1)) : [lwllw < 2R). (3.65)
For w € W N B(0, 2R), it follows from (3.64) that if T small enough then
IAwll}, < R* + TR?*C(R) < 4R%. (3.66)

Hence A maps W N B(0, 2R) into W N B(0, 2R). On the other hand, it follows
from (3.57), (3.59), (3.61), (3.62) and (3.63) that if T is so small that

TC(R) < 1, (3.67)

then A is a contractive mapping (note that z(x,0) = gz, (x,0) = z;4(x,0) =
0 since we have n(x,0) = n,(x,0) = 0 for w;, w, € W). Moreover, by
Lemma 3.1, W N B(0, 2R) is closed in C2([0, T']; 3} (0, 1)). Therefore, by the
Banach contraction fixed point theorem, A has a unique fixed point u* € W. So
the problem (1.12)—(1.15) has a unique solution u* for T small enough.
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To prove that
u* € C([0, T1; H),(0, 1)) N C'([0, T]; H,,(0, 1)), (3.68)
we set ¢ = u} . Then by (1.12), we have
1
0, = 5(8(9 —u; —u*ul), (3.69)
6(1) = ku*(l,1)° +ku*(1,1). (3.70)

Solving the equation, we obtain

X

I—x
ut = %/ [l —&,0) +ur( =& Dui(l — & 0)]es " H9d¢
0

(3.71)
+ [k (1, 1) + kou* (1, 1)]e5 <Y,
which shows that u* € C([0, T]; L?(0, 1)) and then
* 1 * * * ok 2
ey = g(su“ —u —u ux) € C([O, T]; L0, 1)), (3.72)
Wy = l(eu* —uf, —u? —wut) e C(0, T} L*(0,1)).  (3.73)
xXxxx 8 Xxx xt X XX ’ ’ ’ * :

In the same way, we can prove that
Mty Wocers Worer € C([0, T1; L2(0, 1)),
It therefore follows from (1.12) that
Uexxeer Brereves e € C0, T L2(0, 1).

Moreover, boundary conditions (2.5)—(3.12) for u* follows from equations
(1.12)—(1.15). Hence (3.68) holds. O

We are now ready to prove Theorems 2.1 and 2.2.

Proof of Theorems 2.1 and 2.2. In order to prove the existence and uniqueness
of a global solution, we need to establish a priori estimates for the solution of
(1.12)—(1.15). We first assume that u® € HZC (0, 1). Then by Proposition 3.1, the
problem (1.12)—(1.15) has a unique local classical solution with

u € C([0, T1; H] (0, 1)) N C([0, TT; H}.(0, 1)) N C*([0, T1; (0, 1)).
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Hence, the calculations performed in the following are valid.
Step 1: Stability. We mainly prove the stability estimates of Theorem 2.2. The

proof of the stability estimates of Theorem 2.1 is simpler and therefore we just

give an outline.
Firstly, the estimate (2.12) follows easily from (1.9).
In order to prove (2.19), we introduce the Lyapunov function

1
/ (x + Du(r)*dx.
0

Using (1.12), we obtain
d 1 1
= / (x + 1)u(t)2dx = 2[ (x + Duettyy — Stxxx — uu,) dx
0 0

4
= 48Tku(L, 0* + kou(l, D — 8u. (0, 1) — Zu, £)?

1 1
—38[ uidx—Zsf (x 4+ Du?dx
0 0

! 2 ! 2
—28/ uuxdx—k—/ wdx < | = — 4k u(l,t)4
0 3 0 3

) . (3.74)
+ (5 — 4k28)u(1, N2 — su,(0,1)* — (38 + s)f u? dx
. 0
2 ! ! 2
+ —||ux||/ uzdx—l—sf u’dx < (— — 4ky8 Ju(l, 1)t
3 o . 0 3
2 ’ 1
+ (5 —4k28)u(1,t)2— Su,(0,1)* — (23+g)/ u® dx
0
1 1 ) 2 1
_ d 2
+95(/0u x) +e/0udx.
With (3.53), we have
1 1 1
/ (x + Du*dx < 2/ u? dx 5/ u? dx. (3.75)
0 0 0
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It therefore follows from (3.74) that

ﬁi—fl( + Du(@t)d <<%—4k a) (1, )*
ar ), X u x < 3 10 Ju(l,

2 1
n <§ - 4k26)u(1, £)2 — 8u, (0, 1)* — 2(28 + ¢) / u’dx
0

1 1 2 1 2
+ — / uldx +8/ wdx < (— — 4k16 Ju(l, t)4
96 0 0 3

2
. (5 _ 4k26>u(1, 02 — 8u, (0, 1)

1 (3.76)
— l(45 +e)/ (x + Du?dx
2 0

1/, .\ (2 .
—_ d < | — —
+98(./0 ! x) = (3 4k18>u(1’t)

+ (% - 4k23>u(1, £)* — 8u, (0, 1)* (use (2.12))

95(43 + &) — 2[|u’||Pe =
185

1
/ (x + Du?dx.
0
Set

1
0, [ < 5048 + ),

Ty = 3.77

0 Lo (2000 1O > 545 + &) .
— — > — .
2¢e 548 +¢) )’ 2

Then for t > Ty we have

20|u’|%e % < 5(48 + ¢).

It therefore follows from (3.76) that

d 1 1
E[ (x + l)u(t)zdx < —Zw/ (x + Du?dx, Vt=> Ty, (3.78)
0 0
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where o is defined by (2.16). Hence we obtain

1 1
/ w(tdx < f (x + Du(t)2dx
0 0

IA

1

e_.2w(t—To)/ (x + Du(x, To)2dx  (use (2.12)) (3.79)
0 .

< 2||u’|2e2To g2 To g =20t

< 2|u°|2e® e, Vi = T

For 0 <t < Ty, by (2.12), we have

1
f w0 dx < )
0

(3.80)
< ”u0”2e2wToe—2wt.
By (3.77), we have
. o= \ ¢
29T < max 1, M_
- 8(48 +¢)
(3.81)
201 \ ¢ 0 _)
< 1, _— 1 o B
_max{ (3(45+s) 0]
Thus (2.19) follows from (3.79), (3.80) and (3.81).
To prove (2.20), we first estimate the following
2 4 2 5
B(t) = |4ki6 — 3 u(l, )" + | 4k28 — 3 u(l, )
) (3.82)
+ u(0,8)* + (28 + &) / u? dx.
0
By (3.74), we deduce that
d 1
— f (x + Du(t)*dx + B(1)
dt 0

(3.83)

1 1 2 1
< — / u® dx —I—s/ u?dx, vt > 0.
9\ Jo 0
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In what follows, we denote by ¢ = c(¢, §, ki, ky) a generic positive constant
that may vary from line to line. Multiplying (3.83) by ¢*, adding we”’ fo (x +
Du(z)%dx to both sides of (3.83) and using (2.19), we obtain

1
wt 2 wt
: (e /0 (x + Du(t) dx) + e B(r)
1 1 1 2 1
Swe‘”’/ (x—i—l)u(t)zdx—l——e“”(/ uzdx) +ee“”/ wdx (3-84)
0 96 0 0
4w
< (1 + ¥ e,

where we have used that

r <247 forall r >0 and 2§a_<_4+4?“’

Integrating from O to co, we obtain
o0
/‘eMBQMS§chWm, (3.85)
0

where the function F is defined by (2.18).
On the other hand, multiplying (1.12) by u,, and integrating from O to 1 by

parts, we have
1
/ Ul Uy dX
0

1
= — 28/ u? dx + 8[kiu(1,1)* 4+ kou(1, 1)]* — 8u, (0,1)*  (3.86)
0

. 1 5 1
V(t) = - 28/ uxxdx + 8”)2()(
0

1
-+ 2/ U U, dx.
0

Since

2 1
u(x, 1)? (/ u,(x, t)dx) Sx/ u(x,)%dx < V@), (3.87)
0 0

1 1 1 1
2/ Ul Upedx < —/ uzuidx+8/ u? dx
0 € Jo 0

V2(t !
© —|—8f u? dx,
0

&

and

(3.88)

IA
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we deduce from (3.86) that

1

, 1

V) < —8/ w2 dx + 2882V (Du (L, t)* + = V() + 28KV (1)
0 g (3.89)

1
< 28K3V()u(l, 1)* + gV%) + 28K2V (2).
Multiplying (3.89) by e, we obtain
%(e‘”’V(z‘)) < we” V(1) + [251«%V(r)u(1, H* + évz(r) + 2ak§va)]ew'. (3.90)

Integrating from O to 7 and using (3.85), we obtain

e’V (t) < V(O)+(w+28k2)/ eV (s)ds

+ / Y.(—) +28K2u(l, s)* |V (s)e®ds < V(0) + cF(lu’l)
0

| FV( | | (3.91)
+ / u 4 28k2u(l, s)* |V (s)e™ds < cF([u’ll )
0

+ f V; ) —}—25k2 (1, )* |V (s)e* ds.
0

It therefore follows from (3.85) and Gronwall-Bellman’s inequality ([9, p.63])

that
e’V < cF(lIuOHHn)exp[/ (V(S) + 28kiu(l, s) ) ]
0

< cF(J[u’|| ;) exp [cF(lluOH)]-

(3.92)

Consequently, (2.20) follows from the embedding theorem (see [1, p.97]).
We now prove (2.21). As in (3.74), we have

d (! !
—/ (x + Du, (1)?dx = —28/ (x + l)ux,(t)2 dx
dr J, 0
1 1
—2¢ / uy (i, (t) dx — 38 / uy () dx
0 0

1
- 2/ (6 4 D () (1, (O (8) + () (1) dx — 8u (0, 1)
0
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— 48u, (1, H[3ku(l, )u, (1, 1) + kou, (1, £)]
1 1 1

< —¢ f w, () dx + ¢ f u,(1)> dx — 38 / u, (£)? dx (3.93)
0 0 0

+ 8l (O e ) 2 (D]

1 1 16
< ¢ f u, (6 dx — 28 / a0 dx + =y 0P s 1) P
0 ]
! 2 16 2 2
<@+ o) [ @ dx = O e o)
0
1 1 2 16 2 2
< 3@ +9) [ e+ D@ dx + Ll O s 1.
0
Multiplying (3.93) by e**, we obtain

—d—(ew’ /l(x + Du (t)zdx) < we® /l(x + D, (0)2 dx
dt 0 ! - 0 !

1
- %(48 + s)e“”/ (x + Du,(2)* dx
0 (3.94)

16 2 ot ! 2

+ 2P [t Duo?ax
16 2wt ! 2

< Slhu0lPe /0 Gx + Dus (1) dx.

It therefore follows from (3.85) that

" 16|u, 2
eI < 2l )1 exp ( / Mds)e“‘”

0
< (el + 10l exp (cF (I )™ (3.95)

= P (ullm) exp (P (Il )e™.

By (3.71), we have

1 [ .
Uyy = — [u, (1 —7,0) +u(l — 7, Du, (1 — 7, 1)]e3 14047
5/0 (=70 +u(l = 7, Duy(l — 7, )] 596

+ [k (1, ) + kou(l, 1)]es D,
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which, combining with (2.20) and (3.95), implies that

lael? < Qa2 + loell® + faacll + 1)

3 , (3.97)
< cZF’(uu(’nHz)exp[cF(||u°n>]e'“".
i=1
By equation (1.12), we obtain
el < cUlueell® + el + lux )
3 , (3.98)
< ¢ F'(|u’llz)exp [cF(HuOu)]e“M.
i=1
It therefore follows that
Nl = lul? + Nl + Nl + lueee > < ][I0 e 17
LA (3.99)
< ¢ ) F'(Iu’l ) exp [cF(IIu‘)II)]e“"’.
i=1
This is (2.21).

The proof of (2.13) and (2.15) is the same and we give an outline here. Set

1 4 1 )
Bi(t) = (28k1 - §)u(l, 0* + (28k2 - 5)u(l, 02, (3.100)
By (1.9), we deduce that
E(t) +2eV () + Bi1(t) <0. (3.101)
Multiplying (3.101) by e* and integrating from O to oo, we obtain
o0 o0
28/ e V(s)ds +f e Bi(s)ds < 2E(0). (3.102)
0 0
Multiplying (3.89) by e, we obtain
d &t et
E;(e V(t)) <ege®' V(@)

. (3.103)
+[23ka(t)u(1, H* + . Vi) + 2ak§V(t)]e”,
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from which, as in the proof of (2.20), we can deduce (2.13). Further, as in the
proof of (3.93) (actually simpler than (3.93)), we have

d xl
E(uu,a)uz)s—euu,(r>n2 21 N O (3.104)
Multiplying (3.104) by €', we obtain
—(nu,mn2 ) ” x” T s ()] e (3.105)

It therefore follows from (3.102) that

t 2
e O < ”“’(O)H%XP(]O ”uf)“ ds)e—gt (3.106)

02 4 0112 /o2y =
< c(lu®l%s + 1u®l13s) exp(lu’ll?/e5)e™".

Then, as in the proof of (2.21), we can easily obtain (2.15).

By a density argument we now show that estimates (2.12), (2.13), (2.19) and
(2.20) hold for u® € 1}61(0 1) and (2.15) and (2.21) hold for ul(x) € HbC(O 1).
For this, we have to establish the continuous dependence of solutions with respect

to initial data, that is

(1) = uaON < Culll, NuSD Nl — udl?, £ =0, (3.107)
i, (1) — uax O < CUSI, NS, — ug, %, >0, (3.108)
1 () — ua O < CUludllgs, ludllg)lud — u3llzs, ¢ =0, (3.109)

We first establish (3.107). Replacing wy, w, and 7 in (3.48)—(3.51) by uy, us
and z, respectively, we obtain

ZI_EZxx+8Zxxx+ulzx +Zu2x:O, O<x < 1, O<t <T, (3.110)

20, 1) = z,(1,1) = 0, 0<t<T, (3.111)
(1, 1) = ky (uy (1, £)® — ua (1, 1)) + kaz(1, 1)1, 0<t<T, (3.112)
2(x,0) = 2°, 0<x <1 (3.113)
Noting that
1
w4 ugup + 1y > E(uﬂu%) >0, (3.114)
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we obtain

d 1 1
— f z2(H)*dx = 2[ 72(€Zx — 8Zxxx — U12x — ZUzy) dX
dt 0 0

25201, Dzea(l, 1) — 82,0, % — 2el|z: |12

+ 2zl Neegx Mzl + Nzl el (3.115)
— 2821, )2 1ky (U2 + wyus + u3) + k2l

— 52,(0, )% — ellzell? + cllzl*Alurel® + lluzell®)

< cllzlP(uwel® + lluaxll)-

LA

IA

Using Gronwall’s inequality and (3.85), we obtain
lzON? = lluy(8) — w2
< fud — ug)exp (e /0 eI + e 0)Pds) - (3-116)
< Ul Nudiluf — uali®, £ =0.

We now establish (3.108). Integrating (3.115) from O to ¢ and using (3.116), we

obtain

12O = 12O + fo (62,0, )2 + ellzx () 12)ds

1
3.117
<c / 12 (eI + 2 1P)ds 3.117)
0
< (N, NS Nl — w3l
which implies
[o.@]
f (200, )% + lzx ()Pt < C(llulll, il — ugll®. (3.118)
0
Further, we have
d 1 1
"—/ Zx(t)zdx = - 2[ Zxx(gzxx _Szxxx — U1lx '—Zu2x)dx
dt Jo 0
< 282,.(1, )2 = 282,,(0, )% — 2e ]|z |1? (3.119)

+ 2 zexllUurelllzell + Nzel el
< cllzl? + ellze P (1, D% + llunl? + ua (1, 0 + ez ).
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It therefore follows from (3.118) that
o0
lzx ()1 < llzx(OI* + ¢ fo llzx (1) %dt

t
+e fo Ulze @) 21, )% + ue 12 + u2(1, 9)* + luax (@) 1P)ds

(3.120)
< C(ud1, NS Nud, — ud 12
!
+e /0 (e 1P, )% + Jure @I + u2(l, 9)* + luze () 1*)ds,
which, combining with (3.85) and Gronwall’s inequality, implies that
2 2
et = ||U1,(F) — U (I

zx ()l lur () — uax ()l 3.121)

0 0 0 0 2
< C(llu}ll, Numllug, — uzell®s 22 0.

To establish (3.109), we need to estimate ||z, (z){|. Using (3.1 10) and integrating
by parts, we obtain

I
— 1)°d
7 /0 z,(¢)"dx
1
= 2/ 20(6Zxxt — 8Zuxxt — ULtZx — UiZxt — TiMox — ZU2u) dX (3.122)
0

< —282,(1, O)zaxr (1, 1) — 8251(0, 1) — 2e ]|z 1?
+ 2zl Cllse iz ll + Heenelllze |+ Hoeax llze | 4 Nzl ez -

Since for a generic function ¢

1
p(1)? = f ¢(1)* dx
0

1 1
= /0 @) +2 / s ®)p@deydx O

< llol* + 2ligellol,
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we obtain
— 2L, Dzexe (1, 1) = =2 (L, O [ka (wa (1, 1)* + w1 (1, Dua (1, 1)
+ur(1, %) + k| — kaze (1, )z (1, D[ 201 (1, Huye (1, 1)
+uy (1, Dua(L, £) 4+ uy (1, Oug (1, 1) 4+ 2uz(1, Huz (1, D]
(drop out the first negative term) (3.124)

< ezl + 1z 1Pz 1D Azl + Nz 1z )

2
2
3 Ml Claegell + Nl 2l )72,

i, j=1

We now use Young’s inequality to estimate above every term as follows (the
following o is small positive number to be determined later and c(o’) a generic

positive constant depending on o):

1 1
Iz Mzl six el < zuztnzuuun%Enzuznuﬁnz, (3.125)

ze 2 M g 0t e 12 1 e 172
1 ) ) 1 ) ) ) (3.126)
< S lalPlluisl + gzl el + [lu e %),
Nz Iz Y2z N2 ot I e e
1 2 2 1 2
< —2-||ztll lluix +5|Izll||zx||||u,-tll (3.127)
1 1
< Euztuzuu,-xu2 + Z(nzu2 + Nz 1PNl
Uz 22 Nz N2 s W 172 e 12
| SRS |
< Slzdlluixl +Enzu||zx||||ujt||||ujx,|| (3.128)
1 1
< 5nztuznu,-xn23<nz||2nu ixtlI? Nz Pl e 12,
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2 1/2
Uz 12 N zee 12 N 2 i I e

1 1
< 5||z|12nu,-,||2+ L [z | i 12 (3.129)

1
< Euzuzuu,-tnz+onzx,||2 + c(o) lze P luix

1z 12z W72 02 otz o )72 e 012
1 1
=< EHZtH“thH”uixHZ + EIIZIIZIIMﬂHIIijrII (3.130)

1
< ollzel?® + cloz P uicII* + ann%nu PSS P )

lze 2 1z 121202 Nz 12 g W o e
1 2 1 2
< Slzdilzalliuid +—2~||z||||zxn||u,~,u (3.131)

1
< ollzel? + ez luill* + Z(IIZIlz A Nzx ) et e I,

1/2 1/2 2
Uz 12 1z 121212 0z NP i e e P e 1Y
< 5||z,n||zxt||uu,~x|| +5nz||||zx||||u,-t||||u,-x,u (3.132)

1
2 2 4 2 2 2 2
< ollzull” + @)z luix ™ + 7 Clizll lloe je 17+ Nz ll*Hlee e 1)

By taking o small enough, we deduce

— 21, Dzaer (1, 1) < ellzell?

2 2
+cllzl® D7 (el + Nueel) + ellzel® Y luiell?
— — (3.133)

2
+ ezl (luil® + luix ).

i=1
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Hence, by (3.122), we obtain

d 1 2 2
- f 2@ < cllzl? 3 (el + ot 1?) + elizal® 3 el
= ' (3.134)

+cllze® Y (laiell® + lluiel®)-
i=1
Moreover, by the first part of (3.93), we have

d 1
ha fo (x4 D (1) dx

(3.135)
: 2 16 2 2
+28 | uin(t)"dx < ‘E“uit(t)” i (1%
0
Integrating from 0 to oo, we deduce that
/ Z i 12dt < CUILS s, N3l mo).- (3.136)

It therefore follows from (2.20), (3.95), (3.116), (3.118) and (3.134) that
iz < 11z O]

0o 2
+c /0 1212 Uleis I + ltixs () 1)ds
i=1

o 2
re [T 3 s

i=1

+c f llzs ()1 Z(||u,x<s)||2+uum<s)|| )ds < 1z )|
+ (il JudiDllug - uz)® f Z(Huixsmz + lluins () 1P)ds
0 =1
0o 2
+ Cludll, Nugihlug, — ud |2 f > luis(s)l*ds (3.137)
0 =1

. 2
+c fo lzs @Y Uuix 17 + i (1)
i=1
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< C(lll 2, N3l o) e — w3l
, 2
re [ IO Y ur0)IF + lus )1,
0 i=1

which, by (2.20) and Gronwall’s inequality, implies that

g (1) — w2 1P < CULl 3, NSl o)l — udll €2 0. (3.138)
Hence, as in the proof of (3.99), we can obtain

() — uz @12 < CASN g, Nl o)} — w37, ¢ 2 0. (3-139)

Inequalities (3.116), (3.121) and (3.139) and Lemma 3.2 are sufficient for us to
use the density argument.

Step 2: Existence and uniqueness of global classical solutions. Using in-
equalities (3.138) and (3.139), by a density argument, we can prove that problem
(1.12)—~(1.15) has a unique global classical solution for u° € HSC(O, 1), respec-
tively. Indeed, for u® € H2.(0, 1), it follows from Lemma 3.2 that there exists a
sequence {u%} C H;.(0, 1) such that u) converges to u%1in H3(0, 1). By (3.138)
and (3.139), the solution u, corresponding to the initial condition u converges
to a function z in C1([0, T1; L2(0, 1)) NC ([0, T1; H;,(0, 1)). Thus we can pass
to the limit in (1.12)—(1.15) for u, and then u satisfies (1.12)—(1.15). Further-
more, since estimate (2.21) shows that the solution never blows up in finite time,
the local solution can be continued to (0, +00). The uniqueness is the direct

consequence of (3.139).

0

Step 3: Existence and uniqueness of global weak solutions. For u” €

J{}) (0, 1), it follows from Lemma 3.2 that there exists a sequence {ug} - ch ©, 1)
such that u® converges to u” in H'(0, 1). By (3.121), the solution u, correspond-
ing to the initial condition ug converges to a function u in C([0, Tl; ﬂ{(l, 0, 1)).
By Definition 2.1, u is a weak solution of (1.12)—(1.15). Furthermore, since
estimate (2.20) shows that the solution never blows up in finite time, the local
solution can be continued to (0, +00). The uniqueness is the direct consequence
of (3.121).

This completes the proof. (]
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Remark 3.1. From the definition (3.77) of Tp = Ty(e, 6, lu®]) we see that
Ty = 0 if [u°)] < 18(46 + ¢). Thus Theorem 2.2 still holds for & = 0 and
u®|| < 282 (we need to make a slight change in the above proof by considering
4 [1(1+x)u? dx instead of V in (3.86)). This means that the KdV equation (i.c.,
¢ = 0)islocally stabilizable. However, if ||u°||is large, then To (s, 8, [|u°|)) — oo
as ¢ — 0. Hence the problem of global boundary stabilization of the KdV
equation is open. On the other hand, if we introduce one more control so that
the problem (1.12)—(1.15) becomes

Uy 4+ SUyry + uu, =0, O0<x<l1, t>0, (3.140)

u(0,1) =0, t >0, (3.141)
1
u,(0,1) = \/3ux(1,t)2 +/ u2dx, t >0, (3.142)
0
u, (1, 8) = ki1, 8) + kau(l, 1)], t>0, (3.143)
u(x,0) =u’(x), O<x<l, (3.144)

the controlled system is H! exponentially stable. But we are not able to prove
that it is well posed. The H! stability can be seen from the following inequalities

d !, 1 1
— dx < | = — 28k DY+ = — 28k 1,1)>?
o Ou x_(3 1)u(1 t)+(3 2 2)u( )
1 1 (3.145)
—5/ wrdx —2u,(1,1)? < —3/ u?dx,
0 0
—d—/1(1+x)u2dx <2 L 28k; Ju(l, )*
dt J, —\3 L R
1
+ 2(§ ——28k2)u(1,t)2+28u(1,t)ux(1,t) (3.146)

1 2 1
+ 28u, (1, £)* — 8u, (0, t)2—38/ uidx+§f uldx,
0 0
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and

[ d 1
Zi_t/ (1 -{-x)uﬁ dx < 38[k1u(1, 1)® + kou(l, t)]2
0

1
0

+ AP ol + flux ).

Remark 3.2. If we define the C ([0, T']; L*(0, 1))-limit u of the sequence {u,}
of smooth solutions as an ultraweak solution of problem (1.12)—(1.15), then
inequality (3.116) shows that problem (1.12)~(1.15) has a unique ultraweak so-
lution u € C([0, TT; L2(0, 1)) for the initial data u® € L*(0, 1).

REFERENCES
[1] R. Adams, Sobolev Spaces, Academic Press, New York, (1975).

[2] C.J. Amick, J.L. Bona and M.E. Schonbek, Decay of solutions of some nonlinear wave
equations, Journal of Differential Equations, 81 (1989), pp. 1-49.

[3] A. Armaou and P.D. Christofides, Wave Suppression by Nonlinear Finite-Dimensional Control,
Chem. Eng. Sci., 55 (2000), pp. 2627-2640.

[4] A. Balogh and M. Krstié, Boundary control of the Korteweg-de Vries-Burgers equation:
further results on stabilization and well-posedness, with numerical demonstration. IEEE
Transactions on Automatic Control, 45 (2000), pp. 1739-1745.

[5] P. Biler, Asymptotic behavior in time of solutions to some equations generalizing the Korteweg-
de Vries-Burgers equation, Comment. Math. Univ. Carolin, 26 (1) (1985), pp. 177-180.

[6] J.L. Bona, V.A. Dougalis, O.A. Karakashian and W.R. McKinney, Computations of blow-
up and decay for periodic solutions of the generalizedKorteweg-de Vries-Burgers equation.
A Festschrift to honor Professor Garrett Birkhoff on his eightieth birthday. Appl. Numer.
Math., 10 (3—4) (1992), pp. 335-355.

[7] J.L. Bona and M.E. Schonbek, Travelling-wave solutions to the Korteweg-de Vries-Burgers
equation, Proc. Roy. Soc. Edinburgh, 101A (1985), pp. 207-226.

[8]1].L. Bonaand B.Y. Zhang, The initial-value problem for the forced Korteweg-de Vries equation,
Proc. Roy. Soc. Edinburgh Sect. A, 126 (3) (1996), pp. 571-598.

[9] H.K. Khalil, Nonlinear Systems, Prentice-Hall, Inc., New Jersey, (1996).

[10] D.J. Korteweg and G. de Vries, On the change of form of long waves advancing in a
rectangular canal, and on a new type of long stationary waves, Philosophical Magazine,
39 (1895), p. 422.

Comp. Appl. Math., Vol. 21, N. 1, 2002



WEL-JIU LIU and MIROSLAV KRSTIC 353

[11]V. Komornik, D.L. Russell and B.Y. Zhang, Stabilisation de I équation de Korteweg-de Vries,
C.R. Acad. Sci. Paris Sér. I Math., 312 (11) (1991), pp. 841-843.

[12] J.L. Lions and E. Magenes, Non-homogeneous Boundary Value Problems and Applications,
Vol.I, Springer-Verlag, Berlin, Heidelberg, New York, (1972).

[13] P.I. Naumkin and I.A. Shishmarev, A problem on the decay of step-like data for the Korteweg-
de Vries-Burgers equation (Russian), Funktsional. Anal. Prilozhen, 25 (1) (1991), pp. 21-32;
translation in Functional Anal. Appl., 25 (1) (1991), pp. 16-25.

[14] PI Naumkin and LA. Shishmarev, On the decay of step-like data for the Korteweg-de
Vries-Burgers equation (Russian), Funktsional. Anal. Prilozhen, 26 (2) (1992), pp. 88-93;
translation in Funct. Anal. Appl., 26 (2) (1992), pp. 148-151.

[15] K. Nishihara and S.V. Rajopadhye, Asymptotic behaviour of solutions to the Korteweg-de
Vries-Burgers equation, Differential Integral Equations, 11 (1) (1998), pp. 85-93.

[16] A. Pazy, Semigroup of Linear Operators and Applications to Partial Differential Equations,
Springer-Verlag, New York, (1983).

[17]M.A. Pinsky, Partial Differential Equations and Boundary-value Problems with Applications,
Second Edition, McGraw-Hill, Inc., New York, (1991).

[18] L. Rosier, Exact boundary controllability for the Korteweg-de Vries equation on a bounded
domain. ESAIM Control Optim. Calc. Var., 2 (1997), pp. 33-55 (electronic).

[19] D.L. Russell and B.Y. Zhang, Exact controllability and stabilizability of the Korteweg-de
Vries equation. Trans. Amer. Math. Soc., 348 (9) (1996), pp. 3643-3672.

[20] D.L. Russell and B.Y. Zhang, Stabilization of the Korteweg-de Vries equation on a periodic
domain, in Control and optimal design of distributed parameter systems (Minneapolis, MN,
1992), 195-211, IMA Vol. Math. Appl., 70 (1995), Springer, New York.

[21] D.L. Russell and B.Y. Zhang, Smoothing and decay properties of solutions of the Korteweg-
de Vries equation on a periodic domain with point dissipation, J. Math. Anal. Appl,
190 (2) (1995), pp. 449—488.

[22] D.L. Russell and B.Y. Zhang, Controllability and stabilizability of the third-order linear
dispersion equation on a periodic domain, SIAM J. Control Optim., 31 (3) (1993), pp. 659-
676.

[23] M.E. Schonbek, Decay of solutions to the Korteweg de Vries Burger equation and to parabolic
conservation laws, in Nonlinear partial differential equations in engineering and applied
science (Proc. Conf., Univ. Rhode Island, Kingston, R.L, 1979), pp. 213-216, Lecture
Notes in Pure and Appl. Math., 54 (1980), Dekker, New York.

[24] M.E. Schonbek and S.V. Rajopadhye, Asymptotic behaviour of solutions to the Korteweg-
de Vries-Burgers system, Ann. Inst. H. Poincaré Anal. Non Linéaire, 12 (4) (1995), pp.
425-457.

[25] L.H. Zhang, Decay of solutions of a higher order multidimensional nonlinear Korteweg-de

Comp. Appl. Math,, Vol. 21, N. 1, 2002



354 GLOBAL BOUNDARY STABILIZATION

Vries-Burgers system, Proc. Roy. Soc. Edinburgh Sect. A, 124 (2) (1994), pp. 263-271.

[26] B.Y. Zhang, Analyticity of solutions of the generalized Korteweg-de Vries equation with
respect to their initial values, SIAM J. Math. Anal., 26 (6) (1995), pp. 1488-1513.

(27] B.Y. Zhang, Boundary stabilization of the Korteweg-de Vries equation, in Control and
estimation of distributed parameter systems: nonlinear phenomena (Vorau, 1993), pp. 371—
389, Internat. Ser. Numer. Math., 118 (1994), Birkhzuser, Basel.

Comp. Appl. Math., Vol. 21, N. 1, 2002



