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We consider the prescribed-time stabilization and inverse optimality for strict-feedback nonlinear systems with
nonlinear growth condition. Different from the existing scaling designs for nonlinear systems, we propose new
non-scaling designs characterized by new scaled quadratic Lyapunov functions. The advantage of our design is
that it is simpler and easier for implementation. We first design a controller to ensure that the equilibrium at

the origin of the plant is prescribed-time stable. Then we redesign the controller and solve the prescribed-time
inverse optimal stabilization problem, with an infinite gain margin. Specifically, the designed controller is not
only optimal with respect to a meaningful cost functional but also globally stabilizes the closed-loop system
in the prescribed-time. Finally, a simulation example is given to illustrate the designs.

1. Introduction

Prescribed-time control has been receiving increasing attention due
to its wide applications in tactical missile guidance [1] and other appli-
cations in which there exists a short, finite amount of time remaining
to achieve control objectives. The advantage of such control is that it
allows the user to prescribe the convergence times a priori and irrespec-
tive of initial conditions. For deterministic systems, [2] solves the fixed-
time regulation problem for nonlinear systems with non-vanishing
uncertainties; [3] compares the traditional finite-time control with the
prescribed-time control; [4] studies the prescribed-time distributed con-
trol of networked multiple systems; [5,6] focus on prescribed-time ob-
servers and output feedback controllers design for linear systems in con-
trollable canonical form, respectively. [7,8] solve the prescribed-time
stabilization problems for nonlinear strict-feedback-like systems; [9]
investigates the prescribed-time output feedback control problem for
high-order nonlinear systems with unmeasurable states; [10,11] study
the prescribed-time control problems for reaction-diffusion equations
and Schrodinger equations, respectively; [12] designs boundary ob-
servers for coupled diffusion-reaction systems with prescribed conver-
gence rate; [13,14] address the prescribed-time control problems with
bounded time-varying gains. Most of the results in [2-14] are based
on scaling designs where the scaled transformation is used for the

controller design at every step. The merit of scaling designs is that
they have relative faster decay speed, which may be helpful in solving
prescribed-time control problems for systems with unknown control
coefficients or more uncertainties. However, even for simple strict-
feedback nonlinear systems with nonlinear growth condition, without
considering unknown control coefficients or uncertainties, the scaling
design is complex.

Recently, non-scaling prescribed-time designs are proposed for
stochastic nonlinear systems. Specifically, [15] is the first paper to solve
the stochastic nonlinear prescribed-time state-feedback stabilization
and inverse optimality problems; After that, [16] uses scaled quartic
Lyapunov functions to reduce the control effort in [15,17] general-
izes the results in [15] to prescribed-time output-feedback control.
Compared with the scaling designs, although non-scaling designs have
relative slower decay speed and may not be suitable for systems with
more uncertainties, the advantage of them is that the controllers are
simpler with reduced control effort when applying to same systems
(see the example in [15]). With the order of the system increasing, this
advantage becomes more obvious. To the authors’ knowledge, even for
the prescribed-time non-scaling design of deterministic strict-feedback
nonlinear systems with nonlinear growth condition, there is few results
on this direction.
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Inverse optimality is a property of a feedback law where, instead
of seeking a feedback law which is optimal for a given cost criterion,
which is an essentially unsolvable problem for nonlinear systems with
more than a few states due to the curse of dimensionality, a family of
feedback laws is explicitly constructed instead, which ensures that some
cost functional, which is meaningful (positive definite and radially
unbounded in state and control) though not given a priori, is minimized
in closed loop.

Inverse optimal control was invented by Rudolf Kalman in his
celebrated paper which poses the question whether every stabilizing
feedback law for a linear system is optimal with respect to a meaningful
cost functional [18]. Kalman answers this question in the negative but
characterizes all feedback laws that are inverse optimal: those whose
gain matrix is the product of the transpose of the input matrix and the
Lyapunov matrix of the closed-loop stabilized system.

The extensions from Kalman’s work for linear systems to inverse op-
timal control for nonlinear systems affine in control begins with Moylan
and Anderson [19]. Two decades later, a complete methodology for the
design of robust inverse optimal nonlinear controllers for control-affine
systems was developed in [20-22].

However, the controllers in [20-22] can only ensure global asymp-
totic stability. Recently, [15] solves the prescribed-time inverse opti-
mal control problem for stochastic nonlinear systems. However, [15]
requires that the nonlinear functions satisfy the linear growth con-
ditions. To the authors’ knowledge, there is no related results about
prescribed-time inverse optimal control of nonlinear systems with non-
linear growth condition.

Motivated by the above observations, we study the prescribed-
time stabilization and inverse optimality problems for strict-feedback
nonlinear systems with nonlinear growth condition. The contributions
of this paper are two-fold:

(1) We present a new non-scaling design framework for nonlinear
strict-feedback systems in this paper. Firstly, although the system model
considered is relative simpler when it is compared to those in [7] where
more uncertainties are considered, our design is different from that
in [7]. Specifically, the design in [7] is based on the dynamic high-
gain scaling technique along with a temporal transformation and form
of the scaling dynamics with temporal forcing terms. Our non-scaling
design is based on new scaled quadratic Lyapunov functions and a
simpler design procedure is developed. Secondly, compared with the
scaling designs in [2,3] where the scaled transformation is used for the
controller design at every step, the transformation in our design is non-
scaling. Since the derivatives of scaled transformations produce much
more terms than those of non-scaling transformations, compared with
the scaling designs, our design yields a simpler controller with reduced
control effort. With the order of the system increasing, this advantage
becomes more obvious. Thirdly, our design is not a special case of the
non-scaling stochastic prescribed-time designs in [15-17]. The designs
in [15-17] can only deal with nonlinear systems satisfying the linear
growth condition. Nevertheless, our designs are effective for nonlinear
systems with nonlinear growth conditions.

(2) We propose a new prescribed-time inverse optimal control de-
sign in this paper. In [20-22], asymptotic stabilization controllers are
constructed to minimize cost functionals which are characterized by
time-invariant value functions. In this paper, we design a prescribed-
time stable controller to minimize a cost functional equipped with
time-varying value functions. The prescribed-time inverse optimal de-
sign in this paper cannot be covered by the stochastic prescribed-time
inverse optimal design in [15]. This is mainly because the design
in [15] requires the nonlinear functions satisfy the linear growth con-
dition, while we consider nonlinear systems with nonlinear growth
condition in this paper.

The remainder of this paper is organized as follows. Section 2 is
for problem formulation. Section 3 is focused on the prescribed-time
controller design and stability analysis. Section 4 is on prescribed-time
optimality. Section 5 gives a simulation example to show the effec-
tiveness of the theoretical results. Section 6 includes some concluding
remarks. Finally, Young’s inequality is collected in the Appendix.
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2. Problem formulation

Consider a class of nonlinear systems described by

X=X+ fitx), 1<i<n—1, &)
X, = u+ f,(t,x), (2)
where x = (xl,...,x,,)T € R" and u € R are the system state and

control input. The function f; : R* X R" — R is piecewise continuous
in 7, locally bounded and locally Lipschitz continuous in x uniformly in
t€RY, f;1,0)=0,i=1,...,n.

For system (1)—(2), we need the following assumption.

Assumption 1. For i = 1,...,n, there exists a known nonnegative
smooth function f;(;) such that

Ifi@ 0 < (xg] + -+ x;)f;1 (%), Vi€ R, 3

where X; = (x,... ,x[)T.

Remark 1. Assumption 1 is a general assumption for nonlinear systems.
From (3), the nonlinear function f;(f,x) can tolerate a large class of
bounded disturbances, including bounded time-varying disturbances
or bounded state-dependent disturbances. For example, if f;(r,x) is
perturbed by the multiplicative disturbance d;(7,x), where d,(t,x) is
bounded by a known nonnegative smooth function f;;(%;). In this case,
Assumption 1 still holds by revising the growth rate as f;,(%;)f;;(%;). In
addition, the nonlinear growth condition in (3) is more general than the
linear growth condition required for stochastic systems [15-17], which
shows that the design in this paper cannot be covered by the stochastic
prescribed-time stabilization designs in [15-17]. How to deal with the
nonlinear growth grate f;(%;) in (3) is nontrivial.

We introduce the following scaling function:

T
el (m

m
) , Vieltyty+T), 4)
where m > 2 is a integer and T > 0 is the freely prescribed time.

Obviously, u(r) is a monotonically increasing function on [z, 7y + T)
with p(tg) = 1 and lim,_; 7~ u(t) = +oo (In this paper, lim,_, - means
t approaches ¢, + T “from the left” or “from below”).

The objective of this paper is, with Assumption 1, to provide a new
non-scaling backstepping design framework where a prescribed-time
state-feedback controller is designed for system (1)—(2) to ensure that
the equilibrium at the origin of the plant is prescribed-time stable. After
that, we redesign the controller to solve the prescribed-time inverse
optimal stabilization problem.

3. Prescribed-time design and stability analysis

In this section, we first propose a new non-scaling backstepping
design framework, then analyze the prescribed-time stability of the
closed-loop system.

3.1. Prescribed-time controller design

Step 1. In this step, we aim to design the virtual controller x
Define

& = xy, 5)
1
V=38 (6)

s
2

from (1), (3) and (5)-(6) we have

Vi = &xp + & f1(0 X))
< &1xp &A@ xp]
< &xp + 1S X L f11(Gxp)
= fl(xz—x;)+§1x;+§ff”(xl)_ %)
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Choosing

ap(xy) = n+ fr(xp),

x; = —poy(x)éy,

which, along with (7), yields

Vi < —np + & (x = x3).
Step 2. In this step, we aim to design the virtual controller x
Define &, = x, — x , from (9) we get

& =Xy + pay(x1)é;.

It follows from (1), (3), (8)-(9) and (11) that

& = x5+ frt,0) + ?MHl/moﬁfl + e

day
+ d—x1x1)(x2 + f1(t,x)).

Choose the new scaled Lyapunov function
1
2u2
By (10), (12) and (13) we get

Vo=V + —&.

m _o41/mg2
&x3 — Tll 52

. 1
V) < —npél + &6 + 7
1 m da;
+ﬁ§2<f2(t,x)+ 7141“/"1“151 + uloy + Exl)
(g + f10%) ).
By Lemma A.1 we obtain
1L o 1
ISTS IR 5#51 + zfz-

From (4), (5) and (11) we have

da
frt,x) + mMHI/malﬂfl + u(ay + —lxl)(xz + f1(t, x))
T dx,
< (b 1+ b foy () + e gy
day
+ar + bl + a0

< (w161 + il ) oo,

where p,(X,) is a nonnegative smooth function.
By (16) and Lemma A.1 we get

da
(fz(t X) + 7 B me g+ ey + d_xlxl)
1

C(xy + fl(t,x))>

51 m 141/ day
< = |folt,x)+ = " + + —
<2 L)+ Tu a8+ pla dxlxl)

(X + 1, %)

<1818 19y (Ey) + lpzo'cz)@;

A

—#52

I/\

(Pz(xz) + p2<x2>):2

Substituting (15) and (17) into (14) yields

B

1 " 1
Vy < =(n—Du&l + —&(x3 = x3) + — 63
u u
1/1 I PR
+ ;(5 +pa) + 535 ) 8.
If we choose
1 - 1 -
w=n-3 + py (%) + 5/?%()62),

X3 = —pay(%5)é,,

3°

(C))

©)]

(10)

(€8]

(12)

13)

(14)

(15)

(16)

@7

(18)

19)
(20)
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then we have

Vy < —(n— Dug? - (n - 1)%55 @

1 )
+ —&(x3 — x3).
w2 ’

Deductive Step. In this step, we aim to design the virtual controller
.
Fer2: )
Assume that at step k, there are a set of virtual controllers x*

Seeees
x;,, defined by

x; = —pa;(xp)éy, & =xp, (22)
Xy = —Hay(%2)&), SH=xp—x5, (23)
X1 = ~HG (X)L & =x — X, 24
such that
k
Ve < —n—k+1) ) M;_S &+ ﬁék(xm
i=1
) 25)
where «, ..., a, are positive functions and
v |
Vi = 3 Z T 1)52 (26)

-1 M

To complete the induction, at the k + 1th step, we consider the
& 41-System.

Let &y = Xy — X5, > from (22)-(24) we have
Eipl = Xpq1 + Z“ [T 27)
s=1
By (1) and (27) we get
ko k )
Skl = Xpgo + S (X)) + Z Zﬂkﬂ S—kxjxs
s=1 j=1 Xj
k
+ Y I ) (g + S 0))
s=1
k
+ ? D+ 1 =) kT (28)
s=1
We choose the new Lyapunov function
I o
Vier = Vi + 242k vt 29
It follows from (25), (28)-(29) that
o1 1
; 2
Vier £ —(n—k+1) ; e &+ W§k§k+l
mk 1
_?ﬂ 2k+l/m§z+l + ﬁfkﬂ(xwr2 + frp1( %)
S %)
+2 ”k+l A e %k xjxs
5= l/ 1
+ Z w5 g o) (Xgqq + f5(1, %)
s=1
k
+ % Z(k +1-95a... akﬂk_HHl/'"xS). (30)
s=1
By (1), there exists a nonnegative function p,; ;(X;,,) such that
k
Pr11 Xpq1) = Z 3D

From (3) we get

k

k+1—
Z[l oy ...
s=1

) (Xgy + (1, X))
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k+1
<Y g 2 R, (32)

s=1
where p; ;| ,(%;,1) is a nonnegative function.
It follows from (3) and (30)-(32) that

Vigr < —(n—

1 1
36+ aan Sk

MKk _ok+1/mg2 1
——H med |+ ﬁ§k+1xk+2

k1
1 —j -
+ ﬁlfkﬂl Z ukrA 1% 1pk41,3Fks1)s (33)
Jj=1
where p; | 3(%;,1) is a nonnegative function.
By (22)—(24) and Lemma A.1 we obtain

k41
1 k+2—j <
—7 16kt Z H 1oy 3(Ris)
U =
1
<kl Z Wléjlpk+l,4(xk+1)

M»

2,
2, =17 k= 1(2k‘0k+1 4G

+ Pk+1,4(’_‘k+1))§k+p (€D))

where p; . 4(%;41) is a nonnegative function.
By using Lemma A.1 with x = ﬂ"’+/2§k’ y= ﬁéjkﬂ, p=gq=2and
v =1, we get

1 1
k= 1>§k§k+1 223 ‘fk 2p2k= 1§k+l (35)
Substituting (34)-(35) into (33) yields
Vi1 < —("—k)z i &+ L 5k+1xk+2
(e = X0+ i (B iR
2k Sir1 Xpp2 = Xp 4o 21 Pici1 4Kkt
L G 36
+ 3 Prp1.4Erae i (36)
Choosing
_ 1 -
a1 (X)) = n—k+ 57 Prr1.4Xpq)
1 -
L ACINS (37
X;—z = —pp Ky Dkt (38)
then we get
k+1
Vigr € =(n =) Z =t I ) (39)
Step n. In this step, we aim to design the actual controller u.
Similar to (37)-(39), by choosing the actual control law
a,(X,) = 1+ p,(X,), (40)
u = —pa,(x,)E,, 41)
we have
<1
VG- ==& (42)
=1 H
where p,(x,) is a nonnegative function and
& =X, —x), (43)
n
o1 1
Vi) = 5 ; =L (44)

Systems & Control Letters 190 (2024) 105859

Remark 2. Although the system (1)-(2) is relative simpler when it is
compared to those in [7] where more uncertainties are considered, we
propose a new and simpler non-scaling design with scaled quadratic
Lyapunov functions in this section, which is completely different from
the dynamic high gain scaling design in [7]. The new ingredients in our
design is that we do not use the time-varying u to scale the coordinate
transformations ¢; = x=x{,i=1,..,n, and y is suitably introduced into
the virtual controller x}. As shown in [15-17], such design is simpler
and easier for implementation. In addition, our design is not a special
case of [15-17] where the linear growth condition of f;(z, x) is required.
Our design has an advantage over [15-17] that it can deal with the
nonlinear growth rate f;,(x;). It can be observed from (16), (17), (31),
(32) and (34) that the processing of the nonlinear f;,(x;) is nontrivial.

3.2. Prescribed-time stability analysis

Next, we state the main stability results on system (1)—(2).
Theorem 1. Consider the plant consisting of (1)-(2) and (41). If Assump-
tion 1 holds, then the equilibrium at the origin of the plant is prescribed-time

stable with lim,_,, - x = lim,_; ,7-u=0.

Proof. From (42) and (44) we have

V, < =2uV,. (45)
Let
2/r u(s)ds
V =V, o O (46)
By (45) and (46) we get
t
Vo= OB L oury <o. (47)
Thus, for V ¢ € [ty, 1, + T), we have
t 3 ¢
Vn(l) < V,,(IO)Q_Z/'U u(s)ds
Sy
< Vy(tgle ™ o =ym=2 T, (48)

By (44) and (48), for V t € [ty,t, + T), we obtain
gl < wtev,en'/?

S lgm( 11
-1 2, (ty)e m—1 ((,0+T_,)m—l Tm—]), (49)

where & = (&, ..., )T
From (5) we get

x| =11 < 1€l (50)
which, along with (49), yields

IN

lim  x; =0. (51)

1=t9+T~

By (11) and (49) we get

A

[xo| < poy (xIE |+ 16,1
Vinpea (x|
\/_al(xl);l V2V, (ty)

IA

L m( L
e ™! ((’0+T ot '), V1€ [tg.1g+ T). (52)
Noting
H}lm a;(xy) = a;(0), (53)
Sl 1)
Lim e st < (54)
=l

from (52) we have

lim  x, =0. (55)

t=to+T~
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Similarly, with (22)-(24), by induction, we can prove

lim x; =0, 3<i<n (56)

t—1+T~

It follows from (51), (55) and (56) that

lim x=0. (57)

t—=to+T~

From (41) and (53), for V t € [ty,1, + T) we get

lul < a,pulél
Sy (R
< U2 e " G T T (58)
By (57) we obtain
IJ;TT_ a,(%,) = ,(0), (59)

which, along with (58), shows that

lim u=0. (60)

t—tg+T~

Thus, the theorem is proved.
4. Prescribed-time inverse optimality

In this section, we study the prescribed-time inverse optimal stabi-
lization problem for system (1)—(2).
We first rewrite (1)—(2) as

Xy + f1(t,x) 0
- 5 i u= 0,0+ G (61)
X+ fas1 @) |0 !
Salt,x) 1
Next, we give the main results on the prescribed-time inverse optimal

stabilization.

Theorem 2. Consider the plant consisting of (1)-(2). If Assumption 1 holds,
then the controller

u'(x) = —Pua,(x,)&,. B 22,V t € [tg, 19+ T) (62)
solves the prescribed-time inverse optimal stabilization problem for system

(1)-(2) by minimizing the cost functional

to+T
J@w) = 2PV, (tg + T x(ty + T)) + / (l(t, x(1))

To

1 2
T ) ©3
where
) = —w(‘w ‘ZZ¢> 20, (5,)82 64)

is positive definite and radially unbounded but not necessarily decrescent.

Proof. From (22)—(24) and (43) we get

1 0 - 0 0

—agu 1 o 0o 0
e R S (65)

0o 0 - 1 0

0 0 « —a_pul

which yields that

I SR WY 66
6 > —— Z, b ©6)
Noting g > 2, from (45), (64) and (66) we have
, 5 2 W, Vo
t,x) = =28 — 2n S %é, + o

pr=til 2)%52
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> 4/3,41/
2
z 2n— %lél
2
s 67)
" (n+ﬂ zl 1%
28

Since is a positive function and |x|> is a positive

W 3 od)
definite function of x, I(#, x) is well defined. Thus, J(u) is a meaningful
cost functional.

We first prove (62) is a stabilizing controller for system (61). From

(42), (44) and (61), noting g > 2, we have
av, av,
ﬂ 2 n + n

Vv, =—
nle2) J2n= of | ox
1 2 OV, 9V, @
ot ox
< =2uV,. (68)

It can be inferred from (68) and Theorem 1 that the controller (62) can
make system (61) achieve prescribed-time stable with lim,_, ;- x =
lim ;47— u* =0.

Next, we prove optimality.

From (63)—-(64) we have

J ()

10+T
2BVt + Tox(ty +T)) + / (1.5
1y
1 2
+ —anpﬂ”‘l(t)u )dt

to+T )
28V, (1, x(t)) + / (2/Wﬂ|(61) +1(1, x(1))

fo

+ ;uz)dt
an”ZVI—l(I)

10+T 1
2V,t0500+ [ (20

fo

;Lﬂ)dt. (69)

2
Pat+ s

+
”2n 3

By using Lemma A.1 with v = \/E and p = ¢ =2 we obtain

—Zﬂ#gu = ﬁ2<_\/aﬂn_13/2 gn)(ﬁ\/azunfl/zu)

1 1

< —pa, 2+ ———WP(0). 70
- ”2;1—3 ﬂ a”én anHZn—l(t)u ) 70
The equality in (70) holds when
u(t,x) = =fua,(x,)E,. (71)
Therefore, the minimum of (63) is obtained with u(¢,x) = u*(t,x) in
(71), and
min J (u) = 28V, (1, x(ty)). (72)

Thus, the theorem is proved.

Remark 3. From Theorem 2, the inverse optimal controller (62) can
make system (1)—(2) achieve prescribed-time stable with lim,q,0 - X =
lim,_; ,7- u = 0 while the controllers in [20-22] can only ensure global
asymptotic stability. The cost functional in (63) is accumulated over the
time interval [zy, 1, + T). Noting I(¢, x) is positive definite and radially
unbounded but not necessarily decrescent, the integrand of J(u) is
nonnegative, which penalizes certain undesirable states and controls.
Different from those in [20-22], the penalty is characterized by the
scaling function u.

Remark 4. Even though not explicit in the statement of Theorem 2,
V;(t, x) solves the following family of Hamilton- Jacobi-Bellman equa-
tions parameterized by f € [2,+x)
W, Wy I, x)
ot ox 2p

—— B, & + =0. (73)

22n3
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Fig. 1. Mass-spring mechanical system.

5. A simulation example

Consider the mass-spring mechanical system shown in Fig. 1, where
a mass m is attached to a wall through a spring and sliding on a
horizontal surface. The mass is driven by an external force which
serves as a control variable. Let y be the displacement from a reference
position. By Newton’s law of motion, the system is described as [23]

my+ Fp + F, = u, 74

where F/ is a resistive force due to friction and F, is the restoring force
of the spring. We assume that the spring is a hardening spring and thus
F, can be written as F;, = ky(l +ay?) (a > 0), where k and a are spring
parameters. Meantime, we assume the resistive force is linear viscous
friction and write F, as F, = cy, where c is the friction parameter.

To obtain a state model for the mass-spring mechanical system, take
the state variables as x; = y and x, = y. Then, from (74) we get the
state-space form as

x| = Xy, (75)
kx;(1 + ax?)
x2:ﬁ_;_ﬂ. (76)
m m m

Choosing m = 1,k = 0.2, a = 1,c = 0.1, by following the design
procedure developed in Section 3 with 1, = 0, T = 1, m = 2, we get
the controller as

u=—p(3.6+353(1 + x]))(x; + 2ux)). 77)

For simulation, we randomly set the initial conditions as x,(0) = —1,
x,(0) = 3. Fig. 2 gives the response of the closed-loop system (75)-(77).
From Fig. 2, we find that lim,_, ;- x = lim,_,;- u = 0, which shows that
prescribed-time stabilization is achieved. Therefore, the effectiveness of
the controller design developed in Section 3 is demonstrated.

By Theorem 2, we obtain that the controller

w(x) = —Bu(3.6 +35.3(1 + x3))(x, + 2ux)),
B=2,Vt€Etyty+T) (78)
solves the prescribed-time inverse optimal stabilization problem for

system (75)—(76) by minimizing the cost functional

tg+T
JW) = 2pVy(ty + T x(tg + T)) + / (l(t, ()

fo

S uz(t)>dt, 79)

where
@ = 3.6+353(1+x])°, (80)
V, = %xf + #(x2 +2ux)?, (81)
I(t.x) = —m(‘% + 3%) + ﬁﬁzazég- (82)

6. Concluding remarks

In this paper we have proposed new non-scaling designs to ad-
dress the prescribed-time stabilization and inverse optimality control

Systems & Control Letters 190 (2024) 105859
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Fig. 2. The response of the closed-loop system (75)-(77).

problems for strict-feedback nonlinear systems. By using new scaled
quadratic Lyapunov functions, a new controller is designed to guar-
antee that the equilibrium at the origin of the closed-loop system is
prescribed-time stable. In addition, we redesign the controller with an
infinite gain margin to achieve prescribed-time inverse optimal stabi-
lization. Specifically, the optimal controller minimizes a meaningful
cost functional and stabilizes the closed-loop system in prescribed-time
simultaneously.

For the nonlinear prescribed-time control, many open issues are
worth investigating. For example, by combining the prescribed-time
design in this paper and the design in [24], one possible future work is
studying the prescribed-time control with nonlinear growth conditions
and measurement noise; studying the performance differences between
the prescribed-time control and the predefined time control [25-27];
another interesting topic is generalizing the results in this paper to
output-feedback control [28,29] or tracking control [30].
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Appendix

The following lemma is Young’s inequality which is frequently used
in the controller design and stability analysis.

Lemma A.1 ([22]). For (x,y) € R?, the following holds:
vP 1

xy < —Ix|P+ —|yl4, (A1)
p va

where v > 0, the constants p > 1 and p > 1 satisfy (p—1)(g—1) = 1.
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