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We study the problem of seeking the source of a scalar signal with a force- and torque-controlled
unicycle. The vehicle does not have the capability to measure or track its position. The only information
about the vehicle’s position relative to the source is given by measurements of the signal. We propose
a feedback law that induces a uniform forward motion and an almost uniform rotational motion. This
in turn leads to an almost circular motion of the unicycle; i.e, a motion along the boundary of a
disk. An application of the divergence theorem reveals that the measurements of the signal along the
boundary of the disk provide access to the gradient of an averaged signal, where the average is taken
over the entire disk. Such a local average of the sensed signal can eliminate undesired local extrema,
which in turn is beneficial for the goal of reaching a global extremum. We prove practical asymptotic
stability for the closed-loop system with respect to extrema of the averaged signal. Our theoretical
analysis takes L,-measurement errors of the signal into account. We compare the performance of
the proposed control law to another source seeking method in the presence of local extrema through
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1. Introduction

Source seeking with an autonomous agent is an intensively
studied problem, which is motivated by numerous applications.
For instance, the problem of source seeking arises when a wheeled
robot aims to locate a point where an unknown scalar signal
attains an extreme value. The signal could be given by the con-
centration of a hazardous chemical substance or the strength of
an electromagnetic field. It is assumed that the autonomous agent
can measure the value of the signal at its current position, but the
current position is unknown. The goal is to find the source of the
signal without being reliant on a global positioning system or an
internal navigation system. The agent has to solve the task in a
completely autonomous fashion without any assistance from the
outside world.

The design of a suitable source seeking algorithm clearly
depends on the underlying agent model, such as, the form of
actuation and the presence of motion constraints. Source seeking
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methods have been proposed, for example, for point agents (Zhang,
Siranosian, & Krsti¢, 2007), unicycles (Ghods & Krsti¢, 2010),
drones (Matveev, Hoy, & Savkin, 2014), boats (Wang, Nersesov,
Ashrafiuon, Naseradinmousavi, & Krsti¢, 2023), underwater vehi-
cles (Mandi¢, MiSkovi¢, & Loncar, 2020), fishes (Cochran, Kanso,
Kelly, Xiong, & Krsti¢, 2009), and satellites (Walsh, Forbes, Chee,
& Ryan, 2017). In the present paper, we focus on source seek-
ing control for agents with unicycle dynamics. This model de-
scribes the motion of a vehicle with two separately actuated
wheels (Gazi & Fidan, 2007). Many source seeking methods for
the unicycle model induce a uniform rotational motion and an
oscillatory back-and-forth motion (Diirr, Stankovi¢, & Johansson,
2011; Stankovi¢ & Stipanovié, 2009; Suttner, 2019; Zhang, Arnold,
Ghods, Siranosian, & Krsti¢, 2007). A uniform rotational motion
ensures that the unicycle gets access to every direction in the
plane and an oscillatory translational motion helps to extract
information about ascent and descent directions of the signal.

In some applications, an oscillatory back-and-forth motion
cannot be realized, but instead a uniform forward motion is
required. This is especially true for certain aerial vehicles, such
as fixed-wing aircraft, which require a minimum forward velocity
in flight. For implementations in surface vehicles and underwater
vehicles, a constant thruster speed and a variable rudder angle
may be much easier to enforce than a variable thruster speed
and a constant rudder angle. It is therefore important to inves-
tigate source seeking methods that lead to a uniform forward
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motion. Clearly, one cannot expect that a method for the simple
dynamic unicycle model is directly applicable to vehicles with
more complex dynamics. Nevertheless, our approach may provide
a potential starting point for the design of methods for other
vehicles. For instance, it is known that source seeking methods
for the two-dimensional unicycle model can be extended to cer-
tain three-dimensional vehicle models (Abdelgalil & Taha, 2022;
Cochran, Siranosian, Ghods, & Krsti¢, 2009; Matveev et al., 2014;
Suttner & Krsti¢, 2023a).

Several source seeking strategies for the unicycle model with
uniform forward velocity have been proposed in the literature
so far. The method in Cochran and Krsti¢ (2009) is based on
classical extremum seeking control as in Krsti¢ and Wang (2000).
The method in Liu and Krsti¢ (2010b) is based on a stochastic
version of classical extremum seeking control as in Liu and Krsti¢
(2010a). The method in Matveev, Teimoori, and Savkin (2011) is
based on optimization by sliding mode control as in Utkin (1992).
The method in Diirr, Krsti¢, Scheinker, and Ebenbauer (2017) is
based on Lie bracket approximations as in Diirr, Stankovi¢, Eben-
bauer, and Johansson (2013). The method in Raisch and Krsti¢
(2017) combines elements of the before-mentioned control laws
in Cochran and Krsti¢ (2009) and Diirr et al. (2017). All of these
methods are designed for the kinematic unicycle model, which
assumes that the velocities can be controlled directly through
the inputs. In reality, however, vehicles are force- and torque-
controlled. For this reason, it is desirable to develop methods
that can be successfully applied to the dynamic unicycle model.
To the best of our knowledge, the only source seeking method
for the dynamic unicycle model with a uniform forward motion
is the method in Suttner and Krsti¢ (2023b), which is based on
symmetric product approximations as in Suttner (2023). The con-
trol law in Suttner and Krsti¢ (2023b) involves a large-amplitude
high-frequency torque for the rotational motion of the unicycle.
Such a strong oscillatory torque is difficult to realize in practical
implementations. In the present paper, we propose a less invasive
approach that leads to a uniform forward motion and does not
employ oscillatory perturbation signals. Moreover, in contrast to
the kinematic methods in Cochran and Krsti¢ (2009), Diirr et al.
(2017) and Raisch and Krsti¢ (2017), the proposed method does
not assume sufficiently large velocities of the unicycle, but it
works for moderate velocities.

In practical implementations and in numerical simulations, it
is often observed that some source seeking methods have the
ability to pass through local extrema of the signal towards a
global extremum. Similar observations are also made in a more
general context of extremum seeking control, e.g., in NeSi¢, Tan,
and Mareels (2006). It is noted in Tan, NeS3i¢, and Mareels (2006)
that large amplitudes can improve the ability of a method to
overcome local extrema. The benefits of large amplitudes for
the purpose of global optimization are also investigated in Tan,
Nesi¢, Mareels, and Astolfi (2009) for a one-dimensional steady-
state extremum seeking controller. The source seeking method
in the present paper also takes advantage of the benefits of
large amplitudes in the following sense. We consider a unicycle
with constant forward velocity and an approximately constant
rotational velocity. This means that the unicycle moves approx-
imately along a circle. The circular motion of the unicycle can
be interpreted as a two-dimensional oscillation with a large am-
plitude. The amplitude of the oscillation is given by the radius
of the circle. Using the divergence theorem (a consequence of
Stokes’ theorem), we show that measurements of the unknown
scalar signal along a circle provide access to the gradient of an
averaged signal, where the average is taken over the correspond-
ing disk (i.e., the area enclosed by the circle). The shape of the
averaged signal depends on the size of the disk. A sufficiently
large area of averaging can eliminate undesired local extrema.
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We provide an explicit formula for the averaged signal in the
main part of the paper. Some conjectures about averaged signals
and averaged gradients have appeared earlier in Suttner and
Dashkovskiy (2022) and Wildhagen, Michalowsky, Feiling, and
Ebenbauer (2018), but on a rather qualitative level.

In our recent study (Suttner & Krsti¢, 2024), we have investi-
gated a source seeking method for the dynamic unicycle model,
which leads to a uniform rotational motion and a back-and-forth
translational motion. The method in Suttner and Krsti¢ (2024)
employs a sensor, which is non-collocated with the center of
the vehicle. The rotational motion of the unicycle in Suttner and
Krsti¢ (2024) leads to a circular motion of the sensor. In the
present paper, we pursue an opposite approach, which leads to
a completely different motion of the unicycle, namely a uniform
forward motion and slightly varying rotational motion. As ex-
plained earlier, such a method may serve as a potential starting
point for future research on source seeking with other vehicles for
which an oscillatory back-and-forth motion is difficult to realize.
In the present paper, the sensor is collocated with the center of
the vehicle. Another significant difference compared to Suttner
and Krsti¢ (2024) is the use of delay. In Suttner and Krsti¢ (2024),
the sensed source signal is fed in directly so that the closed-
loop system can be described by a system of ordinary differential
equations. In the present paper, the sensed source signal is in-
tentionally fed in with a suitable delay so that the closed-loop
system is described by a system time-delay equations. As we will
see later, the use of delay is crucial for our method and cannot
be omitted. The mathematical analysis from Suttner and Krsti¢
(2024) for ordinary differential equations cannot be applied to
the time-delay system in the present paper. Nevertheless, we
are able to prove certain similarities. In either case, the closed-
loop system approximates the behavior of an averaged system,
but the averaged system here and in Suttner and Krsti¢ (2024)
are different. In either case, the method provides access to the
gradient of an averaged signal function, which can be proved by
a suitable application of the divergence theorem. In either case,
the area of averaging is determined by the radius of the circular
motion of the sensor. Thus, although the control law, the closed-
loop system, and the motion of the unicycle are fundamentally
different, we can prove that both methods share some similarities
with respect to their average behavior.

The paper is organized as follows. In Section 2, we introduce
the dynamic unicycle model and state the control objective. The
proposed control law is presented in Section 3. We also indicate
in Section 3 the occurrence of the gradient of an averaged signal.
Our main stability result is stated in Section 4. The difference
between optimizing the sensed signal and the averaged signal is
illustrated in Section 5 through numerical simulations.

2. Problem statement

We begin this section by introducing the control system that
is considered throughout the paper: a force- and torque-actuated
unicycle. In local coordinates, the kinematic equations of the
unicycle model can be written as

p'(t) = v(t) cos(6(t)), (1a)
P2(t) = v(t) sin(6(t)), (1b)
0(t) = w(t), (1c)

where p!, p? are coordinates for the position, # is an angle to
describe the orientation, v is the translational velocity, and w is
the rotational velocity. The velocity-controlled kinematic unicycle
model assumes that the velocities v and w can be changed in-
stantaneously to all desired values. Here, we consider a dynamic
unicycle model in which v and w are controlled through a force
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and a torque, respectively. Moreover, it is convenient to describe
the position by a vector p = (p1, p2)" € R? and the orientation by
a vector 0 = (cosf,sinf)T e S, where S denotes the unit circle
centered at the origin. Let R := [ %, ;' | be the 2 x 2 matrix that
performs a counter-clockwise rotatlon by the angle 7 /2. Then Ro
is a tangent vector to S at o € S. In this convenient notation, the
dynamic unicycle model can be written as

p(t) = v(t)o(t), (2a)
o(t) = a(t)Ro(t), (2b)
mo(t) = u(t) + di(t), (2c)
Ja(t) = u(t) + di(t), (2d)

where the positive real numbers m and ] may be interpreted as
mass and moment of inertia, respectively. The kinematic equa-
tions (2a) and (2b) are equivalent to their coordinate representa-
tion (1). Egs. (2c) and (2d) contain the real-valued inputs u; and u;
to control v and w, and disturbances d; € Lo, and d; € L. Here,
L. is the space of Lebesgue-measurable and essentially bounded
real-valued functions on R together with the usual essential
supremum norm || - ||.

Remark 1 (On the Role of Damping). A moving vehicle, like a uni-
cycle, is of course subject to dissipation. Nonzero velocities cause
a loss of energy due to air resistance and frictions. The simplest
approach to model this kind of dissipation is linear velocity-

dependent damping. In this case, Eqs. (2¢) and (2d) become
mo(t) = —ko v(t) + ue(t) + de(t), (3a)
Jo(t) = —ko o(t) + u(t) + di(t), (3b)

where ko and «q are positive damping coefficients. It is therefore
natural to ask why there are no such damping terms in (2c) and
(2d). Damping terms will appear later in the proposed control
law. Our control law does not only require the mere existence
of damping, but it requires sufficiently strong velocity-dependent
damping. To be more precise, we will assume that the damping
coefficients ko and kg are sufficiently large. The assumption of
large damping constants has the intention to ensure that the
velocities v and w stay close to certain positive equilibrium values
v, and w,, which in turn helps to maintain a nearly circular
motion of the unicycle. If sufficiently strong damping can be
guaranteed in advance, for example, through a suitable design of
the vehicle, then it would be appropriate to replace (2¢) and (2d)
by (3a) and (3b). Otherwise, velocity measurements are needed
to induce sufficiently strong linear damping through the inputs.
For example, if the unicycle model is realized by a vehicle with
two separately actuated wheels (see e.g. Gazi and Fidan (2007)),
then the current values of v and w can be directly obtained from
real-time measurements of the velocities of the two wheels. If
there are no such on-board measurement devices, then some
global information (such as GPS) is needed to determine the
velocities. The use of global information violates however the
desired autonomy of the source-seeking agent. To highlight the
importance of suitable velocity-dependent damping, we do not
include the damping terms in the control model (2), but instead
we introduce them later in the proposed control law. Moreover,
a successful application of our method will also require approx-
imate knowledge about a certain equilibrium rotational velocity
w, of the unicycle, which is made precise later in Assumption 1. e

The task of the unicycle is to find a point where an analytically
unknown scalar signal attains an extreme value. To this end, we
assume that the signal is given by a purely position-dependent
smooth real-valued function ¥ on R2. The function v plays the
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role of an objective function or cost function, and we focus on
minimizing the value of ¥. We refer to 1y as the signal function and
a minimum of  is called a source. We assume that the unicycle
is equipped with a suitable sensor so that, at any time t, the
vehicle can measure the value of v at its current position p(t).
The gradient of ¥ is unknown. A measurement of the signal at the
current position p(t) results in the noise-corrupted signal value

y(t) = ¥ (p(t)) + ds(t), (4)

where ds € Ly, describes noise.

In the present paper, we are interested in a source seeking
method that leads to a uniform forward motion of the vehicle;
i.e., a control law for (2) that steers the unicycle towards a source
of the signal and stabilizes the translational velocity v about
a certain positive equilibrium value v,. The goal to maintain a
constant forward velocity is motivated by source seeking with
aerial vehicles.

Most of the existing methods for source seeking with a uni-
form forward motion, such as the methods in Cochran and Krsti¢
(2009), Diirr et al. (2017), Matveev et al. (2011) and Suttner
and Krsti¢ (2023b), follow (approximately) the gradient direction
of the signal function. In general, such an approach only lead
to convergence into a neighborhood of a local extremum. The
control law that we present in the next section is based on a
different strategy. Instead of approximating the gradient of the
signal function, we approximate the gradient of a certain aver-
aged signal function. We will see that such an approach can be
beneficial for the purpose of global source seeking in the presence
of local extrema.

3. Control law and underlying idea

First, we present the proposed method, and then we explain
the underlying idea. Let a,, t,, k, x, A, T, and h be positive
constants. For every sufficiently small parameter ¢ > 0, we
propose the control law

u(t) = -1 kv(t) + 1 a,, (5a)
u(t) = —eo(t)+ L, — A (§(t — T) — n(t)) (5b)

for (2), where y is given by (4) and 7 is the state variable of the
high-pass filter

0(t) = e h (9t —T) — n(t)) (6)

with filter input y(t —T) and filter output y(t —T)—n(t) to remove
a possible offset from the sensed signal. Note that the sensed
signal ¥ is fed in with a constant delay T, which is specified later
in Assumption 1; see also Remark 2. Thus, an implementation
of (5) and (6) requires temporary storage of the measured signal
values. The term %a* in (5a) describes a constant force, which
causes a forward motion of the unicycle. The term %r* in (5b)
describes a constant torque, which causes a counter-clockwise
rotational motion of the unicycle. For small values of the control
parameter ¢ > 0, the damping coefficients %k and %/{ in (5) are
large, which means that we assume strong velocity-dependent
damping. Therefore, in general, an implementation of (5) also
requires measurements of the velocities v and w as explained
in Remark 1. It would be possible to allow suitable non-linear
damping terms in (5), but for the sake of simplicity, we restrict
our study to the case of linear damping. Note that the gain A
in (5b) is independent of ¢ > 0 while the filter gain ¢h in (6)
is assumed to be small for small & > 0.

Remark 2 (On the Role of the Delay T). It is known that delays in
the feedback loop may have a potentially destabilizing effect on
a control system, and in this case it is desirable to compensate



R. Suttner and M. Krstic

the impact of delays, as it is done, e.g., in Tsubakino, Krsti¢,
and Oliveira (2016), Oliveira, Krsti¢, and Tsubakino (2017). In the
present paper, we are in a completely different situation: We
will see in Section 4 that the delay T in (5b) and (6) is in fact
crucial to induce stability. In particular, we do not assume that
T > 0 is sufficiently small. To give an example, a suitable value
of the delay is T = _-Z, where the factor ;- may be large
(see Assumption 1 in Section 4). The idea to stabilize a control
system by using delay can also be found in many other studies,
e.g., in Niculescu and Michiels (2004), Fridman and Shaikhet
(2016). In this context, we also highlight the recent studies (Zhu
& Fridman, 2022; Zhu, Fridman, & Oliveira, 2023) on averaging via
a time-delay approach with applications to extremum seeking. In
the present paper, we apply a standard (non-time-delay) averag-
ing strategy to analyze the behavior of the time-delay closed-loop
system. e

To explain the underlying idea of control law (5), we suppose
for the moment that the parameter ¢ > 0 is small and that the
disturbances d;, ds, d; € L, are zero. In this case, an application
of (5) will cause convergence of the translational velocity v and
the rotational velocity w into neighborhoods of the equilibrium
values

vo=1a, >0 and o, = 17, >0 (7)

respectively. Thus, after a certain transient time, the unicycle
moves (approximately) counter-clockwise along a circle of radius

r=a=ts >0 (8)
centered at the point
E(t) = p(t)+rRo(t) € R?, (9)

For the orientation of the unicycle, we perform the change of
variables

o(t) = exp(—w4tR)o(t), (10)

where exp: R**? — R?*? js the matrix exponential function.
Once the circular motion of the unicycle is established, both &
and 0 are slowly varying. For the velocities v and w, we perform
the change of variables

u(t) = v(t) — v, and o(t) = ot) — ws. (11)
Then, the velocity of the circle center (9) is given by
£(t) = —r d(t) exp(w.tR)3(t) + D(t) exp(wstR)5(t). (12)

Since v(t) converges exponentially fast to 0 as t — oo, the second
term on the right-hand side of (12) has a negligible impact on the
motion of £. On the other hand, @(t) does not converge to 0 as
t — oo because of the additional feedback term in (5b). Instead,
for small ¢ > 0, &(t) approximates —e % (y(t — T) — n(t)), where
y(t) = ¥(p(t)) is the sensed signal without disturbances. In the
variables (9) and (10), a disturbance-free signal measurement can
be written as

y(t) = ¥ (§() — 1 exp((w.t + 7 /2)R)E(D)). (13)

where we have used that R is the rotation matrix that performs a
counter-clockwise rotation by the angle 7 /2. If we take the delay
T into account, then we can write

yt = T) =y (&(t = T) — r A" exp(w.tR)3(t — T)), (14)
where AT denotes the transpose of the rotation matrix
A = exp((w.T — Z)R). (15)

For small ¢ > 0, both & and 6 are slowly varying and therefore
&(t—T)and o(t—T)in (14) are close to £(t) and o(t), respectively.
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Moreover, using that, for small ¢ > 0, v(t) converges fast to 0 and
that w(t) approximates —¢ % (y(t—T)—n(t)), it is justified to write
(12) in the form

E(t) = —& 52Gp (1, £(0). 8(E). n(t) + e (), (16)

where G,:R x R? x S x R — R? is defined by

Gi(t,&,0,m) == =2 (y(5§ —rA” exp(wst R)0) — 1) exp(w,t R)o
(17)

and the term a(t) € R? contains the remaining contributions from
the right-hand side of (12). We refer the reader to Appendix for
a more detailed analysis; here, we only present the underlying
principles on a rather qualitative level. Note that G, is i—’i—periodic
in the first argument and that t — &(t), t — o(t), and t — n(t)
are slowly varying. It is therefore natural to pass to an averaged
equation for (16). A direct computation shows that the average
of G, is given by

27

2 " Gols, £, 0, m) ds = Gy(&) (18)

2m 0

for every £ € R?, every o € S, and every 7 € R, where G, :R? —
R? is defined by

- 1 -
Gr(§) = ;A-/SW(S-I-TO)OdXs(O) (19)

and Ag is the usual measure on S. We will show in Appendix that
the solutions of (16) approximate the solutions of an averaged
system of the form

E(t) = —& 27 G (E(0)) + e d(1) (20)

for sufficiently small ¢ > 0, where d(t) € R? is again a certain
remainder term.

So far, we have indicated that the unicycle (2) under control
law (5) tends to a motion along a circle and that the center of the
circle moves approximately like a solution of the averaged equa-
tion (20). But we have not explained yet why an approximation
of (20) is beneficial for the purpose of non-local source seeking.
To reveal the behavior of (20), we write the averaged vector field
G, defined in (19) in a suitable way. Here, the key ingredient is
the divergence theorem, also known as Gauss’s theorem or Ostro-
gradsky’s theorem; see, e.g., the textbook (Walschap, 2015). This
theorem allows us to transform the integral in (19) over the unit
circle S into an integral over the closed unit disk . To be more
precise, the divergence theorem establishes a direct connection
to the gradient of an averaged signal function ¥, on R? defined
by

_ 1 _
wd) = o [vE+rowso, e
D

where A is the usual measure on 1. We obtain
G(§)=A- V¥ (E) (22)

for every £ € R?, where V¥, denotes the gradient of ¥, with
respect to the Euclidean inner product. Thus, we can write the
averaged system (20) equivalently as

E(t) = —& 32 A- VU (E(D) + e d(t). (23)

That is, up to the rotation matrix A, the averaged system (23) is a
negative gradient system for the averaged signal function ¥;. In
particular, the proposed control law (5) does not provide access to
the gradient of the sensed signal function v, but to the gradient
of the averaged signal function ¥.. In the presence of (undesired)
local minima, one cannot expect that a gradient-based method
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leads to convergence to a global minimum. However, in certain
situations, it is possible that ¥, has fewer local minima than ;
see, e.g., Figs. 1 and 2. In this case, following the negative gradient
direction of ¥, can be advantageous for the objective of global
minimization. On the other hand, in general, a global minimizer of
¥, is not necessarily a global minimizer of v,. However, since ¥,
is just a local average of ¥, it is reasonable to expect that a global
minimizer of ¥, is close to a global minimizer of v for sufficiently
small r. In the limit r — 0, the averaged signal function ¥,
converges locally uniformly to the sensed signal function 1. Thus,
in the limit r — 0, the averaged system (23) becomes a gradient
system for .

4. Main result

As explained in the previous section, the proposed control law
(5) forces the unicycle (2) to a circular motion about the point &(t)
defined in (9), and this point &£(t) follows approximately the flow
of the averaged system (23), provided that the control parameter
& > 0 is sufficiently small. The averaged system (23) contains the
gradient of the averaged signal function ¥, defined in (21). For the
goal of minimization, we are interested in the negative gradient
direction of ¥,. Note, however, that the gradient of ¥, in (23) is
rotated by the matrix A. By definition of the rotation matrix A

n (15), the rotation angle w,T — 7 /2 depends on the delay T in
the feedback law (5). Ideally, the delay T should be chosen so that
A is the identity; e.g., w,T = /2. More generally, to ensure that
the gradient term in (23) points into a descent direction of ¥;, we
need the following property.

Assumption 1 (Choice of the Delay T). The equilibrium rotational
velocity w, = = = ** and the delay T are chosen so that

K

sinfw T) > 0. (24)

Remark 3. A suitable choice of the delay T to satisfy Assump-
tion 1is T € (0, wl*). However, one can also choose larger T from
an interval of the form j 2¢ 2r +(0 X ) where j is a posmve integer.
This is not surprising because after the time span ~ the unicycle
has completed one circle and is therefore (approx1mately) at the
same point again, provided that the control parameter ¢ > 0 is
sufﬁciently small. In practice, it is advisable to choose T close to

=% In this case, the matrix A in (15) is close to the identity, which
ensures that the averaged system (23) is the negative gradient
system for the averaged signal function ¥,. If the delay T is not
properly selected, then the matrix A can lead to an undesired
rotation of the gradient of ;. .

As indicated in Remark 1, a suitable choice of T assumes at
least approximate knowledge about the equilibrium rotational
velocity w,, which is given by the applied torque t, and the
damping coefficient «. An inappropriate choice of T (e.g. w,T =
37 /2) can lead to the effect that the unicycle is driven into
an ascent direction of ¥,. If 7, and « are unknown, then one
can apply control law (5) with A = 0 so that the rotational
velocity w converges to its equilibrium value w,. After a certain
period of time, measurements of w provide a sufficiently well
approximation of w, in order to determine a suitable value of T.
This procedure to determine w, and T can be carried out prior to
an implementation of control law (5) with A > 0.

To ensure asymptotic stability for the gradient system (23),
we have to assume that the averaged signal function ¥, has
no undesired critical points. This assumption on ¥, does not
necessarily exclude the presence of undesired local minima of /.
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Assumption 2. There exist real numbers y, and yo with y, < yo
such that the yg-sublevel set of ¥, is compact and such that the
gradient of ¥, is non-zero at every point £ € R? with y, <
¥ (§) < yo.

Subsequently, the yp-sublevel set of ¥, represents a set of
suitable initial states for the gradient system (23) and the y,-
sublevel of ¥, set represents a set of target states. In general, it
is impossible to check Assumption 2 in advance since the sensed
signal function v is not analytically known. Consequently, one
cannot compute the averaged signal function ¥, and determine
its critical points. However, if the radius r > 0 is sufficiently
large, then it can happen that the local average in (21) eliminates
critical points . In this sense, an assumption on ¥, can be
considered to be weaker than an assumption on .

If Assumptions 1 and 2 are satisfied, then (23) has the follow-
ing robust asymptotic stability property.

Lemma 1. Suppose that Assumption 1 is satisfied. Suppose that
Assumption 2 is satisfied with y, and yq as therein. Then, there exist
an open neighborhood U of the yy-sublevel set of ¥,, a real number
Yo > Yo, a function B of class KL with B(s, 0) = s for every s > 0,
a function y of class K, and a positive real number § such that the
Yo-sublevel set of the restriction of ¥, to U is compact and such that,
for every to € R, every £ € U with (&) < Yo every de 2, with
ld|l < 8, and every & > 0, the maximal solution & of ( 23 with
initial value &, at initial time t, satisfies

W (E(0) -y, < (25a)
max{B(max{® (&) — y., 0}, £ (t — to)), y(lldI)} (25b)
for every t > to.

One may interpret the statement of Lemma 1 as an ISS-like
property of the gradient system (23) in the presence of suffi-
ciently weak disturbances. A proof of Lemma 1 only requires
minor modifications of the arguments in Section VI of Sontag
(1989). We omit a proof of Lemma 1 here.

To state our main result, we summarize the closed-loop sys-
tem, which is obtained by applying (5) and (6) to (2). As indicated
in Section 3, it is more convenient to study the spatial motion of
the unicycle in the variable (9) rather than in the actual position
variable p(t). After performing the change of variables (9), the
closed-loop system can be written as the time-delay system

§() = (v(t) = (1) o(t), (26a)
o(t) = w(t)Ro(t), (26b)
(t) = —1 £ (u(t) = v.) + 5 di(t), (26¢)
a(t) = —g§(w<r)—w*)+7dr< )= Byt —T) (26d)

— A (¥(&(¢ = T) —rRo(t —T)) — n(t)), (26e)
n(t) = e h (Y(5(t — T) —r Ro(t — T)) — n(t)) (26f)

+ehdy(t —T) (26g)
on the state manifold M = R?> x S x R x R x R. One can

check that (26) satisfies standard Caratheodory conditions (see,
e.g., Hale and Lunel (1993)) for existence and uniqueness of
solutions. Thus, for every ¢ > 0, every tp € R, every continuous
curve Xo: [to — T, tg] — M, and all d,, ds, d; € Ly, there exists
a unique maximal solution x = (&, 0, v, w, n) of (26) with initial
condition X[, —t,¢y) = Xo, Where x|j;,_1,¢, denotes the restriction
of x to the interval [tg — T, to].

We show in Appendix that the solutions of (26a) approximate
the solutions of an averaged system of the form (23) for suffi-
ciently small ¢ > 0. On the other hand, we know from Lemma 1
that, under suitable assumptions, system (23) is asymptotically
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stable. As a consequence, we obtain practical asymptotic stability
for the approximating system. In the subsequent theorem, we
use the following notation: For every real number n and every
nonempty set A of real numbers, let |n|, denote the distance of
n to A; i.e, the infimum of all |n — 77| with 7 € A.

Theorem 1. Suppose that Assumption 1 is satisfied. Suppose that
Assumption 2 is satisfied with y,. and yq as therein. Let A be the set of
Y (&+r o) with & in the yo-sublevel set of W, and o € S. Let p,, py, oy
be positive real numbers. Let Ky be the set of (&g, 09, vo, wo, N0) € M
with & in the yg-sublevel set of W, 09 € S, |[vog —vs| < pu,
|wo — wy| < po, and |nol, < py. Then, there exists a function B
of class KL with B(s, 0) = s for every s > 0, there exist functions y;,
Vs Yo Ve, Vy Of class K, and there exist positive constants o, &y, &, 6,
vy, VU, Such that, for every ¢ € (0, gg), every ty € R, every continuous
curve Xo: [to — T, to] — Ko, and all d,, ds, d; € Ly, with ||d;|| < §;,
lds]l < & |ldel < 8 the maximal solution x = (&£, 0,v,w,n)
of (26) with initial condition X|(s,_7.¢y) = Xo satisfies

U (E(E) —ys < (27a)
max { B(max{¥(&(to)) — ¥« 0}, £(t —t)),  (27b)

yeCldel)) + ve(llds ) + veClidell) } +vee),
(27¢)
0(6) = vl < [ulto) — valeE mED 4y g (27d)
o) — 0, < lo(ty) — o, e T Ly g (27€)
()]s < Into)l 4 €™M+ |Idg]| + vy(e) (271)

for every t > t.

The proof of Theorem 1 in Appendix will show that the func-
tion B in (27b) is the same as in (25b) and that the functions
Yt Vs, ¥t IN (27¢) originate from the function y in (25b). There-
fore, one may say that robustness and stability properties of the
averaged system (23) carry over to the approximating closed-
loop system. A strong gradient of the averaged signal function ¥,
leads to strong robustness and stability properties. In general, we
can only guarantee robustness with respect to sufficiently weak
disturbances d;, ds, d; with sufficiently small magnitudes §;, s,
8¢. Since ¢ and ¥, are analytically unknown, also 8, ¥:, ¥s, ¥ Ot
8s, O, and all the other constants in Theorem 1 are analytically
unknown. Moreover, the user cannot determine in advance how
to select the radius r > 0 so that ¥, satisfies Assumption 2. We
will see in the next section that the choice of r is decisive for
stability properties of the closed-loop system.

5. Comparison to a local method and numerical tests

To illustrate the potential benefit of the proposed control law
(5) with regard to global optimization, we compare the perfor-
mance of our approach to another source seeking method by
means of numerical simulations.

5.1. Description of a local method

Here, we describe the source seeking method from Suttner
and Krsti¢ (2023b), which is applicable to the dynamic unicycle
model (2). A common feature of control law (5) and the method
in Suttner and Krsti¢ (2023b) is that a uniform forward mo-
tion is induced through a combination of constant forward force
and linear velocity-dependent damping. Another similarity of the
two methods is that feedback of signal measurements occurs
exclusively through the torque input in (2d).

In contrast to control law (5), which assumes that the sensor
is at the center of the vehicle, the method in Suttner and Krstié¢
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(2023b) requires that the sensor mounted at a distance p >
0 away from the center. To be more precise, if the unicycle
has current center position p(t) € R? and current orientation
o(t) € S?, then the sensor is at the current point p(t) + o o(t).
Consequently, a measurement of the signal function  at time ¢t
results in the value

y(t) = ¥ (p(t) + p o(t)). (28)

For the sake of simplicity, we assume that there are no distur-
bances; i.e., d;, ds, d; are identically equal to zero. As in control
law (5), let k and « be positive damping constants. Moreover,
let b, be a positive real number to describe a constant forward
force. Finally, let @ : R — R be a smooth design function, which is
defined later in (33). The control law in Suttner and Krsti¢ (2023b)
for the dynamic unicycle model (2) reads

ue(t) = —ko(t) + by,
u(t) = —x o(t) + L cos(2t) a(y (y(t) — n(t))),
where the filter state 7 is given by

n(t) =y (y(t) = n(t) (30)

and ¢, y are positive control parameters. (Note that the parameter
€ in (29) is not the same as the parameter ¢ in (5).) The parameter
€ > 0 must be sufficiently small, which results in small dither
amplitudes of the sensor. It is shown in Suttner and Krsti¢ (2023b)
that the closed-loop system approximates the behavior of an
averaged system in the limit ¢ — 0 of a large-amplitude high-
frequency control torque. The averaged system in Suttner and
Krsti¢ (2023b) reads

(29a)
(29Db)

p(t) = (t)(t), (31a)
o(t) = a(t)Ra(t), (31b)
mu(t) = —kv(t) — by, (31c)
Ja(t) = —k a(t) (31d)
+ 1 Ly (e )(y (w(B(t) + po(t)) — n(t))) (31e)
A(Vy(p(t) + po(t)), —Ro(t)), (31f)

(t) =y (w(d(t) + po(t)) — i(t)). (31g)

Note that (31f) contains the gradient of the sensed signal function
Y, but not the gradient of an averaged signal function ¥; as
in (23). The gradient of ¢ in the averaged system (31) originates
from the oscillations of the sensor perpendicular to the current
alignment of the unicycle. The vanishing sensor amplitudes in
the limit ¢ — 0 only provide access to the gradient of ¢ at
the current position of the sensor. For the method in the present
paper, the non-vanishing amplitudes of the sensor are given by
the (potentially large) radius r of the circular motion of the
unicycle, which provides access to the gradient of ¥, in the limit
& — 0. We will see in the next subsection that large amplitudes
of the sensor can be beneficial to overcome local extrema.

5.2. Numerical tests

Now we test the performance of control laws (5) and (29) in
case of a signal function ¢ with undesired local extrema. We
assume that ¢ is given by

W(p) = —e (P +%e_(‘p‘2_22)2, (32)

where | - | is the Euclidean norm on R2. A contour plot of ¥ is
shown in Fig. 1. We see in Fig. 1 that ¢ attains its global minimum
value at the origin and that v has local minimizers along a circle
of radius ~ 2.4 centered at the origin. There is also a set of local
maximizer along a circle of radius ~ 2.0 centered at the origin. It
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Fig. 1. Contour plot of the sensed signal function ¢ defined in (32). The
local method (29) from Suttner and Krsti¢ (2023b) leads to convergence of
the unicycle’s position (shown in blue) from the initial point (5,0) into a
neighborhood of a circular set of local minimizers of . The sensor is non-
collocated with the center of the vehicle and the sensor trajectory is shown in
green. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

is natural to expect that such a set of local maximizer represents
an insurmountable barrier for a gradient-based method.

We apply both (5) and (29) to the dynamic unicycle model
(2) for the following choice of initial values, constants, and pa-
rameters. In every numerical simulation, the initial time is 0, the
initial position is (5, 0), the initial orientation is (0, 1), and the
initial velocities as well as the initial filter state are all equal to
0. The initial curve for the time-delay system (26) is identically
equal to this initial state. In every numerical simulation, the mass
m, the moment of inertia J, and the damping constants k, « are all
set equal to 1. Also the constants t,, A in (5b), the filter constant
h in (6), and the sensor distance p in (28) are all set equal to 1.

Following the choice in Section VI of Suttner and Krsti¢ (2023b),
we set the constant b, in (29a) equal to 0.1 and we define the
design function « in (29b) by

o2) = 22 /oy z+log(2cosh(Bo y 2)) (33)
with By := 2. Moreover, as in Suttner and Krsti¢ (2023b), we
choose the control parameters € := 0.1 and y := 10. A small

value of € is required to induce a stable behavior of the closed-
loop system. This results in oscillations of the sensor with small
amplitudes and high frequency. The position trajectory of the
dynamic unicycle (2) under control law (29) is shown in Fig. 1. As
expected, the gradient-based method steers the unicycle towards
the nearest set of local minima. We can observe convergence into
a neighborhood of the local minimizers along the circle of radius
~ 2.4 centered at the origin.

Next, we test control law (5), which steers the unicycle into
descent directions of the averaged signal function ¥, defined
in (21). Since k, k, and t, are all equal to 1, the equilibrium
rotational velocity w, defined in (7) is equal to 1, and the equi-
librium radius r defined in (8) is given by r = a,, where a, > 0
is specified in the next paragraph. The control parameter ¢ is
set equal to 1. We test our methods for the delays T = 1 and
T = 2, which both satisfy Assumption 1. Then, the matrix A
defined in (15) performs rotations by the angles 1—x /2 ~ —0.57
and 2 — w/2 ~ +0.43, respectively. A negative angle means
a clockwise rotation and a positive angle a counter-clockwise
rotation. Recall that A rotates the negative gradient of ¥, in the
averaged system (23). Thus, we expect that the approximating
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closed-loop system is driven into a clockwise (resp. counter-
clockwise) rotated direction of the negative gradient of ¥, for
T = 1 (resp. T = 2). This expectation is confirmed by the
simulation results in Fig. 2.

The simulation results in the left column of Fig. 2 are gener-
ated for the choice r = a, = 1/2. The contour plots of ¥y, in
the left column of Fig. 2 indicate that the circular set of local
minimizers of v is not completely eliminated. As expected, a
gradient-based method leads to convergence to the nearest set
of local minima. Control law (5) steers the unicycle into descent
directions of the averaged signal function ¥, which leads to
convergence of the variable (9) into a neighborhood of the local
minimizers along the circle of radius ~ 2.6 centered at the
origin. As in Fig. 1, the amplitudes of the sensor are too small
to overcome the local extrema of the sensed signal function .

The simulation results in the right column of Fig. 2 are gen-
erated for the choice r = a, = 1. The contour plots of ¥,
in the right column of Fig. 2 indicate that the circular set of
local minimizers of v/ is now completely eliminated. In fact, one
can show that Assumption 2 is satisfied for y, = ¥;(0, 0) and
Yo = ¥4(5, 0). In this case, Theorem 1 guarantees that the closed-
loop system is practically asymptotically stable with respect to
the global minimizer of ¥; at the origin. In particular, the variable
(9) converges into a neighborhood of the origin.

Appendix. Proof of Theorem 1

In the first step, we prove an approximation result, which
states that the £-component of the closed-loop system (26) ap-
proximates the solutions of an averaged system of the form (20)
if the control parameter ¢ > 0 is sufficiently small.

Proposition 1. Let K be a compact subset of M and let §,, &, 6; >
0. Then there exist c;, Cs, C;, C1, C2, &g > 0 such that for every ¢ €
(0, &0), all dy, ds, dr € Lo with ||di]| < &, dsll < 35, [ldell < 64
every solution x = (§,0,v,w,n):[to — T, t) — M of (26), and
all t1, t3 € [to, tf) with t; < t3, the following implication holds: If
X(t) € K for every t € [t; — T, t3], then there exists an absolutely
continuous map d: [t1, t3] — R? such that

()] < ¢ lldell + ¢ l1dsll + ¢ [l (A1)
for every t € [ty, t3] and
ty 5 - _
£l — ) - [ (—e 42 Ge(o) + cd0) | (A22)
f
< €c1+ &2 C |ty — tq] (A.2b)

for every t; € [ty, t3].

Proof. Recall that the smooth maps G, and G, are defined in (17)
and (19), respectively. For every t € R, every o € S, and every
n € R, define a vector field H[t, 0, ] on R? by
t
HIt 0. nl(€) = 4 | (Gi(&) = Gi(t.&.0, 1)) ds (A3)
0

and let (7, &) — ®"*"(&) denote the flow of H[t, 0, 5]. The
map t — H[t,o0,7] is zw—”—periodic because of (18). Since K
is assumed to be compact,* this ensures the existence of some
sufficiently small &g > 0 such that, for every t € [—so, &9, every
t € R, and every (§,0,v,w,n) € K, the flow of H[t, 0, ] is
defined at (7, &). Let K denote the compact set of (£, 0, v, @, 7]) €
M for which there exist ¢ € [0, &9], t € R, and (¢, 0,v,w,n) € K
such that é = @), D = v — v, & = 0 — 0, +e2(Y (& -
rATo) —n), and 1 = 7. Then, for every ¢ € [0, &] and every curve
(&, 0, v, w, n) with values in K, the change of variables

o) = o)), (A4a)
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Fig. 2. Left column: Contour plots of the averaged signal function ¥, for r = 1/2. Right column: Contour plots of the averaged signal function ¥, for r = 1. Upper
row: Simulation results with delay T = 1, which causes a clockwise rotation of the gradient of ¥,. Lower row: Simulation results with delay T = 2, which causes
a counter-clockwise rotation of the gradient of ¥,. In any case, the position trajectory of the unicycle is shown in blue and the trajectory of (9) is shown in red.
For r = 1/2, the proposed non-local method (5) fails to steer the unicycle from the initial point (5, 0) to the global minimum at the origin. For r = 1 the variable
(9) reaches the global minimum at the origin. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

o(t) := exp(—wytR)o(t), (A.4b)
o(t) = v(t) — vy, (A4c)
a(t) = o(t) —ws+¢ % (1//($(t) — rATo(t)) — n(t)), (A4d)
nt) = nt) (A.de)

yields a well-defined curve (§, 0, U, @, i) with values K.

Next, we derive differential equations for the solutions of (26)
in the variables (A.4). We use the notation X = (&, 0, U, @, ) for a
suitable solution x = (&, 0, v, w, n) of (26) in the variables (A.4).
A direct computation, using the result of Exercise E9.4 in Bullo
and Lewis (2005) and Proposition 3.85 in Bullo and Lewis (2005),
shows that the change of variables (A.4) turns (26a) into the
differential equation

E(t) = —& A2 (1) (A5a)
+ 0(t)Aq(e, t, X(t)) + @(t)Bq(e, t, X(t)) (A.5b)
+ &2 Cy(e, t, X(t), X(t — T), ds(t — T)), (A.5¢)

where Aq, B1: [0, 8] x R x K — R2? and C;: [0, 9] x R x K x K x
R — R? are smooth maps, which are 2Z-periodic in the second

w:

argument. Smoothness and periodicity ‘ensure the existence of
sufficiently large ca,, ¢,, cc, > 0 such that

|Ai(e, t,%)] < cay, (A6a)
[Bi(e, t,X)| < ¢, (A.6b)
[Ci(e, t, X, %, ds)| < c (A.60)

for every ¢ € [0, gg], every t € R, all X, X € K, and every d; € R
with |ds| < §s. Obviously, the change of variables (A.4) turns (26c¢)

into
u(t) = —% % o(t) + %dt(t). (A7)

Finally, it is easy to verify that the change of variables (A.4) turns
(26d)-(26e) into the differential equation

@) = —F £a(t)+ ] dlt) =} d(t = T) (A8a)
+ 2 (@) —rATo(t)) — ¥ (5(t = T)—rRo(t —T)))  (A8b)
+ &Dye, t, X(t), X(t — T), ds(t — T)), (A.8¢)

where D,: [0, 9] x R x K x K x R — R is a smooth function,
which is i—’:—periodic in the second argument. By applying the
fundamental theorem of analysis to the difference in (A.8b), we

obtain that (A.8) can be written equivalently as

W(t) = =1 £a(t)+  di(t) — S dy(t = T) (A9a)
+ ttT (s)Aq(e, t, 5, X(s)) ds (A.9b)
+ / [T 3(5) Bale, £, 5, X)) ds (A90)
N / " e Gole. 5. K(s)) ds (A9d)
+ s;Z(s, £, %(t), X(t — T), do(t — T)), (Ae)

where A1,B1,C1:[0,80] X R X R X K — R are smooth func-
tions, which are fo—’:—periodic in the second and third argument.
Smoothness and periodicity ensure the existence of sufficiently
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large ca, , Cg,, C,, Cp, > 0 such that

|Aa(e, t, 5, %) < cays (A.10a)
[Ba(e, £, 5, %) < cp,, (A.10b)
ICale, £, 5, %) < cqys (A.10c)
IDa(e, £, %, X, ds)| < cp, (A.10d)

~"/

for every ¢ € [0, g], all t,s € R, all x
with |ds| < 6.

For the moment, fix arbitrary t;,t3 € R with t; < t3, an
arbitrary continuous function b: [t, t3] x [t; — T, t3] — R, and an
arbitrary ¢ > 0. Recall, for example from Hale and Lunel (1993),
that a homogeneous linear time-varying system of the form

€ K, and every d; € R

t
w(t) = g;a(mr/ b(t, s)&(s)ds (A.11)
T
has a unique fundamental solution; i.e., there exists a real-valued
function £ on [t; —T, t3] x [t1, t3] such that, for every ty € [ty, t3],
we have £(t, ty) = 0 for t < to, 2(to, to) = 1, and £2(-, tg) is a
solution of (A.11) for t € [to, t3]. Moreover (see again Hale and
Lunel (1993)) for every measurable and bounded c: [tq, t3] > R
and every continuous @ : [t; — T, t;] — R, the maximal solution
w: [ty — T, t3] — R of the inhomogeneous linear time-varying
system
t
a(t)=—1 L alt) +/ b(t, s)é@(s)ds + c(t) (A.12)
T
with initial condition @|;,_r.,) = @; is given by the variation-of-
constants formula; i.e., we have

t:
5)(t2)=fz(tz,t1)&)1(t1)+/ZQ(tz,t)c(t)dt (A.13a)
t
6o ty
+/ Q(tz,t)/ b(t, s)@1(s)ds de (A.13b)
ty t—T

for every t, € [ty, t3], where t] denotes the minimum of t; + T
and t3. Note that (A.9) is of the form (A.12).

Using the variation-of-constant formula for ordinary linear
differential equations and a comparison argument, one can verify
that, after possibly reducing ¢y > 0, there exists a function u of
class K such that, for every ¢ € (0, &p), all t1, t3 € R with t; < t3,
and every continuous function b: [t, t3] x [t; — T, t3] — R with
bl < cg,, the fundamental solution of £ of (A.11) satisfies the
estimate

)

2(t,5)] < e F T 4 peiln 9 (A.14)

forall s,t e Rwitht; <s <t <ts.
Set

1 o1 9
G = pCay G = 2.0, G = 2%cp (A.15)

Smoothness and periodicity of the parameter-dependent vector
field H ensure the existence of some sufficiently large Ly > 0
such that

|@HL0IE) —E| < ely (A.16)

Smoothness of the vector field G, ensures the ex15tence of some
sufficiently large Lg > 0 such that

|G(8) = Gi(&)| < Lelg — &

for every & € pry(K) and every € € pr1( ), where pr; denotes the
projection onto the first factor.
For the rest of the proof of Proposition 1, fix an arbitrary
€ (0, &), arbitrary d;, ds, d; € Ly with ||d;|| < &, |Ids]| < s,

(A17)
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lld¢|l < &, an arbitrary solutionx = (£, 0, v, w, n): [to—T, tr) > M
of (26), and arbitrary ty, t3 € [to, tf) with t; < t3. Assume that
x(t) e K for every t € [t; — T, t3]. Define X = (£, 0, v, @, 7): [t —
T, t3] — K by (A.4). Then, we know that &, 0, and @ satisfy (A.5),
(A7), and (A.9) for every t € [ty, t3], respectively. Clearly, v is
given by

t
1(0) = Vit t)ate) + [ V) & dis)as, (A18)
5]
where V is defined by
V(t,s) = e#m), (A.19)
Similarly, let £ be the fundamental solution of
t
a)=-1 5 at) +/ ®(s)By(e, t, s, X(s)) ds. (A.20)
T
Then, by the variation-of-constant formula, @ is given by
a(t) = Q(t, t1) d(ty) (A.21a)
t . t
+ .Q(t,s)/ By(e, s, 1, x(r))w(r)drds (A.21Db)
t s—T
1[ B N
+/ £2(t, s) v(r)Aq(e, s, r, x(r))dr ds (A.21c)
s—T
t N N
+ s/ £(t, s)/ Gy(e, s, r,X(r))drds (A21d)
t s—T
1t i
e [ 2005 Dale, 561, 5~ T dts — T s
51
(A21e)
/ Q(t, s) H(s) — % dg(s — T)) ds, (A21f)

where t; denotes the minimum of t; + T and t;. Moreover, Q
satisfies estimate (A.14) for all s, t € R with t; <s <t < t3.
Define an absolutely continuous map d: [t;, t3] — R? by

dit) = g/ Q(t, s) L dy(s)dsB(e, t, X(t)) (A.22a)
- gf $2(t,5) 5 dy(s — T)ds Ba(e, £, X(t)) (A.22b)

t
+ g/ V(t,s) L di(s)dsAs(e, £, X(1)). (A22¢)

Using (A.6), (A.14), (A.15) and (A.19), one can easily check that
d satisfies (A.1) for every t € [ty, t3], provided that the upper
bound ¢y > 0 for ¢ is sufficiently small. To complete the proof
of Proposition 1, we have to verify that (A.2) is satisfied for every
t € [t1, t3].

Using (A.4a), the fundamental theorem of analysis, as well as
(A.16) and (A.17), we obtain that

et - - [ (e G@ean)a| a2
< e2Ly+ 2 A0 |6 — 1y (A.23b)
+ ‘ / (é(t) — e 22 G E(D) + & &(t))dt‘ (A230)

for every t, € [ty, t3]. Because of (A.5), (A.18), (A.21), and (A.22),
the integrand in (A.23c) can be written as

E(t) — & 22 Go(E(0)) + e d(1)

= V(t, fl)v(ﬁ)Al(e,fﬂ(f))

(A.24a)
(A.24b)
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+ By(e, £, X(1))- ( Q(t, 1) atr) (A24c)

/Qts/ By(e, s, r,X(r))o(r)drds (A.24d)

+/ f)(t,s)/s V(r, t1)5(t1)As(e, s, r, X(r))drds  (A.24e)
tq s—T

+ / a(t.s) / / V(r.q) L dfq)dg (A24f)
ty s—T Jty
-Ax(e, s, r,X(r))drds (A.24¢g)
t S
+e/ fz(t,s)/ Cyle, s, 1, %(r))drds (A.24h)
t s=T

+€/ Q(t, s)Dy(s, s, X(s), d(s), X(s — T), ds(s—T))ds) (A.24i)

t

+ 82 Cy(e, t, X(t), X(t — T), ds(t — T)) (A.24))

for every t € [ti, t3]. Now, to obtain an estimate for the contri-
bution in (A.23c), we use (A.6), (A.10), (A.14), (A.19), and (A.24),
and then we integrate the remaining exponential functions. This
procedure leads to

[ o

< eci+&¥c) |t — ti]

— e 22 G (E(0) + e dt ))dt‘ (A.25a)

(A.25b)

for every t; € [ti,t3], where ¢}, c¢) are some sufficiently large
positive constants, which do not depend on the particular choice
of ¢, d;, ds, d;, and x within the prescribed bounds. Thus, if we
% + ¢, then (A.2) holds for
O

choose ¢ := 2Ly +c; and ¢; =
every t € [tq, t3]. This completes the proof of Proposition 1.

At this point of the proof of Theorem 1, we know that the
&-component of the closed-loop system (26) approximates the
solutions of the averaged system (20) in the sense of Proposi-
tion 1. We also know from Lemma 1 that if Assumptions 1 and 2
are satisfied, then the averaged system (26) is asymptotically sta-
ble. In this situation, we can use basically the same strategy as in
the proof of the main result in Suttner and Krsti¢ (2024) to prove
practical asymptotic stability for the approximating closed-loop
system in the sense of Theorem 1.

From now on, suppose that Assumption 1 is satisfied and
suppose that Assumption 2 is satisfied with y, and yg as therein.
Then, there exist U, y,, 8, v, and § as in Lemma 1. Let G, denote
the yo-sublevel set of ¥, and let C denote the yj-sublevel set of
W, |y. Let A (resp. A’) denote the set of (& + ro) with & € G
(resp. £ € C) and o € S. Let py, po, p,; be positive real numbers.
Following the notation in Theorem 1, let Ky denote the compact
set Of(so, 0p, Vo, o, 7}0) in M with 50 € Co, 09 €5, |U0 — U*| < Pu»
lwo — wx| < pw, and [nol, < p,. Let K be the compact set of
(§,0,v,w,n)iIn M with & € C, [v—v,| < pp + 1, | — ]| <
Po+1,and ||, < p; + 1.

Using the variation of constants formula for the linear subsys-
tems (26¢)-(26g) one can easily verify the following statement.

Lemma 2. There exist &g, &, s, 8¢, vy, v, > 0 such that, for every
€ € (0, &), all dr, d, d¢ € Loo with ||de|| < 8p, [Ids]l < 35, [1dell < 6
every solution x (§,0,v,w,m):[to = T,t) = M of (26), and
every ti € (to, ty), the following implication holds: If x(t) € Ko for
every t € [tg — T, tp] and if £(t) € C for every t € [to, t1], then
x(t) € K for every t € [to, t1] and estimates (27d) and (27e) hold
for every t € [tg, t1].

For the rest of the proof of Theorem 1, choose &g, é;, ds, ¢, Vy,
and v,, as in Lemma 2. After possibly reducing ¢y > 0, we can also
choose c;, ¢, ¢, €1, ¢; > 0 as in Proposition 1. Recall that y and
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8 are given by Lemma 1. Equation (12) in Sontag (1989) implies
the existence of class-KX functions y;, ys, ¥ such that

v(clde] + cslds| + celdi]) < we(ld:e]) + vs(lds]) + ve(ldel)

for all d;, ds, d; € R. After possibly reducing §;, ds, §; > 0, we can
ensure that ¢.é; + ¢s0s + ¢;8¢ < § and that

Ye(8r) + vs(8s) + ni(8) < % min{yo _y*y}’é) — Yo} (A.27)

Since ¥, is smooth, there exist Lipschitz constants Ly and L¢ for
¥, and G, on the compact subset C of R After possibly reducing
gy > 0, we can ensure that A, = 1 log(log ) is a well-defined
positive real number for every ¢ € (0 £0)- Then there exists a
function v; of class K such that

(A.26)

Ly (8C1+€2C2A )e 2" Le A 1)5(8),
BYo — ¥ € Ae) vg(e)

for every ¢ € (0, gg). After possibly reducing &g > 0, we can
ensure that vg(e) < min{y; — yo, Yo — ¥«} for every ¢ € (0, &).

=

(A.28a)
(A.28b)

W= W=

=

Lemma 3. Llet ¢ € (0,¢), let d;,ds,d; € Lo, with ||d/]| < &,
”dSH = 8Sv ”d[” = (Stv letX = (%‘7 0,v, w, ﬂ)[to - Tv tf) - M be a
maximal solution of (26), and let t; € [to, t;). Assume that x(t) € Ky
forevery t € [to — T, tol, that £(t) € C for every t € [to, t1], and
that £(t;) € Co. Then ty > t; + A, and

V() -y < (A.29a)
max { B(max{¥(&(t1)) — y., O}, e (t2 — t1)), (A.29b)
vellldell) + vs(lldsl) + yelldell) } +3ve(e) (A29¢)

forevery t; € [ty, t1 + Al

Proof. Let t3 be the largest element in the intersection of [t1, tf)
and [t1, t; + A.] such that £(t) € C for every t € [tq, t3]. Then,
we obtain from Lemma 2 that x(t) € K for every t € [ty, t3].
Proposition 1 states that there exists an absolutely continuous
map d: [t1, t3] — R? as therein. Let £ be the maximal solution

of (23) with £(t;) = &(t;). By Lemma 1 and (A.1), we have
() -y, < (A.30a)
max { B(max{¥(&(t1)) — ¥, 0}, £ (t2 — 1)), (A.30b)
elldell) + vs(lldsID) + ve(lldell) } (A.30c)

for every t, € [t;, t3]. Furthermore, estimate (A.2) and the Gron-
wall inequality in integral form lead to

Ly [£(t) — E(8)]

A

Ly (ec1 4+ 6%, A,) € S Lo A
1 ve(e)

for every t; € [ti, t3]. Together, this implies that the asserted
estimate is true for every t, € [ty, t3]. In particular, we obtain
that £(t,) is in the interior of C for every t, € [ty, t3] and therefore
ts=t1+A4,. O

(A31a)
(A.31b)

IA

Next, one can apply Lemma 3 repeatedly on time intervals of
length A,. A simple proof by induction leads to the following
result.

Lemma 4. Let ¢ € (0, &), let d;,ds,d; € Lo with ||d/|| < &,
ldsll < &, lldell < O, let x = (§,0,v,0,m): 60 — T, 8) > M
be a maximal solution of (26). Assume that x(t) € Ky for every
t € [to =T, tol. Then t; = 400 as well as x(t) € K for every t > tg
and estimate (27a)-(27c) holds for every t > to.

It follows from the continuity of ¥ and ¥, and from the
definition of A that there exists a function v, of class K such that

Y(E +710) < max A+ v,(e) (A.32)
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for every ¢ € (0, 89), every & € U with ¥.(§) < yo+ ve(e),
and every o € S. To complete the proof of Theorem 1, let ¢ €
(0,&0), let tp € R, let xg: [to — T, to] — Ko be continuous, let
dr, ds, dp € Loo with [|de]| < &, lldsll < 35, ldell < &, and let
x = (§,0,v,w,n): [to — T, tf) — M be the maximal solution
of (26) with initial condition X|i;, 7., = Xo. Then, by Lemma 4,
tr = +o0 as well as x(t) € K for every t > t; and estimate (27a)-
(27¢) holds for every t > to. Now we may apply Lemma 2 and
obtain that also estimates (27d) and (27e) hold for every t > tp.
Finally, it follows from estimate (27a)-(27c), the choice of v,, and
the variation of constants formula for the linear subsystem (26f)-
(26g) that also estimate (27f) is satisfied for every t > to. This
completes the proof of Theorem 1.
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