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Backstepping-Forwarding Designs for Doubly-
Distributed Delay-PDE-ODE Systems
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Abstract—A cascade connection comprising a delay, a
partial differential equation (PDE), and an ordinary differ-
ential equation (ODE) is referred to as “distributed” if an
integral operator of the functional state of the delay or the
PDE enters, as a scalar, the next system in the cascade, or
if the ODE state acts as an input to the PDE throughout the
PDE’s domain. While boundary control of systems involv-
ing PDEs or delays typically calls for the PDE backstepping
approach, such “distributed” interconnections call for the
PDE forwarding approach. The cascaded triple consisting
of a delay, a parabolic PDE, and an ODE can constitute
nine (3 × 3) distinct interconnections and each of the nine
structures is “doubly distributed” if both of its two con-
nections are distributed. We focus on the most interesting
three of the nine possible structures and present mixed
backstepping-forwarding designs of controllers and ob-
servers. We first propose controllers to exponentially sta-
bilize delay-PDE-ODE and PDE-delay-ODE cascades. Then,
we introduce an observer to estimate the states of PDE-
ODE systems with sensor delays. Besides advancing the
backstepping-forwarding design for “doubly-distributed”
systems, we do so with the aid of the input-to-state stability
approach for parabolic PDEs. This enables proving stability
without constructing Lyapunov functions, as well as prov-
ing stability in both square-integral and supremum spatial
norms. Our results are novel even for the particular cases
of delay-free cascades. Simulations illustrate our theory.

Index Terms—Backstepping-forwarding designs,
boundary control, distributed effects, partial differential
equations.

I. INTRODUCTION

PARABOLIC partial differential equations (PDEs) can be
used to describe a variety of phenomena in different fields,
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as shown by [1], [2], [3], and [4] and references therein.
In past decades, a number of works on boundary control of
parabolic PDEs have been reported; see, for example, [5], [6],
[7], and [8]. In practice, many systems cannot be modeled
by either pure ordinary differential equations (ODEs) or pure
PDEs. They should be modeled by ODEs coupled by parabolic
PDEs [9], [10], [11], which leads to an extensive study on
boundary control of parabolic PDE-ODE systems [12], [13],
[14], [15] in recent years. Parabolic PDE-ODE systems have
been used to describe many practical systems, such as chem-
ical process [16], battery [17], 3-D printing [18], and so on.
The authors in [12] designed a backstepping controller for an
ODE cascaded with a heat PDE. The authors in [13] further
designed backstepping controllers for heat PDE-ODE systems
with counter-convection. However, the backstepping approach
proposed in [12] cannot be easily adopted to handle distributed
diffusion. Thus, the backstepping-forwarding transformation
is proposed for PDE-ODE systems with distributed diffusion
in [14]. The backstepping-forwarding method is further used
to construct stabilizing controllers for a chain of PDE-ODE
systems in [19]. More recently, the low-gain control method
is applied to construct stabilization controllers for PDE-ODE
systems in our work [20]. However, it is noted that these
aforementioned works only consider heat or heat-like PDEs
while more general parabolic PDEs are seldom considered.
In [21], [22], and [23], the input-to-state stability (ISS) results
are developed for a very general type of parabolic PDEs, which
corresponds to a Sturm–Liouville operator. These results inspire
us to consider more general PDE-ODE systems.

Time delay is an inherent feature of many practical systems
and often leads to poor performance and even instability. There-
fore, time-delayed systems have attracted a continuous interest
in control society, with many important works obtained [24],
[25], [26]. The control of PDE systems with time delays is also
studied, see, for example, [27], [28], [29], [30], [31], [32], and
[33]. In particular, the author in [27] considered an unstable
diffusion PDE with an input delay. In [29], the authors devel-
oped delay-robust controllers for hyperbolic PDE-ODE systems.
In [28], diffusion PDEs with actuator delays are considered
while in [31], and [33], parabolic PDEs with input delays are
considered. It is noted that in ODE systems, actuator delays and
input delays are equivalent. In contrast, they are quite different
in PDE or PDE-ODE systems as actuator signal and input are
different in these cases. However, most of the existing works do
not distinguish these two different types of delays. Moreover,
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another type of delays, i.e., sensor delays, is often discussed
when we design observers for PDE-ODE systems. All of these
facts inspire us to consider PDE-ODE systems with these three
different types of delays at one work.

Backstepping was proposed in 1990s to construct controllers
for strict-feedback systems [34]. It has been successfully applied
to many different strict-feedback systems ever since, see, for
example, [35], [36], [37], and [38]. However, backstepping in
these aforementioned works is “finite-dimensional” and cannot
be adopted to handle infinite-dimensional systems. Therefore, to
deal with infinite-dimensional systems such as PDE systems and
time-delayed systems, the infinite-dimensional backstepping
method is further developed [12], [39]. Nevertheless, the infinite-
dimensional backstepping suffers from the same restriction as its
finite-dimensional version, that is, the concerned systems must
have strict-feedback structure, as pointed out by [40]. In partic-
ular, when there exist distributed diffusion [14] or distributed
delays [41], the systems are in fact nonstrict-feedback. There-
fore, the backstepping-forwarding transformation is proposed to
deal with infinite-dimensional systems with nonstrict-feedback
structure. The backstepping-forwarding transformation origi-
nates from Arstein’s work [42] where a reduction method is
proposed for linear systems with input delays. It is first proposed
for the PDE-ODE systems in [14] where distributed diffusion
and counter convection are considered. It is also proved effective
in stabilizing linear systems with distributed delays [41], [43].
However, distributed diffusion and distributed delays are sel-
dom considered simultaneously, which inspires us to propose
novel backstepping-forwarding transformations for the PDE-
ODE systems with both distributed diffusion and distributed
delays.

This work proposes backstepping-forwarding control and
observation designs for doubly-distributed delay-PDE-ODE
systems. Three different doubly-distributed structures are
considered with three different types of distributed delays
involved, i.e., input delays, actuator delays, and sensor delays.
By applying the backstepping-forwarding design, we construct
two exponential stabilization controllers for delay-PDE-ODE
systems and PDE-delay-ODE cascades, respectively. We also
design an observer for PDE-ODE systems with distributed
sensor delays via the backstepping-forwarding transformation.
The ISS approach for parabolic PDEs is used for stability
analysis under an assumption that the unperturbed PDE is
stable. Our contributions, compared with existing works, can
be summarized in the following three aspects.

First, a very general type of parabolic PDEs is considered. In
the study of parabolic PDE-ODE systems, most of the existing
works only consider heat or heat-like PDEs [12], [13], [14].
In contrast, this work considers parabolic PDEs corresponding
to Sturm–Liouville operators, which means that the considered
parabolic PDEs are spatially varying and of Robin type boundary
conditions. Due to this fact, our results are even novel when they
reduce to the particular cases of delay-free cascades.

Then, distributed diffusion and distributed delays are consid-
ered simultaneously. Most of the existing works consider either
distributed diffusion or distributed delays while we consider
them at the same time. More recently, the authors in [44] also

considered parabolic PDE-ODE with a time delay. By applying
the spectral reduction method and some LMI based conditions,
the controllers in [44] are able to handle unstable parabolic PDE,
which is an advantage compared with this work. However, dis-
tributed diffusion and distributed delays are also not considered
in [44]. In this work, backstepping-forwarding transformations
are proposed to compensate these two types of distributed ef-
fects. The key idea to construct the corresponding controllers
and observers is to apply the backstepping-forwarding transfor-
mation repeatedly.

Last but not least, novel proofs are established with the aid
of the ISS approach. Construction of Lyapunov functions is
common in the study of PDE-ODE systems. However, since
the considered parabolic PDEs in this work are very general, it
is difficult, if not impossible, to establish stability analysis by
constructing Lyapunov functions. To overcome it, we apply the
ISS approach to parabolic PDEs, developed by I. Karafyllis and
M. Krstic in [21], [22], and [23], to establish stability analysis.
Meanwhile, some additional assumptions are made to apply the
ISS approach, one of which is that the unperturbed PDE is stable.

The rest of this article is organized as follows. In Section II,
some basic definitions and assumptions on Sturm–Liouville op-
erator are given. Our main results with simulations are presented
in Sections III-V. In particular, we propose control designs for
delay-PDE-ODE and PDE-delay-ODE cascades in Sections III
and IV, respectively. In Section V, an observer is constructed
for PDE-ODE systems with sensor delays. Finally, Section VI
concludes this article.

Notation: The symbol | · | represents the Euclidean norm of
vectors or the subordinate 2-norm of matrices. The set of all
positive real numbers is denoted by R+. The symbols I and
0 represent identity matrix and zero matrix with compatible
dimensions, respectively. For any matrix A, its transpose is
denoted by A�. The symbol ∂ represents the partial derivative
of multivariable functions. Let u(x, t) : [0, 1]× R → R be a
differentiable function with respect to (x, t). Then, the spatialL2

norm and sup-norm ofu are respectively, defined as ‖u(·, t)‖2 =

(
∫ 1

0 |u(x, t)|2dx) 1
2 and ‖u(·, t)‖∞ = supx∈[0,1] |u(x, t)|. Let

φ : [0, τ ] → Rn be a continuous function with τ > 0, then,
‖φ‖[0,τ ] = sups∈[0,τ ] |φ(s)|.

II. PRELIMINARIES

In this section, we present some basic definitions and assump-
tions on the Sturm–Liouville operator. The Sturm–Liouville
operator L : D → L2[0, 1] is defined as

(Lf) (x) = − 1

r(x)

d

dx

(
p(x)

df

dx
(x)

)
+

q(x)

r(x)
f(x),

for all f ∈ D andx ∈ [0, 1], (1)

where p ∈ C1([0, 1];R+), r ∈ C0([0, 1];R+), q ∈ C0([0, 1];R)
and D is defined as follows:

D = {f ∈ H2(0, 1) : b1f(0) + b2f
′(0)

= a1f(1) + a2f
′(1) = 0}, (2)
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Fig. 1. PDE-ODE system with input delays.

with a1, a2, b1, b2 being real constants satisfying a21 + a22 > 0
and b21 + b22 > 0. As pointed out by [45], all eigenvalues of the
Sturm–Liouville operator L : D → L2[0, 1] are real. They form
an infinite, increasing sequenceλ1 < λ2 < · · · < λn < · · · with
limn→+∞ λn = +∞. Each eigenvalue λn is associated with a
unit eigenvector φn ∈ D

⋂ C2[0, 1] that satisfies Lφn = λnφn.
These associated unit eigenvectors form a Hilbert basis. In
this work, the following assumptions on the Sturm–Liouville
operator are adopted.

Assumption 2.1: The Sturm–Liouville operator L : D →
L2[0, 1] defined by (1) and (2) satisfies

λ1 > 0, (3)

+∞∑
i=1

λ−1
i sup

x∈[0,1]
φi(x) < +∞. (4)

Assumption 2.2: Either b2 > 0 or b2 = 0 and b1 < 0.
Assumption 2.3: Either a2 > 0 or a2 = 0 and a1 < 0.
Assumption 2.4: There exist a function η ∈ C2([0, 1];R+)

and a constant σ > 0 such that

p(x)η′′(x) + p′(x)η′(x)− q(x)η(x)

≤ −σr(x)η(x), ∀x ∈ [0, 1], (5a)

b1η(0) + b2η
′(0) < 0, (5b)

a1η(1) + a2η
′(1) > 0. (5c)

Remark 2.1: Assumption 2.1 ensures the asymptotic stability
of the following unperturbed PDE:

∂u

∂t
=

1

r(x)

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)

r(x)
u, (6)

b1u(x, t) + b2
∂u

∂x
(x, t)

∣∣∣
x=0

= 0, (7)

a1u(x, t) + a2
∂u

∂x
(x, t)

∣∣∣
x=1

= 0. (8)

Moreover, it follows from the results in [46] that (4) holds
automatically if b2, a1, a2 ≥ 0, b1 ≤ 0 and the functions p and
r are of class C2([0, 1];R+). Moreover, assumptions 2.2 and
2.3 are not restrictive, since we can always write the boundary
conditions in a form such that Assumptions 2.2 and 2.3 hold, as
is pointed out by [23].

III. CONTROL DESIGN FOR DELAY-PDE-ODE
CASCADE SYSTEMS

In this section, we consider control design for delay-PDE-
ODE cascade systems. In particular, the concerned system is
described in Fig. 1, where delay occurs when the control signal
transmits to the actuator and is thus, called input delay. A

controller is designed via the backstepping-forwarding method
and stability analysis is given based on the ISS approach.

A. System Dynamics and Controller Design

We consider the following system, as described in Fig. 1:

Ẋ(t) = AX(t) +

∫ 1

0

B(x)u(x, t)dx, (9a)

∂u

∂t
=

1

r(x)

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)

r(x)
u, (9b)

b1u(x, t) + b2
∂u

∂x
(x, t)

∣∣∣
x=0

= 0, (9c)

a1u(x, t) + a2
∂u

∂x
(x, t)

∣∣∣
x=1

=

∫ τ

0

k(η)U(t− η)dη, (9d)

where X ∈ Rn is the state, u : [0, 1]× [0,+∞) → R is the
actuator signal, U ∈ R is the control input, and k(η) is the delay
kernel satisfying

∫ τ

0 |k(η)|dη < +∞. Moreover, the functions
r, q, p and the constants a1, a2, b1, b2 in (9) are the same as
those in the Sturm–Liouville operator defined in (1) and (2). In
this work, we propose the following generalized backstepping-
forwarding method to construct the controllers.

Define

Z1(t) = X(t) +

∫ 1

0

g(x)u(x, t)dx, (10)

where g is the solution to the following boundary value problem:

B(x) +

((
g(x)

r(x)

)′
p(x)

)′
− g(x)

r(x)
q(x) = Ag(x), (11a)

b1
g(x)

r(x)
+ b2

(
g(x)

r(x)

)′ ∣∣∣
x=0

= 0, (11b)

a1
g(x)

r(x)
+ a2

(
g(x)

r(x)

)′ ∣∣∣
x=1

= 0. (11c)

It can be calculated that

Ż1(t) = AX(t) +

∫ 1

0

B(x)u(x, t)dx

+

∫ 1

0

g(x)
∂u

∂t
(x, t)dx

= AX(t) +

∫ 1

0

B(x)u(x, t)dx

+

∫ 1

0

g(x)

(
1

r(x)

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)

r(x)
u

)
dx

= AX(t) +

∫ 1

0

B(x)u(x, t)dx
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+
g(x)

r(x)
p(x)

∂u

∂x

∣∣∣1
x=0

−
∫ 1

0

(
g(x)

r(x)

)′
p(x)

∂u

∂x
dx

−
∫ 1

0

q(x)
g(x)

r(x)
udx

= AX(t) +A

∫ 1

0

g(x)u(x, t)dx

+

(
g(x)

r(x)
p(x)

∂u

∂x
−
(
g(x)

r(x)

)′
p(x)u

) ∣∣∣
x=0

−
(
g(x)

r(x)
p(x)

∂u

∂x
−
(
g(x)

r(x)

)′
p(x)u

) ∣∣∣
x=1

. (12)

It follows from (9) and (11) that(
g(x)

r(x)
p(x)

∂u

∂x
−
(
g(x)

r(x)

)′
p(x)u

) ∣∣∣
x=0

= 0, (13)

and

−
(
g(x)

r(x)
p(x)

∂u

∂x
−
(
g(x)

r(x)

)′
p(x)u

) ∣∣∣
x=1

= B

∫ τ

0

k(η)U(t− η)dη, (14)

where

B =

⎧⎨
⎩− 1

a1

(
g(x)
r(x)

)′
p(x)

∣∣
x=1

, a1 �= 0,

1
a2

g(x)
r(x)p(x)

∣∣
x=1

, a2 �= 0.
(15)

Due to the fact a21 + a22 > 0, the matrix B can be written in a
more compact form as follows:

B =
−a1

(
g(x)
r(x)

)′
+ a2

g(x)
r(x)

a21 + a22
p(x)

∣∣∣∣
x=1

. (16)

It can be thus, obtained from (12) that

Ż1 = AZ1 +B

∫ τ

0

k(η)U(t− η)dη. (17)

Furthermore, define

Z2 = Z1 +

∫ t

t−τ

∫ τ

t−s

eA(t−s−η)Bk(η)U(s)dηds. (18)

Then, we have that

Ż2 = AZ2 + B̄U, (19)

where

B̄ =

∫ τ

0

e−Aηk(η)dηB. (20)

Next, it is natural to adopt the following assumption.
Assumption 3.1: The matrix pair (A, B̄) is stabilizable.
Based on Assumption 3.1, the following controller can be

thus, designed for system (9):

U(t) = KZ2(t), t ≥ 0, (21)

where K is chosen such that A+ B̄K is Hurwitz.
Remark 3.1: In system (9), it can be found that the delay-PDE

and PDE-ODE connections are both distributed. As is pointed

out by [14], the infinite-dimensional backstepping method is dif-
ficult, if not impossible, to be applied to systems with distributed
diffusion and/or distributed delay. In contrast, the backstepping-
forwarding method, which originates from Arstein’s reduction
method [42], is proved to be effective to compensate “distributed
effects,” such as distributed diffusion and distributed delays.
Our work is partly inspired by [14], where the backstepping-
forwarding method is used for heat PDE-ODE system with
distributed diffusion. In this work, the considered PDE is more
complicated, as shown by the system, input delay is also addi-
tionally considered.

Although, we have already proposed a controller, there are two
remaining issues to be addressed before we analyze stabilities
of the resulting closed-loop system as follows:

1) if the solution to the boundary value problem (11) exists;
and

2) if the solution g of the boundary value problem (11) can be
expressed analytically.

To address these issues, we define

G(x) =
g(x)

r(x)
, x ∈ [0, 1]. (22)

Then, the boundary value problem (11) can be transformed into
the following form:

G′′(x)p(x) +G′(x)p′(x) +B(x) = (Ar(x) + q(x)I)G(x),
(23a)

b1G(0) + b2 G
′(0) = 0, (23b)

a1G(1) + a2 G
′(1) = 0. (23c)

Equation (23a) can be further transformed into the following
form: [

G′(x)
G(x)

]′
=

[
−p′(x)

p(x) I A r(x)
p(x) +

q(x)
p(x)I

I 0

] [
G′(x)
G(x)

]

+

[− 1
p(x)B(x)

0

]
. (24)

Therefore, it follows from (23) that g can be analytically ex-
pressed as

g(x) = r(x)
[
0 I

]×
(
Φ(x, 0)

[−b1I
b2I

]
M

+

∫ x

0

Φ(x, y)

[ − 1
p(y)B(y)

0

]
dy

)
, x ∈ [0, 1], (25)

whereΦ : [0, 1]× [0, 1] → R2n×2n is the state-transition matrix
with respect to [

−p′(x)
p(x) I A r(x)

p(x) +
q(x)
p(x)I

I 0

]
, (26)

and M is defined as follows:

M = E−1
[
a2I a1I

] ∫ 1

0

Φ(1, y)

[ 1
p(y)B(y)

0

]
dy, (27)
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E =
[
a2I a1I

]
Φ(1, 0)

[−b1I
b2I

]
. (28)

It can be found that the only requirement for existence of g(x)
is that E should be invertible. Therefore, the following lemma
can be obtained.

Lemma 3.1: The boundary value problem (11) has a unique
solution if and only if the following matrix is invertible

[
a2I a1I

]
Φ(1, 0)

[−b1I
b2I

]
. (29)

Remark 3.2: For some special cases, the state transition ma-
trix Φ can be easily obtained. For example, if r(x) = p(x) = 1
and q(x) = 0, then

Φ(x, y) = e

⎡
⎣0 A
I 0

⎤
⎦(x−y)

. (30)

For general cases, the state transition matrix Φ can be estimated
via the Peano–Baker series [47].

B. Stability Analysis

In this section, we provide stability analysis for system (9)
with controller (21). We will prove that our controller leads to
stabilities of the resulting closed-loop system in both spatial
L2 norm and sup-norm provided that appropriate assumptions
are satisfied. Let Ut be the segment defined as Ut(s) = U(t+
s), ∀s ∈ [0, τ ]. First, the following theorem can be obtained.

Theorem 3.1: (Stability in spatial L2 norm) Consider the
closed-loop system consisting of system dynamics (9) and con-
troller (21) under Assumptions 2.1 and 3.1, where Z2 is defined
by (10) and (18) and g is given by (25) with E being invert-
ible. Then, for any initial condition (X(0), u(·, 0), U0) ∈ Rn ×
L2[0, 1]× C([0, τ ],R), the closed-loop system has a unique
solution and is globally exponentially stable in the sense that
there exist positive constants κ, γ such that

Ω(t) ≤ κe−γtΩ(0), (31)

where

Ω(t) = |X(t)|+ ‖u(·, t)‖2 + ‖Ut‖[0,τ ]. (32)

Proof: We first recall the following fact:

Ż1 = AZ1 +B

∫ τ

0

k(η)U(t− η)dη, (33)

Z2 = Z1 +

∫ t

t−τ

∫ τ

t−s

eA(t−s−η)Bk(η)U(s)dηds. (34)

It follows from Theorem B.2 given in Appendix that by choosing
controller (21), one has

Ω1(t) ≤ κ1e
−γ1tΩ1(0), (35)

where

Ω1(t) = |Z1(t)|+ ‖Ut‖[0,τ ]. (36)

The existence and uniqueness of the solution is a direct result of
Theorems 4.5–4.7 in [23]. Moreover, it can be also proved via the
following arguments. The existence and uniqueness ofZ1, Z2, U

directly follows from the theory of time-delayed ODE [14], [24].
Then, the existence and uniqueness of u(x, t) follows from the
theory of PDE [2]. By further considering the existence and
uniqueness of Z1, Z2, U, u(x, t), the existence and uniqueness
of X is also ensured.

Furthermore, under Assumption 2.1, it follows from Theo-
rem A.1 given in Appendix that there exist positive constants
κu, γu and Cu such that

‖u(·, t)‖2 ≤ κue
−γut‖u(·, 0)‖2

+ Cu sup
t≥s≥0

∣∣∣∣
∫ τ

0

k(η)U(s− η)dη

∣∣∣∣
≤ κue

−γut‖u(·, 0)‖2 + C̃u sup
t≥s≥0

‖Us‖[0,τ ]

≤ κue
−γut‖u(·, 0)‖2 + C̃u sup

t≥s≥0
Ω1(s), (37)

where

C̃u = Cu

∫ τ

0

|k(η)|dη. (38)

It is noted that the ISS property holds for any initial condition
and any initial time. Therefore, by viewing u(x, t

2 ), x ∈ [0, 1] as
initial condition and t

2 as initial time, one can obtain from (37)
that

‖u(·, t)‖2 ≤ κue
−γu

t
2 ‖u(·, t

2
)‖2 + C̃u sup

t≥s≥ t
2

Ω1(s). (39)

Next, it can be further obtained from (35) and (37) that

‖u(·, t)‖2

≤ κue
−γu

t
2

(
κue

−γu
t
2 ‖u(·, 0)‖2 + C̃u sup

t
2≥s≥0

Ω1(s)

)

+ C̃uκ1e
−γ1

t
2Ω1(0)

≤ κ2
ue

−γut‖u(·, 0)‖2 + C̃uκ1κue
−γu

t
2Ω1(0)

+ C̃uκ1e
−γ1

t
2Ω1(0). (40)

By defining

Ω2(t) = Ω1(t) + ‖u(·, t)‖2, (41)

we have that

Ω2(t) ≤ κ2e
−γ2tΩ2(0), (42)

where

κ2 = κ2
u + C̃uκ1κu + C̃uκ1 + κ1, (43)

γ2 = min
{γu

2
,
γ1
2

}
. (44)

Next, we aim to prove that

MΩ2(t) ≤ Ω(t) ≤ MΩ2(t), (45)

for some positive constants M and M . Recalling that Ω(t) =
|X(t)|+ ‖u(·, t)‖2 + ‖Ut‖[0,τ ], one can obtain that

Ω(t) ≤ Ω2(t) + |Z1 −X|
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= Ω2(t) +

∣∣∣∣
∫ 1

0

g(x)u(x, t)dx

∣∣∣∣
≤ Ω2(t) +

(∫ 1

0

|g(x)|2dx
) 1

2

‖u(·, t)‖2

≤ MΩ2(t), (46)

where

M = 1 +

(∫ 1

0

|g(x)|2dx
) 1

2

. (47)

Similarly, it can be also derived that

Ω2(t) ≤ Ω(t) + |Z1 −X|

= Ω(t) +

(∫ 1

0

|g(x)|2dx
) 1

2

‖u(·, t)‖2

≤ 1

M
Ω(t), (48)

where

M = 1/

(
1 +

(∫ 1

0

|g(x)|2dx
) 1

2

)
. (49)

The relation (45) is thus, proved. It can be then obtained that

Ω(t) ≤ MΩ2(t)

≤ Mκ2e
−λ2tΩ2(0)

≤ M/Mκ2e
−λ2tΩ(0). (50)

The theorem is thus, established. �
Next, we can further prove that, under some additional as-

sumptions, the closed-loop system is also stable in spatial sup-
norm, which is summarized in the following theorem.

Theorem 3.2: (Stability in spatial sup-norm) Consider the
closed-loop system consisting of system dynamics (9) and con-
troller (21) under Assumptions 2.1–2.4 and 3.1, where Z2 is
defined by (10) and (18) and g is given by (25) with E being
invertible. Then, for any initial condition (X(0), u(·, 0), U0) ∈
Rn × C([0, 1],R)× C([0, τ ],R), the closed-loop system has a
unique solution and is globally exponentially stable in the sense
that there exist positive constants κ, γ such that

Ω(t) ≤ κe−γtΩ(0), (51)

where

Ω(t) = |X(t)|+ ‖u(·, t)‖∞ + ‖Ut‖[0,τ ]. (52)

Proof: The proof can be established with the similar discus-
sions as in the proof of Theorem 3.1 by utilizing Theorem A.2
given in Appendix. We thus, omit it. �

C. A Simulation Example

In this section, we consider the following delay-PDE-ODE
cascade system:

Ẋ(t) =

[
0 1
0 1

]
X(t) +

∫ 1

0

[
0
x

]
u(x, t)dx, (53a)

∂u

∂t
=

∂2 u

∂x2
− ∂u

∂x
, (53b)

u(0, t) =
∂u

∂x
(0, t), (53c)

u(1, t) =

∫ 2

0

k(η)U(t− η)dη, (53d)

where k(η) = η, ∀η ∈ [0, 2] is the delay kernel. The PDE
(53b)–(53d) is in the Sturm–Liouville type by choosing r(x) =
p(x) = e−x, q(x) = 0, a1 = b1 = 1, a2 = 0, and b2 = −1. It
can be verified that Assumptions 2.1–2.4 are all satisfied. By
calculating that

B̄ =

[−0.5433
0.1924

]
, (54)

it can be also verified that Assumption 3.1 is satisfied. Fig. 2
shows the responses of the plant state, actuator signal, and con-
trol input for system (53) under controller (21). The effectiveness
of our controller (21) can be clearly observed from Fig. 2.

IV. CONTROL DESIGN FOR PDE-DELAY-ODE
CASCADE SYSTEMS

In this section, we consider PDE-delay-ODE cascade systems.
In particular, the discussed system is described in Fig. 3, where
delay occurs when the actuator signal transmits to the state and
is thus, called actuator delay. A controller is designed via the
backstepping-forwarding method and stability analysis is given
based on the ISS approach.

A. System Dynamics and Controller Design

We consider the following system, as described in Fig. 3

Ẋ(t) = AX(t) +

∫ T

0

∫ 1

0

B(x, η)u(x, t− η)dηdx, (55a)

ut =
1

r(x)

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)

r(x)
u, (55b)

b1u(0, t) + b2
∂u

∂x
(0, t) = 0, (55c)

a1u(1, t) + a2
∂u

∂x
(1, t) = U(t), (55d)

where X ∈ Rn is the state, u : [0, 1]× [−T,+∞) → R is the
actuator signal, U ∈ R is the control input, and B(x, η) is the
function which represents both distributed diffusion and dis-
tributed delay and satisfies

∫ 1

0

∫ T

0 |B(x, η)|dηdx < +∞. More-
over, the functions r, q, p and the constants a1, a2, b1, b2 in (55)
are the same as those in the Sturm–Liouville operator defined in
(1)–(2).

It is without loss of generality to assume that, in system (55),
the PDE-related equations (55b)–(55d) also hold for t ∈ [−T, 0].
Otherwise, by shifting the initial time with one delay interval T ,
one can obtain a new system which satisfies the condition.
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Fig. 2. Responses of plant state, actuator signal, and control input for
system (53) under controller (21).

In this work, we propose the following backstepping-
forwarding design to construct the controllers. Define

Z1(t) = X(t) +

∫ T

0

∫ 1

0

g(x, η)u(x, t− η) dx dη, (56)

where g(x, η) is the unique solution to the following:

B(x, η) +
∂

∂x

((
∂

∂x

g(x, η)

r(x)

)
p(x)

)

− g(x, η)

r(x)
q(x) = Ag(x, η), (57a)

b1
g(x, η)

r(x)
+ b2

∂

∂x

(
g(x, η)

r(x)

) ∣∣∣
x=0

= 0, (57b)

a1
g(x, η)

r(x)
+ a2

∂

∂x

(
g(x, η)

r(x)

) ∣∣∣
x=1

= 0. (57c)

It can be seen that in (57), the derivative of η is not involved
and thus, η can be seen as a constant value. Therefore, (57) can
be solved with the similar method as in (11). In fact, it can be
calculated that

g(x, η) = r(x)
[
I 0

]×
(
Φ(x, 0)

[−b1I
b2I

]
M(η)

+

∫ x

0

Φ(x, y)

[− 1
p(y)B(y, η)

0

]
dy

)
, x ∈ [0, 1],

(58)

whereΦ : [0, 1]× [0, 1] → R2n×2n is the state-transition matrix
with respect to [

−p′(x)
p(x) I A r(x)

p(x) +
q(x)
p(x)I

I 0

]
, (59)

and M(η) is defined as follows:

M(η) = E−1
[
a2I a1I

] ∫ 1

0

Φ(1, y)

[ 1
p(y)B(y, η)

0

]
dy,

(60)

E =
[
a2I a1I

]
Φ(1, 0)

[−b1I
b2I

]
. (61)

It follows from the assumption of B(x, η) that g(x, η) satisfies

sup
x∈[0,1]

∫ T

0

|g(x, η)|dη < +∞, (62)

sup
x∈[0,1]

∫ T

0

∣∣∣∣ ∂∂xg(x, η)
∣∣∣∣ dη < +∞. (63)

It can be seen that Φ and E are all independent of η. It also
follows from (58) that the only requirement for existence of
g(x, η) is that E is invertible. Similar to Lemma 3.1, the follow-
ing lemma on existence of a solution to (57) can be given.

Lemma 4.1: The boundary value problem (57) has a unique
solution iff the following matrix is invertible:

[
a2I a1I

]
Φ(1, 0)

[−b1I
b2I

]
. (64)

It can be seen that Lemmas 3.1 and 4.1 appear to be almost
the same. But some new results are obtained here in the sense
that even though the boundary value problem (11), compared
with (57), includes an additional parameter η, the condition
for the existence of a solution to (57) is not more restrictive.
In other words, although the PDE-delay-ODE system is more
difficult to handle than the delay-PDE-ODE system, we do not
need more restrictive assumption to ensure the existence of its
backstepping-forwarding controller.

Moreover, if there exists H(η) such that B(x, η) =
H(η)B(x) or B(x, η) = B(x)H(η), then, we have that
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Fig. 3. PDE-ODE system with actuator delays.

g(x, η) = H(η)g(x) or g(x, η) = g(x)H(η), respectively,
where g(x) is given by (25).

Similar to the discussions in the previous section, it can be
also calculated that

Ż1 = AZ1 +

∫ T

0

B(η)U(t− η)dη, (65)

where

B(η) =
−a1

∂
∂x

(
g(x,η)
r(x)

)
+ a2

g(x,η)
r(x)

a21 + a22
p(x)

∣∣∣∣
x=1

. (66)

Next, we further define

Z2 = Z1 +

∫ t

t−T

∫ T

t−s

eA(t−s−η)B(η)U(s)dηds, (67)

which yields that

Ż2 = AZ2 + B̄U, (68)

where

B̄ =

∫ T

0

e−AηB(η)dη. (69)

The following assumption is needed.
Assumption 4.1: The matrix pair (A, B̄) is stabilizable.
Based on Assumption 4.1, the following controller can be

proposed:

U = KZ2, (70)

where K is chosen such that A+ B̄K is Hurwitz.

B. Stability Analysis

In this section, we provide stability analysis for system (55)
with controller (70). We will prove that our controller can
lead to stabilities of the resulting closed-loop system in both
spatial L2 norm and sup-norm. Let Ut be the segment defined
as Ut(s) = U(t+ s), ∀s ∈ [0, τ ] and ut(·, ·) be the segment
defined as ut(x, s) = u(x, t+ s), ∀x ∈ [0, 1], ∀s ∈ [0, τ ]. First,
the following theorem can be obtained.

Theorem 4.1: (Stability in spatial L2 norm) Consider the
closed-loop system consisting of system dynamics (55) and
controller (70) under Assumptions 2.1 and 4.1, where Z2 is
defined by (56) and (67) and g is given by (58). Then, for any
initial condition X(0) ∈ Rn, u0(·, ·) ∈ L2[0, 1]× C([0, T ],R),
and U0 ∈ ×C([0, T ],R), the closed-loop system has a unique
solution and is globally exponentially stable in the sense that
there exist positive constants κ, γ such that

Ω(t) ≤ κe−γtΩ(0), (71)

where

Ω(t) = |X(t)|+ sup
s∈[0,T ]

‖u(·, t− s)‖2 + ‖Ut‖[0,T ]. (72)

Proof: First, we recall the following fact:

Ż1 = AZ1 +

∫ T

0

B(η)U(t− η)dη, (73)

Z2 = Z1 +

∫ t

t−T

∫ T

t−s

eA(t−s−η)B(η)U(s)dηds. (74)

It follows from Theorem B.2 that under controller (70), the
following stability property holds:

Ω1(t) ≤ κ1e
−γ1tΩ1(0), (75)

where

Ω1(t) = |Z1(t)|+ ‖Ut‖[0,T ]. (76)

Moreover, it follows from the ISS property of parabolic PDEs
that

‖u(·, t)‖2 ≤ κue
−γut‖u(·, 0)‖2 + Cu sup

t≥s≥0
|KZ2(s)|

≤ κue
−γut‖u(·, 0)‖2 + Cu|K| sup

t≥s≥0

(
|Z1(s)|

+

∫ t

t−T

∫ T

t−s

∣∣∣eA(t−s−η)B(η)U(s)
∣∣∣ dηds)

≤ κue
−γut‖u(·, 0)‖2 + C̃u sup

t≥s≥0
Ω1(s), (77)

where

C̃u = Cu|K|
(
1 + sup

s∈[0,T ]

|eAs| ×
∫ T

0

|e−AηB(η)|dη
)
.

(78)

With the similar discussion as in (40), it can be obtained that

Ω2(t) ≤ κ2e
−λ2tΩ2(0), (79)

for some κ2, λ2 > 0, where

Ω2(t) = Ω1(t) + ‖u(·, t)‖2. (80)

Define

Ω2(t) = Ω1(t) + sup
s∈[0,T ]

‖u(x, t− s)‖2. (81)

It can be calculated that for t ∈ [0, T ], one has

sup
s∈[0,T ]

‖u(x, t− s)‖2 ≤ sup
s∈[0,t]

Ω2(s) + sup
s∈[0,T ]

‖u(x,−s)‖2

≤ κ2e
−λ2tΩ2(0) + sup

s∈[0,T ]

‖u(x,−s)‖2
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≤ (κ2 + 1)Ω2(0)

≤ (κ2 + 1)e−λ2(t−T )Ω2(0), (82)

and for t ≥ T , one has

sup
s∈[0,T ]

‖u(x, t− s)‖2 ≤ sup
s∈[0,T ]

Ω2(t− s)

≤ κ2e
−λ2(t−T )Ω2(0)

≤ κ2e
−λ2(t−T )Ω2(0). (83)

Therefore, it can be concluded that for t ≥ 0

sup
s∈[0,T ]

‖u(x, t− s)‖2 ≤ (κ2 + 1)e−λ2(t−T )Ω2(0). (84)

It then, follows from (79) that:

Ω2(t) ≤ Ω2(t) + sup
s∈[0,T ]

‖u(x, t− s)‖2

≤ (κ2 + (κ2 + 1)eλ2 T )e−λ2tΩ2(0). (85)

Next, we recall the definition of Z1 as follows:

Z1(t) = X(t) +

∫ T

0

∫ 1

0

g(x, η)u(x, t− η) dx dη. (86)

It can be thus, obtained that

|Z1(t)−X(t)| ≤ sup
x∈[0,1]

∫ T

0

|g(x, η)|dη

× sup
s∈[0,T ]

∫ 1

0

|u(x, t− s)|dx

≤ C1 sup
s∈[0,T ]

‖u(x, t− s)‖2

≤ C1Ω2(t), (87)

where

C1 = sup
x∈[0,1]

∫ T

0

|g(x, η)|dη. (88)

Furthermore, it can be obtained that

1

1 + C1
Ω2(t) ≤ Ω(t) ≤ (1 + C1)Ω2(t), (89)

which yields

Ω(t) ≤ κe−λtΩ(0), (90)

where

κ = (1 + C1)
2 × (κ2 + (κ2 + 1)eλ2 T ), (91)

λ = λ2. (92)

The theorem it thus, proved. �
Next, we can further prove that, under some additional as-

sumptions, the closed-loop system is also stable in spatial sup-
norm, which is summarized in the following theorem.

Theorem 4.2: (Stability in spatial sup norm) Consider the
closed-loop system consisting of system dynamics (55) and
controller (70) under Assumptions 2.1–2.4 and 4.1, where Z2

is defined by (56) and (67) and g is given by (58). Then,
for any initial condition X(0) ∈ Rn, u0(·, ·) ∈ C([0, 1],R)×

C([0, T ],R), and U0 ∈ ×C([0, T ],R), the closed-loop system
has a unique solution and is globally exponentially stable in the
sense that there exist positive constants κ, γ such that

Ω(t) ≤ κe−γtΩ(0), (93)

where

Ω(t) = |X(t)|+ sup
s∈[0,T ]

‖u(·, t− s)‖∞ + ‖Ut‖[0,T ]. (94)

C. A Simulation Example

In this section, we consider the following PDE-delay-ODE
cascade system:

Ẋ(t) =

[
0 1
0 1

]
X(t) +

∫ 1

0

[
0
x

]
u(x, t− 1)dx, (95a)

∂u

∂t
=

∂2 u

∂x2
− ∂u

∂x
, (95b)

u(0, t) =
∂u

∂x
(0, t), (95c)

u(1, t) = U(t). (95d)

The PDE (95b)–(95c) is in the Sturm–Liouville type by choosing
r(x) = p(x) = e−x, q(x) = 0, a1 = b1 = 1, a2 = 0, and b2 =
−1. It can be verified that Assumptions 2.1–2.4 are all satisfied.
By calculating that

B̄ =

[−0.2487
0.1192

]
, (96)

it can be also verified that Assumption 4.1 is satisfied. In this
part, we use “method of line” to solve the PDE. By discretizing
the space variable, the PDE-ODE systems can be transformed to
a quantity of ODEs (about 100 ODEs in our simulation), which
can be directly solved by Simulink. Fig. 4 shows the responses
of the plant state, actuator signal, and control input for system
(95) under controller (70). The effectiveness of our controller
(70) can be clearly observed from Fig. 4.

V. OBSERVATION DESIGN FOR PARABOLIC PDE-ODE
SYSTEMS WITH DISTRIBUTED SENSOR DELAYS

In this section, the backstepping-forwarding design is further
applied to construct observers for parabolic PDE-ODE systems
with distributed sensor delays. The discussed system is described
in Fig. 5, where delay occurs when the sensor signal transmits
to the output. An observer is designed via the backstepping-
forwarding method and stability analysis is given based on the
ISS approach.

A. System Dynamics and Observer Design

We consider the following parabolic PDE-ODE systems with
distributed sensor delays:

Ẋ = AX +BU, (97a)

ut =
1

r(x)

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)

r(x)
u+ C(x)X(t), (97b)

b1u(0, t) + b2
∂u

∂x
(0, t) = 0, (97c)
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Fig. 4. Responses of plant state, actuator signal, and control input for
system (95) under controller (70).

a1u(1, t) + a2
∂u

∂x
(1, t) = 0, (97d)

Y (t) =

∫ τ

0

k(s)u(0, t− s)ds, (97e)

where X ∈ Rn is the state, u : [0, 1]× R → R is the sensor
signal, Y is the output and the function k(s) is the kernel for
distributed sensor delay. Moreover, the functions r, q, p and the
constantsa1, a2, b1, b2 in (97) are the same as those in the Sturm–
Liouville operator defined in (1) and (2).

It follows from [41] that the distributed sensor delay term
(97e) can be rewritten in the following form of PDE:

∂y

∂t
=

∂y

∂s
+ k(s)u(0, t), (98a)

y(τ, t) = 0, (98b)

Y (t) = y(0, t). (98c)

We propose the following observer:

˙̂
X = AX̂ +BU + L(Ŷ − Y ), (99a)

ût =
1

r(x)

∂

∂x

(
p(x)

∂û

∂x

)
− q(x)

r(x)
û+ C(x)X̂(t)

+ α(x)L(Ŷ (t)− Y (t)), (99b)

b1û(0, t) + b2
∂û

∂x
(0, t) = 0, (99c)

a1û(1, t) + a2
∂û

∂x
(1, t) = 0, (99d)

∂ŷ

∂t
=

∂ŷ

∂s
+ k(s)û(0, t) + β(s)L(Ŷ (t)− Y (t)), (99e)

ŷ(τ, t) = 0, (99f)

Ŷ = ŷ(0, t), (99g)

whereα : [0, 1] → R1×n and β : [0, τ ] → R1×n are solutions to
the following boundary value problem, respectively:

1

r(x)
(p(x)α′)′ − q(x)

r(x)
α+ C(x) = αA, (100a)

b1α(0) + b2α
′(0) = 0, (100b)

a1α(1) + a2α
′(1) = 0, (100c)

and

β′ + k(s)α(0) = βA, (101a)

β(τ) = 0. (101b)

It can be calculated that

α(x) =

(
M [−b1I b2I]Φ

�(x, 0)

+

∫ x

0

[
− r(y)

p(y)C(y) 0
]
Φ�(x, y)dy

)
×
[
0
I

]
, (102)

whereΦ : [0, 1]× [0, 1] → R2n×2n is the state-transition matrix
with respect to [

−p′(x)
p(x) I A� r(x)

p(x) +
q(x)
p(x)I

I 0

]
, (103)

and M is defined as follows:

M =

∫ 1

0

Φ�(1, y)
[
r(y)
p(y)C(y) 0

]
dy ×

[
a1I
a2I

]
E−1, (104)

E =
[−b1I b2I

]
Φ�(1, 0)

[
a2I
a1I

]
. (105)

It is also calculated that

β(s) = α(0)

∫ τ

s

k(θ)eA(s−θ)dθ. (106)

The following assumption is required.
Assumption 5.1: The matrix pair (A, β(0)) is detectable.
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Fig. 5. PDE-ODE system with sensor delays.

Fig. 6. Estimation errors of plant state, sensor signal, and output for
system (130) under observer (99).

Moreover, it is noted that the equations (99e)–(99g) are equiv-
alent to the following integral:

Ŷ =

∫ τ

0

k(θ)û(0, t− θ)dθ

+

∫ τ

0

β(θ)L(Ŷ (t− θ)− Y (t− θ))dθ. (107)

B. Stability Analysis

In this section, the following theorem on stability of error
systems is obtained.

Theorem 5.1: Consider the system (97) with observer
(99) under Assumptions 2.1–2.4 and 5.1. Choose L
such that A+ Lβ(0) is Hurwitz. Define the observer er-
rors X̃(t) = X̂(t)−X(t), ũ(x, t) = û(x, t)− u(x, t), and
ỹ(s, t) = ŷ(s, t)− y(s, t). Let X̃t be the segment defined
as X̃t(s) = X̃(t+ s), ∀s ∈ [0, τ ] and ũt(·, ·) be the seg-
ment defined as ũt(x, s) = u(x, t+ s), ∀x ∈ [0, 1], ∀s ∈ [0, τ ].
Then, for any initial condition X̃0 ∈ C([0, τ ],Rn), ũ0(·, ·) ∈
C([0, 1],R)× C([0, τ ],R), and y(·, 0) ∈ C([0, τ ],Rn), the ob-
server error system has a unique solution and satisfies

Ξ(t) ≤ κe−λtΞ(0), (108)

where

Ξ(t) = ‖X̃t‖[0,τ ]
+ sup

s∈[0,τ ]
‖ũ(·, t− s)‖∞ + sup

s∈[0,τ ]
|ỹ(s, t)|. (109)

Proof: Define

Ỹ (t) = Ŷ (t)− Y (t), (110)

ω(x, t) = ũ(x, t)− α(x)X̃(t), (111)

ν(s, t) = ỹ(s, t)− β(s)X̃(t). (112)

It follows from (97) and (99) that:

˙̃X = AX̃ + LỸ , (113a)

ũt =
1

r(x)

∂

∂x

(
p(x)

∂ũ

∂x

)
− q(x)

r(x)
ũ

+ C(x)X̃(t) + α(x)LỸ (t), (113b)

b1ũ(0, t) + b2
∂ũ

∂x
(0, t) = 0, (113c)

a1ũ(1, t) + a2
∂ũ

∂x
(1, t) = 0, (113d)

∂ỹ

∂t
=

∂ỹ

∂s
+ k(s)ũ(0, t) + β(s)LỸ (t), (113e)

ỹ(τ, t) = 0, (113f)

Ỹ (t) = ỹ(0, t). (113g)

It then, follows from (100) and (101) that:

˙̃X = (A+ Lβ(0))X̃ + Lν(0, t), (114a)
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ωt =
1

r(x)

∂

∂x

(
p(x)

∂ω

∂x

)
− q(x)

r(x)
ω, (114b)

b1ω(0, t) + b2
∂ω

∂x
(0, t) = 0, (114c)

a1ω(1, t) + a2
∂ω

∂x
(1, t) = 0, (114d)

∂ν

∂t
=

∂ν

∂s
+ k(s)ω(0, t), (114e)

ν(τ, t) = 0. (114f)

By choosing L such that A+ Lβ(0) is Hurwitz, it can be
obtained that

|X̃(t)| ≤ κ1e
−λ1t|X̃(0)|+ γ1 sup

s∈[0,t]
|ν(0, s)|. (115)

With the similar discussion as in (82)–(85), it can be obtained
that

sup
s∈[0,τ ]

|X̃(t− s)| ≤ (κ1 + 1)e−λ1(t−τ) sup
s∈[0,τ ]

|X̃(−s)|

+ γ1 sup
s∈[0,t]

|ν(0, s)|. (116)

It follows from Theorem A.2 that under Assumptions 2.1–2.4,
there holds

sup
x∈[0,1]

|ω(x, t)| ≤ κ2e
−λ2t sup

x∈[0,1]
|ω(x, 0)|, (117)

which yields

sup
x∈[0,1]
s∈[0,τ ]

|ω(x, t− s)| ≤ (κ2 + 1)e−λ2(t−τ) sup
x∈[0,1]

|ω(x,−s)|.

(118)

Furthermore, since one has

ν(s, t) =

∫ τ

s

k(θ)ω(0, t+ s− θ)dθ, (119)

then, it is obtained that

sup
s∈[0,τ ]

|ν(s, t)| ≤
∫ τ

0

|k(θ)|dθ × sup
s∈[0,τ ]

|ω(0, t− s)|

≤
∫ τ

0

|k(θ)|dθ × sup
x∈[0,1]
s∈[0,τ ]

|ω(x, t− s)|. (120)

The inequalities (116)–(120) imply that there exists κ̄, λ̄ > 0
such that

Ξ̄(t) ≤ κ̄e−λ̄tΞ̄(0), (121)

where

Ξ̄(t) = sup
s∈[0,τ ]

|X̃(t− s)|

+ sup
s∈[0,τ ]

‖ω(x, t− s)‖∞ + sup
s∈[0,τ ]

|ν(s, t)|. (122)

Furthermore, it follows from the definitions of ω and ν that:

M Ξ̄(t) ≤ Ξ(t) ≤ M Ξ̄(t), (123)

where

M = 1 + sup
x∈[0,1]

|α(x)|+ sup
s∈[0,τ ]

|β(s)|, (124)

M =
1

M
. (125)

Then, we have that

Ξ(t) ≤ M

M
κ̄e−λ̄tΞ(0). (126)

The theorem is thus, established. �
Remark 5.1: In this section, we only obtain the stability of the

closed-loop system in spatial sup-norm. It is still a challenge for
us to obtain the stability of the closed-loop system in spatial L2

norm mainly because it is hard to establish relationship between
the term u(0, t) and its L2 norm based on the ISS technique.

Since, we have successfully designed an observer for system
(97), the following controller can be then given:

U = KX̂. (127)

And the following theorem can be obtained.
Theorem 5.2: Consider the system (97) with observer (99)

and controller (127) under Assumptions 2.1-2.4 and 5.1. Choose
L such that A+ Lβ(0) is Hurwitz and K such that A+BK
is Hurwitz. Define the observer errors X̃(t) = X̂(t)−X(t),
ũ(x, t) = û(x, t)− u(x, t), and ỹ(s, t) = ŷ(s, t)− y(s, t). Let
X̃t be the segment defined as X̃t(s) = X̃(t+ s), ∀s ∈ [0, τ ]
and ũt(·, ·) be the segment defined as ũt(x, s) = u(x, t+
s), ∀x ∈ [0, 1], ∀s ∈ [0, τ ]. Then, for any initial condition X̃0 ∈
C([0, τ ],Rn), ũ0(·, ·) ∈ C([0, 1],R)× C([0, τ ],R), y(·, 0) ∈
C([0, τ ],Rn), and (X(0), u(·, 0)) ∈ Rn × L2[0, 1], the closed-
loop system has a unique solution and satisfies

Ω(t) ≤ κe−λtΩ(0), (128)

where

Ω(t) = |X(t)|+ ‖u(·, t)‖∞ + ‖X̃t‖[0,τ ]
+ sup

s∈[0,τ ]
‖ũ(·, t− s)‖∞ + sup

s∈[0,τ ]
|ỹ(s, t)|. (129)

The proof can be established with the aid of ISS properties
and Theorem 5.1.

C. A Simulation Example

In this section, we consider the following PDE-ODE system
with a sensor delay

Ẋ =

[
0 1
0 0

]
X +

[
0
1

]
U, (130a)

∂u

∂t
=

∂2 u

∂x2
+ C(x)X(t), (130b)

u(0, t) = 0, (130c)

u(1, t) = 0, (130d)

Y =

∫ 2

0

k(η)u(0, t− η)dη, (130e)

Authorized licensed use limited to: Miroslav Krstic. Downloaded on October 27,2024 at 04:22:27 UTC from IEEE Xplore.  Restrictions apply. 



7368 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 11, NOVEMBER 2024

where

C(x) =
[
x2 x

]
, ∀x ∈ [0, 1], (131)

k(η) = η, ∀η ∈ [0, 2]. (132)

The PDE part of (130) is in the Sturm–Liouville type by choosing
r(x) = p(x) = 1, q(x) = 0, a1 = b1 = 1, and a2 = b2 = 0. It
can be verified that Assumptions 2.1–2.4 are all satisfied. By
calculating that

β(0) =
[
0.3333 −0.5944

]
, (133)

it can be also verified that Assumption 5.1 is satisfied. Fig. 6
shows the estimated errors of plant state, sensor signal and output
for system (130) under observer (99). The effectiveness of our
observer (99) can be illustrated by Fig. 6.

VI. CONCLUSION

This article considers control and observation of doubly-
distributed delay-PDE-ODE systems. Novel backstepping-
forwarding designs have been developed to compensate for
distributed diffusion and distributed delays simultaneously.
Three different doubly-distributed structures are considered with
three different types of delays involved, i.e., input delays, ac-
tuator delays, and sensor delays. Two controllers have been
designed to exponentially stabilize delay-PDE-ODE and PDE-
delay-ODE cascades, respectively. An observer has also been
given to estimate the states of PDE-ODE systems with sensor
delays. The parabolic PDE under consideration is very general as
it corresponds to a Sturm–Liouville operator. The ISS approach
for PDEs has been applied to facilitate the new proofs of the
claimed results. Simulation examples have also been provided
to illustrate the effectiveness of our results. Our future research
will focus on more general delays such as infinite delays or more
challenging PDEs such as reaction parabolic PDEs.

APPENDIX

A. ISS of Parabolic PDEs

In this section, we introduce ISS properties of parabolic PDEs
developed by I. Karafyllis and M. Krstic. These results can be
found in [21], [22], and [23]. Let us consider the following
parabolic PDE:

∂u

∂t
=

1

r(x)

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)

r(x)
u, (134a)

b1u(x, t) + b2
∂u

∂x
(x, t)

∣∣∣
x=0

= d1(t), (134b)

a1u(x, t) + a2
∂u

∂x
(x, t)

∣∣∣
x=1

= d2(t), (134c)

where the functions r, q, p and the constants a1, a2, b1, b2 are the
same as those in the Sturm–Liouville operator defined in (1)–(2).
Define ‖u(·, t)‖r = (

∫ 1

0 r(x)|u(x, t)|2dx) 1
2 and ‖u(·, t)‖∞,η =

supx∈[0,1]
|u(x,t)|
η(x) .

Theorem A.1: (ISS in the spatial L2 norm) Consider the
Sturm–Liouville operator L : D → L2[0, 1] defined by (1)
and (2), under Assumption 2.1. The unique solution u ∈

C0(R+;L2[0, 1]) of the parabolic PDE (134) satisfies the fol-
lowing inequality:

‖u(·, t)‖r ≤ e−λ1t‖u(·, 0)‖r + C1 sup
0≤s≤t

(|d1(s)|e−σ(t−s))

+ C2 sup
0≤s≤t

(|d2(s)|e−σ(t−s)), ∀σ ∈ [0, λ1),

(135)

which also implies that

‖u(·, t)‖2 ≤ κe−λt‖u(·, 0)‖2
+ C sup

0≤s≤t
(|d1(s)|+ |d2(s)|), (136)

for some positive constants κ, λ and C.
In Theorem A.1, the inequality (135) is directly adopted

from [23] and the inequality (136) holds because the norms ‖ · ‖r
and ‖ · ‖2 are equivalent.

Theorem A.2: (ISS in the spatial sup-norm) Consider the
Sturm–Liouville operator L : D → L2[0, 1] defined by (1) and
(2), under Assumptions 2.1–2.4. The unique solution u ∈
C0(R+;L2[0, 1]) of the parabolic PDE (134) satisfies the fol-
lowing inequality:

‖u(·, t)‖∞,η ≤ max

{
e−σt‖u(·, 0)‖∞,η,

sup
0≤s≤t

|d1(s)|
|b1η(0) + b2η′(0)| ,

sup
0≤s≤t

|d2(s)|
|a1η(1) + a2η′(1)|

}
, (137)

which also implies that

‖u(·, t)‖∞ ≤ κe−λt‖u(·, 0)‖∞
+ C sup

0≤s≤t
(|d1(s)|+ |d2(s)|), (138)

for some positive constants κ, λ and C.
In Theorem A.2, the inequality (137) is directly adopted

from [23] and the inequality (138) holds because η(x) is positive
and continuous in [0,1] and the norms ‖ · ‖∞,η and ‖ · ‖∞ are
equivalent.

B. Predictor-Based Controllers for Systems With
Distributed Input Delays

In this part, we introduce several results on predictor-based
controllers for systems with distributed input delays, which are
utilized in our proofs. The results are proved in [41] and [43].
Consider the following system:

Ẋ = AX +

∫ τ

0

B(η)U(t− η)dη, (139)

where X ∈ Rn is the state, U ∈ Rm is the control signal, A ∈
Rn×n is a constant matrix and B(η) is the delay kernel. We first
define Z as follows:

Z = X +

∫ t

t−τ

∫ τ

t−s

eA(t−s−η)B(η)U(s)dηds. (140)
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It can be then, obtained that

Ż = AZ +BU, (141)

where

B =

∫ τ

0

e−AηB(η)dη. (142)

Assume that (A,B) is stabilizable, then the following predictor-
based controller for system (139) can be designed

U(t) = KZ(t), t ≥ 0, (143)

where K is chosen such that A+BK is Hurwitz. In [41], it
is proved that the closed-loop system is globally exponentially
stable with respect to L2 norm, which is summarized by the
following theorem.

Theorem B.1: The closed-loop system consisting of plant
(139) and controller (143) is exponentially stable in the sense of

Ω(t) ≤ κe−λtΩ(0), (144)

where

Ω(t) = |X(t)|2 +
∫ τ

0

|U(t− s)|2ds. (145)

More recently, in our work [43], it is shown that the closed-
loop system is globally exponentially stable with respect to sup
norm. It is noted that although our article [43] addresses infinite
delays, when it reduces to bounded-delayed case, the following
theorem can be obtained.

Theorem B.2: The closed-loop system consisting of plant
(139) and controller (143) is exponentially stable in the sense of

Ω(t) ≤ κe−λtΩ(0), (146)

where

Ω(t) = |X(t)|+ ‖Ut‖[0,τ ]. (147)
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