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A B S T R A C T

In chemical, biological, or population (epidemiological) processes the feedback action may be considerably
delayed by time-consuming chemical measurements or biological tests. With such large delays on the control
action in mind, and motivated by the fact that in some of these systems only piecewise-constant inputs can
be applied between time instants at which measurements trigger changes in control, we consider the problem
of event-triggered stabilization of 1-D reaction–diffusion PDE systems with input delay. The approach relies
on reformulating the delay problem as an actuated transport PDE which cascades into the reaction–diffusion
PDE, and on the emulation of backstepping control. The paper proposes a static (state-dependent) triggering
condition which establishes the time instants at which the control value needs to be updated. It is shown that
under the proposed event-triggered boundary control, there exists a minimal dwell-time (independent of the
initial conditions) between two triggering times which allows to guarantee the well-posedness of the closed-
loop system, and the exponential stability. The stability analysis is based on Input-to-State stability theory for
PDEs and small-gain arguments. A simulation example is presented to validate the theoretical results.
1. Introduction

1.1. Literature on stabilization of reaction–diffusion PDEs with delay

Several physical phenomena arising in biology [1], chemistry [2],
spatial ecology [3], etc., are described by reaction–diffusion partial
differential equations (PDEs). In these applications, the feedback action
may be considerably delayed by e.g., time-consuming chemical mea-
surements or biological tests. The presence of delay in the inputs may
imply situations where there is a substantial time lag between an event
occurring and its impact being felt in the system. This phenomenon
is often observed in processes involving propagation, transport, com-
munication delays, distribution of chemicals in biological tissues as
highlighted in [4–6]. In real-world scenarios, particularly during a
pandemic prior to the availability of commercial rapid tests, both
individuals and public health authorities would typically wait a couple
of days to receive test results. This waiting period can be categorized
as a common sensor delay. Subsequently, it would take even more
time for authorities to reach a consensus on a public health response.
Similarly, certain medications or vaccine (control actions) require days
to manifest their effects. All of these scenarios exemplify input delays.
Henceforth, the delays of the inputs have to be taken into account in
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the control design, as they may induce instabilities in the closed-loop
system [5].

The stabilization of reaction–diffusion PDEs with an arbitrary level
of instability and under arbitrarily long input delay is a challeng-
ing problem, first formulated and solved in [7] using the backstep-
ping method for PDEs as the stabilization of a hyperbolic (transport)
PDE which cascades into the reaction–diffusion PDE. Since then, con-
trol design for delay compensation (including known or unknown
constant/time-varying delays) has evolved considerably and several re-
sults have been proposed for reaction–diffusion PDEs, see, e.g., [8–14]
and the references therein.

PDE backstepping [15] makes use of a Volterra transformation to
map the PDE system into a suitable target PDE system on which one can
perform Lyapunov stability analysis. An alternative method for stabi-
lization of a parabolic PDE with input delay is modal decomposition [10,
11,13] which relies on separating a finite-dimensional unstable part
from a stable infinite-dimensional part of the PDE. Then, one applies
the classical predictor-based techniques to the finite-dimensional sys-
tem and uses for example, spectral analysis, the pole-shifting theorem,
and Lyapunov-based techniques. The application of a backstepping
approach in boundary control design offers several key advantages. It
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enables the expression of designs applicable to an entire class of sys-
tems, regardless of the specific plant’s unstable eigenvalues. Moreover,
it allows for extension to parameter-adaptive use, with the real-time
parameter estimation, where one does not know the number of unstable
eigenvalues in the unknown plant. Additionally, this approach demon-
strates the potential to achieve enhanced type of convergence, includ-
ing the desirable outcomes of finite or prescribed-time convergence [16,
17]. Both of the aforementioned methods have been the object of fur-
ther advances, which include, on the one hand, the Fredholm backstep-
ping control for coupled parabolic PDEs with input/output delays [18],
and on the other hand, finite-dimensional observer-based control de-
sign for parabolic PDEs with delays and sampled-data (using spectral re-
duction and LMIs-based stability conditions) [19], among others. More
specifically, in [19], the authors design a finite-dimensional observer-
based control, for the reaction–diffusion equation under fast-varying
input (known or unknown) and output delayed measurements, thanks
to the modal decomposition approach. Furthermore, this technique
incorporates an LMI-based time-regularized dynamic event-triggering
mechanism, designed to reduce the workload of the network, address-
ing an open problem that persists with the new approach developed in
this paper.

1.2. Event-triggered control of PDEs

In some systems modeled by reaction–diffusion PDEs, only
piecewise-constant inputs can be applied between time instants, yet
when the arising controller is continuous (e.g., boundary controllers
designed by the backstepping method). Therefore, the issue of im-
plementing the controller in a sampled-and-hold fashion has to be
carefully studied. To that end, sampled-data and event-triggered control
(ETC) can offer suitable approaches to be adopted towards digital
realizations and realistic ways for the actuation.

Event-triggered control is a computer control strategy that only
updates the control value when the system needs attention while pre-
serving stability and performance. It has been particularly relevant in
controlled networked systems because of the efficient usage of compu-
tational and communication resources such as power usage, bandwidth,
etc (see, e.g., [20–22] and the references therein in the framework of
finite-dimensional systems).

ETC for PDEs has gained a lot of interest during the last few years,
and several contributions have since then been proposed for wide
classes of PDEs. For hyperbolic PDEs, [23] proposes an output feedback
event-triggered boundary controller for 1-D linear hyperbolic systems
of conservation laws through Lyapunov techniques. Using the backstep-
ping approach, [24,25] introduce dynamic triggering conditions to the
event-triggered boundary controllers for the stabilization of coupled
2 × 2 linear hyperbolic systems by full-state feedback and output feed-
back, respectively. The methodology is further employed and advanced
in [26,27], the latter proposing an event-triggered adaptive control for
coupled hyperbolic PDEs. The results on event-triggered control using
backstepping-based methods have been applied to load-moving cable
systems [28] and traffic flow control on connected roads [29].

For parabolic PDEs, [30] proposes a decentralized event-triggered
control to reduce the number of transmitted measurements, while [31]
builds on modal decomposition and comes up with sampled-data and
observer-based event triggered boundary control for 1-D reaction–
diffusion systems in the presence of time-varying input delays. Such
a contribution includes a novel switching-based dynamic triggering
condition depending on the finite modes of the estimated state and a
suitable time regularization, allowing the avoidance of the Zeno phe-
nomenon. On the other hand, using Input-to-State stability (ISS) proper-
ties for PDEs and small gain arguments, [32] proposes a backstepping-
based full-state feedback ETC strategy for a 1-D reaction–diffusion
system with constant parameters and Dirichlet boundary actuation. In
addition, [33] proposes an observer-based event-triggered backstepping
2

boundary control in the case of Robin boundary actuation. The ETC
strategy includes a dynamic triggering condition under which it is
possible to obtain a dwell-time, thus avoiding the Zeno phenomenon.
Moreover, [34] extendes the results of [33,35] and proposes a novel
adaptive event-triggered boundary control for a parabolic PDE-ODE
system with uncertain parameters, whereas [36] goes further with
applications to the Stefan problem. Event-triggered control strategies
for other classes of PDEs (including abstract infinite-dimensional sys-
tems [37]) are reported in [38] for nonlinear Korteweg–de Vries (KdV)
under averaged measurements, [39] for the damped linear wave equa-
tion, and [40] for the damped linear Schrödinger equation, to mention
a few.

1.3. Contributions

In this paper, we propose an event-triggered control scheme of
the backstepping-based controller originally introduced in [7]. Our
contribution extends the results of [32] to the case of delayed input,
reformulates the problem as a parabolic-transport hyperbolic PDE-PDE,
and provides a suitable state-dependent event-triggering condition.
The choice of the space norms (𝐿2-norm for the reaction–diffusion
PDE and supremum-norm for the hyperbolic PDE) is crucial in the
design of the triggering policy and for the stability analysis, which is
based on Input-to-State stability and small-gain arguments. We prove
the existence of a uniform minimal dwell time (independent of the
initial condition) between two consecutive triggering time instants,
thus avoiding the Zeno Phenomenon. Consequently, we guarantee the
existence and uniqueness of solutions to the closed-loop system and the
global exponential stability of the closed-loop system.

1.4. Organization

The structure of the present work is as follows: Section 2 is devoted
to the presentation of the class of reaction–diffusion parabolic systems,
some preliminaries on stability and backstepping boundary control and
the notion of existence and uniqueness of solutions. Section 3 provides
the event-triggered boundary control and the main results. Section 4
provides a numerical example to illustrate the main results. Finally,
conclusions and perspectives are given in Section 5.

Notation R+ will denote the set of nonnegative real numbers. Let
𝑆 ⊆ R𝑛 be an open set and let 𝐴 ⊆ R𝑛 be an open set that satisfies
𝑆 ⊆ 𝐴 ⊆ 𝑆̄. By 𝐶0(𝐴;𝛺), we denote the class of continuous functions
on 𝐴, which take values in 𝛺 ⊆ R. By 𝐶𝑘(𝐴;𝛺), where 𝑘 ≥ 1 is an
integer, we denote the class of functions on 𝐴, which takes values
in 𝛺 and has continuous derivatives of order 𝑘. 𝐿2(0, 1) denotes the
equivalence class of Lebesgue measurable functions 𝑓 ∶ [0, 1] → R such
that ‖𝑓‖ =

(

∫ 1
0 |𝑓 (𝑥)|2𝑑𝑥

)1∕2
< ∞. Let 𝑢 ∶ R+ × [0, 1] → R be given.

(𝑡, ⋅) denotes the profile of 𝑢 at certain 𝑡 ≥ 0, for all 𝑥 ∈ [0, 1]. For an
nterval 𝐽 ⊆ R+, the space 𝐶0(𝐽 ;𝐿2(0, 1)) is the space of continuous

mappings 𝐽 ∋ 𝑡 ↦ 𝑢(𝑡, ⋅) ∈ 𝐿2(0, 1). 𝐻2(0, 1) denotes the Sobolev
space of functions 𝑓 ∈ 𝐿2(0, 1) with square integrable (weak) first and
second-order derivatives 𝑓 ′(⋅), 𝑓 ′′(⋅) ∈ 𝐿2(0, 1).

A function 𝑓 ∶ 𝐽 → R is called right continuous on 𝐽 if for every
𝑠 ∈ 𝐽 and 𝜀 > 0 there exists 𝛿(𝜀, 𝑠) > 0 such that for all 𝜏 ∈ 𝐽
with 𝑠 ≤ 𝜏 < 𝑠 + 𝛿(𝜀, 𝑠) it holds that |𝑓 (𝜏) − 𝑓 (𝑠)| < 𝜀. A right
continuous function 𝑓 ∶ 𝐽 → R is piecewise 𝐶1 on 𝐽 (and we denote
it as C 1

𝑟𝑝𝑤(𝐽 ,R)) if there exists a finite set 𝐵 ⊂ 𝐽 such that 𝑓 is 𝐶1

on 𝐽∖𝐵 and all meaningful limits limℎ→0+ ( ̇𝑓 (𝑠 + ℎ)), limℎ→0+ ( ̇𝑓 (𝑠 − ℎ)),
limℎ→0+ (𝑓 (𝑠 + ℎ)), limℎ→0+ (𝑓 (𝑠 − ℎ)) exist for all 𝑠 ∈ 𝐽∖𝐵 and are finite.
The sup-norm is defined by ‖𝑓‖∞ = max𝑥∈𝐽 (|𝑓 (𝑥)|).

𝐼𝑚(⋅), 𝐽𝑚(⋅) with 𝑚 ∈ Z, denote the modified Bessel and (nonmodi-

fied) Bessel functions of the first kind.
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2. Preliminaries and problem description

Let us consider the following scalar reaction–diffusion PDE with
known constant input delay 𝐷 > 0:

𝑡(𝑡, 𝑥) = 𝑢𝑥𝑥(𝑡, 𝑥) + 𝜆𝑢(𝑡, 𝑥), (1)
𝑢(𝑡, 0) = 0, (2)

𝑢(𝑡, 1) = 𝑈 (𝑡 −𝐷), (3)

here 𝜆 ∈ R. As in [7], we pose this delay problem as an actuated
ransport PDE (modeling the delay phenomenon) which cascades into
he boundary of the reaction–diffusion PDE,

𝑢𝑡(𝑡, 𝑥) = 𝑢𝑥𝑥(𝑡, 𝑥) + 𝜆𝑢(𝑡, 𝑥), (4)
𝑢(𝑡, 0) = 0, (5)

𝑢(𝑡, 1) = 𝑣(𝑡, 0), (6)

𝑡(𝑡, 𝑥) = 1
𝐷 𝑣𝑥(𝑡, 𝑥), (7)

𝑣(𝑡, 1) = 𝑈 (𝑡). (8)

𝑡, 𝑥) ∈ R+ × [0, 1], where 𝑢(𝑡, ⋅) and 𝑣(𝑡, ⋅) are respectively, the reaction–
diffusion PDE and the transport PDE states at time 𝑡, with initial
onditions 𝑢(0, 𝑥) = 𝑢0(𝑥), and 𝑣(0, 𝑥) = 𝑣0(𝑥), for all 𝑥 ∈ [0, 1] (where 𝑢0,
𝑣0 are given functions, belonging to appropriate spaces to be specified
later from Section 2.2). 𝑈 (𝑡) ∈ R is the control input.

The solution of the input delay dynamics is given as 𝑣(𝑡, 𝑥) = 𝑣0(
1
𝐷 𝑡+

𝑥) for 𝑡 ≤ 𝐷(1 − 𝑥) and 𝑣(𝑡, 𝑥) = 𝑈 (𝑡 +𝐷(𝑥 − 1)) for 𝑡 ≥ 𝐷(1 − 𝑥).
When 𝑈 (𝑡) ≡ 0 and the reaction parameter 𝜆 > 𝜋2, the system

(4)–(8) is unstable; whereas for 𝜆 ≤ 𝜋2, (4)–(8) is asymptotically
stable. In [7] the following continuous-time controller (nominal bound-
ary feedback as we will call it in the sequel) was obtained by the
Backstepping approach:

𝑈 (𝑡) = ∫

1

0
𝛾(1, 𝑦)𝑢(𝑡, 𝑦)𝑑𝑦 +𝐷 ∫

1

0
𝑞(1, 𝑦)𝑣(𝑡, 𝑦)𝑑𝑦, (9)

where

𝛾(𝑥, 𝑦) = 2
∞
∑

𝑛=1
𝑒𝐷(𝜆−𝑛2𝜋2)𝑥 sin(𝑛𝜋𝑦)∫

1

0
sin(𝑛𝜋𝜁 )𝑘(1, 𝜁)𝑑𝜁, (10)

with

𝑘(𝑥, 𝑦) = −𝜆𝑦
𝐼1

(

√

𝜆(𝑥2 − 𝑦2)
)

√

𝜆(𝑥2 − 𝑦2)
, (11)

on T ∶= {(𝑥, 𝑦) ∶ 0 ≤ 𝑦 ≤ 𝑥 ≤ 1}, where I𝑛(⋅) denotes the modified
Bessel function of first kind. In addition

𝑞(𝑥, 𝑦) = −𝛾𝑦(𝑥 − 𝑦, 1). (12)

Remark 1. In [7], the continuous-time controller (9) obtained by
the Backstepping approach is used to guarantee the global exponential
stability of the closed-loop system (4) in 𝐻1−norm. More precisely, we
recall that if the initial conditions are such that (𝑢0, 𝑣0) ∈ 𝐿2(0, 1) ×
𝐻1(1, 1 +𝐷), then the system has a unique solution

(𝑢(𝑡, ⋅), 𝑣(𝑡, ⋅)) ∈ 𝐶((0,∞), 𝐿2(0, 1) ×𝐻1(1, 1 +𝐷))

and there exists a positive continuous function 𝑀 ∶ R2 → R+ such that

𝑉 (𝑡) ≤𝑀(𝜆,𝐷)𝑒𝑐𝐷𝑉 (0)𝑒−min(2,𝑐)𝑡,∀𝑡 ≥ 0

for any 𝑐 > 0, where

𝑉 (𝑡) =
1
𝑢2(𝑡, 𝑥)𝑑𝑥 +

1+𝐷
(𝑣2(𝑡, 𝑥) + 𝑣2 (𝑡, 𝑥))𝑑𝑥.
3

∫0 ∫1 𝑥 t
2.1. Emulation of the boundary controller

Under the emulation approach,1 the boundary controller is perfectly
known (i.e., the nominal control given in (9)). We aim at stabilizing
closed-loop system (4)–(8) on events while updating the controller (9)
at certain time {𝑡𝑗}𝑗 defined by an event-triggered mechanism. To that
end, we consider the following event-triggered boundary control:

𝑈𝑑 (𝑡) =∫

1

0
𝛾(1, 𝑦)𝑢(𝑡𝑗 , 𝑦)𝑑𝑦 +𝐷 ∫

1

0
𝑞(1, 𝑦)𝑣(𝑡𝑗 , 𝑦)𝑑𝑦, (13)

or all 𝑡 ∈ [𝑡𝑗 , 𝑡𝑗+1). The updates times {𝑡𝑗}𝑗 form an increasing sequence
nd are such that the value of the control is held constant between two
uccessive events and is updated when some triggering condition (state-
ependent triggering condition) is verified. Thus, the boundary value
f the state is modified as 𝑣(𝑡, 1) = 𝑈𝑑 (𝑡), for all 𝑡 ∈ [𝑡𝑗 , 𝑡𝑗+1), 𝑗 ≥ 0. Note
hat 𝑈𝑑 (𝑡) = 𝑈 (𝑡) + 𝑑(𝑡) with 𝑈 (𝑡) given by (9) and 𝑑 given by:

𝑑(𝑡) =∫

1

0
𝛾(1, 𝑦)

(

𝑢(𝑡𝑗 , 𝑦) − 𝑢(𝑡, 𝑦)
)

𝑑𝑦

+𝐷 ∫

1

0
𝑞(1, 𝑦)

(

𝑣(𝑡𝑗 , 𝑦) − 𝑣(𝑡, 𝑦)
)

𝑑𝑦.
(14)

where 𝑑 can be viewed as an actuation deviation (or input holding
error).

Therefore, the control problem we aim at handling can be reformu-
lated as follows:

𝑢𝑡(𝑡, 𝑥) = 𝑢𝑥𝑥(𝑡, 𝑥) + 𝜆𝑢(𝑡, 𝑥), (15)
𝑢(𝑡, 0) = 0, (16)
𝑢(𝑡, 1) = 𝑣(𝑡, 0), (17)
𝑣𝑡(𝑡, 𝑥) = 1

𝐷 𝑣𝑥(𝑡, 𝑥), (18)

𝑣(𝑡, 1) = 𝑈𝑑 (𝑡), (19)

ith 𝑈𝑑 (𝑡) being defined in (13) for all 𝑡 ∈ [𝑡𝑗 , 𝑡𝑗+1), 𝑗 ≥ 0.

.2. Well-posedness issues

Similar to [23,41], in this paper we deal with a linear hyperbolic
quation subject to a discontinuous boundary input (see (19)). The
iscontinuous signal gets into the reaction–diffusion PDE through the
oundary, i.e., (6). Consequently, the well-posedness study requires
o extend the case in [32] along with [23,41] in order to be able to
onstruct the solution for the closed-loop PDE-PDE system. This is done
y means of the following proposition:

roposition 1. For every initial data 𝑣0 ∈ C 1
𝑟𝑝𝑤([0, 1],R) and 𝑢0 ∈

2(0, 1), there exist unique solutions 𝑣, 𝑢 to (15)–(19) with the following
roperties:

• 𝑣 is the unique solution to (18)–(19) in the sense of characteristics on
[0, lim𝑗→∞(𝑡𝑗 )) × [0, 1]. Moreover, for all 𝑡 ∈ [0, lim𝑗→∞(𝑡𝑗 )), 𝑣(𝑡, ⋅) ∈
C 1
𝑟𝑝𝑤([0, 1],R) and for all 𝑥 ∈ [0, 1], 𝑣(⋅, 𝑥) ∈ C 1

𝑟𝑝𝑤([0, lim𝑗→∞(𝑡𝑗 )),R).
• 𝑢 ∈ 𝐶0 ([0, lim𝑗→∞(𝑡𝑗 ));𝐿2(0, 1)

)

with 𝑢(𝑡, ⋅) ∈ 𝐶2([0, 1]) for 𝑡 ∈
(0, lim𝑗→∞(𝑡𝑗 )) and 𝑢 ∈ 𝐶1(𝐼×[0, 1]) where 𝐼 =

[

0, lim𝑗→∞(𝑡𝑗 )
)

∖{𝑡𝑗 ∶
𝑗 = 0, 1, 2,…} which also satisfies (15)–(17) for 𝑡 ∈ 𝐼 .

roof. Let us focus first on the 𝑣-system of (18)–(19). Following similar
rguments as in [23], let us define for 𝑘 ∈ N, the interval 𝛥𝑘; = [𝑘𝐷, (𝑘+
)𝐷] ⊂ [0, lim𝑗→∞(𝑡𝑗 )), where 𝐷 is the time for the transport equation

1 We recall that in the context of event-triggered control frameworks,
here are typically two approaches: emulation and co-design. The emulation
pproach involves having a predefined controller and then designing the
vent-triggering mechanism to work with it. On the other hand, the co-
esign approach entails the simultaneous design of both the controller and

he event-triggering mechanism.
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with velocity 1∕𝐷 to cross the spatial domain [0, 1]. By the method of
characteristics (see e.g., [42]), the explicit solution of (18)–(19), for a
given initial data 𝑣(𝑘𝐷, ⋅) ∈ C 1

𝑟𝑝𝑤([0, 1],R) is as follows:

𝑣(𝑡, 𝑥) =

⎧

⎪

⎨

⎪

⎩

𝑣
(

𝑘𝐷, 1
𝐷 (𝑡 − 𝑘𝐷) + 𝑥

)

, 𝑘𝐷 ≤ 𝑡 < 𝑘𝐷 +𝐷(1 − 𝑥)

𝑈𝑑 (𝑡 +𝐷(𝑥 − 1)), 𝑘𝐷 +𝐷(1 − 𝑥) ≤ 𝑡 ≤ (𝑘 + 1)𝐷.
(20)

for all 𝑡 ∈ 𝛥𝑘, 𝑘 ∈ N. It follows then, from (20), that 𝑣 is well-defined
on 𝛥𝑘×[0, 1]. Moreover, by definition of 𝑈𝑑 (being a piecewise constant
function and assuming 𝑈𝑑 (𝑡) ∈ C 1

𝑟𝑝𝑤(𝛥𝑘,R)) we have that 𝑈𝑑 (𝑡+𝐷(𝑥−1))
belongs to C 1

𝑟𝑝𝑤 with respect to 𝑡 and belongs to C 1
𝑟𝑝𝑤 with respect to

𝑥. In addition, 𝑣
(

𝑘𝐷, 1
𝐷 (𝑡 − 𝑘𝐷) + 𝑥

)

belongs to C 1
𝑟𝑝𝑤 with respect to

and belongs to C 1
𝑟𝑝𝑤 with respect to 𝑥. Therefore, from (20) it holds

hat 𝑣(𝑡, ⋅) ∈ C 1
𝑟𝑝𝑤([0, 1],R) for all 𝑡 ∈ 𝛥𝑘 and 𝑣(⋅, 𝑥) ∈ C 1

𝑟𝑝𝑤(𝛥𝑘,R) for
all 𝑥 ∈ [0, 1]. This yields 𝑣(𝑡, 0) ∈ C 1

𝑟𝑝𝑤(𝛥𝑘,R) which constitutes an
allowable boundary input for the 𝑢-system. Indeed, since it is piecewise
continuous with the required regularity properties, we can apply [43,
Theorem 4.10] for system (15)–(17) on the interval 𝛥𝑘. We obtain then,
that for any initial data 𝑢(𝑘𝐷, ⋅) ∈ 𝐿2(0, 1), there exists a unique function
𝑢 ∈ 𝐶0 (𝛥𝑘;𝐿2(0, 1)

)

with 𝑢(𝑡, ⋅) ∈ 𝐶2([0, 1]) for 𝑡 ∈ 𝛥𝑘∖{𝑘𝐷, (𝑘+1)𝐷} and
𝑢 ∈ 𝐶1(𝐼𝑘 × [0, 1]) where 𝐼𝑘 = 𝛥𝑘∖{𝑡𝑗 ∶ 𝑗 = 0, 1, 2,…}, 𝑘 ∈ N which also
satisfies (15)–(17) for 𝑡 ∈ 𝐼𝑘.

Therefore, by the step-by-step method, we can construct the solution
for all [0, lim𝑗→∞(𝑡𝑗 )), i,e., (i) solutions 𝑣 on [0, lim𝑗→∞(𝑡𝑗 )) × [0, 1] such
that for all 𝑡 ∈ [0, lim𝑗→∞(𝑡𝑗 )), 𝑣(𝑡, ⋅) ∈ C 1

𝑟𝑝𝑤([0, 1],R) and for all 𝑥 ∈ [0, 1],
𝑣(⋅, 𝑥) ∈ C 1

𝑟𝑝𝑤([0, lim𝑗→∞(𝑡𝑗 )),R); (ii) 𝑢 ∈ 𝐶0 ([0, lim𝑗→∞(𝑡𝑗 ));𝐿2(0, 1)
)

with 𝑢(𝑡, ⋅) ∈ 𝐶2([0, 1]) for 𝑡 ∈ (0, lim𝑗→∞(𝑡𝑗 )) and 𝑢 ∈ 𝐶1(𝐼 ×[0, 1]) where
𝐼 =

[

0, lim𝑗→∞(𝑡𝑗 )
)

∖{𝑡𝑗 ∶ 𝑗 = 0, 1, 2,…} which also satisfies (15)–(17)
for 𝑡 ∈ 𝐼 . This concludes the proof. ■

2.3. Backstepping transformation and target system

Since we need to assess the impact of the deviation 𝑑(𝑡) to the
closed-loop system under the event-triggered implementation, we use
a backstepping transformations so that we can work on a target system
with desired stability properties and that exhibits the deviation 𝑑(𝑡) at
the boundary. The backstepping transformation is defined as follows:

𝑤(𝑡, 𝑥) = 𝑢(𝑡, 𝑥) − ∫

𝑥

0
𝑘(𝑥, 𝑦)𝑢(𝑡, 𝑦)𝑑𝑦, (21)

𝑧(𝑡, 𝑥) = 𝑣(𝑡, 𝑥) −𝐷 ∫

𝑥

0
𝑞(𝑥, 𝑦)𝑣(𝑡, 𝑦)𝑑𝑦 − ∫

1

0
𝛾(𝑥, 𝑦)𝑢(𝑡, 𝑦)𝑑𝑦, (22)

𝑥 ∈ [0, 1], with 𝛾(𝑥, 𝑦), 𝑘(𝑥, 𝑦) and 𝑞(𝑥, 𝑦) given, respectively, by (10),
(11) and (12). Hence, the system (15)–(19) is transformed into the
following target system:

𝑤𝑡(𝑡, 𝑥) = 𝑤𝑥𝑥(𝑡, 𝑥), (23)
𝑤(𝑡, 0) = 0, (24)
𝑤(𝑡, 1) = 𝑧(𝑡, 0), (25)
𝑧𝑡(𝑡, 𝑥) = 1

𝐷 𝑧𝑥(𝑡, 𝑥), (26)

𝑧(𝑡, 1) = 𝑑(𝑡), (27)

ith initial conditions

0(𝑥) = 𝑢0(𝑥) − ∫

𝑥

0
𝑘(𝑥, 𝑦)𝑢0(𝑦)𝑑𝑦, (28)

𝑧0(𝑥) = 𝑣0(𝑥) − ∫

1

0
𝛾(𝑥, 𝑦)𝑢0(𝑦)𝑑𝑦 −𝐷 ∫

𝑥

0
𝑞(𝑥, 𝑦)𝑣0(𝑦)𝑑𝑦. (29)

Notice that when 𝑑(𝑡) = 0, one has that the target system is globally
exponential stable.

It is worth recalling that the backstepping transformation (21)–(22)
is invertible. The inverse transformation is given by

𝑢(𝑡, 𝑥) = 𝑤(𝑡, 𝑥) +
𝑥
𝑙(𝑥, 𝑦)𝑤(𝑡, 𝑦)𝑑𝑦, (30)
4

∫0 f
𝑣(𝑡, 𝑥) = 𝑧(𝑡, 𝑥) + ∫

1

0
𝛿(𝑥, 𝑦)𝑤(𝑡, 𝑦)𝑑𝑦 +𝐷 ∫

𝑥

0
𝑝(𝑥, 𝑦)𝑧(𝑡, 𝑦)𝑑𝑦, (31)

here

(𝑥, 𝑦) = −𝜆𝑦
𝐽1

(

√

𝜆(𝑥2 − 𝑦2)
)

√

𝜆(𝑥2 − 𝑦2)
, (32)

on T ∶= {(𝑥, 𝑦) ∶ 0 ≤ 𝑦 ≤ 𝑥 ≤ 1} where J𝑛(⋅) denotes the Bessel function
f first kind,

(𝑥, 𝑦) = 2
∞
∑

𝑛=1
𝑒−𝐷𝑛

2𝜋2𝑥 sin(𝑛𝜋𝑦)∫

1

0
sin(𝑛𝜋𝜁 )𝑙(1, 𝜁)𝑑𝜁, (33)

nd

(𝑥, 𝑦) = −𝛿𝑦(𝑥 − 𝑦, 1). (34)

sing the inverse transformation, we can rewrite (13) and (14) as a
unction of the states 𝑤 and 𝑧, i.e.,

𝑑 (𝑡) =∫

1

0
𝛿(1, 𝑦)𝑤(𝑡𝑗 , 𝑦)𝑑𝑦 +𝐷 ∫

1

0
𝑝(1, 𝑦)𝑧(𝑡𝑗 , 𝑦)𝑑𝑦, (35)

nd

(𝑡) =∫

1

0
𝛿(1, 𝑦)

(

𝑤(𝑡𝑗 , 𝑦) −𝑤(𝑡, 𝑦)
)

𝑑𝑦

+ 𝐷 ∫

1

0
𝑝(1, 𝑦)

(

𝑧(𝑡𝑗 , 𝑦) − 𝑧(𝑡, 𝑦)
)

𝑑𝑦
(36)

or all 𝑡 ∈ [𝑡𝑗 , 𝑡𝑗+1), 𝑗 ≥ 0.

. Event-triggered boundary control and main results

In this section we introduce the event-triggered boundary con-
rol and the main results: avoidance of the Zeno phenomenon and
he exponential stability of the event-triggered controlled system. The
vent-triggered boundary control considered in this paper involves
triggering condition (which determines the time instant at which

he controller needs to be updated) and the backstepping boundary
eedback which is applied as Zero-Order Hold. The proposed event-
riggering condition is based on the evolution of the magnitude of
he actuation deviation and the evolution of the norms (on suitable
unctional spaces) of both the reaction–diffusion and transport PDE
tates.

.1. Definition of the event-triggered boundary control

Let 𝛽 > 0 be a design parameter and define the following set:

(𝑡𝑗 ) ∶= {𝑡 > 𝑡𝑗 ∶ |𝑑(𝑡)| > 𝛽 max
𝑡𝑗≤𝑠≤𝑡

(‖𝑤(𝑠, ⋅)‖𝐿2 )

+ 𝛽 max
𝑡𝑗≤𝑠≤𝑡

(‖𝑧(𝑠, ⋅)‖∞)}
(37)

here 𝑤(𝑡, ⋅) and 𝑧(𝑡, ⋅) are the solution of (23)–(27) for all 𝑡 ≥ 𝑡𝑗 and
(𝑡) is defined by (36).

The event-triggered boundary control is defined by considering the
ollowing components:

I) (The event-triggering condition) The times of the events 𝑡𝑗 ≥ 0 with
0 = 0 form a finite or countable set of times which is determined by
he following rules for some 𝑗 ≥ 0:

(a) if 𝐸(𝑡𝑗 ) = ∅ then the set of the times of the events is {𝑡0,… , 𝑡𝑗}.
(b) if 𝐸(𝑡𝑗 ) ≠ ∅, then the next event time is given by:

𝑡𝑗+1 ∶= inf 𝐸(𝑡𝑗 ). (38)

II) (the control action) The boundary feedback law,

𝑑 (𝑡) =∫

1

0
𝛿(1, 𝑦)𝑤(𝑡𝑗 , 𝑦)𝑑𝑦 +𝐷 ∫

1

0
𝑝(1, 𝑦)𝑧(𝑡𝑗 , 𝑦)𝑑𝑦, (39)
or all 𝑡 ∈ [𝑡𝑗 , 𝑡𝑗+1).
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Remark 2. Notice that in definition of the event-triggering condition
in (37)–(38), we use the 𝐿∞- norm for the transport PDE subsystem
26)–(27). It is worth recalling that in [7], a Lyapunov-based stability
nalysis is performed using the 𝐻1-norm for the transport PDE sub-

system (instead of the 𝐿2- norm) mainly due to the unboundedness of
he operator in the interconnection parabolic-transport PDEs. One may
ndeed have trace terms that cannot be estimated using the 𝐿2- norm.

Therefore, 𝐻1-norm turned out to be suitable in that work (see Re-
mark 1). Nevertheless, in this event-triggered framework, working with
Lyapunov-based techniques using the 𝐻1-norm may not be appropriate
as this needs to have regularity on the initial data and solutions to be at
least absolutely continuous. This may not possible in the present setting
as we deal with piecewise-constant input signals in the transport PDE
and discontinuities propagating through the spatial domain. Therefore,
a 𝐿∞- norm is suitable for the transport PDE subsystem, thanks to which
it is possible: (i) to rely on the required regularity for the analysis for
the well-posedness of the overall closed-loop system (as established in
Section 2.2), (ii) to obtain a suitable ISS estimate allowing a subsequent
small-gain-based stability analysis (see Section 3.3).

3.2. Avoidance of the Zeno phenomenon and well-posedness

Theorem 1. Consider the closed-loop system (15)–(19) with the event-
triggered boundary control (37)–(39) with 𝛽 > 0 be given. Then, there
exists a minimal dwell-time between two triggering times, i.e. there exists
a constant 𝜏 > 0 (independent of the initial conditions 𝑢0, 𝑣0) such that
𝑡𝑗+1 − 𝑡𝑗 ≥ 𝜏, for all 𝑗 ≥ 0.

Proof. Let us focus on the deviation of actuation given in (36),
expressed in terms of the dynamics of the target system (23)–(27) and
the kernels of the inverse transformation. Proposition 1 in conjunc-
tion with the backstepping transformations (21)–(22) allow to assert
that target system is well-posed as 𝑑(𝑡) can be proved to belong to
C 1
𝑟𝑝𝑤([0, lim𝑗→∞(𝑡𝑗 )),R). Following similar arguments as in [41, Section

3], it can be further proved that the following differential equation
holds, for 𝑡 ∈ (𝑡𝑗 , 𝑡𝑗+1), 𝑗 ≥ 0:

𝑑̇(𝑡) = −∫

1

0
𝛿(1, 𝑦)𝑤𝑡(𝑡, 𝑦)𝑑𝑦 −𝐷 ∫

1

0
𝑝(1, 𝑦)𝑧𝑡(𝑡, 𝑦)𝑑𝑦

= − ∫

1

0
𝛿(1, 𝑦)𝑤𝑦𝑦(𝑡, 𝑦)𝑑𝑦 − ∫

1

0
𝑝(1, 𝑦)𝑧𝑦(𝑡, 𝑦)𝑑𝑦

= − 𝛿(1, 1)𝑤𝑦(𝑡, 1) + 𝛿(1, 0)𝑤𝑦(𝑡, 0) + 𝛿𝑦(1, 1)𝑤(𝑡, 1)

− 𝛿𝑦(1, 0)𝑤(𝑡, 0) − 𝑝(1, 1)𝑧(𝑡, 1) + 𝑝(1, 0)𝑧(𝑡, 0)

− ∫

1

0
𝛿𝑦𝑦(1, 𝑦)𝑤(𝑡, 𝑦)𝑑𝑦 + ∫

1

0
𝑝𝑦(1, 𝑦)𝑧(𝑡, 𝑦)𝑑𝑦. (40)

Knowing that 𝑤(𝑡, 0) = 0, and from (33)–(34), one has 𝛿(1, 1) = 𝛿(1, 0) =
0 and −𝛿𝑦(1, 1) = 𝑝(1, 0). Hence, from (40), we get

𝑑̇(𝑡) = −𝑝(1, 1)𝑑(𝑡) − ∫

1

0
𝛿𝑦𝑦(1, 𝑦)𝑤(𝑡, 𝑦)𝑑𝑦

+∫

1

0
𝑝𝑦(1, 𝑦)𝑧(𝑡, 𝑦)𝑑𝑦.

(41)

Moreover, the following inequality holds for 𝑡 ∈ (𝑡𝑗 , 𝑡𝑗+1):

|𝑑̇(𝑡)| ≤ 𝑎0|𝑑(𝑡)| + ∫

1

0
|𝛿𝑦𝑦(1, 𝑦)𝑤(𝑡, 𝑦)|𝑑𝑦

+ ∫

1

0
|𝑝𝑦(1, 𝑦)𝑧(𝑡, 𝑦)|𝑑𝑦.

(42)

with

𝑎0 ∶= 𝑝(1, 1) = 𝜆
2 + 𝜆2

8 , (43)

which can be computed by using (32) and (34) together with the fact
that 𝑑 (𝜌−1𝐽 (𝜌)) = −𝜌−1𝐽 (𝜌) and lim 𝐽𝑛(𝜚) = 1 .
5

𝑑𝜌 1 2 𝜚→0 𝜚𝑛 2𝑛𝑛!
Using the absolute continuity of 𝑑(𝑡) on (𝑡𝑗 , 𝑡𝑗+1), we get, for all
∈ [𝑡𝑗 , 𝑡𝑗+1)

𝑑(𝑡)| ≤ exp
(

𝑎0(𝑡 − 𝑡𝑗 )
)

|𝑑(𝑡𝑗 )| + ∫

𝑡

𝑡𝑗
exp

(

𝑎0(𝑡 − 𝑠)
)

×
(

∫

1

0
|𝛿𝑦𝑦(1, 𝑦)𝑤(𝑠, 𝑦)|𝑑𝑦 + ∫

1

0
|𝑝𝑦(1, 𝑦)𝑧(𝑠, 𝑦)|𝑑𝑦

)

𝑑𝑠.

(44)

sing the Cauchy–Schwarz inequality and the fact 𝑑(𝑡𝑗 ) = 0, we have
rom (44) the following estimate:

𝑑(𝑡)| ≤

(

∫

1

0
|𝑝𝑦(𝑡, 𝑦)|𝑑𝑦

)

∫

𝑡

𝑡𝑗
exp

(

𝑎0(𝑡 − 𝑠)
)

‖𝑧(𝑠, ⋅)‖∞𝑑𝑠

+ ‖𝛿𝑦𝑦(1, ⋅)‖𝐿2 ∫

𝑡

𝑡𝑗
exp

(

𝑎0(𝑡 − 𝑠)
)

‖𝑤(𝑠, ⋅)‖𝐿2𝑑𝑠.

(45)

oreover, it holds for all 𝑡 ∈ [𝑡𝑗 , 𝑡𝑗+1)

𝑑(𝑡)| ≤ 𝛤𝑎0 (𝑡 − 𝑡𝑗 )
(

𝑎1 max
𝑡𝑗≤𝑠≤𝑡

(

‖𝑧(𝑠, ⋅)‖∞
)

+ 𝑎2 max
𝑡𝑗≤𝑠≤𝑡

(

‖𝑤(𝑠, ⋅)‖𝐿2
)

)

,
(46)

here

𝑎0 (𝑠) ∶=
1
𝑎0

(

exp(𝑎0(𝑠)) − 1
)

> 0, (47)

𝑎1 ∶= ∫

1

0
|𝑝𝑦(1, 𝑦)|𝑑𝑦, (48)

𝑎2 ∶= ‖𝛿𝑦𝑦(1, ⋅)‖𝐿2 . (49)

Using (46) and assuming that an event is triggered at 𝑡 = 𝑡𝑗+1, we have

|𝑑(𝑡𝑗+1)| ≤ 𝛤𝑎0 (𝑡𝑗+1 − 𝑡𝑗 )
(

𝑎1 max
𝑡𝑗≤𝑠≤𝑡𝑗+1

(

‖𝑧(𝑠, ⋅)‖∞
)

+ 𝑎2 max
𝑡𝑗≤𝑠≤𝑡𝑗+1

(

‖𝑤(𝑠, ⋅)‖𝐿2
)

)

,
(50)

which, together with the definition of the event-triggering condi-
tion (37)–(38), yield the following inequality:

𝛽
(

max
𝑡𝑗≤𝑠≤𝑡𝑗+1

(

‖𝑧(𝑠, ⋅)‖∞
)

+ max
𝑡𝑗≤𝑠≤𝑡𝑗+1

(

‖𝑤(𝑠, ⋅)‖𝐿2
)

)

≤ 𝛤𝑎0 (𝑡𝑗+1 − 𝑡𝑗 )
(

𝑎1 max
𝑡𝑗≤𝑠≤𝑡𝑗+1

(

‖𝑧(𝑠, ⋅)‖∞
)

+ 𝑎2 max
𝑡𝑗≤𝑠≤𝑡𝑗+1

(

‖𝑤(𝑠, ⋅)‖𝐿2
)

)

,

(51)

Therefore, from (51), we obtain

0 <
𝛽

max{𝑎1, 𝑎2}
≤ 𝛤𝑎0 (𝑡𝑗+1 − 𝑡𝑗 ). (52)

sing the definition (47) and from (52), we can conclude, for all 𝑗 ≥ 0

𝑗+1 − 𝑡𝑗 ≥
1
𝑎0

ln
(

1 +
𝑎0𝛽

max{𝑎1, 𝑎2}

)

=∶ 𝜏 > 0, (53)

hich is a minimal dwell-time (independent on the initial conditions).
his concludes the proof. ■

Theorem 1 allows to conclude that lim𝑗→+∞(𝑡𝑗 ) = +∞ and therefore
e can apply Proposition 1 to finally get the following well-posedness

esult of the closed-loop system (15)–(19).

orollary 1. For every initial data 𝑣0 ∈ C 1
𝑟𝑝𝑤([0, 1],R) and 𝑢0 ∈ 𝐿2(0, 1),

here exist unique solutions 𝑣, 𝑢 to (15)–(19) with the following properties:

• 𝑣 is the unique solution to (18)–(19) on R+ × [0, 1]. Moreover, for
all 𝑡 ∈ R+, 𝑣(𝑡, ⋅) ∈ C 1

𝑟𝑝𝑤([0, 1],R) and for all 𝑥 ∈ [0, 1], 𝑣(⋅, 𝑥) ∈
C 1
𝑟𝑝𝑤(R+,R).

• 𝑢 ∈ 𝐶0 (R+;𝐿2(0, 1)
)

with 𝑢(𝑡, ⋅) ∈ 𝐶2([0, 1]) for 𝑡 ∈ R+ and
𝑢 ∈ 𝐶1(𝐼 × [0, 1]) where 𝐼 = R+∖{𝑡𝑗 ∶ 𝑗 = 0, 1, 2,…} which also
satisfies (15)–(17) for 𝑡 ∈ 𝐼 .

roof. It is an immediate consequence of Proposition 1 and Theorem 1

(which guarantees that no Zeno solution can appear). ■
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3.3. Stability result

In this section, we derive the exponential stability result for the
closed-loop system (15)–(19). To that end, we seek an Input-to-State
stability property of the target system (23)–(27) with respect to the
deviation 𝑑(𝑡), and we follow small-gain arguments.

Theorem 2. Let 𝛽 > 0 be a design parameter (involved in the triggering
condition (38)) that is selected in such a way that the following condition
is fulfilled:

𝛽 <
exp (−𝐷)
(

1 +
√

3
3

) . (54)

Then, the closed-loop system (15)–(19) with event-triggered boundary con-
trol (38)–(39) is globally exponentially stable. More specifically, there exist
constants 𝑀, 𝜉 > 0 such that:

‖𝑢(𝑡, ⋅)‖𝐿2 + ‖𝑣(𝑡, ⋅)‖∞ ≤𝑀 exp (−𝜉𝑡)
(

‖𝑢0‖𝐿2 + ‖𝑣0‖∞
)

, (55)

for all 𝑡 ≥ 0.

roof. By virtue of condition (54), there exist constants 𝜀, 𝜇 > 0, such
hat
(

1
√

3
(1 + 𝜀)3 exp(𝜇𝐷) + (1 + 𝜀)2 exp(𝜇𝐷)

)

exp(𝐷) < 1. (56)

The existence of 𝜀, and 𝜇 > 0 is guaranteed since the function ℎ1(𝜀, 𝜇) ∶=
𝛽
(

1
√

3
(1 + 𝜀)3 exp(𝜇𝐷) + (1 + 𝜀)2 exp(𝜇𝐷)

)

exp(𝐷) is continuous at (0, 0)

and satisfies ℎ1(0, 0) < 1. Condition (56), in turn, implies the following
condition:

𝛽
(

(1 + 𝜀)2 exp(𝜇𝐷)
)

exp(𝐷) < 1. (57)

Applying the results in [43, Chapters 3.2 and 6.4], the following
ISS estimates for the solutions of the target system (23)–(27) can be
obtained:

‖𝑤(𝑡, ⋅)‖𝐿2 ≤ exp(−𝜋2𝑡)‖𝑤0‖𝐿2 + 1
√

3
max
0≤𝑠≤𝑡

(|𝑧(𝑠, 0)|), (58)

and
‖𝑧(𝑡, ⋅)‖∞ ≤ exp (−𝜇(𝑡 −𝐷)) exp (𝐷) ‖𝑧0‖∞

+ exp (𝜇𝐷) exp (𝐷) max
0≤𝑠≤𝑡

(|𝑑(𝑠)|) , (59)

for all 𝑡 ≥ 0 and 𝜇 > 0. Moreover, using [43, Lemma 7.1], we guarantee
that there exists 𝜉 > 0 such that the following fading memory estimates
hold for all 𝑡 ≥ 0:
‖𝑤(𝑡, ⋅)‖𝐿2 exp (𝜉𝑡) ≤‖𝑤0‖𝐿2

+ 1
√

3
(1 + 𝜀) max

0≤𝑠≤𝑡
(‖𝑧(𝑠, ⋅)‖∞ exp (𝜉𝑠)),

(60)

‖𝑧(𝑡, ⋅)‖∞ exp (𝜉𝑡) ≤ exp (𝐷) ‖𝑧0‖∞
+ exp (𝜇𝐷) exp (𝐷) (1 + 𝜀) max

0≤𝑠≤𝑡
(|𝑑(𝑠)| exp (𝜉𝑠)) . (61)

We define the following quantities for all 𝑡 ≥ 0:

‖𝑤‖[0,𝑡] ∶= max
0≤𝑠≤𝑡

(

‖𝑤(𝑠, ⋅)‖𝐿2 exp (𝜉𝑠)
)

, (62)

‖𝑧‖[0,𝑡] ∶= max
0≤𝑠≤𝑡

(

‖𝑧(𝑠, ⋅)‖∞ exp (𝜉𝑠)
)

. (63)

Using (60)–(61) and the definitions (62)–(63), we get for all 𝑡 ≥ 0,

‖𝑤‖[0,𝑡] ≤ ‖𝑤0‖𝐿2 + 1
√

3
(1 + 𝜀)‖𝑧‖[0,𝑡], (64)

‖𝑧‖[0,𝑡] ≤ exp (𝐷) ‖𝑧0‖∞
+ exp (𝜇𝐷) exp (𝐷) (1 + 𝜀) max

0≤𝑠≤𝑡
(|𝑑(𝑠)| exp (𝜉𝑠)) . (65)

From the definition of the event-triggering condition (37)–(38), events
are triggered to guarantee, for all 𝑡𝑗 ≥ 0 and 𝑡 ≥ 𝑡𝑗 .

|𝑑(𝑡)| ≤ 𝛽 max (‖𝑤(𝑠, ⋅)‖𝐿2 ) + 𝛽 max (‖𝑧(𝑠, ⋅)‖∞). (66)
6

𝑡𝑗≤𝑠≤𝑡 𝑡𝑗≤𝑠≤𝑡
Notice that (66) can be read as e.g., |𝑑(𝑡)| ≤ exp(−𝜋(𝑡 − 𝑡𝑗 ))|𝑑(𝑡𝑗 )| +
𝛽max𝑡𝑗≤𝑠≤𝑡(‖𝑤(𝑠, ⋅)‖𝐿2 )+𝛽max𝑡𝑗≤𝑠≤𝑡(‖𝑧(𝑠, ⋅)‖∞), knowing that that |𝑑(𝑡𝑗 )|

0. Using again the fading memory estimate [43, Lemma 7.1] (pro-
ided |𝑑(𝑡)| being locally bounded which is indeed guaranteed by the
riggering law), then the following inequality holds for all 𝑡 ≥ 0:

𝑑(𝑡)| ≤ exp(−𝜉𝑡)|𝑑(0)|

+ 𝛽(1 + 𝜀) max
0≤𝑠≤𝑡

(‖𝑤(𝑠, ⋅)‖𝐿2 exp (−𝜉(𝑡 − 𝑠)))

+ 𝛽(1 + 𝜀) max
0≤𝑠≤𝑡

(‖𝑧(𝑠, ⋅)‖∞ exp (−𝜉(𝑡 − 𝑠))).

(67)

ith 𝜉, 𝜀 as in (60)–(61). Hence, we obtain the following estimate (since
𝑑(0)| = 0):

𝑑(𝑡)| exp (𝜉𝑡) ≤𝛽(1 + 𝜀) max
0≤𝑠≤𝑡

(‖𝑤(𝑠, ⋅)‖𝐿2 exp (𝜉𝑠))

+ 𝛽(1 + 𝜀) max
0≤𝑠≤𝑡

(‖𝑧(𝑠, ⋅)‖∞ exp (𝜉𝑠)).
(68)

sing definitions (62)–(63), we get

max
≤𝑠≤𝑡

(|𝑑(𝑠)| exp (𝜉𝑠)) ≤𝛽(1 + 𝜀)‖𝑤‖[0,𝑡]

+ 𝛽(1 + 𝜀)‖𝑧‖[0,𝑡].
(69)

herefore, using (69) along with (64)–(65), we get

𝑤‖[0,𝑡] ≤ ‖𝑤0‖𝐿2 + 1
√

3
(1 + 𝜀)‖𝑧‖[0,𝑡], (70)

nd

𝑧‖[0,𝑡] ≤ exp (𝐷) ‖𝑧0‖∞
+ exp (𝜇𝐷) exp (𝐷) (1 + 𝜀)2𝛽‖𝑤‖[0,𝑡]
+ exp (𝜇𝐷) exp (𝐷) (1 + 𝜀)2𝛽‖𝑧‖[0,𝑡].

(71)

rom (71) and since (57) holds, we have

𝑧‖[0,𝑡] ≤
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1 exp (𝐷) ‖𝑧0‖∞

+ 𝛽(1 + 𝜀)2𝜙
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1

‖𝑤‖[0,𝑡],
(72)

here

∶= exp ((1 + 𝜇)𝐷) . (73)

hen,

𝑤‖[0,𝑡] ≤ ‖𝑤0‖𝐿2 + 1
√

3
(1 + 𝜀)

(

1 − 𝛽(1 + 𝜀)2𝜙
)−1 exp (𝐷) ‖𝑧0‖∞

+ 1
√

3
𝛽(1 + 𝜀)3𝜙

(

1 − 𝛽(1 + 𝜀)2𝜙
)−1

‖𝑤‖[0,𝑡].
(74)

From (56), one has

𝛽 1
√

3
(1 + 𝜀)3 exp(𝜇𝐷) exp(𝐷) < 1 − 𝛽(1 + 𝜀)2 exp(𝜇𝐷) exp(𝐷)

hich can be rewritten, using (73), as follows:
1
√

3
(1 + 𝜀)3𝜙 < 1 − 𝛽(1 + 𝜀)2𝜙.

oreover, from (57) it holds that
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1 > 0, thus one

btains
1
√

3
(1 + 𝜀)3𝜙

(

1 − 𝛽(1 + 𝜀)2𝜙
)−1 < 1,

− 𝛽 1
√

3
(1 + 𝜀)3𝜙

(

1 − 𝛽(1 + 𝜀)2𝜙
)−1 > 0,

hat is, 1 − 𝛽(1 + 𝜀)3𝜓 > 0 where

∶= 1
√

3
𝜙
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1 . (75)

Therefore, from (74), one has

‖𝑤‖[0,𝑡] ≤ (1 − 𝛽(1 + 𝜀)3𝜓)−1‖𝑤0‖𝐿2

+ 1
√

3
(1 + 𝜀)

(

1 − 𝛽(1 + 𝜀)3𝜓
)−1

( 2 )−1

(76)
× 1 − 𝛽(1 + 𝜀) 𝜙 exp (𝐷) ‖𝑧0‖∞,
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Fig. 1. Numerical solutions of the closed-loop system with 𝜆 = 12, delay 𝐷 = 0.5, initial condition 𝑢0(𝑥) =
∑3
𝑛=1

√

2
𝑛

sin(𝑛𝜋𝑥) + 3(𝑥2 − 𝑥3), 𝑣0(𝑥) = 0, 𝑥 ∈ [0, 1] and under the
continuous-time boundary control (9). The parabolic PDE subsystem is depicted on the left and the transport PDE subsystem is depicted on the right.
On the other hand, from (70) and (72), we have

‖𝑧‖[0,𝑡] ≤
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1 exp (𝐷) ‖𝑧0‖∞

+ 𝛽(1 + 𝜀)2𝜙
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1

‖𝑤0‖𝐿2

+ 1
√

3
𝛽(1 + 𝜀)3𝜙

(

1 − 𝛽(1 + 𝜀)2𝜙
)−1

‖𝑧‖[0,𝑡],

(77)

and since (56) holds, then

‖𝑧‖[0,𝑡] ≤(1 − 𝛽(1 + 𝜀)3𝜓)−1
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1

× exp (𝐷) ‖𝑧0‖∞ + 𝛽(1 + 𝜀)2(1 − 𝛽(1 + 𝜀)3𝜓)−1

× 𝜙
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1

‖𝑤0‖𝐿2 .

(78)

Combining (76) and (78), we get

‖𝑤‖[0,𝑡] + ‖𝑧‖[0,𝑡] ≤ (1 − 𝛽(1 + 𝜀)3𝜓)−1

×
(

1 + 𝛽(1 + 𝜀)2𝜙
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1)

‖𝑤0‖𝐿2

+ (1 − 𝛽(1 + 𝜀)3𝜓)−1
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1

× (1 + 1
√

3
(1 + 𝜀)) exp(𝐷)‖𝑧0‖∞.

(79)

Hence,

‖𝑤(𝑡, ⋅)‖𝐿2 + ‖𝑧(𝑡, ⋅)‖∞ ≤𝑀0 exp(−𝜉𝑡)‖𝑤0‖𝐿2

+ 𝑀0(1 +
1
√

3
(1 + 𝜀)) exp(𝐷) exp(−𝜉𝑡)‖𝑧0‖∞,

(80)

with 𝑀0 ∶= (1 − 𝛽(1 + 𝜀)3𝜓)−1
(

1 − 𝛽(1 + 𝜀)2𝜙
)−1; furthermore

‖𝑤(𝑡, ⋅)‖𝐿2 + ‖𝑧(𝑡, ⋅)‖∞ ≤𝑀1 exp(−𝜉𝑡)
(

‖𝑤0‖𝐿2 + ‖𝑧0‖∞
)

, (81)

with 𝑀1 ∶=𝑀0(1 +
1
√

3
(1 + 𝜀)) exp(𝐷). Next, we use the estimates of the

backstepping transformations, i.e.,

‖𝑤(𝑡, ⋅)‖𝐿2 ≤ 𝑘̃‖𝑢(𝑡, ⋅)‖𝐿2 , (82)

‖𝑢(𝑡, ⋅)‖𝐿2 ≤ 𝑙‖𝑤(𝑡, ⋅)‖𝐿2 , (83)

‖𝑧(𝑡, ⋅)‖∞ ≤ 𝛾̃‖𝑢(𝑡, ⋅)‖𝐿2 + 𝑞‖𝑣(𝑡, ⋅)‖∞, (84)

‖𝑣(𝑡, ⋅)‖∞ ≤ 𝛿‖𝑤(𝑡, ⋅)‖𝐿2 + 𝑝̃‖𝑧(𝑡, ⋅)‖∞, (85)

with 𝑘̃ ∶= 1+
(

∫ 1
0
(

∫ 𝑥0 |𝑘(𝑥, 𝑦)|2𝑑𝑦
)

𝑑𝑥
)1∕2

, 𝑙 ∶= 1+
(

∫ 1
0
(

∫ 𝑥0 |𝑙(𝑥, 𝑦)|2𝑑𝑦
)

𝑑𝑥
)1∕2

and 𝛾̃ ∶= ‖𝛾(𝑥, ⋅)‖𝐿2 , 𝑞 ∶= 1 + 𝐷max0≤𝑥≤1 ∫
𝑥
0 |𝑞(𝑥, 𝑦)|𝑑𝑦, 𝛿 ∶=

‖𝛿(𝑥, ⋅)‖𝐿2 and 𝑝̃ ∶= 1 + 𝐷max0≤𝑥≤1 ∫
𝑥
0 |𝑝(𝑥, 𝑦)|𝑑𝑦. Hence, from (81),

along with (82)–(83) and (84)–(85), we finally obtain, for all 𝑡 ≥ 0

‖𝑢(𝑡, ⋅)‖ + ‖𝑣(𝑡, ⋅)‖ ≤𝑀 exp −𝜉𝑡
(

‖𝑢 ‖ + ‖𝑣 ‖

)

, (86)
7

𝐿2 ∞ ( ) 0 𝐿2 0 ∞
with 𝑀 ∶=𝑀1𝑀2𝑀3, where 𝑀1 is as in (81), 𝑀2 ∶= max{(𝑙+𝛿), 𝑝̃} and
𝑀3 ∶= max{(𝑘̃ + 𝛾̃), 𝑞}. This concludes the proof. ■

Remark 3. The small-gain condition 𝛽
(

1+
√

3
√

3

)

exp (𝐷) < 1 from (54)
is a delay-dependent condition which involves also the parameter 𝛽 of
the triggering condition (38). Notice that the larger 𝐷, the smaller 𝛽
should be chosen to preserve the theoretical guarantees. This implies
sampling faster, thus the boundary control input is updated more often.
It is worth mentioning, however, that larger values of 𝛽 can be taken
(eventually violating (54)) and may be used in practice since the
obtained estimates are conservative.

4. Numerical simulations

We illustrate the results by considering the reaction–diffusion PDE
(15)–(19) with 𝜆 = 12, input delay 𝐷 = 0.5, and initial condition
𝑢0(𝑥) =

∑3
𝑛=1

√

2
𝑛 sin(𝑛𝜋𝑥) + 3(𝑥2 − 𝑥3), 𝑣0(𝑥) = 0, 𝑥 ∈ [0, 1]. We run

simulations on a time horizon 𝑇 = 1. For the numerical simulations: (i)
we implement an implicit Euler scheme for the parabolic subsystems
(15)–(17) and (23)–(25). The discretization with respect to space and
time is done with steps 𝛥𝑥 = 1 × 10−3 and 𝛥𝑡 = 1 × 10−3, respectively.
(ii) We compute the numerical solution of the hyperbolic subsystems
(18)–(19) and (26)–(27) by means of their explicit solutions, i,e.,

𝑣(𝑡, 𝑥) =

⎧

⎪

⎨

⎪

⎩

𝑣
(

0, 1
𝐷 𝑡 + 𝑥

)

, 0 ≤ 𝑡 < 𝐷(1 − 𝑥)

𝑈𝑑 (𝑡 +𝐷(𝑥 − 1)), 𝑡 ≥ 𝐷(1 − 𝑥),
(87)

𝑧(𝑡, 𝑥) =

⎧

⎪

⎨

⎪

⎩

𝑧
(

0, 1
𝐷 𝑡 + 𝑥

)

, 0 ≤ 𝑡 < 𝐷(1 − 𝑥)

𝑑(𝑡 +𝐷(𝑥 − 1)), 𝑡 ≥ 𝐷(1 − 𝑥).
(88)

We stabilize the system on events under the event-triggered control
(38)–(39) where the parameter 𝛽 = 0.05 is selected according to (54) in
Theorem 2. Conditions (56)–(57) (used just in the stability analysis)
are also verified with e.g., 𝜀 = 0.1 and 𝜇 = 0.1. Since the event-
triggering condition is monitored in terms of the states of the target
system (23)–(27) and the kernel of the inverse transformation, their
numerical solutions can also be found according to (21)–(22), along
with the explicit expressions (32)–(34). In addition, using (53), we
compute the minimal dwell-time 𝜏 = 8.7 × 10−3.

Figs. 1 and 2 show the numerical solution of the closed-loop system
(15)–(19) with continuous-time boundary control (9) and with event-
triggered control (38)–(39), respectively. Fig. 3 shows the numerical
solutions of the target system (23)–(27). We can observe on the right
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Fig. 2. Numerical solutions of the closed-loop system with 𝜆 = 12, delay 𝐷 = 0.5, initial condition 𝑢0(𝑥) =
∑3
𝑛=1

√

2
𝑛

sin(𝑛𝜋𝑥) + 3(𝑥2 − 𝑥3), 𝑣0(𝑥) = 0, 𝑥 ∈ [0, 1] and under the event-
triggered control (38)–(39) with 𝛽 = 0.05. The parabolic PDE subsystem is depicted on the left and the transport PDE subsystem is depicted on the right. The piecewise-constant
signal appears at the boundary and the discontinuities propagate along the spatial domain.
Fig. 3. Numerical solutions of the target system (23)–(27). The parabolic PDE subsystem is depicted on the left and the transport PDE subsystem is depicted on the right. The
piecewise-continuous signal 𝑑(𝑡) appears at the boundary and the discontinuities propagate along the spatial domain.
Fig. 4. Time-evolution of the continuous-time boundary control (9) (red dashed line)
and the event-triggered boundary control (38)–(39) (black line).

that the piecewise-continuous signal 𝑑(𝑡) appears at the boundary and
the discontinuities propagate along the spatial domain of the transport
PDE. The time-evolution of control functions under the continuous and
8

event-triggered case is shown in Fig. 4. The control value is kept con-
stant between event times and updated according to the triggering law.
We obtained in total 27 updates within the considered time horizon.

5. Conclusion

In this paper, an event-triggered boundary control is proposed
for the stabilization of a 1-D reaction diffusion equation with input
delay. The delay is treated as a transport PDE, thus the problem is
reformulated as a cascade PDE-PDE controlled system. We performed
emulation on the backstepping control and proposed a state dependent
event-triggering mechanism. The existence of a minimal dwell-time
between two triggering times is proved in order to avoid the Zeno
behavior. Henceforth, we ensured the well-posedness of the closed-loop
system and the global exponential stability. In future work, we may
consider an observer-based event-based control for more complex cou-
pled reaction–diffusion systems with varying coefficients and subject to
input/output delays inspired by the results of [18]. Besides, we expect
to extend the results of [44] to the delay compensated event-triggered
gain scheduling for the reaction–diffusion system with time-and space
varying reaction coefficients.
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